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Abstract

Succinct Function Representations for Simulation and

Verification

Meghana Aparna Sistla, PhD
The University of Texas at Austin, 2026

SUPERVISOR: Swarat Chaudhuri

Efficient representation of data encoded as Boolean functions—used to model

matrices, relations, etc.—is fundamental to several areas of computer science. Binary

Decision Diagrams (BDDs) provide a compact representation of such functions and

have become a cornerstone of symbolic methods in verification, program analysis,

and, more recently, simulation of quantum circuits on classical hardware. However,

many BDD-based applications suffer from a pronounced intermediate-size swell: al-

though the initial and final BDDs may remain compact, intermediate representations

generated during a computation can grow substantially larger and, in the worst case,

increase exponentially in size. Consequently, this size-explosion phenomenon often

limits the applicability of BDD-based techniques to problems involving only a few

hundred Boolean variables.

To address this limitation, we introduce hierarchy into decision-diagram repre-

sentations, enabling greater sharing of substructures than is possible with traditional

BDDs. The central theme of this dissertation is that embedding hierarchical structure

within decision diagrams allows recurring patterns in Boolean and pseudo-Boolean

functions to be captured systematically, resulting in more scalable and efficient rep-

resentations.
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Toward this goal, we propose Context-Free-Language Ordered Binary Deci-

sion Diagrams (CFLOBDDs), which can represent Boolean functions exponentially

more succinctly than BDDs, and double-exponentially more succinctly than decision

trees, in the best case. They have the potential to permit applications to (i) execute

much faster, and (ii) handle much larger problem instances than has been possible

heretofore. We applied CFLOBDDs in quantum-circuit simulation, and found that

for several standard problems the improvement in scalability, compared to BDDs, is

quite dramatic. With a 15-minute timeout, the number of qubits that CFLOBDDs

can handle are 65,536 for GHZ, 524,288 for BV; 4,194,304 for DJ; and 4,096 for

Grover’s Algorithm, besting BDDs by factors of 128×, 1,024×, 8,192×, and 128×,
respectively.

We investigated to what extent linear structure—as well as hierarchical

structure—contributes to the ability of CFLOBDDs to support compact represen-

tations of Boolean functions. We found that both linear and hierarchical struc-

tures are essential for achieving compact function representations. However, CFL-

OBDDs enforce a balanced partitioning of variables, which can make the repre-

sentation overly rigid. To address this limitation, we introduced Generalized CFL-

OBDDs (GCFLOBDDs), which support arbitrary input grammars and thereby of-

fer greater structural flexibility. We compared GCFLOBDDs with CFLOBDDs and

BDDs on combinational circuits and synthetic benchmarks. The results show that

GCFLOBDDs instantiated with suitable custom grammars can perform better than

BDDs on many benchmarks (in terms of representation size), and consistently out-

perform CFLOBDDs: achieving up to 99.9% reduction in representation size, and

execution-time improvements of up to 4.59×.

We further extended CFLOBDDs by introducing edge weights, yielding

Weighted Context-Free-Language Ordered BDDs (WCFLOBDDs), a weighted deci-

sion diagram analogous to Weighted BDDs, but with hierarchical structure. WCFL-

OBDDs can be exponentially more succinct than WBDDs and CFLOBDDs, in the

best case. Compared to CFLOBDDs, WCFLOBDDs are particularly useful when
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the output domain contains many distinct values. Applied to quantum-circuit sim-

ulation, WCFLOBDDs outperform WBDDs on several benchmarks, handling up to

64× more qubits (and up to 128× more than CFLOBDDs) within a 15-minute time-

out. These results suggest that WCFLOBDDs combine the strengths of weighted and

hierarchical representations, offering improved scalability for this domain.

Finally, we created Quasimodo, an easily extensible, open-source Python li-

brary for symbolic simulation of quantum circuits. It allows simulations of quantum

circuits, checking properties of the outputs of quantum circuits, and debugging quan-

tum circuits. It also allows the user to choose from among several symbolic data-

structures—CFLOBDDs, BDDs, WBDDs, and WCFLOBDDs—and can be easily

extended to support other symbolic data-structures.
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Chapter 1: Introduction

Many areas of computer science—such as hardware and software verification,

logic synthesis, and equivalence checking of combinatorial circuits—require a space-

efficient representation of data, as well as space- and time-efficient operations on data

stored in such a representation. Many of the tasks in the aforementioned areas involve

operations on either (i) Boolean functions, or (ii) non-Boolean-valued functions over

Boolean arguments. In some cases, a level of encoding is involved: the data of interest

could be decision trees, graphs, relations, matrices, circuits, signals, etc., which are

encoded as functions of type (i) or (ii). Boolean functions – (i) and (ii) – can naively

be represented using truth tables or decision trees. However, as the size of the function

increases – i.e., as the number of variables of the function increases, the sizes of the

truth tables and decision trees increase exponentially.

Binary Decision Diagrams (BDDs) Bryant (1986) are one data structure that

is widely used for such purposes. A Boolean function in Bn = {0, 1}n → {0, 1} is

represented in a compressed form as a BDD. BDDs represent Boolean functions using

directed acyclic graphs with the nodes of the graph representing the variables of the

function and the leaves of the graph representing the yield of the Boolean function.

Ordered-BDDs (OBDDs) follow a systematic decomposition of the Boolean function

by applying Shannon decomposition under a fixed variable ordering. Reduced-OBDDs

(ROBDDs) are BDDs in which the same variable ordering is imposed on the Boolean

variables (“Ordered”), and so-called don’t-care nodes are removed (“Reduced”). All

manipulations of these Boolean functions are carried out using algorithms that op-

erate on ROBDDs. For representing pseudo-Boolean functions—functions of type

{0, 1}n → D, where D is some suitable space of values—one can use ROBDDs

with non-binary-valued terminals, which are called Multi-Terminal BDDs (MTBDDs)

Clarke et al. (1993, 1995) or Algebraic Decision Diagrams (ADDs) Bahar et al. (1997).

We will refer to ROBDDs/MTBDDs/ADDs generically as BDDs from hereon.
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Because of their ability to represent and manipulate Boolean functions effi-

ciently, BDDs are widely used in hardware (such as VLSI design Meinel and Theobald

(1998)) and software verification, program analysis, model checking, logic synthesis,

and symbolic reasoning. Their canonical nature under a fixed variable ordering en-

ables efficient equivalence checking and has made them a core data structure in many

formal-methods tools.

More recently, BDDs and their variants like Network Decision Diagrams

(NDDs) have been successfully applied to network verification Yang and Lam (2015);

Li et al. (2025) to symbolically capture network structure and packet-processing be-

havior. Furthermore, weighted extensions of BDDs, such as Weighted Binary Deci-

sion Diagrams (WBDDs) Bhuvaneswari et al. (2009), have enabled symbolic quantum

simulation by compactly representing quantum states and operators, highlighting the

adaptability of decision-diagram-based frameworks across domains.

BDDs can represent Boolean functions exponentially more succinctly than de-

cision trees by sharing common substructures – primarily, sub-DAGs, that correspond

to identical sub-functions. Despite this advantage, many BDD-based applications

exhibit a pronounced intermediate-size swell: although the initial and final BDDs

may remain compact, intermediate representations generated during computation

can grow much larger, and—in the worst case—increase exponentially in size. Such

blow-ups can significantly increase runtime or exhaust available memory, thereby ren-

dering the computation impractical. Consequently, this size-explosion phenomenon

often limits the applicability of BDD-based techniques to problems involving only a

few hundred Boolean variables.

In this thesis, we extend the idea of reusing common substructures by intro-

ducing hierarchy, enabling more effective sharing of substructures that correspond

to identical sub-functions. The theme of the work described in the thesis can be

summarized as follows:
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By embedding hierarchical structure into decision-diagram representations, one can
systematically capture recurring patterns in Boolean and pseudo-Boolean functions,
leading to more scalable and efficient representations.

We find that such hierarchical structure is particularly advantageous when

representing (families of) functions for which the number of variables grows expo-

nentially (e.g., F1 : {0, 1}2 → D, F2 : {0, 1}4 → D, . . ., Fn : {0, 1}2n → D). This

approach has shown promising results in the domain of quantum simulation. (See

§3.9, §4.4, §6.5, and §7.4.)

1.1 Introducing Hierarchy for Improved Compression

In this thesis, we introduce Context-Free-Language Ordered Binary Decision

Diagrams (CFLOBDDs), which can represent Boolean functions exponentially more

succinctly than BDDs and double-exponentially more succinctly than decision trees.

Whereas a BDD is a bounded-size, branching, but non-looping program, a CFLOBDD

can be considered to be a bounded-size, branching, but non-looping program in which

a certain form of procedure call is permitted.

CFLOBDDs introduce a form of hierarchy absent in BDDs, enabling the

capture and reuse of common substructures and thereby yielding what is often a

more efficient representation of a Boolean function.1 More concretely, while BDDs

achieve compression by sharing identical sub-DAGs, CFLOBDDs obtain additional

compression by sharing intermediate portions of a DAG–effectively reusing “middle-

of-a-DAG” structures. Fig. 1.1 shows the representations of BDD (Fig. 1.1a) 2

and CFLOBDD (Fig. 1.1b) for the function λx0, x1, x2, x3.(x0 ∧ x1) ∨ (x2 ∧ x3) in

1Recently, Zhi and Reps (2025) showed that the size of a CFLOBDD for any function h cannot
be far worse than the size of a BDD for h—i.e., the bound that relates their sizes is polynomial: if
BDD B for function h is of size |B| and uses variable ordering Ord, then the size of the CFLOBDD
C for h that also uses Ord is bounded by O(|B|3). They also showed that the bound is tight: there
is a family of functions for which |C| grows as Ω(|B|3).

2Note that the BDD representation here is technically a Quasi-BDD, i.e., the don’t care nodes
are not reduced. However, our claims in the thesis hold for ROBDDs.
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Figure 1.1: Figure shows BDD and CFLOBDD representations for the function
λx0, x1, x2, x3.(x0 ∧ x1) ∨ (x2 ∧ x3). The colored regions and lines indicate the corre-
sponding regions in BDD and CFLOBDD.

four variables. The “middle-of-a-DAG” compression in a CFLOBDD is shown by the

blue highlighted region in Fig. 1.1b that corresponds to the blue highlighted regions

in the BDD representation where the substructure is repeated twice in a BDD. The

introduction of hierarchy and the use of procedure-calls, as indicated by the blue edges

in Fig. 1.1b, helps reuse the middle of the DAG substructure in CFLOBDDs. The

same applies to the red-highlighted substructure as well.

Although not every Boolean function admits such a highly compressed rep-

resentation, for those that do, CFLOBDDs can be significantly more succinct than

BDDs. Consequently, CFLOBDDs have the potential to (i) substantially reduce ex-

ecution time, and (ii) scale to much larger problem instances than has been possible

heretofore. Because CFLOBDDs can potentially represent functions more succinctly

than BDDs, they are also less likely to suffer from the intermediate-size swell observed

in BDDs (§3.9.2.2 shows this difference in some of our experiments).

The introduction of hierarchy—conceptually akin to a procedure-call
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mechanism—enables CFLOBDDs to represent, in the best case, Boolean functions

with 22
n
paths using only O(n) space. This hierarchy is realized through levels : a

level-n CFLOBDD represents a Boolean function over 2n variables. At each level, the

CFLOBDD structure is decomposed into two components that encode sub-functions

over the first and second halves of the variable set. This recursive partitioning fa-

cilitates the identification and reuse of common substructures across both halves,

thereby enabling further compression. Fig. 1.1b depicts a level-2 CFLOBDD encod-

ing a function over four variables. The smallest ovals represent level-0 structures, the

two ovals at the next level correspond to level-1 structures, and the largest enclosing

oval represents the level-2 structure.

In Chapter 3 of this thesis, we present theoretical examples demonstrating

that CFLOBDDs can achieve exponential succinctness over BDDs. We also describe

the CFLOBDD data structure in detail and develop algorithms for performing fun-

damental operations on CFLOBDDs.

In recent years, Binary Decision Diagrams (BDDs) have been applied to quan-

tum simulation, where quantum circuits are modeled using quantum states (vectors)

and quantum gates (matrices). These vectors and matrices grow exponentially with

the number of qubits in the circuit, and can lead to scalability issues. We employ

CFLOBDDs, which can be exponentially more succinct than BDDs in the best case,

to the problem of quantum simulation. This added succinctness enables a more

efficient representation of the large matrices and vectors that arise in quantum sim-

ulation. We evaluated CFLOBDDs and BDDs on both synthetic benchmarks and

quantum-simulation tasks. Performance was compared in terms of representation

size and execution time. For problem instances on which both approaches completed

successfully, CFLOBDDs were generally more compact and exhibited lower execution

times, with the advantages becoming most pronounced near the upper limits of BDD

scalability. Moreover, the scalability improvements offered by CFLOBDDs are sub-

stantial, both on synthetic benchmarks and in the domain of quantum simulation.

With a 15-minute timeout, the number of qubits that CFLOBDDs can handle are
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65,536 for GHZ, 524,288 for BV; 4,194,304 for DJ; and 4,096 for Grover’s Algorithm,

besting BDDs by factors of 128×, 1,024×, 8,192×, and 128×, respectively.

As described earlier, CFLOBDDs can be viewed as a class of non-recursive

hierarchical finite-state machines (HFSMs) with a highly structured form. This nat-

urally raises the question of whether CFLOBDDs can also be characterized as a form

of tree automata. In particular, we investigate whether CFLOBDDs fundamentally

rely on a linear structure, or whether they are more akin to a restricted class of tree

automata that employ hierarchy solely for representational purposes.

To facilitate this comparison, we introduce a new data structure called Tree-

Automata Inspired Decision Diagrams (TIDDs). TIDDs possess a hierarchical orga-

nization similar to that of CFLOBDDs but lack an explicit linear structure, and thus

more closely resemble tree automata. In Chapter 6, we study the relative expressive

power of CFLOBDDs and TIDDs. We formally describe the structure of TIDDs and

develop algorithms for performing fundamental operations on them.

Although TIDDs exhibit exponential separation over BDDs on some of the

same families of functions as CFLOBDDs, we provide intuition and evidence that the

linear structure inherent in CFLOBDDs enables CFLOBDDs to provide more efficient

representations than TIDDs on some classes of functions. In particular, we present an

example of a family of functions that demonstrates an exponential separation between

CFLOBDDs and TIDDs when the same variable ordering is used. Furthermore, in the

domain of quantum simulation, where CFLOBDDs have demonstrated exceptional

performance, we observe that TIDDs perform poorly, primarily due to significant

blow-ups in the size of intermediate state vectors and unitary matrices. These results

demonstrate that CFLOBDDs critically exploit their linear structure for efficient

function representation.

In Chapter 7, we investigate the use of alternative decomposition patterns for

the structure of CFLOBDDs. In particular, we introduce Generalized Context-Free-

Ordered Binary Decision Diagrams (GCFLOBDDs), which extend CFLOBDDs by
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removing the restriction to a fixed, balanced decomposition. In CFLOBDDs, the

decomposition of variables into two halves and the representation of sub-functions

over each half can be viewed as following a balanced grammar of the form Xi →

Xi−1 Xi−1. In contrast, GCFLOBDDs are designed to operate with arbitrary non-

recursive grammars specified by the user.

Allowing decompositions other than the balanced grammar enables

GCFLOBDDs to capture repeated sub-functions or structural patterns in Boolean

functions that do not naturally conform to a balanced decomposition. In this thesis,

we formally define the class of grammars supported by GCFLOBDDs, describe the

design of the GCFLOBDD data structure, and develop algorithms for constructing

and manipulating GCFLOBDDs with respect to a given input grammar.

We experimentally compare GCFLOBDDs with CFLOBDDs and BDDs on

combinatorial circuits and synthetic benchmark functions. Our results indicate that,

in certain cases, GCFLOBDDs instantiated with a suitable custom grammar can rep-

resent combinatorial circuits more compactly than BDDs. In other cases, BDDs out-

perform GCFLOBDDs due to the absence of repeated structural patterns in the un-

derlying functions. Nevertheless, even in such scenarios, GCFLOBDDs often achieve

better compression than CFLOBDDs. On synthetic benchmarks, GCFLOBDDs with

custom grammars outperform CFLOBDDs in representation size, achieving reduc-

tions ranging from 47.51% to 99.9%, along with execution-time improvements ranging

from 0.78× to 4.59×.

1.2 Adding Weights to Representations for Better Compres-
sion

CFLOBDDs, GCFLOBDDs (and BDDs) are data structures that represent

pseudo-Boolean functions, with the leaves of the data structures representing the

output values of the function. As a result, to represent a function h whose range has

a large number of different values V (V ⊆ D), the size of the data structure for h
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cannot be smaller than |V |. To overcome this issue in the case of BDDs, Weighted

BDDs were introduced, which are an extension of BDDs with weights on the edges of

the data structures. The value of an assignment of h is then computed by “composing”

the weights on the path for the assignment.

In Chapter 4, we introduce Weighted Context-Free-Language Ordered Binary

Decision Diagrams (WCFLOBDDs), which combine ideas from Weighted BDDs

(WBDDs) and CFLOBDDs to represent efficiently a broader class of functions than

previously possible. We show that, in the best case, WCFLOBDDs achieve an expo-

nential improvement in succinctness over both WBDDs and CFLOBDDs.

We evaluated WCFLOBDDs, WBDDs, and CFLOBDDs on both synthetic

benchmarks and quantum-simulation workloads. Our experimental results indicate

that WCFLOBDDs outperform WBDDs and CFLOBDDs on the majority of bench-

marks. In the quantum-simulation domain, under a 15-minute timeout, WCFL-

OBDDs can handle circuits with up to 1,048,576 qubits for GHZ states (a 1× im-

provement over CFLOBDDs and a 256× improvement over WBDDs); 262,144 qubits

for the BV and DJ benchmarks (a 2× improvement over CFLOBDDs and a 64×
improvement over WBDDs); and 2,048 qubits for QFT (a 128× improvement over

CFLOBDDs and a 2× improvement over WBDDs). These results demonstrate that,

at least for certain applications, WCFLOBDDs enable the handling of substantially

larger problem instances than was previously feasible.

1.3 Quasimodo: A Quantum-Simulation Tool

Given that a variety of symbolic data structures have been used for quantum

simulation, we introduce Quasimodo—a unified quantum-simulation framework—in

Chapter 5. Quasimodo is designed to support multiple symbolic backends, includ-

ing BDDs, WBDDs, CFLOBDDs, and WCFLOBDDs, while allowing users to write

quantum programs independently of the underlying data structure.

Quasimodo is implemented as a Python library and can be readily imported
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to define and simulate quantum circuits. It supports a wide range of quantum gates

and operations, including measurement and queries over the probability of specific

outcomes. Users can flexibly select the desired symbolic data structure as the backend,

and can also extend the system to incorporate additional data structures with minimal

effort.

In addition to simulation, Quasimodo provides basic correctness-checking

capabilities. In particular, users can query the set of all outcomes whose probabilities

exceed a given threshold and verify that these outcomes satisfy a specified assertion.

1.4 Organization

This thesis is organized as follows:

• Chapter 2 reviews background material on Binary Decision Diagrams (BDDs),

Weighted Binary Decision Diagrams (WBDDs), and quantum simulation, which

is required for understanding the remainder of the thesis.

• Chapter 3 introduces Context-Free-Language Ordered Binary Decision Dia-

grams (CFLOBDDs), presents algorithms based on CFLOBDDs, establishes

exponential separation results with respect to BDDs, and reports empirical re-

sults in the domain of quantum simulation.

• Chapter 4 introduces Weighted CFLOBDDs (WCFLOBDDs) and shows that

WCFLOBDDs can be exponentially more succinct than both WBDDs and CFL-

OBDDs, while scaling to larger numbers of qubits in quantum simulation –

achieving the best of both worlds.

• Chapter 5 presents Quasimodo, a tool for quantum simulation based on the

techniques developed in this thesis.

• Chapter 6 investigates how the linear structure in CFLOBDDs helps in creating

efficient representations of Boolean functions.
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• Chapter 7 introduces a generalized grammar-based decomposition for CFL-

OBDDs, resulting in Generalized CFLOBDDs (GCFLOBDDs), and demon-

strates how this framework exploits repeated structure in Boolean functions to

achieve more efficient representations than CFLOBDDs.

• Chapter 8 discusses related work.

• Chapter 9 concludes.
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Chapter 2: Background

In this chapter, we review some important topics that are needed as back-

ground for the research reported on in the thesis. §2.1 discusses Binary Decision

Diagrams (BDDs), §2.2 discusses Weighted BDDs, and §2.3 reviews quantum simu-

lation and quantum algorithms.

2.1 Binary Decision Diagrams (BDDs)

Binary Decision Diagrams (BDDs) Bryant (1986) are used to represent

Boolean functions efficiently. A Boolean function in Bn = {0, 1}n → {0, 1} is repre-

sented in a compressed form as an ROBDD (Reduced Ordered BDD) data structure.

All manipulations of these Boolean functions are carried out using algorithms that

operate on ROBDDs. ROBDDs are BDDs in which the same variable ordering is

imposed on the Boolean variables (“Ordered”), and so-called don’t-care nodes are

removed (“Reduced”). ROBDDs with non-binary-valued terminals are called Multi-

Terminal BDDs (MTBDDs) Clarke et al. (1993, 1995) or Algebraic Decision Diagrams

(ADDs) Bahar et al. (1997). We will refer to ROBDDs/MTBDDs/ADDs generically

as BDDs from hereon.

In the programming-languages community, BDDs are widely used for program

analysis and have been used in Datalog interpreters.

• The SLAM system (later called Static Driver Verifier) was a Microsoft tool for

checking temporal properties of device drivers (e.g., that drivers correctly follow

API-usage rules) Ball and Rajamani (2001b). BDDs were used in SLAM to

represent the abstract transformers of Boolean programs that were abstractions

of a driver’s source code. BDDs allowed the SLAM developers to increase

the capabilities of the IFDS framework for interprocedural dataflow analysis
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00 1 1 1 1
01 1 −1 1 −1
10 1 1 −1 −1
11 1 −1 −1 1


Figure 2.1: H2 and H4, the first two members of the family of Hadamard matrices
H = {H2i | i ≥ 1}.

Reps et al. (1995) to handle relations over valuations over a Boolean program’s

Boolean variables Ball and Rajamani (2001a).

• The Datalog solver bddbddb, which uses BDDs as the backing representation of

relations, was developed by Whaley and Lam to support a variety of program

analyses Whaley and Lam (2004); Whaley et al. (2005).

