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FROBABILISTIC PROGRARS

Draw random data from distributions Condition control-flow at random



FROBABILIS TIC PROGRATES

bl ~ Bernoulli1(0.5);
b2 ~ Bernoulli1(0.7);
while (b1l && b2) do
1f prob(0.6) then
bl ~ Bernoulli1(0.5)
else

# Distributions on executions fit_>2 ~ Bernoull1(0.7)
J

tick(1.0)
0d;
return (b1, b2)

% |rue randomness
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# Conditional distributions ,
Pollution

# Query about the posterior

Cancer
Prob[Cancer | Smoker A Xray Res] = ?

Xray Res Dyspnea
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1f prob(9.6) then
bl ~ Bernoulli1(0.5)

BAYESIAN NETWORKS AS PROB. PROG,.
else

b2 ~ Bernoulli(0.7) @/g\@

f1i m m
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bl ~ Bernoulli1(0.5);
b2 ~ Bernoulli1(0.7);
while (b1l && b2) do
1f prob(9.6) then
bl ~ Bernoulli1(0.5)
else
b2 ~ Bernoulli1(0.7)
f1:
tick(1.0)
0d;
return (b1, b2)




B EOIAN NETVWORKS AS PROB:! FIRCIES

bl ~ Bernoulli1(0.5);
b2 ~ Bernoulli1(0.7);
while (bl && b2) do
1f prob(9.6) then
bl ~ Bernoulli1(0.5)
else
b2 ~ Bernoulli1(0.7)
f1:
tick(1.0)
0d;
return (b1, b2)

% Query: probability that b1 and b2
are both false?



B EOIAN NETVWORKS AS PROB:! FIRCIES

bl ~ Bernoulli1(0.5);
b2 ~ Bernoulli1(0.7);
while (b1l && b2) do
1f prob(9.6) then
bl ~ Bernoulli1(0.5)
else
b2 ~ Bernoulli1(0.7)
f1:
tick(1.0)
0d;
return (b1, b2)

% Query: expected termination time?
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S IPLING-BASED | ECHINICCHES

# Simulation & frequency count

| | sample
# Flexible & universal

# Potentially unsound & Inefficient

What about static analysis?

approxmate
—
_ I
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RS I RAC T INTERPRETATICHS

# Cousot et al. proposed Probabilistic Abstract Interpretation!

% Sound, flexible, and universal

# | heir concrete semantics resolves probabllities prior to
nondeterminism

# Sometimes desirable to revolve nondeterminism prior to probabillities

L Olsot and M. Monerau. Probabllistic Abstract Interpretation. In ESOP | 2.
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EOUS0O! ET ALS SEMAN TS

Fick(q) noreses T by

1f = then
1f prob(©.5) then tick(1.0) else/tick(2.0) fi

else

1:.if prob(0.5) then (tick(1.0)
1

else tick(2.90) fi

1
with prob. —
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EOUS0O! ET ALS SEMAN TS

Fick(q) noreses T by

1f = then
1f prob(©.5) then tick(1.0) else tick(2.0) fi
else
1:.if prob(0.5) then tick(1.0) else tick(2.0) fi
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FEck(a) norees T by

1f = then
1f prob(©.5) then tick(1.0) else tick(2.0) fi
else
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COUSOT ET AL'S SEMANTICS

1f = then
1f prob(©9.5) then tick(1.0) else tick(2.0) fi
else |ldentical!

1:.if orob(0.5) then tick(1.0) else tick(2.0) fi
1

# | heir concrete semantics yields

1 1 1 1
E[T] € - {1} + - {2} + - {12} + - {1,2} = {1.25,1.5,1.75]

while our semantics yields E[7] = 1.5




CONTRIBUTIONS

% A denotational semantics with nondeterminism resolved first

%+ An algebraic framework for interprocedural dataflow
analysis of first-order probabilistic programs
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CONTRIBUTIONS

% A denotational semantics with nondeterminism resolved first

%+ An algebraic framework for interprocedural dataflow
analysis of first-order probabilistic programs

» Markov

 Bayesian Inference

Lealsion Problem

# Expectation-Invariant Analysis




PAAMPLE ANALTES

bl ~ Bernoulli1(0.5);

# Our framework can be b2 ~ Bernoulli(0.7);
instantiated to prove: while (bl && b2) do
1f prob(0.6) then
# the probability that b1 and b2 lbl ~ Bernoull1(@.5)
. else
3faooﬂwfaﬁfethheemdcﬁ' b5 ~ Bernoullice T
e program = 0.15 £i,
J
- tick(1.0)
# the expected termination time od;

(ticks) = 5/6 return (bl, b2)
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e ALGEBRAIC FRAMEVVOIS

Any static analysis method performs reasoning in some
space of program properties and property operations