• Lhoták used BDDs in interprocedural program analyses to represent and manip-

ulate collections of large sets, allowing him to use larger programs than previous

studies of the factors that affect analysis precision Lhoták (2006).

2.1.1 A Family of Examples, Decision Trees, and BDDs

The theme of this work is compressibility of Boolean functions, for which we

need a family of examples that are indexed by some parameter. This section presents

the set of Hadamard matrices H. It also reviews Boolean functions, decision trees,

and BDDs, and shows how decision trees and BDDs can encode the members of H.

Hadamard Matrices The family of Hadamard matrices, H = {H2i | i ≥ 1}, can

be defined recursively: for i ≥ 1, H2i+1 = H2i ⊗H2i , with H2 from Fig. 2.1 as the
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base case. where ⊗ denotes Kronecker product.1 Fig. 2.1 shows H2 and H4, the first

two matrices in H. The Kronecker product of two matrices is defined as

A⊗B =

 a1,1 · · · a1,m
...

. . .
...

an,1 · · · an,m

⊗B =

 a1,1B · · · a1,mB
...

. . .
...

an,1B · · · an,mB


Equivalently, (A⊗B)ii′,jj′ = Ai,j ×Bi′,j′ . If A is n×m and B is n′×m′, then A⊗B

is nn′ ×mm′.

For i ≥ 1, H2i is a square matrix of size 22
i−1 × 22

i−1
. Thus, the number of

rows/columns/entries in H2i+1 is the square of the number of rows/columns/entries

in H2i . For example, H4 is 4×4 (16 entries); H8 is 16×16 (256 entries). An indexing

scheme for H2i can be defined that uses 2i−1 +2i−1 = 2 ∗ 2i−1 = 2i Boolean variables.

As shown in Fig. 2.1, H2 requires 2 variables—x0 for the row index and y0 for the

column index—whereas H4 requires 4 variables—x0 and x1 for the row index, and y0

and y1 for the column index. In general, H2i can be treated as a Boolean function

of type {0, 1}2i−1 × {0, 1}2i−1 → {−1, 1}. Our convention is that x0 and y0 are the

most-significant bits of the row and column indexes, respectively; x1 and y1 are the

next-most-significant bits, respectively, etc.

Boolean Functions A Boolean function over n variables is a function in {F, T}n →

{F, T}. This work is also concerned with pseudo-Boolean functions: a pseudo-Boolean

function over n variables and value domain W is a function in {F, T}n → W . Because

there is little chance of confusion, for brevity, we typically refer to such a function as

a “Boolean function.” We also use 0 and 1 as synonyms for F and T , respectively.

1 Others use a different indexing scheme: H2 is the same as with our scheme (as is H4), but the
recursive definition is H2i+1 = H2⊗H2i , for i ≥ 1. Thus, for i ≥ 0, H2i is a 2i×2i matrix (and thus

has 22i entries). In contrast, with our indexing scheme, the matrix we call H2i is a 22
i−1 × 22

i−1

matrix, for i ≥ 1 (and thus has 22
i

entries).
Put another way, what we call H2i would conventionally be known as H22i−1 . Not only do we

avoid having to write a doubly superscripted subscript, we will see in §3.2.4 that the recursive rule
“H2i+1 = H2i ⊗H2i” fits particularly well with the internal structure of CFLOBDDs.
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Figure 2.2: Decision trees and BDDs for H2 and H4, with plies in interleaved
most-significant-bit order—⟨x0, y0⟩ and ⟨x0, y0, x1, y1⟩, respectively. The bold paths
show the assignments [x0 7→ F, y0 7→ T ] (for H2[0, 1]) and
[x0 7→ F, y0 7→ T, x1 7→ F, y1 7→ T ] (for H4[0, 3]), respectively.

Hadamard matrix H2i can be considered to be a (pseudo-)Boolean function in

{0, 1}2i → {−1, 1}, with some convention about how the 2i input variables correspond

to bits of the row-index and the column-index of the matrix.

Decision Trees A decision tree is a tree representation of a Boolean function.

For a Boolean function B in {F, T}n → W , the decision tree TB for B is a perfect

binary tree with n plies and a value from W at each leaf. TB comes with a specific

ordering on the n Boolean inputs of B: each ply of TB corresponds to some specific

Boolean variable v among B’s n Boolean input variables. TB—and hence B—can

be evaluated with respect to an input assignment [v1 7→ b1, . . . , vn 7→ bn] (where

b1, . . . , bn ∈ {F, T}) by following a root-to-leaf path in TB, returning the value that

labels the leaf. (Note that v1 is not necessarily associated with the ply at the root.

The order used by TB is fixed, but can be any of the permutations of the sequence
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⟨v1, . . . , vn⟩.)

Figs. 2.2a and 2.2c show two decision trees, with the convention that will be

used throughout this work that at each interior node, the left branch is taken when

the current Boolean variable in the assignment has the value F (or 0); the right

branch is taken for the value T (or 1). Fig. 2.2a shows the decision tree for H2, which

has 2 plies, 3 interior nodes, and 4 leaf nodes, using the variable ordering ⟨x0, y0⟩.

In Fig. 2.2a, the path highlighted in bold is for the assignment [x0 7→ F, y0 7→ T ],

which corresponds to H2[0, 1] whose value is 1. Fig. 2.2c shows the decision tree for

H4, which has 4 plies and 15 interior nodes, using the interleaved-variable ordering

⟨x0, y0, x1, y1⟩. The path in bold is for [x0 7→ F, y0 7→ T, x1 7→ F, y1 7→ T ], which

corresponds to H4[0, 3], whose value is 1.

In Fig. 2.2c, the Kronecker product in the expression H4 = H2⊗H2 corre-

sponds to stacking decision trees. In essence, the ⟨x0, y0⟩ plies correspond to the left

occurrence of H2 in“H2⊗H2.” At each “leaf” (the four interior nodes after the y0

ply), there is another copy of H2 in the ⟨x1, y1⟩ plies, with the terminal values labeled

with the product of the left H2’s value and the right H2’s value. We can construct

a decision tree for each member of H by repeated stacking, doubling the number of

plies each time in accordance with the definition H2i+1 = H2i ⊗H2i .

Boolean functions and decision trees are related by the following fact:

Observation 2.1. Consider the sets of (i) Boolean functions in {0, 1}n → W , and

(ii) n-ply decision trees with leaves labeled by values in W , using a variable ordering

that is some fixed permutation of ⟨v1, . . . , vn⟩. These sets can be put into one-to-one

correspondence.

For each Boolean function B : {0, 1}n → W , create the n-ply decision tree

TB in which the value B(b1, . . . , bn) is placed at the end of the path in TB for the

assignment [v1 7→ b1, . . . , vn 7→ bn]. Conversely, for each decision tree TB, let B be

the function in {0, 1}n → W for which B(b1, . . . , bn) equals the value w at the end
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of the path in TB for the assignment [v1 7→ b1, . . . , vn 7→ bn]. Finally, if two decision

trees T1 and T2 represent the same Boolean function B, then the sequence of leaves

in left-to-right order from each tree are equal, and thus T1 and T2 are the same tree

(as a mathematical object). Thus, the n-ply decision trees that use a given variable

ordering represent the Boolean functions in {0, 1}n → W uniquely.

BDDs A BDD is a compressed representation of a decision tree. Fig. 2.2b shows the

BDD for H2, using the variable ordering ⟨x0, y0⟩. Again, left branches are for F (or

0); right branches are for T (or 1). In the H2 matrix, rows 0 and 1 are different, and

hence the BDD node for x0 is a fork node, which forks to two different substructures.

In row 0 of the matrix, columns 0 and 1 are identical, and hence the y0 ply is skipped

in the F branch of x0, with the F branch of x0 leading directly to the terminal value

1. Conversely, in row 1 of the matrix, the columns differ, and hence the BDD node

for y0 in the T branch of x0 is a fork node. In Fig. 2.2b, the bold path is for the

assignment [x0 7→ F, y0 7→ T ] for H2[0, 1]. (Only the edge for x0 7→ F is highlighted

because the ply for y0 is skipped when x0 7→ F .)

Fig. 2.2d shows the BDD for H4 under the interleaved-variable ordering

⟨x0, y0, x1, y1⟩. The bold path is for the assignment [x0 7→ F, y0 7→ T, x1 7→ F, y1 7→ T ],

which corresponds to H4[0, 3]. (The path in the BDD only shows x0 7→ F, x1 7→ F

because the plies for y0 when x0 7→ F , and y1 when x0 7→ F and x1 7→ F are skipped.)

Fig. 2.2e shows that the Kronecker product H4 = H2⊗H2 corresponds to

stacking BDDs—in essence, each terminal of the BDD for the left occurrence of H2 in

“H2⊗H2” is replaced by a copy of H2. The BDD for H4 contains three occurrences

of H2: one in the ⟨x0, y0⟩ plies, and two in the ⟨x1, y1⟩ plies. The leftmost ⟨x1, y1⟩

occurrence (blue-dashed outline) accounts for the three occurrences of matrix H2

in the H4 matrix; the rightmost occurrence (green dashed-double-dotted outline)

corresponds to the negated matrix −H2 in the lower-right corner of H4 (cf. Fig. 2.1).

Consequently, one can construct a BDD for each member of H by repeated stacking,
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doubling the number of plies each time, per H2i+1 = H2i ⊗H2i , but only tripling the

size with each such stacking operation (e.g., H8 = H4⊗H4 has three copies of H4,

etc.). Consequently, the size of the BDD for H2i is O(3i).

Discussion The decision tree for H2i has height 2
i, 22

i
leaves, and 22

i−1 internal

nodes. Thus, the size of the tree is double exponential in i. As observed above, the

size of the BDD for H2i is O(3i), and hence, compared to decision trees, BDDs achieve

exponential compression on H.

2.2 Weighted Binary Decision Diagrams (WBDDs)

Multi-terminal BDDs (MTBDDs) Fujita et al. (1997), also known as alge-

braic decision diagrams (ADDs) Bahar et al. (1997), constitute a natural extension

of BDDs for representing functions with non-Boolean ranges. However, they suffer

from a fundamental limitation: for a function h whose range contains a large num-

ber of distinct values V ⊆ D, the size of an MTBDD is necessarily at least |V |.

Consequently, these representations can become prohibitively large when the output

domain is rich. To date, the most effective approach to mitigating this limitation

has been the use of Weighted BDDs (WBDDs)—BDD-like structures that associate

weights with edges—proposed in prior work Niemann et al. (2016); Viamontes et al.

(2004).

Consider the family of Hadamard matrices H = {H2i | i ≥ 1}, discussed

in §2.1. As i increases, matrices in H increase in size exponentially. H2i contains 2
i

rows and 2i columns, and thus 2i+1 elements. To index a row (column), i− 1 row

(column) variables are required. Fig. 2.3 shows the WBDD representations for the

first three matrices in H: H2, H4, and H8. Every node is associated with a decision

variable, and the outgoing edges correspond to the 0 or 1 decision. The x variables

represent the row index; the y variables represent the column index. The numbers

associated with edges indicate the weight of the edge. The red highlighted paths
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Figure 2.3: WBDDs for the matrices H2, H4, and H8, with x variables for rows and
y variables for columns.

indicate the all-1 variable-assignment a = ∀i ∈ {1..|vars|} : {xi 7→ 1, yi 7→ 1}, which

corresponds to the element in the lower right-hand corner of the matrix. The product

of the weights along the path, together with the common weight (at the top of the

WBDD) produces the value of the represented function at a. The size of the WBDDs

{H2i | i ≥ 1} increases linearly in the number of variables i.

Semi-Field Weights In WBDDs (and later in WCFLOBDDs–Chapter 4), weights

are drawn from a semi-field.

Definition 2.1. Let D = ⟨A,+, ·, 0̄, 1̄⟩ be a set, where 0̄, 1̄ ∈ A, that supports two

binary operations: + and ·. D is a semi-field if, for all a, b, c ∈ A, the following

properties are satisfied:

Associativity: a+ (b+ c) = (a+ b) + c Annihilation: a · 0̄ = 0̄ = 0̄ · a
a · (b · c) = (a · b) · c Distributivity: a · (b+ c) = (a · b) + (a · c)

Commutativity: a+ b = b+ a (b+ c) · a = (b · a) + (c · a)
Identities: a+ 0̄ = a = 0̄ + a Mult. Inverse: a ̸= 0⇒ ∃a−1 ∈ D :

a · 1̄ = a = 1̄ · a a · a−1 = 1̄ = a−1 · a
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The non-0̄ elements are a group under multiplication, ⟨A−{0̄}, ·, 1̄⟩, whereas ⟨A,+, 0̄⟩
is only a semi-group. The following properties are consequences of the semi-field

axioms:

• The additive identity 0̄ and multiplicative identity 1̄ are each uniquely defined.

– If there is an element d ∈ A that satisfies ∀a : a + d = a = d + a, then

0̄ = 0̄ + d = d.

– If there is an element d ∈ A that satisfies ∀a : a · d = a = d · a, then
1̄ = 1̄ · d = d.

Consequently, we can speak of 0̄ as the additive identity element and 1̄ as the

multiplicative identity element.

• For each element a ∈ A, a ̸= 0̄, the multiplicative inverse is unique.

– Suppose that b and c are both inverses of a. Then b = b · 1̄ = b · (a · c)
= (b · a) · c = 1̄ · c = c.

• A semi-field has no zero divisors:

– a · b = 0̄ ∧ a ̸= 0̄ ⇒ b = 1̄ · b = (a−1 · a) · b = a−1 · (a · b) = a−1 · 0̄ = 0̄.

Similarly, b·a = 0̄∧a ̸= 0̄⇒ b = b· 1̄ = b·(a·a−1) = (b·a)·a−1 = 0̄·a−1 = 0̄.

Equivalently, because ⟨A−{0̄}, ·, 1̄⟩ is a group, it is closed under multiplication;

thus, for a, b ∈ A− {0̄}, a · b can never equal 0̄.

Because R and C are fields, they are also semi-fields. An example of a semi-

field that is not a field is the set of invertible n× n matrices (together with the all-0

matrix of size n× n as 0̄), with matrix addition and matrix multiplication.

We need inverse elements with respect to “·” to be able to canonicalize

WBDDs, as well as weighted decision trees (see Fig. 4.3(b)) and WCFLOBDDs

(§4.2.2). Because one multiplies weights as one follows the path for an assignment,
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the basic idea is to label left branches (for a Boolean variable bound to 0) with 1̄,

and label right branches (for 1) with some value. Suppose that the branches at a

node are originally labeled with a and b, respectively. During canonicalization, the

left branch would be labeled with 1̄, the right branch with a−1 · b, and the value a

would be propagated to every incoming edge. This relabeling maintains the product

over all paths—e.g., . . . ·a · 1̄ · . . . along the left branch, and . . . ·a ·a−1 · b · . . . along the

right branch. (There are some special cases for canonicalization when the left edge is

originally labeled with 0̄.) To carry out such weight-propagation steps, “·” must be

associative, but need not be commutative.

2.3 Quantum Simulation

Quantum algorithms on quantum computers can achieve polynomial to expo-

nential speed-ups over classical algorithms on specific problems. However, to date,

there are no practical large-scale implementations of quantum computers. Hence, sim-

ulating quantum circuits on classical computers can provide insight on how quantum

algorithms perform and scale. 2

In this context, Binary Decision Diagrams (BDDs) and Weighted Binary Deci-

sion Diagrams (WBDDs) have emerged as promising approaches for quantum simula-

tion, where quantum circuits are modeled using quantum states (vectors) and quan-

2No knowledge of quantum algorithms is assumed. Everything can be understood in terms of
some simple linear algebra. The only subtle concept is that some of the 2n × 2n matrices are best
thought of in terms of their effect on the indices of positions in vectors of size 2n × 1. For instance,

the matrix I ⊗
[
0 1
1 0

]
=


00 01 10 11

00 0 1 0 0
01 1 0 0 0
10 0 0 0 1
11 0 0 1 0

 maps the unit vectors e00 =


00 1
01 0
10 0
11 0

, e01 =


00 0
01 1
10 0
11 0

,

e10 =


00 0
01 0
10 1
11 0

, and e11 =


00 0
01 0
10 0
11 1

 to e01, e00, e11, and e10, respectively. In other words, on a unit

vector, the effect is to negate the final bit of the index that specifies the position of the 1.
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tum gates (matrices). These representations enable symbolic simulation of quantum

circuits and have demonstrated strong performance in this domain in recent years.

A single-qubit quantum state can be represented by a pair of complex numbers

(i.e., a vector of size 2 × 1). A quantum state of n qubits can be represented by

a complex-valued vector of size 2n × 1; hence, the information capacity increases

exponentially with the number of qubits.

A quantum circuit takes as input an initial quantum-state vector, and applies

a sequence of quantum gates, which are each length-preserving transformations, and

can be expressed as unitary matrices. Thus, quantum-circuit simulation requires a

way to perform linear algebra with vectors of size 2n and matrices of size 2n × 2n,

where n is the number of qubits involved. Examples of gates that operate on single

qubits are I = [ 1 0
0 1 ], H = 1√

2
[ 1 1
1 −1 ], and X = [ 0 1

1 0 ]. I leaves a quantum state

as is; the Hadamard gate H sends a basis state to a state in “superposition” (i.e.,

a state that is a non-trivial linear combination of basis states);3 X complements

the indices of a qubit’s basis states, and thus flips the positions of the amplitudes,

sending
[

0 α0
1 α1

]
to

[
0 α1
1 α0

]
. Let M⊗ k denote the k-fold Kronecker product of M with itself:

M⊗ k =

k occurrences of M︷ ︸︸ ︷
M ⊗M ⊗ . . .⊗M . The quantum gate that, e.g., applies H to the jth qubit

of an n-qubit quantum state is I⊗(j−1)⊗H ⊗ I⊗(n−j).

Notation. Generally, when we wish to emphasize the dimensions of objects, a state

vector with n qubits (of size 2n×1) is denoted using a subscript n, and a gate matrix

acting on n qubits (of size 2n × 2n) is denoted using a subscript 2n. Although the

subscripts differ, a vector Vn and matrix M2n have compatible sizes in the matrix-

vector product M2nVn.

A completely different subscript convention is used to denote basis vectors: es

denotes the vector with a one in position s (where s is interpreted in binary) and

3 A Hadamard gate that operates on a single qubit is the Hadamard matrix H2 from Fig. 2.1
(§2.1), scaled by 1√

2
so that it is a unitary matrix.
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zeros elsewhere. To be concise, we sometimes use “exponent notation” from formal-

language theory to express s. For instance, e0n and e1n denote the basis vectors

e0 . . . 0︸ ︷︷ ︸
n copies

and e1 . . . 1︸ ︷︷ ︸
n copies

, respectively.

Sometimes both conventions come into play. For example, H2ne0n involves a

matrix that acts on n qubits applied to a basis vector with n qubits.

2.3.1 Advantages of Simulation

Simulation of a quantum circuit can have advantages compared to actually

running a circuit on a quantum computer:

1. A simulation can deviate from certain requirements of the quantum-

computation model and perform the simulation in a way that no quantum

device could.

(a) Some quantum algorithms perform multiple iterations of a particular quan-

tum operator Op (e.g., k iterations, where k is some power of 2). A sim-

ulation can operate on Op itself (Zulehner and Wille, 2020, Ch. 6), using

repeated squaring to create the sequence of derived operators Op2, Op4,

Op8, . . ., Op2
log k

= Opk, which can be accomplished in log k iterations. The

final answer is then obtained using Opk. A physical quantum computer

can only apply Op sequentially, and thus must perform k applications of

Op.

(b) The quantum-computation model requires the use of a limited repertoire

of operations: every operation is a multiplication by a unitary matrix,

and all results (and all intermediate values) must be produced in this way.

In contrast, it is acceptable for a simulation to create some intermediate

results by alternative pathways.

(c) In many quantum algorithms, the final state needs to be measured multi-

ple times. When running on a physical quantum computer, part or all of
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the quantum state is destroyed after each measurement of the state, and

thus the quantum steps must be re-performed before each successive mea-

surement. In contrast, in a quantum simulation the quantum steps need

only be performed once, and then multiple measurements can be made be-

cause a (simulated) measurement does not cause any part of the simulated

quantum state to be lost.

Quantum supremacy refers to a computing problem and a problem size beyond

which the problem can be solved efficiently on a quantum computer, but not on

a classical computer. Quantum simulation is at one of the borders between clas-

sical computing and quantum computing: with quantum simulation, a classical

computer performs the computation in roughly the same manner as a quantum

computer, but can take advantage of shortcuts of the kind listed above. In

principle, a more efficient quantum-simulation technique has the potential to

change the threshold for quantum supremacy.

2. Current quantum computers are error-prone and can lead to incorrect results,

which is not the case with a simulation (modulo bugs in the implementation of

the simulation).

3. Quantum simulation has a role in testing quantum computers. In particular,

simulation can be used to create test suites for checking the correctness of the

output states and measurements obtained from physical hardware.
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Chapter 3: CFLOBDDs: Context-Free-Language

Ordered Binary Decision Diagrams

3.1 Introduction

As discussed in §2.1, BDDs are used to represent Boolean functions efficiently.

In some applications of BDDs, the initial and final BDD structures are of a reasonable

size, but there is an “intermediate swell” during the computation. Such a blow-up can

cause operations to take a long time, or cause an application to run out of memory.

The size-explosion issue generally limits the use of BDDs to problems involving at

most a few hundred Boolean variables.

In this chapter, we introduce a new data structure, called Context-Free-

Language Ordered Binary Decision Diagrams (CFLOBDDs), which are essentially

a plug-compatible replacement for BDDs. CFLOBDDs share many of the good prop-

erties of BDDs, but—in the best case—the CFLOBDD for a Boolean function can

be exponentially smaller than any BDD for that function. Compared with the size of

the decision tree for a function, a CFLOBDD—again, in the best case—can give a

double-exponential reduction in size. Obviously, not every Boolean function has such

a highly compressed representation, but for the ones that do, CFLOBDDs offer much

better compression than BDDs, and thus have the potential to permit applications

to (ii) execute much faster, and (ii) handle much larger problem instances than has

been possible heretofore.

Similar to BDDs, CFLOBDDs can represent functions, matrices, graphs, re-

lations, etc. (using either binary-valued or multi-valued terminals, as appropriate),

again with the possible advantage of an exponential degree of compression over

BDDs. Even for objects that do not fall into the best-case scenario of perfect double-

exponential compression, CFLOBDDs may provide better compression than BDDs.

Like BDDs, CFLOBDDs are canonical (§3.3), and operations are performed on them
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directly (§3.6): they are never unfolded to the full decision tree. Moreover, an imple-

mentation can ensure that only a single representative is ever constructed for a given

function; consequently, the test of whether two CFLOBDDs represent equal functions

can be performed merely by comparing the values of two pointers.

CFLOBDDs are based on the following key insight:

A BDD can be considered to be a special form of bounded-size, branching, but
non-looping program. From that viewpoint, a CFLOBDD can be considered to
be a bounded-size, branching, but non-looping program in which a certain form of
procedure call is permitted.

The advantages of this idea are two-fold. First, whereas a BDD of size n can have at

most 2n paths, the “procedure-call” mechanism in CFLOBDDs allows a CFLOBDD

of size n to have 22
n
paths (§3.2.5.1). This difference is what lies behind the potential

compression advantage of CFLOBDDs. Second, even when best-case compression is

not possible, such “procedure calls” allow there to be additional sharing of structure

beyond what is possible in BDDs: a BDD can share sub-DAGs, whereas a procedure

call in a CFLOBDD shares the “middle of a DAG.” (See Figs. 3.1 and 3.4.)

We evaluated CFLOBDDs and BDDs on synthetic benchmarks and for quan-

tum simulation. We compared the performance in terms of size and execution time:

on problem sizes for which both approaches ran successfully, CFLOBDDs were gen-

erally smaller and had lower execution times, particularly at the upper end of the

capabilities of BDDs. Moreover, the improvement that CFLOBDDs bring in scalabil-

ity is quite dramatic, both for the synthetic benchmarks (§3.9.2.1) and for quantum

simulation (§3.9.2.2). We also evaluated CFLOBDDs on hardware, combinatorial

circuits §3.9.2.3, and observed that BDDs perform better than CFLOBDDs, show-

ing that when functions do not possess repeated structure across variables, using

non-hierarchical structures like BDDs is a better choice.

Organization. §3.2 introduces the basic principles underlying CFLOBDDs. §3.3

introduces some additional structural invariants that allow us to establish that each
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Boolean function has a unique, canonical representation as a CFLOBDD. §3.4 dis-

cusses how some standard techniques—hash-consing Goto (1974), function-caching

(or memo functions Michie (1967)), and reference counting—apply to CFLOBDDs.

§3.5 gives a denotational definition of the function that a CFLOBDD represents. §3.6

presents algorithms for a variety of CFLOBDD operations. §3.7 demonstrates an ex-

ponential gap between CFLOBDDs and BDDs: the CFLOBDD for a function f can

be exponentially smaller than any BDD for f . §3.8 turns to the application of CFL-

OBDDs for quantum simulation, and shows how CFLOBDDs can represent efficiently

some special matrices used in quantum algorithms. §3.9 poses two experimental ques-

tions and presents the results of experiments on synthetic and quantum-simulation

benchmarks. For several problems, the improvement in scalability enabled by CFL-

OBDDs is quite dramatic. In particular, in the quantum-simulation benchmarks, the

number of qubits that could be handled using CFLOBDDs was larger, compared to

BDDs, by a factor of 128× for GHZ; 1,024× for BV; 8,192× for DJ; and 128× for

Grover’s algorithm.

3.2 CFLOBDDs

CFLOBDDs are a binary decision diagram inspired by BDDs, but the two

data structures are based on different principles. A BDD is an acyclic finite-state

machine (modulo ply-skipping), whereas a CFLOBDD is a particular kind of single-

entry, multi-exit, non-recursive, hierarchical finite-state machine (HFSM) Alur et al.

(2005a). This section describes the basic principles of CFLOBDDs, illustrating them

via encodings of H2 and H4 with the variable orderings ⟨x0, y0⟩ and ⟨x0, y0, x1, y1⟩,

respectively.

Intuition Before discussing the CFLOBDD data structure in detail, we give some

intuition about the decomposition principle used in CFLOBDDs.

Consider a function f : {0, 1}n → [1 . . .m] over variables x0, . . . , xn−1. In
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Figure 3.1: (a) CFLOBDD for H2 using the variable ordering ⟨x0, y0⟩. The bold
path is for the assignment [x0 7→ F, y0 7→ T ] for H2[0, 1]. (b) Guide to the
terminology introduced in Defn. 3.1.

the classical Shannon decomposition of f , one looks at the value of x0 and then

derives two co-factors g0 = f |x0=0 and g1 = f |x0=1, both of which are functions over

variables x1, . . . , xn−1. Functions g0 and g1 can be combined to yield f by the identity

f = x0·g0+x0·g1 (where x0 denotes the complement of x0, “·” denotes logical-and, and

“+” denotes logical-or). (See (Clarke et al., 1995, §4.2) for a precise definition of the

generalization of the Shannon decomposition for MTBDDs.) The same decomposition

can be carried out recursively on g0 and g1, and OBDDs—whether reduced or not—

exploit this decomposition by sharing common co-factors that arise in the different

plies of the recursive decomposition.

The decomposition used in CFLOBDDs is different. The number of variables n

is assumed to be a power of 2, and at each decomposition level the variables are divided

into two halves: x0, . . . , xn/2−1 and xn/2, . . . , xn−1.
1 Let g0 be the function of the first

n/2 variables that maps them to [1 . . . k], where k is the number of equivalence classes

1For a Boolean function of m variables that is not a power of 2, one can pad the function with
dummy Boolean variables to reach the next higher power of 2. Depending on the function, the user
may choose to interleave the dummy variables among the “legitimate” variables or place them all at
the end (or some combination of both). By this device, every Boolean function can be represented
as a CFLOBDD. (See also the discussion in §3.3.2 of property (2).)
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of residual functions one has after the first n/2 variables of f are read. (k equals the

number of nodes in the corresponding BDD for f at ply n/2.) For each i ∈ [1 . . . k],

gi is the appropriate function over the remaining n/2 variables, which combined with

g0 (based on index i), and an appropriate matching of returned values, yields f .2 The

representation allows sharing across all the functions g0, g1, . . . , gk. Moreover, the

divide-the-variables-in-half decomposition is carried out recursively on g0, g1, . . . , gk,

with mutual sharing of the decomposed functions that arise at all levels.

Rather than producing a DAG-structured data structure, as one has with

BDDs, the divide-the-variables-in-half decomposition leads to a structure that re-

sembles an HFSM (or, alternatively, the interprocedural control-flow graph for a

non-recursive, multi-procedure program).

3.2.1 Matched Paths

The CFLOBDD representation of H2 consists of three groupings, shown as

three ovals in Fig. 3.1a.3 Each CFLOBDD grouping is associated with a given level.

The two small ovals are at level 0 (labeled L0), and the large oval is at level 1 (labeled

L1). There is an implicit hierarchical structure to the levels, and level-0 groupings

are said to be leaves of the CFLOBDD. There are only two possible types of level-0

groupings:

• A level-0 grouping like the one at the upper right in Fig. 3.1a is called a fork

grouping.

• A level-0 grouping like the one at the lower right in Fig. 3.1a is called a don’t-care

grouping.

2We are being deliberately vague about how g0, g1, . . . , gk are combined, because the details are
somewhat complicated. See Defns. 3.1 and 3.3 for the precise definition.

3 Groupings are represented in memory as a kind of node structure, but we will use “nodes”
solely for decision trees and BDDs. Groupings are depicted as ovals, and the dots inside will be
referred to as “vertices.”
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The vertex at the top of each grouping is the grouping’s entry vertex. The entry

vertex of a level-0 grouping corresponds to a decision point: left branches are for F

(or 0); right branches are for T (or 1). The vertices at the bottom of each grouping

are called exit vertices ; those in the middle of the level-1 grouping are called middle

vertices.

In matrix H2, each entry is either 1 or −1. Each assignment over ⟨x0, y0⟩
corresponds to a special kind of path in Fig. 3.1a that leads to either 1 or −1. Each
such path starts from the entry vertex of the level-1 grouping, making “decisions”

for the next variable in sequence each time the entry vertex of a level-0 grouping is

encountered.

Fig. 3.1a illustrates the key principle behind CFLOBDDs—namely, the use of

a matching condition on paths. The bold path is for the assignment [x0 7→ F, y0 7→ T ],

which corresponds to H2[0, 1]. The path starts at the level-1 grouping’s entry vertex

and goes to the entry vertex of the level-0 fork grouping via a solid edge (—); takes

the left branch of the fork grouping (corresponding to x0 7→ F ); and leaves the fork

grouping via a solid edge (—), reaching the leftmost of the middle vertices of the level-

1 grouping. The path then goes to the entry vertex of the level-0 don’t-care grouping

via a dashed-double-dotted edge (− · ·−); takes the right branch of the don’t-care

grouping (corresponding to y0 7→ T ); and leaves via a dashed-double-dotted edge

(− · ·−), reaching the leftmost exit vertex of the level-1 grouping, which is connected

to the terminal value 1 (the value of H2[0, 1]). A pair of incoming and outgoing edges

of a grouping, such as the pairs of black solid edges and green dashed-double-dotted

edges in the bold path in Fig. 3.1a, are said to be matched. The bold path itself is

called a matched path. This example illustrates the following principle:

Matched-Path Principle. When a path follows an edge that returns to level i
from level i− 1, it must follow an edge that matches the closest preceding edge from
level i to level i− 1.

Formally, the matched-path principle can be expressed as a condition that—

for a path to be matched—the word spelled out by the labels on the edges of the
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path must be a word in a certain context-free language Yannakakis (1990). (This

idea is the origin of “CFL” in “CFLOBDD”.) One way to formalize the condition is

to label each edge from level i to level i− 1 with an open-parenthesis symbol of the

form “(b”, where b is an index that distinguishes the edge from all other edges to any

entry vertex of any grouping of the CFLOBDD. (In particular, suppose that there are

NumConnections such edges, and that the value of b runs from 1 to NumConnections.)

Each return edge that runs from an exit vertex of the level i−1 grouping back to level

i, and corresponds to the edge labeled “(b”, is labeled “)b”. Each path in a CFLOBDD

then generates a string of parenthesis symbols formed by concatenating, in order, the

labels of the edges on the path. (Unlabeled edges in the level-0 groupings are ignored

in forming this string.) A path in a CFLOBDD is called a matched-path iff the path’s

word is in the language L(matched) of balanced-parenthesis strings generated by

matched → ϵ | matched matched | (b matched )b 1 ≤ b ≤ NumConnections (3.1)

Only matched -paths that start at the entry vertex of the CFLOBDD’s highest-level

grouping and end at a terminal value are considered in interpreting a CFLOBDD.

In the figures in the paper, we use black solid (—), blue dashed (– – –), red

short-dashed (- - - -), purple dashed-dotted (− · ·−), and green dashed-double-dotted

(− · ·−) edges, in the indicated colors, rather than attaching explicit labels to edges.

To reduce the number of colors used, we sometimes re-use colors in a given figure;

however, it should still be clear which pairs of edges match.

The matched-path principle allows a given grouping to play multiple roles

during the evaluation of a Boolean function. In particular, the level-0 groupings

are shared, and thus are used to interpret different variables at different places in

a matched path through a CFLOBDD. For example, the level-0 fork grouping in

Fig. 3.1a is used to interpret (i) x0 (when “called” via the black solid edge), and
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(ii) y0 (when “called” via the blue dashed edge, which happens when x0 7→ T ).4 The

edge-matching condition is important because the black solid return edges lead to the

level-1 grouping’s middle vertices, whereas the blue dashed return edges lead to the

level-1 grouping’s exit vertices.

In Fig. 3.1a, the fork grouping is labeled with x0 and y0, and the don’t-care

grouping with y0. However, because the level-0 groupings interpret different variables

at different places in a matched path, in later diagrams the level-0 groupings are

generally not labeled with specific variables. In general, the principle is as follows:

Contextual-Interpretation Principle. A level-0 grouping is not associated with
a specific Boolean variable. Instead, the variable that a level-0 grouping refers to is
determined by context: the nth level-0 grouping visited along a matched path is used
to interpret the nth Boolean variable.

The reader might be worried by the fact that Fig. 3.1a contains cycles. That

is, if one ignores the ovals in Fig. 3.1a, as well as the distinctions among solid, dashed,

and dashed-double-dotted edges, one is left with a cyclic graph: there is a cycle that

starts at the rightmost middle vertex of the level-1 grouping, follows the blue dashed

edge (– – –) to the entry vertex of the level-0 fork-grouping, takes the right branch,

and returns along the black solid edge (—) to the rightmost middle vertex of the

level-1 grouping. However, that path is excluded from consideration because it is not

a matched path: the solid edge does not match with the preceding dashed edge.

3.2.2 CFLOBDD Requirements

In designing CFLOBDDs, the goal is to meet the following five requirements:

4The term “call” is by analogy with how matched paths model the actions of procedure calls in
graphs used for interprocedural dataflow analysis Sharir and Pnueli (1981); Reps et al. (1995), inter-
procedural slicing Horwitz et al. (1990), and model checking hierarchical state machines (Benedikt
et al., 2001, §5).
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1. Soundness : Every level-k CFLOBDD represents a decision tree of height 2k

and size 22
k

2. Completeness : each decision tree of height 2k and size 22
k
can be encoded as

a level-k CFLOBDD

3. Best-case double-exponential compression: in the best case, a decision tree of
height 2k and size 22

k
can be encoded as a level-k CFLOBDD of size k

4. Canonicity : CFLOBDDs are a canonical representation of Boolean functions

5. Computational efficiency : most operations run in time polynomial in the sizes
of (i) the input CFLOBDDs, or (ii) the input CFLOBDDs and the output
CFLOBDD

These requirements are similar to those for BDDs, but with double-exponential

parameters—rather than single-exponential parameters—in Requirements (1)–(3).

To satisfy these more stringent requirements, we define a data structure that is quite

different from BDDs (see §3.2.3 and §3.3.1).

Requirements (1) and (3) are established in §3.2.3.4 and §3.2.5.2, respectively.

Requirements (2) and (4) are established in §3.3 and Appendix §C. Requirement (5)

is addressed in §3.4, §3.6, and §K; in particular, Tab. 3.1 at the beginning of §3.6 lists

the fourteen main operations on CFLOBDDs and the asymptotic running times of the

algorithms that we give for the operations. BDDs enjoy the more desirable property

that most operations run in time polynomial in the sizes of the input BDDs, but

the same property does not seem possible for CFLOBDDs. §K establishes that the

time complexity of a key subroutine used in several of the CFLOBDD operations to

maintain canonicity is polynomial in the sizes of the input and output CFLOBDDs.

3.2.3 CFLOBDDs Defined, Part I: Basic Structure

Our formal definition of CFLOBDDs is given in two parts: Defn. 3.1 (below)

and Defn. 3.3 (§3.3.1). Defn. 3.1 defines the basic structure of CFLOBDDs, whose var-

ious elements are depicted in Fig. 3.1b. Defn. 3.3 imposes some additional structural
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invariants to ensure that CFLOBDDs provide a canonical representation of Boolean

functions. Much about CFLOBDDs can be understood just from Defn. 3.1, so we

postpone introducing the structural invariants until we address canonicity in §3.3.

Where necessary, we distinguish between mock-CFLOBDDs (Defn. 3.1) and CFL-

OBDDs (Defn. 3.3), although we typically drop the qualifier “mock-” when there is

little danger of confusion. Fig. 3.1b illustrates Defn. 3.1 using the CFLOBDD that

represents Hadamard matrix H2.

Definition 3.1 Mock-CFLOBDD; see Fig. 3.1b. A mock-CFLOBDD at level k is a

hierarchical structure made up of some number of groupings, of which there is one

grouping at level k, and at least one at each level 0, 1, . . . , k − 1. The grouping at

level k is the head of the mock-CFLOBDD.

Each grouping gi at level 0 ≤ i ≤ k has a unique entry vertex, which is disjoint

from the set of exit vertices of gi.

If i = 0, gi is either a fork grouping or a don’t-care grouping, as depicted in the

upper right and lower right of Fig. 3.1b, respectively. The entry vertex of a level-0

grouping corresponds to a decision point: left branches are for F (or 0); right branches

are for T (or 1). A don’t-care grouping has a single exit vertex, and the edges for

the left and right branches both connect the entry vertex to the exit vertex. A fork

grouping has two exit vertices: the entry vertex’s left and right branches connect the

entry vertex to the first and second exit vertices, respectively.

If i ≥ 1, gi has a further disjoint set of middle vertices. We assume that both

the middle vertices and the exit vertices are associated with some fixed, known total

order (i.e., the sets of middle vertices and exit vertices could each be stored in an

array). Moreover, gi has an A-connection edge that, from gi’s entry vertex, “calls” a

level-i-1 grouping ai−1, along with a set of matching return edges ; each return edge

from ai−1 connects one of the exit vertices of ai−1 to one of the middle vertices of

gi. In addition, for each middle vertex mj, gi has a B-connection edge that “calls”
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a level-i-1 grouping bj, along with a set of matching return edges ; each return edge

from bj connects one of the exit vertices of bj to one of the exit vertices of gi.

If i = k, gk has a set of value edges that connect each exit vertex of gk to a

terminal value.

Fig. 3.1b shows where the concepts from Defn. 3.1 occur in the CFLOBDD

that represents Hadamard matrix H2.

3.2.3.1 An Object-Oriented Pseudo-Code

In later parts of the paper, we state algorithms using an object-oriented

pseudo-code. In accordance with the terminology introduced above, the basic classes

that are used for representing multi-terminal CFLOBDDs are defined in Fig. 3.2a:

Grouping, InternalGrouping, DontCareGrouping, ForkGrouping, and CFLOBDD.

More details about the notation used in our pseudo-code can be found in Appendix §A.

Fig. 3.2c shows how the CFLOBDD from Fig. 3.1a is represented as an instance

of class CFLOBDD. There are no entry, middle, and exit vertices as such. Instead,

a pointer to a Grouping object serves as the object’s entry vertex. Numbers in

the range [1..numberOfBConnections] serve as middle vertices, and numbers in the

range [1..numberOfExits] serve as exit vertices. In the level-1 InternalGrouping in

Fig. 3.2c, one can see that a ReturnTuple—which holds a sequence of return-edge

targets—is associated with each outgoing AConnection or BConnection edge. This

organization facilitates implementing the matched-path principle: when a level-l+1

grouping g1 “calls” level-l grouping g2, there is an associated ReturnTuple rt1 (stored

in g1); a matched path starting at the entry of g2 leads to some exit-vertex index i of

g2; and rt1[i] holds the target in g1 of the matching return edge.

Similarly, there are no explicit edges in DontCareGrouping and ForkGrouping

objects. Instead, the decision taken at the level-0 grouping’s entry vertex selects the

appropriate exit-vertex index, which is used to index into a ReturnTuple of the

“calling” level-1 InternalGrouping.
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abstract class Grouping {
level: int
numberOfExits: int
}
class InternalGrouping extends
Grouping {
AConnection: Grouping
AReturnTuple: ReturnTuple
numberOfBConnections: int
BConnections:
array[1..numberOfBConnections]
of Grouping

BReturnTuples:
array[1..numberOfBConnections]
of ReturnTuple

}
class DontCareGrouping extends
Grouping {
level = 0
numberOfExits = 1
}
class ForkGrouping extends Grouping
{
level = 0
numberOfExits = 2
}
class CFLOBDD {

// Multi-terminal CFLOBDD
grouping: Grouping
valueTuple: ValueTuple
}

1 -1

(b)
CFLOBDD
grouping:
valueTuple: [1,-1]

ForkGrouping
level: 0
numberOfExits: 2

DontCareGrouping
level: 0
numberOfExits: 1

InternalGrouping
level: 1
AConnection:
AReturnTuple: [1,2]
numberOfBConnections: 2
BConnections:

BReturnTuples:
numberOfExits: 2

[1,2][1]

(c)

(a)

Figure 3.2: (a) Datatypes for Grouping, InternalGrouping, DontCareGrouping,
ForkGrouping, and CFLOBDD. (b) The CFLOBDD for H2 (repeated from
Fig. 3.1a). (c) An instance of class CFLOBDD that represents H2.

3.2.3.2 Rationale

Defn. 3.1, Fig. 3.1b, and Fig. 3.2a introduce a substantial amount of new

terminology. However, the rationale behind it is really quite simple, and goes back
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to the Matched-Path Principle. In particular, each InternalGrouping object g at

level i > 0 represents a family of matched paths. A traversal of a matched path from

g’s entry vertex to an exit vertex of g uses the fields of g (Fig. 3.2a) in the following

order:

matched(at level i) = AConnection matched(at level i-1) AReturnTuple[·]
BConnection matched(at level i-1) BReturnTuples[·]

(3.2)

Note how Eqn. (3.2) mimics the form of the grammar for matched paths from

Eqn. (3.1).

3.2.3.3 Inductive Arguments about CFLOBDDs

To be able to make inductive arguments about CFLOBDDs, it is convenient

to introduce one additional bit of terminology:

Definition 3.2 Mock-proto-CFLOBDD. A mock-proto-CFLOBDD at level i is a

grouping at level i, together with the lower-level groupings to which it is connected

(and the connecting edges). In other words, a mock-proto-CFLOBDD has the follow-

ing recursive structure:

• a mock-proto-CFLOBDD at level 0 is either a fork grouping or a don’t-care

grouping

• a mock-proto-CFLOBDD at level i is headed by a grouping at level i whose

– A-connection edge and associated return edges “call” a level-(i-1) mock-

proto-CFLOBDD, and

– B-connection edges and their associated return edges “call” some number

of level-(i-1) mock-proto-CFLOBDDs.

The difference between a proto-CFLOBDD and a CFLOBDD is that the exit

vertices of a proto-CFLOBDD have not been associated with specific values. One
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cannot argue inductively in terms of CFLOBDDs because its constituents are proto-

CFLOBDDs, not full-fledged CFLOBDDs. Thus, to prove that some property holds

for a CFLOBDD, there will typically be an inductive argument to establish a property

of the proto-CFLOBDD headed by the outermost grouping of the CFLOBDD, with

an additional argument about the CFLOBDD’s value edges and terminal values.

One example of an inductive argument allows us to establish the number of

times D(i) that each matched path in a level-i proto-CFLOBDD reaches a decision

vertex—i.e., the entry vertex of a level-0 grouping. In particular, D(i) is described

by the following recurrence relation:

D(0) = 1 D(i) = D(i− 1) +D(i− 1), (3.3)

which has the solution D(i) = 2i.

3.2.3.4 Soundness and an Operational Semantics

Eqn. (3.3) allows us to establish Requirement (1) from §3.2.2. Eqn. (3.3) has

the solution D(i) = 2i, so each matched path from the entry vertex of a level-k

CFLOBDD passes through the entry vertex of a level-0 grouping exactly 2k times

before reaching a terminal value v ∈ V , for some value domain V . Consequently,

each (multi-terminal) CFLOBDD represents a function in {T, F}2k → V—i.e., the

same set of functions that decision trees represent.