Sequencing
Cond.-choice
Prob.-choice
Nondet.-choice

Function Program
Properties -

Actions
Semantic

skip
o= k5

b ~ Bernoulli1(0.4)

E1ck(l.0)




e ALGEBRAIC FRAMEVVOIS

Concrete
Semantic Function Concrete

Semantics Concrete

O Operations

|

Abstract
Abstract Semantic Abstract Operations

Function Semantics -

Actions

skip
¥t 5t 4 5

b ~ Bernoulli1(0.4)

tick(1.0)

Sound
Abstraction
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e ALGEBRAIC FRAMEVVOIS

» (Characterize program properties and property
operations by algebraic laws

(VL X0 p@uil

e o

Program properties The bottom element
and approximation order and the identity element

Sequencing, cond.-choice,
prob.-choice, and nondet.-choice
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+ (Characterize program properties and property

operations by algebraic laws

<M?ED®9¢O9ﬁQM9£9l>

.

Program properties
and approximation order

Sequencing, cond.-choice,
prob.-choice, and nondet.-choice



e ALGEBRAIC FRAMEVVOIS

+ (Characterize program properties and property

operations by algebraic laws

<M,E,®,(p0,p@,@,£,l>

/ afb=b,_Pa

Program properties Aa®b)QRQc=a@ (bR c)
and approximation order aRl=10a
Sequencing, cond.-choice, aVYa=a

prob.-choice, and nondet.-choice
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PR GRAM SEMAIN TS

# Control-tflow graphs
[nz21=0]

inZ2==0]

F::H/Z
Nn:=3xn+1

# Reason about paths ir=it+l

% Paths are independent
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PR GRAM SEMAIN TS

% Reason about distributions over paths

% Paths are not independent

‘T:n!ZIJ

| _
l[n%Zzz@]

hi=N/Z2
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PR GRAM SEMAIN TS

% Reason about distributions over paths

# Paths are not independent N may be 2 randon R

fnti=1]

prob(0.6)

hiz=N/Z

prob(0.6) n::n+1tn:=n/2



PR GRAM SEMAIN TS

% Reason about distributions over paths

% Paths are not independent
ot P N may be a random value
prob(0.6)
random
control-flow

prob(0.6) n:=n+l \n:=n/2

N/ ——=Y n. :n/ 2



PR GRAM SEMAIN TS

% Reason about distributions over paths

# Paths are not independent

N may be a random value

. @
# Nondeterminism 1s modelea n!=1]

prob(0.6)
random
control-flow

prob(0.6) n:=n+l \n:=n/2

by collections of such
. . . =N/
distributions sl



PR GRAM SEMAIN TS

% Reason about distributions over paths

# Paths are not independent

N may be a random value

@
inli=1]

prob(0.6)
random
control-flow

N:=N+1 \hi=f/2

Resolve hondeterminism first! ‘ ‘ ‘ ‘

# Nondeterminism Is modeled

by collections of such
hiz=N/Z

distributions

prob(0.6)




PR GRAM SEMAIN TS

true

‘ prob(0.6)

false




PR GRAM SEMAIN TS

# Control-flow hyper-graphs

# Branching are hyper-edges
bl ~ Bernoulli1(0.5);
b2 ~ Bernoulli1(0.7);

b1 b2~B(0.5).B(0 .7 while (bl && b2) do
el 1f prob(9.6) then

tick(1.0) bl ~ Bernoulli1(0.5)
[b18&&b2] else
false true true :g. b2 ~ Bernoulli(0.7)
0—< fi;
prob(0.6) -
ret false @ ho.B(0.7) thoce

0d;
return (bl, b2)




BT FER-GRAPR ANALTTS

# Forward assertions I’l: b2~B(0.5),B(0.7)
tick(1.0)

[b18&&b2]
b1~B(0.5)

true true
rob(0.6 ::: :
P ( Dfalse

b2~B(0.7)

% |he semantics of a 1

node is a summary of @
computation that '"Etl

continues from the ®

node



BT FER-GRAPR ANALTTS

# Forward assertions ﬁ’l: b2~B(0.5),B(0.7)
tick(1.0)

[D1&&b2]

# [he semantics of a filin i true .@-b1~B(0.5)
node IS a summary of ® prob(®-6)f <:1 :
. dLSE @ o
computation that '"Etl e

-.g. the semantics of the node s
1 6
A(b1,b2) .1f b2 then 7[b1 = 1. b2 —F| & 7[b1 (— 2 0% — ||

continues from the

node

1 1
else 5[b1 '=T,b2 = F] +5[b1'= F,b2" = F]



BT FER-GRAPR ANALTTS

# [he hyper-graph analysis Is formulated by an equation system

1;1,b2~8(@.5),8(@.7)

tick(1.0)
b18&&b2]
false true true .@-b1~B(0.5)
¥ rob(0.6)
ret

6

False Y H2~B(0.7)