We can also use the Contextual-Interpretation Principle to obtain an opera-

tional semantics for (mock-)CFLOBDDs, given as Alg. 1. This algorithm is a divide-

order-and-conquer algorithm that specifies how to interpret a given CFLOBDD n

with respect to a given Assignment a to the Boolean variables. (We assume that an

Assignment is given as an array of Booleans, whose entries—starting at index-position

1—are the values of the successive variables.)

Subroutine InterpretGrouping performs a recursive traversal over n, fol-

lowing AConnections, BConnections, and return edges. When a level-0 grouping
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Algorithm 1: An operational semantics of CFLOBDDs

1 Algorithm InterpretCFLOBDD(n, a)
Input: CFLOBDD n, Assignment a[1..2n.grouping.level]
Output: A value in the range of the function represented by n

2 begin
3 return valueTuple[InterpretGrouping(n.grouping, a)];
4 end

5 end
6 SubRoutine InterpretGrouping(g, a)

Input: Grouping g, Assignment a[1..2g.level]
Output: An unsigned integer

7 begin
8 if g == ForkGrouping then return 1 + a[1] // F7→1; T7→2;
9 if g == DontCareGrouping) then return 1 // F,T7→1;

10 if g == NoDistinctionProtoCFLOBDD(g.level) then return 1
// F,T7→1;

11 Assignment aA = a[1, 2g.level−1];
12 Assignment aB = a[2g.level−1 + 1, 2g.level];
13 unsigned int i = InterpretGrouping(g.AConnection, aA);
14 unsigned int k = InterpretGrouping(g.BConnections[i], aB);
15 return g.BReturnTuples[i](k);

16 end

17 end

is reached, the value of the current Boolean variable is consulted (line [8], in the

case of a ForkGrouping), or ignored (line [9], in the case of a DontCareGrouping).

(Line [10] can be ignored for now; it is an optimization that is discussed in §3.2.5.2.)

In lines [13] and [14], Assignment a is split in half: the Boolean values in the first

half are interpreted during the traversal of g’s AConnection (line [13]); the values

in the second half are interpreted during the traversal of one of g’s BConnections

(line [14]), selected according to the value i obtained in line [13] from the call on

InterpretGrouping() with g’s AConnection.
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x0,x1

F T

x2

x3

x2,x3

Figure 3.3: CFLOBDD for the Boolean function λx0x1x2x3.(x0⊕x1)∨ (x0 ∧x1 ∧x2).
(For clarity, some of the level-0 groupings have been duplicated.)

3.2.3.5 Multiple Middle Vertices and Exit Vertices

In a Boolean-valued CFLOBDD, the outermost grouping has at most two exit

vertices, and these are mapped to {F, T}. In a multi-terminal CFLOBDD, there can

be an arbitrary number of exit vertices, which are mapped to values drawn from some

finite set of values V . Fig. 3.1a is a multi-terminal CFLOBDD; the level-1 grouping

has two exit vertices that are mapped to 1 and −1.

Groupings that have more than two exit vertices naturally arise in the interior

groupings of CFLOBDDs—even in Boolean-valued CFLOBDDs. For instance, a level-

i–1 grouping used as an A-connection can more than two exit vertices, in which case

the “calling” level-i grouping would have more than two middle vertices. Such multi-

terminal groupings can arise in both A-connections and B-connections. Fig. 3.3

shows a Boolean-valued CFLOBDD that contains a level-1 grouping that has three
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exit vertices. The grouping is the A-connection of the outermost grouping (at level

2), which thus has three middle vertices.

3.2.4 Encoding H4 and Other Members of H with a CFLOBDD

Fig. 3.4a shows the CFLOBDD representation of Hadamard matrix H4 with

the variable ordering ⟨x0, y0, x1, y1⟩. In H4, the level-1 proto-CFLOBDD is identical

to the level-1 proto-CFLOBDD in H2 (cf. Fig. 3.1a and Fig. 3.4a). Moreover, in H4

the A-connection call and both B-connection calls are to the level-1 H2 lookalike.

Consider how Fig. 3.4a encodes H4[0, 3] = 1. The value is obtained by eval-

uating the assignment [x0 7→ F, y0 7→ T, x1 7→ F, y1 7→ T ], following the matched

path highlighted in bold. The path starts from the level-2 grouping’s entry vertex. It

goes to the level-1 grouping’s entry vertex, where [x0 7→ F, y0 7→ T ] is interpreted as

for H2—i.e., the first occurrence of H2 in “H2⊗H2”—in this case, returning to the

leftmost middle vertex of the level-2 grouping. At this point, the path follows the

red dashed edge back to the level-1 grouping’s entry vertex, where [x1 7→ F, y1 7→ T ]

is interpreted as for H2—the second occurrence of H2 in “H2⊗H2.” The path then

follows the matching red dashed return edge to the leftmost exit vertex of the level-2

grouping, and reaches terminal value 1.

To create H4 using H2, we introduced a level-2 grouping that makes one A-

connection and two B-connection “calls” to the level-1 H2 lookalike, and thus each

matched path makes two sequential invocations of H2. This pattern produces the

same effect as the stacking of plies in decision trees and BDDs. However, rather than

tripling the size of the data structure (as with BDDs—see Fig. 2.2e), the ability of

CFLOBDDs to reuse parts of a data structure via a “call” means that there is only a

constant-size increase in going from from H2 to H4: one grouping with five vertices

and nine edges (one A-connection, two B-connections, and six return edges).

The continuation of this pattern gives an inductive construction of the CFL-

OBDDs for the other members of H. Given the level-i CFLOBDD for H2i , i ≥ 2,
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1 -1

(a) The CFLOBDD representation of H4

with the interleaved-variable ordering
⟨x0, y0, x1, y1⟩. The matched path for
[x0 7→ F, y0 7→ T, x1 7→ F, y1 7→ T ], which
corresponds to H4[0, 3], is shown in bold.

1 -1

Level-�
proto-CFLOBDD

for �ଶ೔ , � ൒ 2

(b) Diagram supporting the inductive
argument that, with the
interleaved-variable ordering, the
members of H = {H2i | i ≥ 1} can be
constructed by successively introducing
a new outermost grouping at one greater
level. At each step, the same pattern of
“calls” is used for the A- and
B-connections, and their return edges.

Figure 3.4: Construction of successively larger members of H = {H2i | i ≥ 1}. At
level-(i+1), each matched path makes two sequential invocations of the level-i
grouping (for H2i), thereby creating H2i+1 = H2i ⊗H2i .
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H2i+1 = H2i ⊗H2i is created by introducing a new outermost grouping at level i+ 1,

again with five vertices and nine edges. (See Fig. 3.4b.) The same pattern of “calls” is

used for the A- and B-connections and their return edges: each matched path makes

two sequential invocations of the level-i grouping for H2i . In other words,

Sequential-Invocation Principle. A Kronecker product P ⊗Q can be represented
economically in a CFLOBDD by a grouping at level i+1 whose A-connection “calls”
the level-i proto-CFLOBDD for P and all of whose B-connection “calls” are to the
level-i CFLOBDD for Q.

3.2.5 Reuse of Groupings and Compression of Boolean Functions

The reason CFLOBDDs can represent certain Boolean functions in a highly

compressed fashion is the reuse of groupings that the matched-path and sequential-

invocation principles enable.

3.2.5.1 Growth of Number of Paths with Level

Let P (i) be the number of matched paths in a CFLOBDD at level i. Each level-

0 grouping has two paths, so P (0) = 2. In a grouping g at level i ≥ 1, each matched

path through the A-connection’s level-(i–1) proto-CFLOBDD reaches a middle vertex

of g, where it is routed through the level-(i–1) proto-CFLOBDD of the vertex’s B-

connection. Let Aj(i− 1) be the number of matched paths through g’s A-connection

proto-CFLOBDD to the jth middle vertex of g. Thus, P (i) satisfies the following

recurrence equation:

P (0) = 2 P (i) =
∑

j Aj(i− 1) · P (i− 1). (3.4)

The total number of matched paths through g’s A-connection proto-CFLOBDD is

P (i− 1), so
∑

j Aj(i− 1) = P (i− 1), and hence Eqn. (3.4) can be rewritten as

P (i) = P (i− 1) · P (i− 1), (3.5)

which has the solution P (i) = 22
i
.
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(a) Member at level 0

(b) Member at level 1 (c) Member at level 2

No-distinction
proto-CFLOBDD
at level �–1

(d) Illustration of how the no-
distinction proto-CFLOBDD
at level k is constructed from
the one at level k − 1

Figure 3.5: The family of no-distinction proto-CFLOBDDs.

Growth in Paths. The number of matched paths in a CFLOBDD is squared with
each increase in level by 1 (Eqn. (3.5)). Consequently, a CFLOBDD at level i has
22

i
matched paths.

3.2.5.2 Best-Case Compression: No-Distinction Proto-CFLOBDDs

Fig. 3.5a, 3.5b, and 3.5c show the first three members of a family of

proto-CFLOBDDs that often arise as sub-structures of CFLOBDDs: the single-

entry/single-exit proto-CFLOBDDs of levels 0, 1, and 2, respectively. Because every

matched path through each of these structures ends up at the unique exit vertex of

the highest-level grouping, there is no “decision” to be made during each visit to a

level-0 grouping. In essence, as we work our way through such a structure during the

interpretation of an assignment, the value assigned to each argument variable makes

no difference.

We call this family the no-distinction proto-CFLOBDDs. Fig. 3.5d illustrates

the structure of a no-distinction proto-CFLOBDD at an arbitrary level k > 0, which
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continues the pattern that one sees in the level-1 and level-2 structures: the level-

k grouping has a single middle vertex, and both its A-connection and its one B-

connection are to the no-distinction proto-CFLOBDD for level k − 1. Moreover,

because the no-distinction proto-CFLOBDD at level k shares all but one constant-

sized grouping with the no-distinction proto-CFLOBDD at level k−1, each additional

level costs only a constant amount of additional space. Thus, the no-distinction proto-

CFLOBDD at level k is of size O(k), and hence the no-distinction proto-CFLOBDDs

exhibit double-exponential compression.

The Boolean-valued CFLOBDD for the constant function λx0, x1, . . . , x2k−1.F

is merely the CFLOBDD in which a value edge connects the (one) exit vertex of the

no-distinction proto-CFLOBDD at level k to F . Likewise, in the constant function

λx0, x1, . . . , x2k−1.T , the value edge connects the exit vertex of the no-distinction

proto-CFLOBDD at level-k to T . Thus, as the number of Boolean variables increases,

the best-case growth of CFLOBDDs compares with the growth of decision trees as

follows:

Boolean Number Decision trees CFLOBDDs (best case)
vars. of paths height #nodes #edges heighta #groupings #vertices #edges
1 2 1 3 2 0 1 2 3
2 4 2 7 6 1 2 5 7
4 16 4 31 30 2 3 8 11
8 256 8 511 510 3 4 11 15
...

...
...

...
...

...
...

...
...

2k 22
k

2k 2 · 22k − 12 · 22k − 2 k k + 1 3k + 2 4k + 3

aThe height of a CFLOBDD is the level of the outermost grouping.

The best-case CFLOBDD size—whether measured in the number of groupings, ver-

tices, or edges—grows linearly with the level of the outermost grouping, which is

logarithmic in the number of Boolean variables. In contrast, decision trees grow

exponentially in the number of Boolean variables. These observations show that Re-

quirement (3) from §3.2.2 is met: in the best case, a decision tree of height 2k and

size 22
k
can be encoded as a level-k CFLOBDD of size k.
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Remark Because the family of no-distinction proto-CFLOBDDs is so compact, in

designing CFLOBDDs we did not feel the need to mimic the “ply-skipping transfor-

mation” of Reduced OBDDs (ROBDDs) Bryant (1986); Brace et al. (1991), in which

“don’t-care” nodes are removed from the representation. In ROBDDs, in addition to

reducing the size of the data structure, the chief benefit of ply-skipping is that oper-

ations can skip over levels in portions of the data structure in which no distinctions

among variables are made. Essentially the same benefit is obtained by having the

algorithms that process CFLOBDDs carry out appropriate special-case processing

when no-distinction proto-CFLOBDDs are encountered. Such processing is carried

out, for instance, in line [10] of Alg. 1: in InterpretCFLOBDD(), when Grouping g

is the head of a NoDistinctionProtoCFLOBDD, both g and the entire Assignment a

can be ignored because g has only a single exit vertex.

Whereas in the best case, the CFLOBDD for a function f can be double-

exponentially smaller than the decision tree for f , ROBDDs are incapable of such

a degree of compression. Quasi-reduced BDDs are the version of BDDs in which

don’t-care nodes are not removed (i.e., plies are not skipped), and thus all paths from

the root to a terminal value have length n, where n is the number of variables. The

size of a quasi-reduced BDD is at most a factor of n + 1 larger than the size of the

corresponding ROBDD (Wegener, 2000, Thm. 3.2.3). Thus, although ROBDDs can

give better-than-exponential compression compared to decision trees, what one has is

not double-exponential compression: at best, it is linear compression of exponential

compression. Moreover, in §3.7 we show that the CFLOBDD for a function g can be

exponentially smaller than any ROBDD for g.

3.2.5.3 Asymptotic Best-Case Compression

Consider a family of functions F = {fj | j ≥ 0}, where the jth member has

2j Boolean arguments. The following property is a sufficient condition for the sizes

of the CFLOBDDs for members of F to grow linearly in the level i, and therefore

exhibit double-exponential compression compared to decision trees:
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1. There exists a family of functions G = {gj | j ≥ 0} that grows linearly in the

level i.5

2. There exists a level m such that, for all levels i ≥ m,

(a) the number of vertices in the level-i grouping of fi is a constant independent

of i

(b) the level-i grouping of fi makes “procedure calls” only to (i) the level-(i-1)

grouping used in the CFLOBDD for fi-1, and (ii) level-(i-1) groupings used

in the CFLOBDD for gi-1.
6

In such a case, the CFLOBDD for each fi is double-exponentially smaller than the

decision tree for fi—i.e., of size O(i) rather than O(22
i
). As shown in Fig. 3.4b, the

family of Hadamard matrices H meets the above conditions.

Moreover, in all cases encountered to date, it is possible to give an explicit

algorithm for constructing the ith member of F , where the algorithm runs in time

O(i) and uses at most O(i) space.

No information-theoretic limit is being violated here. Not all families of func-

tions can be represented with CFLOBDDs in which each level has a constant number

of groupings, each of constant size—and thus, not every function over Boolean-valued

arguments can be represented in such a compressed fashion. However, the potential

benefit of CFLOBDDs is that, just as with BDDs, there may turn out to be enough

regularity in problems that arise in practice that CFLOBDDs stay of manageable

size. Moreover, double-exponential compression (or any kind of super-exponential

compression) could allow problems to be completed much faster (due to the smaller-

sized structures involved), or allow far larger problems to be addressed than has been

possible heretofore.

5The family of no-distinction proto-CFLOBDDs from Fig. 3.5 is one such family G.
6Condition 2b can be generalized so that fi can “call” the (i-1) groupings used in the CFLOBDDs

for some constant number of function families G1, G2, . . ., Gl that each grow linearly in the level i.
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3.3 Canonicalness

In this section, we impose some further structural restrictions on proto-

CFLOBDDs and CFLOBDDs that go beyond the ideas illustrated earlier (§3.3.1).

We then discuss how to establish that CFLOBDDs are a canonical representation of

Boolean functions (§3.3.2 and Appendix §C).

3.3.1 CFLOBDDs Defined, Part II: Additional Structural Invariants

As described in §3.2, the structure of a mock-CFLOBDD consists of different

groupings organized into levels, which are connected by edges in a particular fash-

ion. In this section, we describe additional structural invariants that are imposed on

CFLOBDDs, which go beyond the basic hierarchical structure that is provided by the

entry vertex, A-Connection, middle vertices, B-Connections, return edges, and exit

vertices of a grouping.

Most of the structural invariants concern the organization of what we call

return tuples (following the terminology introduced in Fig. 3.2). For a given A-

connection edge or B-connection edge c from grouping gi to gi−1, the return tuple rtc

associated with c consists of the sequence of targets of return edges from gi−1 to gi

that correspond to c (listed in the order in which the corresponding exit vertices occur

in gi−1). Similarly, the sequence of targets of value edges that emanate from the exit

vertices of the highest-level grouping g (listed in the order in which the corresponding

exit vertices occur in g) is called the CFLOBDD’s value tuple.

Return tuples represent mapping functions that map exit vertices at one level

to middle vertices or exit vertices at the next greater level. Similarly, value tuples

represent mapping functions that map exit vertices of the highest-level grouping to

terminal values. In both cases, the ith entry of the tuple indicates the element that

the ith exit vertex is mapped to.

Because the middle vertices and exit vertices of a grouping are each arranged

in some fixed known order, and hence can be stored in an array, it is often convenient
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to assume that each element of a return tuple is simply an index into such an array.

For example, in Fig. 3.3,

• The return tuple associated with the 1st B-connection of the upper level-1 group-

ing is [1, 2].

• The return tuple associated with the 2nd B-connection of the upper level-1

grouping is [2, 3].

• The return tuple associated with the A-connection of the level-2 grouping is

[1, 2, 3].

• The value tuple associated with the CFLOBDD is the 2-tuple [F, T ].

Rationale

The structural invariants are designed to ensure that—for a given order on the

Boolean variables—each Boolean function has a unique, canonical representation as

a CFLOBDD. In reading Defn. 3.3 below, it will help to keep in mind that the goal

of the invariants is to force there to be a unique way to fold a given decision tree into

a CFLOBDD that represents the same Boolean function. The decision-tree folding

method is discussed in §3.3.2 and Appendix §C, but the main characteristic of the

folding method is that it works greedily, left to right. This directional bias shows up

in structural invariants 1, 2a, and 2b.

We can now complete the formal definition of a CFLOBDD.

Definition 3.3 Proto-CFLOBDD and CFLOBDD. A proto-CFLOBDD n is a mock-

proto-CFLOBDD (Defns. 3.1 and 3.2) in which every grouping/proto-CFLOBDD in n

satisfies the structural invariants given below. In particular, let c be an A-connection

edge or B-connection edge from grouping gi to gi−1, with associated return tuple rtc.

1. If c is an A-connection, then rtc must map the exit vertices of gi−1 one-to-

one, and in order, onto the middle vertices of gi: Given that gi−1 has k exit
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vertices, there must also be k middle vertices in gi, and rtc must be the k-tuple

[1, 2, . . . , k]. (That is, when rtc is considered as a map on indices of exit vertices

of gi−1, rtc is the identity map.)

2. If c is the B-connection edge whose source is middle vertex j+1 of gi and whose

target is gi−1, then rtc must meet two conditions:

(a) It must map the exit vertices of gi−1 one-to-one (but not necessarily onto)

the exit vertices of gi. (That is, there are no repetitions in rtc.)

(b) It must “compactly extend” the set of exit vertices in gi defined by the

return tuples for the previous j B-connections: Let rtc1 , rtc2 , . . ., rtcj be

the return tuples for the first j B-connection edges out of gi. Let S be the

set of indices of exit vertices of gi that occur in return tuples rtc1 , rtc2 , . . .,

rtcj , and let n be the largest value in S. (That is, n is the index of the

rightmost exit vertex of gi that is a target of any of the return tuples rtc1 ,

rtc2 , . . ., rtcj .) If S is empty, then let n be 0.

Now consider rtc (= rtcj+1
). Let R be the (not necessarily contiguous)

sub-sequence of rtc whose values are strictly greater than n. Let m be the

size of R. Then R must be exactly the sequence [n+ 1, n+ 2, . . . , n+m].

3. While a proto-CFLOBDD may be used as a substructure more than once (i.e., a

proto-CFLOBDD may be pointed to multiple times), a proto-CFLOBDD never

contains two separate instances of equal proto-CFLOBDDs.7

7 Equality on proto-CFLOBDDs is defined inductively on their hierarchical structure in the
obvious manner. Two CFLOBDDs are equal when (i) their proto-CFLOBDDs are equal, and (ii)
their value tuples are equal. §3.4.1 discusses how hash-consing Goto (1974) can be used to enforce the
invariant that only a single representative CFLOBDD/proto-CFLOBDD exists for each equivalence
class of CFLOBDD/proto-CFLOBDD values. However, when we wish to consider the possibility
that multiple data-structure instances exist that are equal—as we do shortly in §3.3.2—we say that
such structures are “isomorphic” or “equal (up to isomorphism).”

To reduce clutter, our diagrams often show multiple instances of the two kinds of level-0 group-
ings; in fact, a CFLOBDD can contain at most one copy of each.
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4. For every pair of B-connections c and c′ of grouping gi, with associated return

tuples rtc and rtc′ , if c and c′ lead to level i−1 proto-CFLOBDDs, say pi−1 and

p′i−1, such that pi−1 = p′i−1, then the associated return tuples must be different

(i.e., rtc ̸= rtc′).

A CFLOBDD at level k is a mock-CFLOBDD at level k for which

5. The grouping at level k heads a proto-CFLOBDD.

6. The value tuple associated with the grouping at level k maps each exit vertex

to a distinct value.

Fig. 3.6 illustrates structural invariants 1, 2a, 2b, 3, 4, and 6. In each case,

a mock-proto-CFLOBDD that violates one of the structural invariants is shown on

the left, and an equivalent proto-CFLOBDD that satisfies the structural invariants is

shown on the right.

The CFLOBDD from Fig. 3.3 also illustrates the structural invariants.

• The level-1 grouping pointed to by the A-connection of the level-2 grouping

has three exit vertices. These are the targets of two return tuples from the

uppermost level-0 fork grouping. Note that the blue dashed lines in this proto-

CFLOBDD correspond to B-connection 1 and rt1, whereas the red short-dashed

lines correspond to B-connection 2 and rt2.

In the case of rt1, the set S mentioned in structural invariant 2b is empty;

therefore, n = 0 and rt1 is constrained by structural invariant 2b to be [1, 2].

In the case of rt2, the set S is {1, 2}, and therefore n = 2. The first entry of

rt2, namely 2, falls within the range [1..2]; the second entry of rt2 lies outside

that range and is thus constrained to be 3. Consequently, rt2 = [2, 3].

Also in Fig. 3.3, because the level-1 grouping pointed to by the A-connection of

the level-2 grouping has three exit vertices, these are constrained by structural
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(a) Structural invariant 1 (b) Structural invariant 2a

(c) Structural invariant 2b (d) Another case of Structural invariant 2b

not

shared

(e) Structural invariant 3 (f) Structural invariant 4

F T F T

(g) Structural invariant 6

Figure 3.6: To the left of each arrow, a mock-proto-CFLOBDD that violates the
indicated structural invariant; to the right, a corrected proto-CFLOBDD. Invariant
violations and their rectifications are shown in red.
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invariant 1 to map in order over to the three middle vertices of the level-2

grouping; i.e., the corresponding return tuple is [1, 2, 3].

• The B-connections for the first and second middle vertices of the level-2 group-

ing are to the same level-1 grouping; however, the two return tuples are different,

and thus are consistent with structural invariant 4.

One artifact of the greedy, left-to-right decision-tree folding method used in

§3.3.2 and Appendix §C is that matched paths through proto-CFLOBDDs (and hence

through CFLOBDDs) have a left-to-right bias in the ordering of paths with respect to

Boolean-variable-to-Boolean-value assignments. This bias is captured in the following

proposition.

Proposition 3.1 Lexicographic-Order Proposition. Let exC be the sequence of exit

vertices of proto-CFLOBDD C. Let exL be the sequence of exit vertices reached by

traversing C on each possible Boolean-variable-to-Boolean-value assignment, gener-

ated in lexicographic order of assignments. Let s be the subsequence of exL that

retains just the leftmost occurrences of members of exL (arranged in order as they

first appear in exL). Then exC = s.

The proof of Prop. 3.1 is provided in Appendix §B.

Earlier in this section, the “Rationale” paragraph motivated the structural

invariants as enforcing an implicit “greedy left-to-right folding” of the correspond-

ing decision tree to create the CFLOBDD, and Figure 8 illustrates the structural

invariants from a syntactic/operational viewpoint. In contrast, Prop. 3.1 elucidates

a semantic consequence of the structural invariants.8

Example 3.1. Prop. 3.1 can be illustrated using Fig. 3.3. If we use numbers to

identify exit vertices, exC for any grouping g is the sequence [1..g.numberOfExits]. In

8§3.3.2 gives a high-level overview of the proof that CFLOBDDs are a canonical representation
of Boolean functions. In the proof of canonicity in §C, Prop. 3.1 is used in the proof of Prop. C.1,
which establishes property (3) from §3.3.2.
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the upper level-1 grouping in Fig. 3.3, exL is [1, 2, 2, 3], so s is [1, 2, 3]. In the level-1

grouping at the lower right, exL is [1, 1, 2, 2], so s is [1, 2]. In the level-2 grouping,

exL is [1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 1, 1, 2, 2], so s is [1, 2].

3.3.2 Canonicity of CFLOBDDs

CFLOBDDs are a canonical representation of functions over Boolean argu-

ments, i.e., each decision tree with 22
k
leaves is represented by exactly one isomor-

phism class of level-k CFLOBDDs. (The notion of isomorphism of CFLOBDDs was

introduced in footnote 7.)

Theorem 3.2 Canonicity. If C1 and C2 are level-k CFLOBDDs for the same Boolean

function over 2k Boolean variables, and C1 and C2 use the same variable ordering,

then C1 and C2 are isomorphic.

To prove this theorem, we make use of Obs. 2.1, and argue not in terms of

Boolean functions but in terms of representations of Boolean functions—specifically,

we relate two kinds of Boolean-function representations

• the decision tree TB for a Boolean function B, using some fixed, but otherwise

unspecified, variable ordering Ord, and

• the CFLOBDD for B, again using variable ordering Ord.

By Obs. 2.1, we use TB as a stand-in for B, thereby avoiding having to talk about B

itself. In particular, we must establish that three properties hold:

1. Every level-k CFLOBDD represents a decision tree with 22
k
leaves.

2. Every decision tree with 22
k
leaves is represented by some level-k CFLOBDD.

3. No decision tree with 22
k
leaves is represented by more than one level-k CFL-

OBDD (up to isomorphism).

75



The proof that CFLOBDDs are a canonical representation of Boolean functions is in

Appendix §C.

We already showed that Obligation 1 is satisfied in §3.2.3.4.

Obligation 2 is established by showing that there is a recursive procedure for

constructing a level-k CFLOBDD from an arbitrary decision tree with 22
k
leaves (i.e.,

of height 2k)—see Construction 1 in Appendix §C. In essence, the construction shows

how such a decision tree can be folded together to form a CFLOBDD that represents

the same Boolean function. The construction ensures that the structural invariants

are obeyed.

Obligation 3 is established by showing that (i) unfolding a CFLOBDD C into a

decision tree T and then (ii) folding T back to a CFLOBDD yields a CFLOBDD that

is isomorphic to C. In particular, the folding-back step applies the same algorithm we

use to establish Obligation 2, namely, Construction 1 from Appendix §C. Construction

1 is a deterministic algorithm, and thus the proof establishes that T can only be

mapped to a CFLOBDD C ′ that is isomorphic to C. (See Prop. C.1.)

Note that Obligation 1 and 2 are exactly Requirements (1) and (2) from §3.2.2,

respectively. Moreover, Obligations 1–3 together show that Requirement (4) from

§3.2.2 is met.

3.4 Pragmatics

The structure of the groupings in a CFLOBDD is acyclic: a level-k grouping

has calls exclusively to groupings at level k-1; conversely, a given grouping at level k-1

can be called from multiple groupings, but only ones at level k. This property allows

CFLOBDDs to be implemented in a functional style without side-effects. Moreover,

because groupings are acyclic, storage can be managed via smart-pointer-based ref-

erence counting.

The remainder of this section discusses pragmatics—namely, how some of the
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standard techniques for working with a functional data structure apply to CFL-

OBDDs. All three of the techniques discussed contribute to an implementation being

able to satisfy Requirement (5) that operations on a CFLOBDD run in time polyno-

mial in the sizes of (i) the input CFLOBDDs, or (ii) the input CFLOBDDs and the

output CFLOBDD.

3.4.1 Hash-Consing of Groupings and CFLOBDDs to Create Unique
Representatives

Hash-consing Goto (1974) enforces the invariant that only a single represen-

tative exists for each value constructed from some datatype. Hash-consing should

not be confused with canonicity (§3.3.2 and Appendix §C). Canonicity is a semantic

property: if two CFLOBDDs C1 and C2 represent the same function, then C1 and C2

are isomorphic. Hash-consing concerns concrete memory representations: for a given

data-structure construction pattern, only a single representative exists in memory, no

matter how many times that value arises in a computation.

However, because canonicity holds for CFLOBDDs, an implementation that

uses hash-consing9 satisfies an even stronger form of equivalence. In particular,

Thm. 3.2 can be restated to read “. . . then C1 and C2 are identical.”

Because the operations that construct Groupings and CFLOBDDs involve

a certain amount of processing before the object being constructed is finally

complete, we will assume that two operations, named RepresentativeGrouping

and RepresentativeCFLOBDD, are available for explicitly maintaining the tables

of representative Groupings and CFLOBDDs, respectively. For instance, a call

RepresentativeGrouping(g) checks to see whether a representative for g is already

in the table of representative Groupings; if there is such a representative, say h,

then g is discarded and h is returned as the result; if there is no such represen-

9It can also be useful to use hash-consing for the objects of classes ReturnTuple, PairTuple, and
ValueTuple.
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tative, then g is installed in the table and returned as the result. The operations

RepresentativeForkGrouping and RepresentativeDontCareGrouping return the

unique representatives of types ForkGrouping and DontCareGrouping, respectively.

Operations discussed in §3.6 that create InternalGroupings, such as

PairProduct (Alg. 12) and Reduce (Alg. 14), have the following form:

Operation() {
. . .
InternalGrouping g = new InternalGrouping(k);

. . .
// Operations to fill in the members of g, including g.AConnection and the

// elements of array g.BConnections, with level k-1 Groupings

. . .
return RepresentativeGrouping(g);

}

The operation NoDistinctionProtoCFLOBDD (Alg. 3), which constructs the members

of the family of no-distinction proto-CFLOBDDs depicted in Fig. 3.5, also has this

form.

RepresentativeCFLOBDD is similar to RepresentativeGrouping, but in ad-

dition to a Grouping argument, it also has a value-tuple argument. The oper-

ation ConstantCFLOBDD (Alg. 2) illustrates the use of RepresentativeCFLOBDD:

ConstantCFLOBDD(k,v) returns a hash-consed CFLOBDD that represents a constant

function of the form λx0, x1, . . . , x2i−1.v.

In our implementation, we maintain the invariant that the Groupings that

appear in the hash-consing tables are the heads of fully-fledged proto-CFLOBDDs, not

mock-proto-CFLOBDDs—i.e., structural invariants (1)–(4) of Defn. 3.3 hold. When

a proto-CFLOBDD p is associated with terminal values to create a CFLOBDD c, it is

necessary to ensure that structural invariant (6) holds. In particular, if there are any

duplicate terminal values, a “reduction” step is applied (see Alg. 14 of §3.6.3), which

may cause smaller versions of some of the groupings in p to be constructed. The
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original groupings would be collected if their reference counts go to 0. However, there

is never any issue of the hash-cons tables being polluted by mock-proto-CFLOBDDs

that violate the proto-CFLOBDD structural invariants.

3.4.2 Equality Testing for CFLOBDDs and proto-CFLOBDDs

As discussed in §3.4.1, the combined effect of hash-consing and canonicity is

that an implementation can maintain the invariant that, at any given time, there is

a unique concrete memory representation of a given Boolean function. Consequently,

it is possible to test in unit time—by comparing two pointers—whether two variables

of type CFLOBDD represent the same Boolean function. This property is important

in user-level applications in which various kinds of data are implemented using class

CFLOBDD. For example, in applications structured as fixed-point-finding loops, this

property provides a unit-cost test of whether the fixed-point has been reached.

Again, because of the use of hash-consing, it is also possible to test whether

two variables of type Grouping are equal via a single pointer comparision. Because

each grouping is always the highest-level grouping of some proto-CFLOBDD, the

equality test on Groupings is really a test of whether two proto-CFLOBDDs are

equal. The property of being able to test two proto-CFLOBDDs for equality quickly

is important because proto-CFLOBDD equality tests are used during the various

operations on CFLOBDDs to maintain the structural invariants from Defn. 3.3.

Finally, the ability to test two proto-CFLOBDDs for equality quickly also

allows some functions—typically near the beginning of the function—to identify im-

portant special-case values of parameters, which can lead to faster performance. For

instance, in Alg. 1, line [10], we saw how testing whether the argument g is a NoDis-

tinctionProtoCFLOBDD allows further recursive calls to InterpretGrouping() to

be short-circuited.
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3.4.3 Function Caching

A function cache (or memo function Michie (1967)) for a function F is an

associative-lookup table—typically a hash table—of pairs of the form [x, F (x)], keyed

on the value of x. The table is consulted each time F is applied to some argument,

and updated after a return value is computed for a never-before-seen argument. The

technique saves the cost of re-performing the computation of F for an argument on

which F has previously been called, at the expense of performing a lookup on F ’s

argument at the beginning of each call. Our implementation of CFLOBDDs uses

function caching for a number of the operations described in the remainder of the

paper, such as PairProduct (Alg. 12) and Reduce (Alg. 14). To reduce clutter in

the pseudo-code that we give, we elide the lines for querying and updating the cache.

The full statement of such a function would have the following form:

F(x) {
if cacheF (x) ̸= NULL return cacheF (x);
. . .
cacheF (x) = retVal; // Update the cache with the return value

return retVal;

}

Function caching involves hashing, and it is necessary to perform equality tests

to resolve hash collisions. Thus, the ability to test two proto-CFLOBDDs for equality

in unit time (§3.4.2) also improves the performance of function caching.

3.5 A Denotational Semantics

In §3.2.3.4, we gave an operational semantic definition of the function that a

CFLOBDD represents. In this section, we give denotational semantics, which defines

the function that a CFLOBDD denotes. In particular, this semantics associates the

ith element of a CFLOBDD’s valueTuple with the set of Assignments (i.e., language

of bit-strings) that map to the ith element. That is, a CFLOBDD n at level k denotes
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a function

JnK : [1..|n.valueTuple|]→ P({0, 1}2
k

).

Moreover, the |n.valueTuple| range values form a partition of {0, 1}2k . (That is, the

range values are pairwise disjoint, and
⋃|valueTuple|

i=1 JnK[i] = {0, 1}2k .)

The definition of JnK is given in terms of a recursive definition of the semantics

of Groupings (really proto-CFLOBDDs). Consider a Grouping g at level l with m

exit vertices. Suppose that g.AConnection has p exits, and g.BConnections[i] has

ki exit vertices. The return map g.AReturnTuple is always a 1-1 map, and hence

it will not play an explicit role in defining JgK, but g.BReturnTuples[i]—the return

edges from g.BConnections[i]’s exit vertices to g’s exit vertices—does play a role. For

convenience, we define JgK to be a vector, of dimension 1×m. The m entries of the

vector form a partition of {0, 1}2l . In particular, the vectors for a ForkGrouping gFork

and a DontCareGrouping gDC are

JgForkK
def
= [{0}, {1}] JgDCK def

= [{0, 1}].

The semantics of a Grouping g at level l is defined recursively in terms of g’s

A- and B-connection Groupings at level l − 1. To give such a definition, we need to

define the meaning of g.BReturnTuples[i], the return edges from the exit vertices of

a Grouping’s ith B-connection. We define Jg.BReturnTuples[i]K to be a “permutation

matrix” of size ki×m. Each entry of the matrix is either ∅ or {ϵ}, where ϵ denotes the

empty string, with the properties that (i) every row must have exactly one occurrence

of {ϵ}, and (ii) every column must have at most one occurrence of {ϵ}. For example,

if g.BReturnTuples[i] maps g.BConnections[i]’s 3 exit vertices into g’s 5 exit vertices

by [1 7→ 2, 2 7→ 4, 3 7→ 3], then

Jg.BReturnTuples[i]K =

∅ {ϵ} ∅ ∅ ∅
∅ ∅ ∅ {ϵ} ∅
∅ ∅ {ϵ} ∅ ∅


3×5
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We now define JgK recursively, where the subscripts denote the dimensions of the

vector or matrix, and the two matrix-multiplication primitives are language concate-

nation and language union:

JgK1×m =

[{0}, {1}]1×2 if g = ForkGrouping

[{0, 1}]1×1 if g = DontCareGrouping

Jg.AConnectionK1×p×
...

Jg.BConnections[i]K1×ki×
Jg.BReturnTuples[i]Kki×m

...


p×m

i ∈ {1..p}

otherwise

Finally, for a CFLOBDD n, JnK is defined as follows:

JnK1×|n.valueTuple|
def
= Jn.groupingK1×|n.grouping.numberOfExits|

Example 3.2. For the five proto-CFLOBDDs depicted in Fig. 3.7, the vectors of

languages are as follows (read top-to-bottom by level):

level 2 level 1 level 0{0000, 0001, 0010, 0100, 0101, 0110,1000, 1001, 1010},
{1100, 1101, 1110, 1111, 0011, 0111, 1011}

 [{00, 01, 10}, {11}] [{0}, {1}]

[{00, 01, 10, 11}] [{0, 1}]

3.6 Algorithms on CFLOBDDs

In this section, we describe operations to construct or combine CFLOBDDs.

To aid the reader, Tab. 3.1 lists the fourteen main operations on CFLOBDDs, together

with references to where the algorithm for each operation is presented (and where it is

discussed), along with each operation’s asymptotic running time and the asymptotic
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F T

Figure 3.7: CFLOBDD representation of the function λw, x, y, z.(w ∧ x) ∨ (y ∧ z),
with variable ordering ⟨w, x, y, z⟩

running time of the analogous BDD operation. Readers familiar with BDDs will find

that the algorithms for operations on CFLOBDDs are somewhat more complicated

than their BDD counterparts, mainly due to the need to maintain the CFLOBDD

structural invariants (Defn. 3.3).

3.6.1 Primitive CFLOBDD-Creation Operations

3.6.1.1 Constant Functions

The CFLOBDD-creation operation ConstantCFLOBDD, given as Alg. 2,

produces the family of CFLOBDDs that represent functions of the form

λx0, x1, . . . , x2k−1.v, where v is some constant value. ConstantCFLOBDD(k, v) uses

as a subroutine NoDistinctionProtoCFLOBDD (Alg. 3), which constructs the no-

distinction proto-CFLOBDD for a given level k (see also Fig. 3.5). ConstantCFLOBDD
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Algorithm 2: ConstantCFLOBDD

Input: int k, Value v
Output: CFLOBDD representation of a function with 2k variables and

constant value v
1 begin
2 return RepresentativeCFLOBDD(NoDistinctionProtoCFLOBDD(k),

[v]);

3 end

Algorithm 3: NoDistinctionProtoCFLOBDD

Input: int k
Output: Proto-CFLOBDD representation of a function with 2k variables

1 begin
2 if k == 0 then
3 return RepresentativeDontCareGrouping;
4 end
5 InternalGrouping g = new InternalGrouping(k);
6 g.AConnection = NoDistinctionProtoCFLOBDD(k-1);
7 g.AReturnTuple = [1];
8 g.numberOfBConnections = 1;
9 g.BConnections[1] = g.AConnection;

10 g.BReturnTuples[1] = [1];
11 g.numberOfExits = 1;
12 return RepresentativeGrouping(g);

13 end

Algorithm 4: FalseCFLOBDD

Input: int k
Output: CFLOBDD representation of a function with 2k variables and

constant value F
1 begin
2 return ConstantCFLOBDD(k, F );
3 end

can be used to construct CFLOBDDs for the constant functions λx0, x1, . . . , x2k−1.F

(Alg. 4) and λx0, x1, . . . , x2k−1.T (Alg. 5). ConstantCFLOBDD(k, v) runs in time O(k)

and uses at most O(k) space.
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Algorithm 5: TrueCFLOBDD

Input: int k
Output: CFLOBDD representation of a function with 2k variables and

constant value T
1 begin
2 return ConstantCFLOBDD(k, T );
3 end

Algorithm 6: ProjectionProtoCFLOBDD

1 Algorithm ProjectionCFLOBDD(k, i)
Input: int k (level), int i (index)
Output: CFLOBDD representing function λx0, x1, . . . , x2k−1.xi

2 begin
3 assert(0 <= i < 2**k);
4 return

RepresentativeCFLOBDD(ProjectionProtoCFLOBDD(k,i),
[F,T]);

5 end

6 end

3.6.1.2 Projection Functions

A second family of CFLOBDD-creation operations produces the Boolean-

valued (single-variable) projection functions of the form λx0, x1, . . . , x2k−1.xi, where i

ranges from 0 to 2k−1. Fig. 3.8 illustrates the structure of the CFLOBDDs that rep-

resent these functions. Algs. 6 and 7 give pseudo-code for ProjectionCFLOBDD(k, i),

which constructs the ith such function. ProjectionCFLOBDD(k, i) runs in time O(k)

and uses at most O(k) space.

3.6.2 Unary Operations on CFLOBDDs

This section discusses how to perform certain unary operations on CFL-

OBDDs:
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Algorithm 7: ProjectionProtoCFLOBDD (cont.)

1 SubRoutine ProjectionProtoCFLOBDD(k, i)
Input: int k (level), int i (index)
Output: Grouping g representing function λx0, x1, . . . , x2k−1.xi

2 begin
3 if k == 0 then // i must also be 0

4 return RepresentativeForkGrouping;
5 else
6 InternalGrouping g = new InternalGrouping(k);
7 if i < 2∗∗(k-1) then // i falls in AConnection range

8 g.AConnection = ProjectionProtoCFLOBDD(k-1,i);
9 g.AReturnTuple = [1,2];

10 g.numBConnections = 2;
11 g.BConnection[1] = NoDistinctionProtoCFLOBDD(k-1);
12 g.BReturnTuples[2] = [1];
13 g.BConnections[2] = g.BConnection[1];
14 g.BReturnTuples[2] = [2];
15 g.numberOfExits = 2;

16 else // i falls in BConnection range

17 g.AConnection = NoDistinctionProtoCFLOBDD(k-1);
18 g.AReturnTuple = [1];
19 g.numBConnections = 1;
20 i = i - 2∗∗(k-1); // Remove high-order bit for

recursive call

21 g.BConnections[1] = ProjectionProtoCFLOBDD(k-1,i);
22 g.BReturnTuples[1] = [1,2];
23 g.numberOfExits = 2;

24 end
25 return RepresentativeGrouping(g);

26 end

27 end

28 end
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Figure 3.8: (a) CFLOBDD for λx0x1.x0; (b) CFLOBDD for λx0x1.x1; (c)
schematic drawing of CFLOBDDs that represent projection functions of the form
λx0, x1, . . . , x2k−1.xi, when 0 ≤ i < 2k−1; (d) schematic drawing of CFLOBDDs that
represent projection functions of the form λx0, x1, . . . , x2k−1.xi, when 2k−1 ≤ i < 2k.
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Algorithm 8: ComplementCFLOBDD

1 Algorithm FlipValueTupleCFLOBDD(c)
Input: CFLOBDD c
Output: CFLOBDD c′ such that the output values are flipped

2 begin
3 assert(|c.valueTuple| == 2);
4 return RepresentativeCFLOBDD(c.grouping, [c.valueTuple[2],

c.valueTuple[1]]);

5 end

6 end
7 Algorithm ComplementCFLOBDD(c)

Input: CFLOBDD c
Output: CFLOBDD c′ such that the output values are complemented

8 begin
9 if c == FalseCFLOBDD(c.grouping.level) then

10 return TrueCFLOBDD(c.grouping.level);
11 end
12 if c == TrueCFLOBDD(c.grouping.level) then
13 return FalseCFLOBDD(c.grouping.level);
14 end
15 return FlipValueTupleCFLOBDD(c);

16 end

17 end

Algorithm 9: ScalarMultiplyCFLOBDD
Input: CFLOBDD c, Value v
Output: CFLOBDD c′ = c ∗ v

1 begin
// Multiply CFLOBDD c by the CFLOBDD for the constant function

λx0, x1, . . . , x2k−1.v
2 return BinaryApplyAndReduce(c, ConstantCFLOBDD(c.level, v),

(op)Times); // (See §3.6.3)
3 end

3.6.2.1 FlipValueTuple Function

The function FlipValueTupleCFLOBDD applies in the special situation in

which a CFLOBDD maps Boolean-variable-to-Boolean-value assignments to just

two possible values; FlipValueTupleCFLOBDD flips the two values in the CFL-
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OBDD’s valueTuple field and returns the resulting CFLOBDD. In the case of

Boolean-valued CFLOBDDs, this operation can be used to implement the opera-

tion ComplementCFLOBDD, which forms the Boolean complement of its argument,

in an efficient manner. The pseudocode for these functions is given in Alg. 8.

FlipValueTupleCFLOBDD and ComplementCFLOBDD are constant-time operations.