BT FER-GRAPR ANALTTS

# [he hyper-graph analysis Is formulated by an equation system

: . 0
S[@]=seg[b1,b2~B(0.5),B(0.7)](S[11) llebZNB(@_S)JB(@_7)




BT FER-GRAPR ANALTTS

# [he hyper-graph analysis Is formulated by an equation system

T[bl&&bZ]

false true
o o

S[@]=seq[bl,b2~B(0.5),B(0.7)](S[1])
S[1]=cond[b1&8&b2]¢S[2],S[31)




BT FER-GRAPR ANALTTS

# [he hyper-graph analysis Is formulated by an equation system

S[@]=seq[b1,b2~B(9.5),B(@.7)]1(S[1])
S[1]=cond[b1&8&b21(S[2],S[3])
S[2]=prob[@.6](S[4],S[5])

true ,@

a—<
prob(@.6)falSe o




BT FER-GRAPR ANALTTS

# [he hyper-graph analysis Is formulated by an equation system

S[@]=seq[b1,b2~B(@.5),B(0.7)1(S[1]) %1, e R
S[1]=cond[b188b21(S[2],S[31)

tick(1.9)
S[Z]:prob[®.6](5[4],S[S]) [bl&&bZ]
false true true .@-01~B(0.5)

?prob(0.6) W
ret false' @, Bc0.7)
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# [he hyper-graph analysis Is formulated by an equation system

S[@]=seq[bl,b2~B(@.5),B(0.7)]1(S[1])
S[1]=cond[b188b27(S[2],S[31)

S[2]=prob[@.6](S[4],S[5])

jil,b2~3(@.5),3(@.7)
tick(1.9)

[b1&8&b2 ]
true true

¥ rob(0.6)

false A bl~B(0.5)

Use the semantic algebra to petT false'@ b2~B(0.7)
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BT FER-GRAPR ANALTTS

# [he hyper-graph analysis Is formulated by an equation system

S[0] = [b1,b2 ~ B(0.5),B(0.7)] ® S[1]
S1] = S[2]p;1 g &b S13]
S[2] = S14]y 4P S5

5;1,b2~8(@.5),8(@.7)

| tick(1.9)
[D1&&b2 ]

true true

¥ 5rob(0.6)

false A bl~B(0.5)

Use the semantic algebra to petT false'@ b2~B(0.7)

interpret seqg, cond, prob P4




BT FER-GRAPR ANALTTS

# [he hyper-graph analysis Is formulated by an equation system

S[0] = [b1,b2 ~ B(0.5),B(0.7)] ® S[1]
S1] = S[2]p;1 g &b S13]
S[2] = S14]y 4P S5

5;1,b2~8(@.5),8(@.7)

' tick(1.9)
[b18&8&b2 ]

true true

false A bl~B(0.5)

p
f using abstract semar prob(e. 6)false -
we obtain an equation system for | Met b2~B(0.7)
static analysis (7
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. Markov

INS TAN TIATIONS

Existing(

Bayesian Inference . . .
. % Expectation-Invariant Analysis
Decision Problem

Prove Invariants among initial
values and expected final values



FBABILIS TIC MODEL ANALETSES

# Benchmark collected from PReMo!

# Achieve the same precision

Bayesian Inference (Tab\e 2) Markov Decision Problem (Table 2)
compare 20 binary |0 | 84 0.03

dice o 0.02 loop |0 0.03

eg | |0 0.02 quicksort/ 109 003

eg’ | 6 0.0 recursive & 0.03
recursive o 0.01 student 47 0.03

| D.Wojtczak and K. Etessami. PReMo - Probabllistic Recursive Models analyzer. Avallable at groups.inf.ed.ac.uk/premo/.



http://groups.inf.ed.ac.uk/premo/

EXPECTATION-INVARIAN T ANALYSIS

# Benchmark collected from the Iiterature! 2 and also handcrafted by us

# Derive expectation invariants as least as precise as them in most case

Expectation Invariant Analysis (Tab\e I)

binom-update 0.06 [c-nj=%¢n, B m=x | 14
eg 3 0.89 Xty =xryrdof e Ja i g
recursive [ 5 0/ X=X
mot-ex | 6 0.06 [ 2X -y | = 2%y, E[4x-3C |=4x-3¢, E[X [<=x+3/4

' A. Chakarov and S. Sankaranarayanan. Expectation Invariants for Probabilistic Loops as Fixed Points. In SAS'[ 4.
2|.-R Katoen, A. K. Mclver, L. A. Meinicke, and C. C. Morgan. Linear-Invariant Generation for Probabilistic Programs. In SAS’/ 0.
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Limitations: SU M MARY

# Only first-order programs

- No function pointers
- Not Galols connections
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Limitations:
# Only first-order programs

- No function pointers
- Not Galols connections

Degign

Hyper-Graph Semantics
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