3.6.2.2 Scalar Multiplication

Function ScalarMultiplyCFLOBDD of Alg. 9 applies to any CFLOBDD that

maps Boolean-variable-to-Boolean-value assignments to values on which multiplica-

tion by a scalar value of type Value is defined. ScalarMultiplyCFLOBDD constructs a

CFLOBDD for the constant function λx0, x1, . . . , x2k−1.v, which is multiplied by CFL-

OBDD c using BinaryApplyAndReduce—the generic operation for binary CFLOBDD

operations (discussed in §3.6.3)—with the multiplication operator Times passed as

the third argument.

3.6.3 Binary Operations on CFLOBDDs

This section presents an algorithm for performing binary operations on CFL-

OBDDs. The algorithm is parameterized in terms of a binary operation op that

is to be applied pointwise to the range values of two CFLOBDDs. That is, given

the CFLOBDDs for two functions n1 and n2 and binary operation op, the goal of

the algorithm is to create the CFLOBDD for n1 opn2 where, for each assignment

a, (n1 opn2)(a) = n1(a) opn2(a). Operation op could be +,−, ∗, /, etc., or—if the

functions are Boolean-valued—∨,∧,⊕, etc. As with BDDs, such operations on CFL-

OBDDs can be implemented via a two-step process10

1. perform a product construction

10The two-step process is conceptual for BDDs: the two steps can be combined in an implementa-
tion (e.g., see (Filliâtre and Conchon, 2006, §3.3), (Boyer and Hunt Jr, 2006, §7)). For CFLOBDDs,
it does not appear possible to combine the two steps, at least not easily. For more details, see the
Remark just after Ex. 3.3.
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(f) Result of calling Reduce on the second

B-connection with reductionTuple [1, 1].

The two calls on Reduce produce the same

B-connection proto-CFLOBDDs with iden-

tical return edges—indicated by the coinci-

dence of the blue and red dashed edges in

the structure on the right. At this point,

it is necessary to perform a reduction that

folds together the two middle vertices.

(g) After calling Reduce on the A-

connection with reductionTuple [1, 1], the

final result is the CFLOBDD for λx0, x1.T .

Figure 3.9: Illustrating how (λx0, x1.x0⊕x1) ∨ (λx0, x1.x0 ⇔ x1) results in λx0, x1.T .
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2. perform a reduction step on the result of step one.

Just as there can be multiple occurrences of a given node in a BDD, there can be

multiple occurrences of a given grouping in a CFLOBDD. To avoid a blow-up in costs,

binary operations need to avoid making repeated calls on a given pair of groupings

g1 ∈ n1 and g2 ∈ n2. Assuming that the hash-table lookup and insertion methods

used for hash-consing (§3.4.1) and function caching (§3.4.3) run in (expected) unit-

cost time, the time to perform the product construction is asymptotically bounded

by the product of the sizes of the two argument CFLOBDDs—i.e., O(|n1| × |n2|).11

§K shows that the time for the reduction step is O(|n1|×|n2|×|n′|), where n′ denotes

the CFLOBDD that is the result of n1 opn2. Consequently, binary operations satisfy

Requirement (5); i.e., they run in (expected) time that is polynomial in the sizes of

the input and output CFLOBDDs.

Fig. 3.9 illustrates this method by showing how the CFLOBDD for λx0, x1.T is

obtained as the result of a Boolean-∨: (λx0, x1.x0⊕x1)∨ (λx0, x1.x0 ⇔ x1). Fig. 3.9c

shows the result of the product construction (PairProduct, Alg. 12). Fig. 3.9d, e,

f, and g illustrate some of the steps of the reduction algorithm (Reduce, Alg. 14).

Fig. 3.9 is discussed in more detail in Ex. 3.3.

The algorithms involved are given as Algs. 10–15. (In Algs. 11 and 12, we

assume that the CFLOBDD or Grouping arguments are objects whose highest-level

groupings are all at the same level.)

• The operation BinaryApplyAndReduce, given as Alg. 11, starts with a call on

PairProduct (line [2]). PairProduct, given as Algs. 12 and 13, performs a

recursive traversal of the two Grouping arguments, g1 and g2, to create a proto-

CFLOBDD that represents a kind of cross product. PairProduct returns g,

11 More precisely, let n↑gr[k] denote the set of groupings at level k∈[0..l] in CFLOBDD n. The

time to construct the product of n1 and n2 is asymptotically bounded by
∑l

k=0

∑{
|g1|×|g2| |

g1∈n1↑gr[k] and g2∈n2↑gr[k]
}
.
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Algorithm 10: CollapseClassesLeftmost

Input: Tuple equivClasses
Output: Tuple×Tuple [projectedClasses, renumberedClasses]

1 begin
// Project the tuple equivClasses, preserving

left-to-right order, retaining the leftmost instance of

each class

2 Tuple projectedClasses = [equivClasses(i) : i ∈ [1..|equivClasses|] | i =
min{j ∈ [1..|equivClasses|] | equivClasses(j) = equivClasses(i)}];
// Create tuple in which classes in equivClasses are

renumbered according to their ordinal position in

projectedClasses

3 Map orderOfProjectedClasses = {[x,i]: i ∈ [1..|projectedClasses|] | x =
projectedClasses(i)};

4 Tuple renumberedClasses = [orderOfProjectedClasses(v) : v ∈
equivClasses];

5 return [projectedClasses, renumberedClasses];

6 end

Algorithm 11: BinaryApplyAndReduce

Input: CFLOBDDs n1, n2 and Operation op
Output: CFLOBDD n = n1 op n2

1 begin
// Perform cross product

2 Grouping×PairTuple [g,pt] = PairProduct(n1.grouping,n2.grouping);
// Create tuple of ‘‘leaf’’ values

3 ValueTuple deducedValueTuple = [
op(n1.valueTuple[i1],n2.valueTuple[i2]) : [i1,i2] ∈ pt ];
// Collapse duplicate leaf values, folding to the left

4 Tuple×Tuple [inducedValueTuple,inducedReductionTuple] =
CollapseClassesLeftmost(deducedValueTuple) ;
// Perform corresponding reduction on g, folding g’s exit

vertices w.r.t. inducedReductionTuple

5 Grouping g’ = Reduce(g, inducedReductionTuple) ;
6 CFLOBDD n = RepresentativeCFLOBDD(g’, inducedValueTuple) ;
7 return n;

8 end
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Algorithm 12: PairProduct

Input: Groupings g1, g2
Output: Grouping g: product of g1 and g2; PairTuple ptAns: tuple of

pairs of exit vertices
1 begin
2 if g1 and g2 are both no-distinction proto-CFLOBDDs then return

[ g1, [[1,1]] ];
3 if g1 is a no-distinction proto-CFLOBDD then return [ g2, [[1,k] : k

∈ [1..g2.numberOfExits]] ];
4 if g2 is a no-distinction proto-CFLOBDD then return [ g1, [[k,1] : k

∈ [1..g1.numberOfExits]] ];
5 if g1 and g2 are both fork groupings then return [ g1, [[1,1],[2,2]] ];

// Pair the A-connections

6 Grouping×PairTuple [gA,ptA] = PairProduct(g1.AConnection,
g2.AConnection);

7 InternalGrouping g = new InternalGrouping(g1.level);
8 g.AConnection = gA ;
9 g.AReturnTuple = [1..|ptA|]; // Represents the middle vertices

10 g.numberOfBConnections = |ptA| ;
// Continued in Alg. 13

11 end

the proto-CFLOBDD formed in this way, as well as pt, a descriptor of the exit

vertices of g in terms of pairs of exit vertices of the highest-level groupings of

g1 and g2. (See Alg. 12, lines [2]–[5] and Alg. 13, lines [20]–[38].)

From the semantic perspective, each exit vertex e1 of g1 represents a (non-

empty) set A1 of variable-to-Boolean-value assignments that lead to e1 along a

matched path in g1; similarly, each exit vertex e2 of g2 represents a (non-empty)

set of variable-to-Boolean-value assignments A2 that lead to e2 along a matched

path in g2. If pt, the descriptor of g’s exit vertices returned by PairProduct,

indicates that exit vertex e of g corresponds to [e1, e2], then e represents the

(non-empty) set of assignments A1 ∩ A2.

Function caching (§3.4.3) is performed for PairProduct. Consequently, for

a given invocation of BinaryApplyAndReduce on CFLOBDDs n1 and n2, for
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Algorithm 13: PairProduct (cont.)

19

// Pair the B-connections, but only for pairs in ptA

// Descriptor of pairings of exit vertices

20 Tuple ptAns = [];
// Create a B-connection for each middle vertex

21 for j ← 1 to |ptA| do
22 Grouping×PairTuple [gB,ptB] =

PairProduct(g1.BConnections[ptA(j)(1)],
g2.BConnections[ptA(j)(2)]);

23 g.BConnections[j] = gB ;
// Now create g.BReturnTuples[j], and augment ptAns as

necessary

24 g.BReturnTuples[j] = [] ;
25 for i← 1 to |ptB| do
26 c1 = g1.BReturnTuples[ptA(j)(1)](ptB(i)(1)); // an exit

vertex of g1

27 c2 = g2.BReturnTuples[ptA(j)(2)](ptB(i)(2)) ; // an exit

vertex of g2

28 if [c1,c2] ∈ ptAns then // Not a new exit vertex of g

29 index = the k such that ptAns(k) == [c1,c2] ;
30 g.BReturnTuples[j] = g.BReturnTuples[j] || index ;

31 else // Identified a new exit vertex of g

32 g.numberOfExits = g.numberOfExits + 1 ;
33 g.BReturnTuples[j] = g.BReturnTuples[j] ||

g.numberOfExits ;
34 ptAns = ptAns || [c1,c2] ;
35 end

36 end

37 end
38 return [RepresentativeGrouping(g), ptAns];

39 end
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Algorithm 14: Reduce

Input: Grouping g, ReductionTuple reductionTuple
Output: Grouping g’ that is “reduced”

1 begin
// Test whether any reduction actually needs to be carried

out

2 if reductionTuple == [1..|reductionTuple|] then
3 return g;
4 end

// If only one exit vertex, then collapse to

no-distinction proto-CFLOBDD

5 if |{x : x ∈ reductionTuple}| == 1 then
6 return NoDistinctionProtoCFLOBDD(g.level);
7 end
8 InternalGrouping g’ = new InternalGrouping(g.level);
9 g’.numberOfExits = |{ x : x ∈ reductionTuple }|;

10 Tuple reductionTupleA = [];
11 for i← 1 to g.numberOfBConnections do
12 Tuple deducedReturnClasses = [reductionTuple(v) : v ∈

g.BReturnTuples[i]];
13 Tuple×Tuple [inducedReturnTuple, inducedReductionTuple] =

CollapseClassesLeftmost(deducedReturnClasses);
14 Grouping h = Reduce(g.BConnection[i], inducedReturnTuple);
15 int position = InsertBConnection(g’, h, inducedReturnTuple);
16 reductionTupleA = reductionTupleA || position;
17 end
18 Tuple×Tuple [inducedReturnTuple, inducedReductionTuple] =

CollapseClassesLeftmost(reductionTupleA);
19 Grouping h’ = Reduce(g.AConnection, inducedReductionTuple);
20 g’.AConnection = h’;
21 g’.AReturnTuple = inducedReturnTuple;
22 return RepresentativeGrouping(g’);

23 end
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Algorithm 15: InsertBConnection
Input: InternalGrouping g, Grouping h, ReturnTuple returnTuple
Output: int – Insert (h, ReturnTuple) as the next B-connection of g, if they

are a new combination; otherwise return the index of the existing
occurrence of (h, ReturnTuple)

1 begin
2 if there exists i ∈ [1..g.numberOfBConnections] such that

g.BConnection[i] == h && g.BReturnTuples[i] == returnTuple then
return i;

3 g.numberOfBConnections = g.numberOfBConnections + 1;
4 g.BConnections[g.numberOfBConnections] = h;
5 g.BReturnTuples[g.numberOfBConnections] = returnTuple;
6 return g.numberOfBConnections;

7 end

each level k, the number of calls on PairProduct for level k is bounded by the

product of the numbers of level-k groupings in n1 and n2. Moreover, for each call

on PairProduct(g1, g2), the number of exit vertices in grouping g is bounded by

the product of the numbers of exit vertices in g1 and g2 (see line [34]). Similarly,

the number of middle vertices in g is bounded by the product of the numbers

of middle vertices in g1 and g2 (see line [10]). Thus, the size of g is bounded

by the product of the sizes of g1 and g2. Consequently, the cost of the call on

PairProduct in line [2] of Alg. 11 is bounded by the sum over k ∈ [0..l] of the

products of the sizes of the level-k groupings in n1 and n2, and hence polynomial

in the sizes of n1 and n2 (see footnote 11).

Lines [2]–[4] of PairProduct perform special-case processing when either

argument to PairProduct is a NoDistinctionProtoCFLOBDD. At level 0, these

checks—along with line [5]—implement the base case of PairProduct. However,

at levels greater than 0, they allow PairProduct to return immediately, without

making any recursive calls to traverse g1 or g2, potentially saving considerable

work.

• BinaryApplyAndReduce then uses pt, together with op and the value tuples
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from CFLOBDDs n1 and n2, to create the tuple deducedValueTuple of leaf values

that should be associated with the exit vertices (see Alg. 11, line [3]]).

However, deducedValueTuple is a tentative value tuple for the constructed

CFLOBDD; because of Structural Invariant 6, this tuple needs to be collapsed if

it contains duplicate values.

• BinaryApplyAndReduce obtains two tuples, inducedValueTuple and

inducedReductionTuple, which describe the collapsing of duplicate leaf

values, by calling the subroutine CollapseClassesLeftmost (Alg. 10):

– Tuple inducedValueTuple serves as the final value tuple for the CFLOBDD

constructed by BinaryApplyAndReduce. In inducedValueTuple, the

leftmost occurrence of a value in deducedValueTuple is retained as

the representative for that equivalence class of values. For example,

if deducedValueTuple is [2, 2, 1, 1, 4, 1, 1], then inducedValueTuple is

[2, 1, 4].

The use of leftward folding is dictated by Structural Invariant 2b.

– Tuple inducedReductionTuple describes the collapsing of duplicate values

that took place in creating inducedValueTuple from deducedValueTuple:

inducedReductionTuple is the same length as deducedValueTuple,

but each entry inducedReductionTuple(i) gives the ordinal position

of deducedValueTuple(i) in inducedValueTuple. For example, if

deducedValueTuple is [2, 2, 1, 1, 4, 1, 1] (and thus inducedValueTuple is

[2, 1, 4]), then inducedReductionTuple is [1, 1, 2, 2, 3, 2, 2]—meaning that

positions 1 and 2 in deducedValueTuple were folded to position 1 in

inducedValueTuple, positions 3, 4, 6, and 7 were folded to position

2 in inducedValueTuple, and position 5 was folded to position 3 in

inducedValueTuple.

(See Alg. 11, line [4], as well as Alg. 10.)
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• Finally, BinaryApplyAndReduce performs a corresponding reduction on

Grouping g, by calling the subroutine Reduce, which creates a new Grouping

in which g’s exit vertices are folded together with respect to tuple

inducedReductionTuple (Alg. 11, line [5]).

Procedure Reduce, given as Alg. 14, recursively traverses Grouping g, work-

ing in the backwards direction, first processing each of g’s B-connections in

turn, and then processing g’s A-connection. In both cases, the processing is

similar to the (leftward) collapsing of duplicate leaf values that is carried out

by BinaryApplyAndReduce:

– In the case of each B-connection, rather than collapsing with respect

to a tuple of duplicate final values, Reduce’s actions are controlled by

its second argument, reductionTuple, which clients of Reduce—namely,

BinaryApplyAndReduce and Reduce itself—use to inform Reduce how

g’s exit vertices are to be folded together. For instance, the value of

reductionTuple could be [1, 1, 2, 2, 3, 2, 2]—meaning that exit vertices 1

and 2 are to be folded together to form exit vertex 1, exit vertices 3, 4, 6,

and 7 are to be folded together to form exit vertex 2, and exit vertex 5 by

itself is to form exit vertex 3.

In Alg. 14, line [12], the value of reductionTuple is used to create a

tuple that indicates the equivalence classes of targets of return edges for

the B-connection under consideration (in terms of the new exit vertices in

the Grouping that will be created to replace g).

Then, by calling the subroutine CollapseClassesLeftmost, Reduce ob-

tains two tuples,

inducedReturnTuple and inducedReductionTuple, that describe

the collapsing that needs to be carried out on the exit vertices of the

B-connection under consideration (Alg. 14, line [13]).
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Tuple inducedReductionTuple is used to make a recursive call on

Reduce to process the B-connection; inducedReturnTuple is used as the

return tuple for the Grouping returned from that call. Note how the call

on InsertBConnection (Alg. 15) in line [15] of Reduce enforces structural

invariant 4 of Defn. 3.3.12

– As the B-connections are processed, Reduce

uses the position information returned from

InsertBConnection to build up the tuple reductionTupleA (Alg. 14,

line [16]). This tuple indicates how to reduce the A-connection of g.

– Finally, via processing similar to what was done for each B-connection, two

tuples are obtained that describe the collapsing that needs to be carried

out on the exit vertices of the A-connection, and an additional call on

Reduce is carried out. (See Alg. 14, lines [18]–[21].)

Function caching (§3.4.3) is performed for Reduce, with respect to both arguments g

and reductionTuple.

§K shows that the time for a call to Reduce(n, rt) with output CFLOBDD

n′ is asymptotically bounded by O(|n| × |n′|). Because the time for PairProduct

to perform the product construction of two CFLOBDDs n1 and n2 is asymptotically

bounded by the product of their sizes (i.e., O(|n1|×|n2|)), the overall time to perform

BinaryApplyAndReduce(n1, n2) is O(|n1|×|n2|×|n′|), which is polynomial in the sizes

of the input and output CFLOBDDs.

Recall that a call on RepresentativeGrouping(g) may have the side effect of

installing g into the table of memoized Groupings. We do not wish for this table to

ever be polluted by non-well-formed proto-CFLOBDDs. Thus, there is a subtle point

as to why the grouping g constructed during a call on PairProduct meets structural

12In our implementation, InsertBConnection performs a left-to-right search of g.BConnection
and g.BReturnTuples, but it could be implemented as an (expected) unit-time operation using a
hashed dictionary, keyed on (Grouping, ReturnTuple) pairs.
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invariant 4—and hence why it is permissible to call RepresentativeGrouping(g) in

line [38] of Alg. 13. We give this proof in Appendix §D.

Lastly, in the case of Boolean-valued CFLOBDDs, there are 16 possible bi-

nary operations, corresponding to the 16 possible two-argument truth tables (2 × 2

matrices with Boolean entries). All 16 possible binary operations are special cases of

BinaryApplyAndReduce; these can be performed by passing BinaryApplyAndReduce

an appropriate value for argument op (i.e., some 2× 2 Boolean matrix).

Example 3.3. Fig. 3.9 illustrates how the CFLOBDD for λx0, x1.T is created from

the “or” (∨) of the CFLOBDDs for λx0, x1.x0⊕x1 and λx0, x1.x0 ⇔ x1. Fig. 3.9c is the

result of calling PairProduct on the CFLOBDDs for λx0, x1.x0⊕x1 and λx0, x1.x0 ⇔

x1. After ∨ is applied to the values in each of the terminal-value pairs [F, T ] and [T, F ],

we obtain a mock-CFLOBDD that has two exit vertices associated with terminal

value T . To restore the structural invariants and create a CFLOBDD, the two exit

vertices must be folded together, and a reduction performed on each of the two B-

connections. In each case, Reduce is called with reductionTuple [1, 1]. Because these

reductions result in the same B-connection proto-CFLOBDDs with identical return

edges (Fig. 3.9e and Fig. 3.9f), which would be discovered by InsertBConnection

(Alg. 15), it is necessary to fold together the two middle vertices and perform a

reduction on the A-connection: Reduce is called with reductionTuple [1, 1], This

step produces the CFLOBDD for λx0, x1.T (Fig. 3.9g).

For another example that illustrates Reduce, see Ex. K.1.

Remark For BDDs, the two-step process of “pair-product-followed-by-reduction”

need only be conceptual. Binary operations on BDDs can be implemented during

a single recursive pass by performing the appropriate value-reduction operation on

terminal values, and then, as the recursion unwinds, having the BDD-node construc-

tor perform hash-consing (suppressing the construction of don’t-care nodes) so that
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non-reduced structures are never created ((Filliâtre and Conchon, 2006, §3.3), (Boyer

and Hunt Jr, 2006, §7)).

Such an approach does not seem to be possible with CFLOBDDs because re-

duction is not obtained as a side-effect of hash-consing. The flow of control in Reduce

(Alg. 14) follows the sequence of elements of a matched path backwards. Reduce

makes recursive calls for the B-connection proto-CFLOBDDs and then a recursive

call for the A-connection proto-CFLOBDD (rather than working bottom-up from

level-0 groupings to level-k groupings, which would be the analogue of the bottom-up

construction performed with BDDs.) Consequently, our CFLOBDD implementation

maintains the weaker invariant that the Groupings that appear in the hash-consing ta-

bles are the heads of fully-fledged proto-CFLOBDDs, not mock-proto-CFLOBDDs—

i.e., structural invariants (1)–(4) of Defn. 3.3 hold. While such Groupings may have

to be reduced later, there is never any issue of the hash-cons tables being polluted by

mock-proto-CFLOBDDs that violate the proto-CFLOBDD structural invariants.

Some unary operations on CFLOBDDs may also need to apply Reduce. For

example, if the terminal values of a CFLOBDD are numeric values, the unary function

that squares all terminal values could initially result in a mock-CFLOBDD that has

duplicate terminal values. Reduce, with an appropriate ReductionTuple, would be

then applied to create the corresponding CFLOBDD.

In a manner similar to the binary operations on CFLOBDDs, we can perform

ternary operations on CFLOBDDs. More details about how to perform these opera-

tions can be found in Appendix §E.1. Other operations, such as restriction (f |xi=v)

and existential quantification (∃xi.f) can also be performed on a CFLOBDD; the

corresponding algorithms can be found in Appendices §E.2 and §E.3, respectively.

3.6.4 Representing Matrices and Vectors using CFLOBDDs

Matrices and vectors are important data structures used in quantum simu-

lation (§3.9.2.2). In this subsection and following subsections, we discuss how to
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represent Boolean or non-Boolean matrices and vectors using CFLOBDDs, and how

to perform operations on such representations of matrices and vectors.

3.6.4.1 Matrix Representation

We represent square matrices using CFLOBDDs by having the Boolean vari-

ables correspond to bit positions in the row and column indices. That is, suppose that

M is a 2n×2n matrix; M is represented using a CFLOBDD over 2n Boolean variables

{x0, x1, . . . , xn−1}∪{y0, y1, . . . , yn−1}, where the variables {x0, x1, . . . , xn−1} represent
the successive bits of x—the first index into M—and the variables {y0, y1, . . . , yn−1}
represent the successive bits of y—the second index into M , with log n + 1 levels.13

The indices of elements of matrices represented in this way start at 0; for example, the

upper-left corner element of a matrixM isM(0, 0). When n = 2, M(0, 0) corresponds

to the value associated with the assignment [x0 7→ 0, x1 7→ 0, y0 7→ 0, y1 7→ 0].

It is often convenient to use either the interleaved ordering i.e., the order

of the Boolean variables is chosen to be x0, y0, x1, y1, . . . , xn−1, yn−1—or the reverse

interleaved ordering—i.e., the order is yn−1, xn−1, yn−2, yn−2, . . . , y0, x0.

One nice property of the interleaved-variable ordering is that, as we work

through each pair of variables in an assignment, the matrix elements that remain “in

play” represent a sub-block of the full matrix. For instance, suppose that we have a

Boolean matrix whose entries are defined by the function λx0y0x1y1.(x0∧y0)∨(x1∧y1),
as shown below:

0 0 1 1 y0
0 1 0 1 y1

0 0 F F F F
0 1 F T F T
1 0 F F T T
1 1 F T T T
x0 x1

13Matrices of other sizes, including non-square matrices, can be represented by embedding them
within a larger square matrix. For matrices with ¿2 dimensions, there would be a set of Boolean
variables for the index-bits of each dimension.
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If we were to evaluate the 16 possible assignments in lexicographic order, i.e., in the

order

[x0 7→ 0, y0 7→ 0, x1 7→ 0, y1 7→ 0],
[x0 7→ 0, y0 7→ 0, x1 7→ 0, y1 7→ 1],
[x0 7→ 0, y0 7→ 0, x1 7→ 1, y1 7→ 0],
[x0 7→ 0, y0 7→ 0, x1 7→ 1, y1 7→ 1],
[x0 7→ 0, y0 7→ 1, x1 7→ 0, y1 7→ 0],

...
[x0 7→ 1, y0 7→ 1, x1 7→ 1, y1 7→ 0],
[x0 7→ 1, y0 7→ 1, x1 7→ 1, y1 7→ 1]

then we would step through the array elements in the order shown below:

0 0 1 1 y0
0 1 0 1 y1

0 0 1 2 5 6
0 1 3 4 7 8
1 0 9 10 13 14
1 1 11 12 15 16
x0 x1

If the first two elements of an assignment are [x0 7→ 0, y0 7→ 1], the elements still in

play are the ones in the positions labeled 5, 6, 7, and 8 in the upper-right quadrant.

There is an important, non-standard consequence of using a CFLOBDD to

represent a matrix that very likely is not apparent from the discussion above, having

to do with the sizes of subproblems in a divide-and-conquer algorithm. In fact, the

same issue arises in designing a divide-and-conquer algorithm over any data structure

represented via a CFLOBDD, as illustrated in Fig. 3.10. Suppose that a CFLOBDD

C represents a decision tree TC that has log2 P variables, and thus P leaves. The

A-connection proto-CFLOBDD accounts for half the variables, namely, log2 P
2

, and

the B-connection proto-CFLOBDDs account for the remaining half. The natural

way to divide C in a divide-and-conquer algorithm is at the middle vertices of the

outermost grouping: process the A-connection proto-CFLOBDD, and then the B-

connection proto-CFLOBDDs (or vice versa). In TC , this division corresponds to
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Figure 3.10: Why a
√
P ×

√
P -decomposition is the natural problem decomposition

for divide-and-conquer algorithms on structures represented as CFLOBDDs.

the tree partitioning shown in the lower-right corner of Fig. 3.10: C’s A-connection

proto-CFLOBDD corresponds to the red tree rooted at the apex of TC (which has
√
P leaves); C’s B-connection proto-CFLOBDDs correspond to the

√
P green trees

in the bottom half of TC (each of which has
√
P leaves). In contrast with standard

divide-and-conquer algorithms, which often divide a problem into two subproblems of

half size, this approach divides the original problem into
√
P + 1 subproblems, each

of size O(
√
P ). With CFLOBDDs, in contrast to decision trees, there is the potential

for subproblems to be shared among the A-connection and B-connections, so one ends

up with some number of subproblems γ (= 1 + the number of middle vertices), each

of size O(
√
P ).

Whereas with a decision tree it would be easy to take the conventional ap-

proach of dividing a problem into two problems of half size—using the left child and

right child of the apex, in essence “peeling off” the topmost ply, such a division is

not convenient for CFLOBDDs because the decision variable for the topmost ply

is associated with the level-0 grouping found by following the A-connection of the
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A-connection of the . . ., etc. For CFLOBDDs, the natural structure of a divide-

and-conquer algorithm lies with the A-connection proto-CFLOBDD and the set of

B-connection proto-CFLOBDDs—a division based on dividing the number of vari-

ables in half.

In certain cases, including matrix multiplication (§3.6.7), the γ ×
√
P -

decomposition structure forced us to rethink how to perform various algorithms.

Let us now consider how such a decomposition works for an N ×N matrix M ,

assuming the interleaved-variable ordering, where N = 2n. Thus, n is the number

of bits in a row-index (respectively, column-index); there are 2n Boolean variables in

total; and P = N2. M would be decomposed into
√
P =

√
N2 = N sub-matrices,

each of size
√
N ×

√
N . At top level, the A-connection of the CFLOBDD for M

captures commonalities in the
√
N×
√
N block structure ofM , and the B-connections

represent the blocks: sub-matrices of M of size
√
N ×

√
N .

For instance, when a level-3 CFLOBDD is used to represent a matrix, there

are 2n = 8 = 23 index variables—i.e., n = 4 variables for each dimension—so the

matrix is of size 16×16. Its natural constituents are level-2 proto-CFLOBDDs, which

each have 22 = 4 index variables. Thus, there are 2 A-connection variables for each

dimension of the block structure, and 2 B-connection variables for each dimension of

the sub-matrix for a block. Consequently, a matrix of size 16×16 is decomposed into

16 (= 4×4 =
√
16×

√
16) blocks, each of size 4×4 =

√
16×

√
16, as indicated below:

106



0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 y0
0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 y1
0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1 y2
0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 y3

0 0 0 0 F F F F F F F F F F F F F F F F
0 0 0 1 F T F T F F F F F F F F F F F F
0 0 1 0 F F T T F F F F F F F F F F F F
0 0 1 1 F T T T F F F F F F F F F F F F
0 1 0 0 F F F F F F F F F F F F F F F F
0 1 0 1 F F F F F T F T F F F F F F F F
0 1 1 0 F F F F F F T T F F F F F F F F
0 1 1 1 F F F F F T T T F F F F F F F F
1 0 0 0 F F F F F F F F F F F F F F F F
1 0 0 1 F F F F F F F F F T F T F F F F
1 0 1 0 F F F F F F F F F F T T F F F F
1 0 1 1 F F F F F F F F F T T T F F F F
1 1 0 0 F F F F F F F F F F F F F F F F
1 1 0 1 F F F F F F F F F F F F F T F T
1 1 1 0 F F F F F F F F F F F F F F T T
1 1 1 1 F F F F F F F F F F F F F T T T
x0 x1 x2 x3

With level-4 CFLOBDDs, one has n = 8 variables for each dimension in the full-size

matrix. Thus, there are 4 A-connection variables for each dimension of the block

structure, and 4 B-connection variables for each dimension of the sub-matrix for a

block. Consequently, a matrix of size 256× 256 is decomposed into 256 (= 16× 16 =
√
256×

√
256) blocks, each of size 16× 16 =

√
256×

√
256.

In general, an N ×N matrix is decomposed according to its
√
N ×

√
N block

structure, where each block is of size
√
N ×

√
N . With CFLOBDDs, one hopes

that many of the blocks are shared among the B-connections (and possibly some

blocks are even structurally similar to the block structure itself, represented by the A-

connection), so that one ends up with some—hopefully small—number of subproblems

γ, each of size
√
N ×

√
N .

The CFLOBDD decomposition discussed above is different from (i) the natural

decomposition of a matrix represented via a BDD, and (ii) the decomposition used

in most divide-and-conquer algorithms on matrices. Both (i) and (ii) use n
2
× n

2
-
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decompositions (and thus decompose a matrix of size 16 × 16 into 4 sub-matrices,

each of size 8× 8, and decompose a matrix of size 256× 256 into 4 sub-matrices, each

of size 128× 128).

3.6.4.2 Vector Representation

A vector can be represented via a CFLOBDD in a manner that is similar

to, but simpler than, the way matrices are represented. A vector of size 2n × 1

can be represented by a CFLOBDD whose highest level is log n. Suppose that V

is a 2n × 1 vector; a CFLOBDD representing V would have n Boolean variables

{x0, x1, . . . , xn−1} with the variables {x0, x1, . . . , xn−1} representing the successive bits
of x—the index into V .14

We typically use either the increasing variable ordering or decreasing variable

ordering to represent vectors. (Similar to matrices, vectors of other sizes can be

embedded within a larger vector of the form 2n×1.) For example, if we have a vector

whose entries are defined by λx0x1.(x0 ∧ x1), the vector would be as follows:

0 0 F
0 1 F
1 0 F
1 1 T
x0 x1

This ordering helps in easily converting a vector of size 2n × 1 to a matrix of size

2n× 2n with interleaved-variable ordering (with the vector embedded into the matrix

as the first column, and the rest of the entries set to zero).

3.6.5 Kronecker Product

When using CFLOBDDs to represent matrices on which Kronecker products

will be performed, we typically use the interleaved-variable ordering. In this section,

14Similar to matrices, vectors of other sizes can be represented using CFLOBDDs; for instance,
they can be embedded within a larger vector whose dimensions are of the form 2n × 1.
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Figure 3.11: (a) and (b) Level-k CFLOBDDs for arrays W and V , respectively; (c)
level-k + 1 CFLOBDD for W ⊗V .

we describe two variants of Kronecker product that result in different interleavings of

the index variables of the argument matrices.

3.6.5.1 Variant 1

Suppose that matrices W and V are represented by level-k CFLOBDDs with

value tuples [w0, . . . , wm] and [v0, . . . , vn], respectively. To create the CFLOBDD for

W ⊗V ,

1. Create a level k + 1 grouping that has m+ 1 middle vertices, corresponding to

the values [w0, . . . , wm], and (m+ 1)(n+ 1) exit vertices, corresponding to the

terminal values

[wivj : i ∈ [0..m], j ∈ [0..n]],

where the terminal values are ordered lexicographically by their (i, j) indexes;
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i.e., w0v0, w0v1, . . ., wmvn−1, wmvn. The grouping’s A-connection is the proto-

CFLOBDD of W , with return edges that map the ith exit vertex to middle

vertex wi.

2. For each middle vertex, which corresponds to some value wi, 0 ≤ i ≤ m, create

a B-connection to the proto-CFLOBDD of V , with return edges that map the

jth exit vertex to the exit vertex of the level k+1 grouping that corresponds to

the value wivj.

3. If any of the values in the sequence [wivj : i ∈ [0..m], j ∈ [0..n]] are duplicates,

make an appropriate call on Reduce to fold together the classes of exit vertices

that are associated with the same value, thereby creating a canonical multi-

terminal CFLOBDD.

The construction through step (2) is illustrated in Fig. 3.11. Pseudo-code for the

algorithm in presented in Appendix §G.

With this algorithm, if x ▷◁ y represents the variable ordering of W and w ▷◁ z

represents the variable ordering of V (where ▷◁ denotes the operation to interleave

two variable orderings), then W ⊗V has the variable ordering (x||w) ▷◁ (y||z) (where

|| denotes the concatenation of two sequences of variables).

3.6.5.2 Variant 2

There is a second way to perform a Kronecker product of W and V that

results in a representation of W ⊗V that has the variable ordering (x ▷◁ w) ▷◁ (y ▷◁

z). (As discussed in §3.8.2.4, this version of Kronecker product is useful in Simon’s

Algorithm.) The steps for W ⊗V are as follows:

• For the CFLOBDD that represents matrix W , for every grouping of W from

the top-level grouping down to level 2, create a copy of the grouping at one

level greater. At level 1, create a level-2 grouping in which (i) the A-connection
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Algorithm 16: ShiftToAConnectionAtLevelOne

Input: Grouping g with variable ordering x ▷◁ y
Output: Grouping g’ is equal to g with dummy variables w′ and z′ such

that the variable ordering is ((x ▷◁ w′) ▷◁ (y ▷◁ z′))
1 begin
2 InternalGrouping g’ = new InternalGrouping(g.level + 1);
3 if g.level == 1 then
4 g’.AConnection = g;
5 g’.AReturnTuple = [1..g.numberOfExits];
6 g’.numberOfBConnections = |g’.AReturnTuple|;
7 for i← 1 to g′.numberOfBConnections do
8 g’.BConnection[i] = NoDistinctionProtoCFLOBDD(g.level);
9 g’.BReturnTuples[i] = [i];

10 end
11 g’.numberOfExits = g.numberOfExits;

12 else
13 g’.AConnection =

ShiftToAConnectionAtLevelOne(g.AConnection);
14 g’.AReturnTuple = g.AReturnTuple;
15 g’.numberOfBConnections = |g.AReturnTuple|;
16 for i← 1 to g′.numberOfBConnections do
17 g’.BConnection[i] =

ShiftToAConnectionAtLevelOne(g.BConnection[i]);
18 g’.BReturnTuples[i] = g.BReturnTuples[i];

19 end
20 g’.numberOfExits = g.numberOfExits;

21 end
22 return RepresentativeGrouping(g’);

23 end

is the current level-1 grouping, and (ii) the B-connections are all the level-1 no-

distinction proto-CFLOBDD (Fig. 3.5(b)). In essence, this step adds dummy

variables that are proxies for matrix V ’s variables. Alg. 16 shows the algorithm

for this operation.

• For the CFLOBDD that represents matrix V , for every grouping of V from the

top-level grouping down to level 2, create a copy of the grouping at one level
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Algorithm 17: ShiftToBConnectionAtLevelOne

Input: Grouping g with variable ordering w ▷◁ z
Output: Grouping g’ is equal to g with dummy variables x′ and y′ such

that the variable ordering is ((x′ ▷◁ w) ▷◁ (y′ ▷◁ z))
1 begin
2 InternalGrouping g’ = new InternalGrouping(g.level + 1);
3 if g.level == 1 then
4 g’.AConnection = NoDistinctionProtoCFLOBDD(g.level);
5 g’.AReturnTuple = [1];
6 g’.numberOfBConnections = 1;
7 g’.BConnection[1] = ShiftToBConnectionAtLevelOne(g.level);
8 g’.BReturnTuples[1] = g.BReturnTuples[1];
9 g’.numberOfExits = g.numberOfExits;

10 else
11 g’.AConnection =

ShiftToAConnectionAtLevelOne(g.AConnection);
12 g’.AReturnTuple = g.AReturnTuple;
13 g’.numberOfBConnections = |g.AReturnTuple|;
14 for i← 1 to g′.numberOfBConnections do
15 g’.BConnection[i] =

ShiftToAConnectionAtLevelOne(g.BConnection[i]);
16 g’.BReturnTuples[i] = [1..g.numberOfExits];

17 end
18 g’.numberOfExits = g.numberOfExits;

19 end
20 return RepresentativeGrouping(g’);

21 end

greater. At level 1, create a level-2 grouping in which (i) the A-connection is the

level-1 no-distinction proto-CFLOBDD (Fig. 3.5(b)), and (ii) the B-connection

is the current level-1 grouping. In essence, this step adds dummy variables

that are proxies for matrix W ’s variables. Alg. 17 shows the algorithm for this

operation.

• Finally, combine the two newly constructed CFLOBDDs by making a call to Bi-

naryApplyAndReduce (Alg. 11), with “Times” (multiplication) as the operation

to apply to terminal values.
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Algorithm 18: Kronecker Product

Input: CFLOBDDs n1, n2 with variable ordering of n1: x ▷◁ y and n2:
w ▷◁ z

Output: CFLOBDD n = n1 ⊗ n2 with variable ordering of n:
(x||w) ▷◁ (y||z)

1 begin
// Add dummy variables ⟨w′

1, · · · , w′
n⟩, ⟨z′1, · · · , z′n⟩ such that

variable ordering of g1 is (x ▷◁ w′) ▷◁ (y ▷◁ z′)
2 CFLOBDD g1 = Representa-

tiveCFLOBDD(ShiftToAConnectionAtLevelOne(n1.grouping),
n1.valueTuple);
// Add dummy variables ⟨x′

1, · · · , x′
n⟩, ⟨y′1, · · · , y′n⟩ such that

variable ordering of g2 is (x′ ▷◁ w) ▷◁ (y′ ▷◁ z)
3 CFLOBDD g2 = Representa-

tiveCFLOBDD(ShiftToBConnectionAtLevelOne(n2.grouping),
n2.valueTuple);

4 CFLOBDD n = BinaryApplyAndReduce(g1, g2, (op)Times);
5 return n;

6 end

Pseudo-code for this algorithm is given as Alg. 18.

3.6.6 Vector-to-Matrix Conversion

An important operation that is repeatedly performed in the algorithms sum-

marized in §3.8.2 is vector-matrix multiplication. Our approach to vector-matrix

multiplication is to convert a vector V of size 2n× 1 into a matrix M of size 2n× 2n,

where V occupies the first column, and all other entries of M are 0. We can then

use the matrix-matrix multiplication algorithm discussed in §3.6.7.15 Note that the

CFLOBDD representation of V has n variables and its highest level is log n, whereas

the CFLOBDD for matrix M has 2n variables and its highest level is log n+ 1.

We will denote the variables in the CFLOBDD representation of V as x =

⟨x1, x2, · · · , xn⟩. The rows of M would use the same x variables. To represent the

15Matrix-vector multiplication is performed similarly.
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columns of M , we introduce an extra set of n variables: y = ⟨y1, y2, · · · , yn⟩. As

discussed in §3.6.4.1, we will use the interleaved ordering of x and y (x ▷◁ y) to

represent M ; i.e., the decisions (at level 0) by A-connection groupings at level 1 are

the decisions for x variables, and the decisions (at level 0) by B-connection groupings

at level 1 are those for y variables.

At a high level, the algorithm for vector-to-matrix conversion involves the use

of level-0 groupings (representing x variables) from V ’s CFLOBDD representation

as the A-connection groupings at level 1 for representing M . The detailed steps of

vector-to-matrix conversion are as follows:

1. Create a new CFLOBDD c1 of level log n+2 from V ’s CFLOBDD representation

c, by using level-0 groupings of c as the A-connection groupings of c1’s level-1

groupings and adding Don’tCareGroupings as B-connection groupings at level

1 similar to Alg. 17. This step creates a CFLOBDD that represents a matrix

in which every column is the vector V—because all of the column variables

correspond to the added DontCareGroupings.

2. Create another CFLOBDD c2 of level log n + 2 that represents a matrix

Column1Matrixn of size 2n × 2n with only the first column filled with 1s and

the rest with 0s.

Column1Matrixn =


1 0 · · · 0
1 0 · · · 0
...

...
. . .

...
1 0 · · · 0


2n×2n

Column1Matrixn can be recursively defined in terms of Column1Matrixn/2

matrices of size 2n/2 × 2n/2. This property allows c2 to both be created and

114



Algorithm 19: Vector-to-Matrix Conversion

Input: CFLOBDD n representing vector V
Output: CFLOBDD n’ representing matrix M obtained by padding V

with zeros.
1 begin
2 CFLOBDD g1 = Representa-

tiveCFLOBDD(ShiftToBConnectionAtLevelOne(n.grouping),
n.valueTuple);

3 CFLOBDD g2 = Column1Matrix(n.grouping.level + 1);
4 CFLOBDD n = BinaryApplyAndReduce(g1, g2, (op)Times);
5 return n;

6 end

represented efficiently.

Column1Matrixn =




Column1Matrixn/2 On/2 · · · On/2

Column1Matrixn/2 On/2 · · · On/2

...
...

. . .
...

Column1Matrixn/2 On/2 · · · On/2


2n×2n

= Column1Matrixn/2⊗Column1Matrixn/2 n > 1[
1 0

1 0

]
n = 1

Here, Oj represents the all-zero matrix of size 2j × 2j. An algorithm for the

efficient construction of Column1Matrixn can be found in Appendix §H.

3. Finally multiply c1 and c2 pointwise by calling BinaryApplyAndReduce.

Pseudo-code for this algorithm is given as Alg. 19.

Example 3.4. We illustrate the steps of the algorithm using the following example:

Consider the vector V =

[
2
3
5
0

]
and matrix M =

[
2 0 0 0
3 0 0 0
5 0 0 0
0 0 0 0

]
. The goal is to convert V

to M . Steps 1 and 2 construct intermediate matrices M1 and M2, defined as follows:

M1 =

[
2 2 2 2
3 3 3 3
5 5 5 5
0 0 0 0

]
and M2 =

[
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0

]
. Finally, the result of converting vector V to
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a matrix is M = M1 ∗ M2 =

[
2 2 2 2
3 3 3 3
5 5 5 5
0 0 0 0

]
∗
[

1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0

]
=

[
2 0 0 0
3 0 0 0
5 0 0 0
0 0 0 0

]
, where “*” denotes

pointwise matrix multiplication.

3.6.7 Matrix Multiplication

Matrix multiplication is one of the most important operations on matrices.

This section discusses how to perform matrix multiplication when the matrices are

represented as CFLOBDDs using the interleaved-variable ordering.

The multiplication algorithm for CFLOBDDs presented here is similar to the

standard O(N3) algorithm for multiplying two N ×N matrices. There is a potential

for savings because each of the argument CFLOBDDs may have a large number of

shared substructures, and function caching can be used to detect when a sub-problem

has already been performed, in which case the proto-CFLOBDD for the answer can

be returned immediately.

Our starting point is the observation that when the interleaved-variable or-

dering is used, at top level the A-connection of a CFLOBDD-represented matrix M

captures commonalities in the
√
N×
√
N block structure ofM , and the B-connections

represent sub-matrices of M of size
√
N×
√
N . By analogy with other kinds of multi-

terminal CFLOBDDs, at top-level one can think of the A-connection as a multi-

terminal CFLOBDD whose value tuple is the sequence of B-connections—roughly,

the A-connection is a
√
N ×

√
N matrix with

√
N ×

√
N -matrix-valued leaves.

Suppose that P and Q are two N × N matrices represented by CFLOBDDs

CP and CQ, respectively. The respective top-level A-connections, AP and AQ, are

matrices of size
√
N ×

√
N with matrix-valued cells of size

√
N ×

√
N . To multiply

P and Q, we first recursively multiply AP and AQ. This operation defines which

cells of AP and AQ get multiplied and added—and the answer is returned as a col-

lection of symbolic expressions (of a form that will be described shortly). Using this

information, we recursively call matrix multiplication and matrix addition on the

B-connections, as appropriate. For the base case of the recursion—namely, level 1,
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which represents matrices of size 2 × 2—we can enumerate all the individual cases

of possible matrix structures (i.e., the patterns of which cells hold equal values), and

build the CFLOBDDs that result from a matrix multiplication in each case.

We now describe how the symbolic information mentioned above is organized,

and how operations of addition and multiplication are performed on the data type in

which the symbolic information is represented. The challenge that we face is that at

all levels below top-level, we do not have access to a value for any cell in a matrix.

However, we can use the exit vertices as variables.

Example 3.5. Suppose that we are multiplying two level-1 groupings that, when con-

sidered as 2×2 matrices over their respective exit vertices [ev1, ev2] and [ev′1, ev
′
2, ev

′
3],

have the forms shown on the left[
ev1 ev1
ev2 ev2

]
×
[
ev′1 ev′2
ev′1 ev′3

]
=

[
ev1ev

′
1 + ev1ev

′
1 ev1ev

′
2 + ev1ev

′
3

ev2ev
′
1 + ev2ev

′
1 ev2ev

′
2 + ev2ev

′
3

]
=

[
2ev1ev

′
1 ev1ev

′
2 + ev1ev

′
3

2ev2ev
′
1 ev2ev

′
2 + ev2ev

′
3

]
(3.6)

Each entry in the right-hand-side matrix can be represented by a set of triples, e.g.,[
{[(1, 1), 2]} {[(1, 2), 1], [(1, 3), 1]}
{[(2, 1), 2]} {[(2, 2), 1], [(2, 3), 1]}

]
and when listed in exit-vertex order for the interleaved-variable order, we have

[{[(1, 1), 2]}, {[(1, 2), 1], [(1, 3), 1]}, {[(2, 1), 2]}, {[(2, 2), 1], [(2, 3), 1]}]. (3.7)

Now suppose that the two matrices are sub-matrices of level-2 groupings connected

by ReturnTuples rt = [5, 2] and rt′ = [6, 1, 2], respectively. Then applying ⟨rt, rt′⟩ to
Eqn. (3.7) results in

[{[(5, 6), 2]}, {[(5, 1), 1], [(5, 2), 1]}, {[(2, 6), 2]}, {[(2, 1), 1], [(2, 2), 1]}]. (3.8)

We call the objects shown in Eqns. (3.7) and (3.8) MatMultTuples. By this de-

vice, the answer to a matrix-multiplication sub-problem (whether from A-connections

or B-connections, and at any level ≥ 1) can be treated as a multi-terminal CFLOBDD

whose value tuple is a MatMultTuple.
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Semantics of MatMultTuples. An alternative view of MatMultTuples comes

from the right-hand matrix in Eqn. (3.6): a MatMultTuple is a sequence of bilinear

polynomials over the exit vertices of two groupings. We will represent a bilinear

polynomial p as a map from exit-vertex pairs to the corresponding coefficient. (The

pairs for which the coefficient is nonzero are called the support of p. In examples,

we show only map entries that are in the support.) In particular, suppose that g1

and g2 are two groupings at the same level, with exit-vertex sets EV and EV′. Each

entry of a MatMultTuple is of type BPEV,EV′
def
= (EV× EV′)→ N. (We will drop the

subscripts on BP if the exit-vertex sets are understood.)

To perform linear arithmetic on bilinear polynomials, we define

0BP : BP 0BP
def
= λ(ev, ev′).0

+ : BP× BP→ BP bp1 + bp2
def
= λ(ev, ev′).bp1(ev, ev

′) + bp2(ev, ev
′)

∗ :N× BP→ BP n ∗ bp def
= λ(ev, ev′).n ∗ bp(ev, ev′)

By considering a ReturnTuple to be a map from one exit-vertex set to another, this

notation allows us to give a second account of the transformation from Eqn. (3.7) to

Eqn. (3.8). For instance, let rt = [1 7→ 5, 2 7→ 2] and rt′ = [1 7→ 6, 2 7→ 1, 3 7→ 2].

Consider the second element of Eqn. (3.7): bp = {[(1, 2), 1], [(1, 3), 1]} = [(1, 2) 7→
1, (1, 3) 7→ 1]. Then the transformation of bp induced by rt and rt′ can be expressed

as follows (where Eqn. (3.9) expresses the general case):

⟨rt, rt′⟩(bp) def
= {(rt(ev), rt′(ev′)) 7→ bp(ev, ev′) | ev ∈ EV, ev′ ∈ EV′} (3.9)

= {(rt(1), rt′(2)) 7→ bp(1, 2), (rt(1), rt′(3)) 7→ bp(1, 3)}

= {(5, 1) 7→ 1, (5, 2) 7→ 1}

At top level, we need a similar operation for the value induced by a pair of value

tuples ⟨vt, vt′⟩ (where a value tuple is treated as a map of type EV → V for a value

space V that supports + and *):

⟨vt, vt′⟩(bp) def
=

∑
{bp(ev, ev′) ∗ vt(ev) ∗ vt′(ev′) | ev ∈ EV, ev′ ∈ EV′} (3.10)
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Algorithm 20: Matrix Multiplication

Input: CFLOBDDs n1, n2
Output: CFLOBDD n = n1 × n2

1 begin
2 Grouping×MatMultTuple [g,m] =

MatrixMultOnGrouping(n1.grouping, n2.grouping);
3 ValueTuple v tuple = [];
4 for i← 1 to |m| do
5 Value v = ⟨n1.valueTuple, n2.valueTuple⟩(m(i));
6 v tuple = v tuple || v;
7 end
8 Tuple×Tuple [inducedValueTuple, inducedReductionTuple] =

CollapseClassesLeftmost(v tuple);
9 g = Reduce(g, inducedReductionTuple);

10 CFLOBDD n = RepresentativeCFLOBDD(g, inducedValueTuple);
11 return n;

12 end

Algs. 20, 21, and 22 give pseudo-code for the matrix-multiplication algorithm.

Algs. 21 and 22 operates on two Groupings g1 and g2 at some level l, returning a

(Grouping, MatMultTuple) pair (g, m). Algs. 21 and 22 works symbolically, first con-

sidering the symbolic product of g1.AConnection and g2.AConnection (line [5]). The

MatMultTuple ma returned from this call is really a list of directives: each directive

is a bilinear polynomial used to create one of the BConnections of g. The workhorse

computation—lines [9]–[26]—sets g.BConnections[i] to the (symbolic) weighted dot

product ∑
((k1,k2),v)∈ma(i)

v ∗ g1.BConnections[k1] ∗ g2.BConnections[k2].

To perform this computation, an auxiliary multi-terminal CFLOBDD curr cflobdd is

used to accumulate the (symbolic) weighted dot product. Note that the valueTuple

of curr cflobdd is a MatMultTuple; thus, curr cflobdd is essentially a matrix, each

element of which is a bilinear polynomial—i.e., a directive saying how to compute the

value of that element from a set of pairs of (as yet unknown) values.
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Algorithm 21: MatrixMultOnGrouping

Input: Groupings g1, g2
Output: Grouping×MatMultTuple [g,m] such that g = g1 × g2

1 begin
2 if g1.level == 1 then // Base Case: matrices of size 2× 2

// Construct a level 1 Grouping that reflects which

cells of the product hold equal entries in the

output MatMultTuple

3 end
4 InternalGrouping g = new InternalGrouping(g1.level);
5 Grouping×MatMultTuple [aa,ma] =

MatixMultOnGrouping(g1.AConnection, g2.AConnection);
6 g.AConnection = aa; g.AReturnTuple = [1..|ma|];

g.numberOfBConnections = |ma|;
// Interpret ma to (symbolically) multiply and add

BConnections

7 MatMultTuple m = [];
8 for i← 1 to |ma| do // Interpret ith BP in ma to create

g.BConnections[i]
// Set g.BConnections[i] to the (symbolic) weighted dot

product∑
((k1,k2),v)∈ma(i) v ∗ g1.BConnections[k1] ∗ g2.BConnections[k2]

9 CFLOBDD curr cflobdd = ConstantCFLOBDD(g1.level, [0BP]);
10 for ((k1, k2), v) ∈ ma(i) do
11 Grouping×MatMultTuple [bb,mb] =

MatrixMultOnGrouping(g1.BConnections[k1],
g2.BConnections[k2]);

12 MatMultTuple mc = [];
13 for j ← 1 to |mb| do
14 BP bp =

⟨g1.BReturnTuples[k1], g2.BReturnTuples[k2]⟩(mb(j));
15 mc = mc || bp;

// Continued in Alg. 22

Alg. 20 multiplies two matrices, n1 and n2, represented as CFLOBDDs. It

initiates the process at top level by calling MatrixMultGrouping on n1.grouping and

n2.grouping (line [3]). It then uses the returned MatMultTuple as a list of directives,

similar to the way MatMultTuples are used in MatrixMultGrouping. The difference is
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Algorithm 22: MatrixMultOnGrouping (cont.)

16

17

18

19 Tuple×Tuple [inducedMatMultTuple, inducedReductionTuple]
= CollapseClassesLeftmost(mc);

20 bb = Reduce(bb, inducedReductionTuple);
21 CFLOBDD n = RepresentativeCFLOBDD(bb,

inducedMatMultTuple);
22 curr cflobdd = curr cflobdd + v ∗ n ; // Accumulate

symbolic sum

23 end
24 g.BConnection[i] = curr cflobdd.grouping;
25 g.BReturnTuples[i] = curr cflobdd.valueTuple;
26 m = m || curr cflobdd.valueTuple;
27 end
28 g.numberOfExits = |m|;
29 Tuple×Tuple [inducedMatMultTuple, inducedReductionTuple] =

CollapseClassesLeftmost(m) ;
30 g = Reduce(g, inducedReductionTuple);
31 return [RepresentativeGrouping(g), m];

32 end
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that at top level one has access to the actual values of the argument matrices, namely,

n1.valueTuple and n2.valueTuple. Thus, in Alg. 20 the elements of MatMultTuple m

are interpreted as directives to perform a concrete weighted dot product (lines [4]–

[7]), using Eqn. (3.10) in line [5], thereby computing the values of the elements of the

answer matrix .

3.6.8 Path Counting and Sampling

A CFLOBDD whose terminal values are non-negative numbers can be used to

represent a discrete distribution over the set of assignments to the Boolean variables.

An assignment—or equivalently, the corresponding matched path in the CFLOBDD—

is considered to be an elementary event. The “weight” of the elementary event is the

terminal value. The probability of a matched path p is the weight of p divided by the

total weight of the CFLOBDD—the sum of the weights obtained by following each

of the CFLOBDD’s matched paths. Fortunately, it is possible to compute the afore-

mentioned denominator by computing, for each of the terminal values, the number

of matched paths that lead to that terminal value (§3.6.8.1). With those numbers in

hand, it is then possible to sample an assignment/path according to the distribution

that the CFLOBDD represents (§3.6.8.2).

The same approach can be used for CFLOBDDs whose terminal values are

complex numbers, except that the weight of a matched path is the modulus of the

terminal value. This approach is used in the application of CFLOBDDs to quantum

simulation (§3.8 and §3.9.2.2).

3.6.8.1 Path Counting

Recall that every terminal value is connected to one exit vertex of the top-level

grouping of the CFLOBDD. Every exit vertex of a grouping is, in turn, connected

to exit vertices of internal groupings. Therefore, to compute the number of matched

paths for every terminal value, we need to compute the path-counts from the entry
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vertex of a grouping to every exit vertex of that grouping, for every grouping in the

CFLOBDD. For each grouping g, we would like to compute a vector of path-counts,

in which the ith element is the number of matched paths from g’s entry vertex to

the ith exit vertex of g. To compute this information, we can break it down into (i)

computing the number of matched paths from g’s entry vertex to g’s middle vertices;

(ii) computing the number of matched paths from g’s middle vertices to g’s exit

vertices; and (iii) combining this information to obtain the number of matched paths

from g’s entry vertex to g’s exit vertices.

Consider a Grouping g at level l with e exit vertices. Suppose that

g.AConnection has p exit vertices, g.BConnections[j] has kj exit vertices, and let

g.BReturnTuples[j] be the return edges from g.BConnections[j]’s exit vertices to g’s

exit vertices. For step (i), we recursively compute the path-counts for g.AConnection,

which yields a vector of path-counts vA of size 1× p. Step (ii) creates a matrix MB of

size p× e, in which the jth row is the vector of path-counts from the jth middle vertex

of g to g’s exit vertices. Step (iii) is the vector-matrix multiplication vA×MB, which

yields g’s path-count vector, of size 1× e. The base-case path-count vectors are [1, 1]

for a ForkGrouping and [2] for a DontCareGrouping.

Because the exit vertices of g.BConnections[j] are connected to g’s exit vertices

via g.BReturnTuples[j], the jth row of MB is the product of the path-count vector for

g.BConnections[j] (of size 1× kj) and a “permutation matrix” PM g.BReturnTuples[j] (of

size kj × e). Each entry of PM is either 0 or 1; each row must have exactly one 1;

and each column must have at most one 1.

Alg. 23 shows pseudo-code for the path-counting algorithm. The path-counts

are stored in a Tuple numPathsToExit in the Grouping data structure. Lines [13]–[20]

perform the vector-matrix multiplication discussed above. In practice, because the

number of path-counts increases double exponentially in the number of levels, we only

store the log-values of the path-counts. It is also important for the implementation of

the algorithm to perform function caching (§3.4.3) so that each grouping at each level
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Algorithm 23: CountPaths

Input: Grouping g
1 begin
2 if g.level == 0 then
3 if g == DontCareGrouping then
4 g.numPathsToExit = [2];
5 else // g == ForkGrouping

6 g.numPathsToExit = [1,1];
7 end

8 else
9 CountPaths(g.AConnection);

10 for i← 1 to g.numberOfBConnections do
11 CountPaths(g.BConnection[i]);
12 end
13 g.numPathsToExit = [1..|g.numberOfExits|];
14 for i← 1 to g.numberOfBConnections do
15 for j ← 1 to g.BConnection[i].numberOfExits do
16 k = BReturnTuples[i](j);
17 g.numPathsToExit[k] +=
18 g.AConnection.numPathsToExit[i] *

g.BConnection[i].numPathsToExit[j];

19 end

20 end

21 end

22 end
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is visited only once. When function caching is employed, Alg. 23 visits each grouping,

and hence each vertex and edge of the CFLOBDD, exactly once; consequently, the cost

of the path-counting operation is bounded by the size of the argument CFLOBDD.

This definition can also be stated equationally, in a form similar to the de-

notational semantics given in §3.5, where the expression in large brackets represents

MB.

numPathsToExit g1×e =

[1, 1]1×2 if g = ForkGrouping

[2]1×1 if g = DontCareGrouping

numPathsToExit g.AConnection
1×p ×

...

numPathsToExit
g.BConnections[j]
1×kj

×PM g.BReturnTuples[j]
kj×e

...


p× e

j ∈ {1..p}

otherwise

Example 3.6. For the five proto-CFLOBDDs depicted in Fig. 3.7, the vectors of

path-counts are computed as follows (read top-to-bottom by level):

level 2 level 1 level 0[
9 7

]
=

[
3 1

]
×

[
3 1
0 4

] [
3 1

]
=

[
1 1

]
×
[
2 0
1 1

] [
1 1

]
[4] = [2]× [2] [2]

3.6.8.2 Sampling an Assignment

Our goal is to sample a matched path from the distribution of matched paths

of a given CFLOBDD, and return the corresponding assignment. As in §3.2.3.4, we

assume that an assignment is an array of Booleans, whose entries—starting at index-

position 1—are the values of successive variables. The concatenation of two such

arrays a1 and a2 is denoted by a1||a2.

To explain how to sample from the set of assignments, we argue in terms of

the structure of the corresponding matched paths. If the distribution of matched
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paths was given as a vector of weights, W = [w1..w22l
], as one would have in the

corresponding decision tree, the probability of selecting the pth matched path is given

by

Prob(p) =
wp∑22l

i=1 wi

. (3.11)

In a CFLOBDD that represents a distribution, we do not have access to W directly.

Suppose that W ′ = [w′
1, . . . , w

′
K ] is the vector of terminal values of the CFLOBDD.

The K values of W ′ are exactly the K different values that appear in W ; however,

many matched paths that start at the top-level entry vertex lead to the same terminal

value, say w′
m. Fortunately, the path-counting method from §3.6.8.1 provides us with

part of what is needed via NumPathsToExit of the top-level grouping.

22
l∑

i=1

wi =
K∑
j=1

w′
j × numPathsToExit[j]

Thus, while Eqn. (3.11) becomes

Prob(p) =
wp∑K

j=1w
′
j × numPathsToExit[j]

this observation gives us no guidance about how to select a matched path p with that

probability.

Rather than selecting a single matched path immediately, what we can do

instead is to select the entire set of matched paths that reach a given terminal value.

This selection can be done by sampling from the exit vertices of the top-level grouping

according to the probability distribution

Prob′(Path ends at terminal value w′
t) =

w′
t × numPathsToExit[t]∑K

j=1w
′
j × numPathsToExit[j]

(3.12)

The result of this sampling step is the index of an exit vertex of the top-level grouping,

which will be used for further sampling among the (indirectly) “retrieved” set of

matched paths. What remains to be done is to uniformly sample a matched path

from that set, and return the assignment that corresponds to that matched path.
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To achieve this goal, we take advantage of the structure of matched paths

to break the assignment/path-sampling problem down to a sequence of smaller

assignment/path-sampling problems that can be performed recursively. At each

grouping g visited by the algorithm, the goal is to uniformly sample a matched path

from the set of matched paths Pg,i (in the proto-CFLOBDD headed by g) that lead

from g’s entry vertex to a specific exit vertex i of g.

Consider a grouping g and a given exit vertex i. For each middle vertex m of g,

there is some number of matched paths—possibly 0—from the entry vertex of g that

pass through m and eventually reach exit vertex i. Those numbers of matched paths,

when divided by |Pg,i|, represent a distribution Di on the set of g’s middle vertices.

Consequently, the first step toward uniformly sampling a matched path from the set

Pg,i is to sample the index of a middle vertex of g according to distribution Di. Call

the result of that sampling step mindex. Thus, to sample a matched path from the

entry vertex of g to exit vertex i, we (i) sample a middle vertex of g according to

Di to obtain mindex; (ii) uniformly sample a matched path from g.AConnection with

respect to the exit vertex of g.AConnection that returns to mindex; (iii) uniformly

sample a matched path from g.BConnections[mindex] with respect to whichever of

its exit vertices is connected to the ith exit vertex of g; and (iv) concatenate the

assignments obtained from steps (ii) and (iii).

Only the B-connections of g whose exit vertices are connected to i (the dis-

tinguished exit vertex of g) can contribute to the paths leading to i, and hence

we need to select a middle vertex from among those for which the B-connection

grouping can lead to i. For such an i-connected B-connection grouping k, let

(g.BReturnTuples[k])−1[i] denote the exit vertex of g.BConnections[k] that leads to i;

i.e., ⟨j, i⟩ ∈ g.BReturnTuples[k]⇔ (g.BReturnTuples[k])−1[i] = j.

The path-counts for the number of matched paths of g’s B-connections (avail-

able via the vector NumPathsToExit for each of g’s B-connections, denoted by, e.g.,

numPathsToExit g.BConnections[k]) only considers matched paths from g’s middle ver-
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tices to g’s exit vertices. However, to sample mindex correctly, we need to consider all

of the matched paths from g’s entry vertex to g’s exit vertex i. Hence, we multiply

the number of matched paths from g’s entry vertex to a middle vertex of g (of interest

to us because it is connected to a B-connection that is connected to i), denoted by,

e.g., numPathsToExit g.AConnection[k], to the number of matched paths from that same

middle vertex to g’s exit vertex i. Thus, the probability associated with a given mindex

is as follows (where g.A denotes g.AConnection, g.B[k] denotes g.BConnections[k],

and g.BRT denotes g.BReturnTuples):

Prob(mindex) =

numPathsToExit g.A[mindex]×
numPathsToExit g.B[mindex][(g.BRT[mindex])

−1[i]]

g.numPathsToExit[i]
(3.13)

Example 3.7. Consider the CFLOBDD depicted in Fig. 3.7, and suppose that the

goal is to sample a matched path that leads to terminal value T . From Ex. 3.6, we

know that (i) the outermost grouping has 7 matched paths that lead to T , and (ii)

NumPathsToExit is [3, 1] and [4] for the upper and lower level-1 groupings, respec-

tively. Both of the outermost grouping’s middle vertices have return edges that lead

to T ; thus, from Eqn. (3.13), we should sample the middle vertices with probabilities

Prob(mindex = 1) = [3,1][1]×[3,1][2]
7

= 3×1
7

= 3
7

Prob(mindex = 2) = [3,1][2]×[4][1]
7

= 1×4
7

= 4
7

Once mindex has been selected in accordance with Eqn. (3.13), we recur-

sively sample a matched path—and its assignment aA—from g.AConnection with

respect to exit vertex mindex (step (ii)). We also recursively sample a matched path—

and its assignment aB—from g.BConnection[mindex] with respect to the exit vertex

(g.BReturnTuples[mindex])
−1[i] that leads to g’s exit vertex i (step (iii)). Step (iv)

produces the assignment a = aA||aB.

As for the base cases of the recursion, for a DontCareGrouping, we randomly

choose one of the paths 0 or 1 with probability 0.5, returning the assignment “0”
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Algorithm 24: Sample an Assignment from a CFLOBDD

1 Algorithm SampleAssignment(n)
Input: CFLOBDD n
Output: Assignment sampled from n according to n.valueTuple

2 begin
3 i← Sample(n.valueTuple); // Sample terminal-value index i

via Eqn. (3.12)

4 Assignment a = SampleOnGroupings(n.grouping, i);
5 return a;

6 end

7 end

or “1” accordingly; for a ForkGrouping, the designated exit vertex—either 1 or 2—

specifies a unique assignment: “0” or “1,” respectively.

Algs. 24 and 25 give pseudo-code for the algorithm for sampling an assignment

from a CFLOBDD.

For a CFLOBDD at level l, the sampling operation involves constructing an

assignment of size 2l. Hence, the cost of sampling is at least as large as the size of the

sampled assignment. However, the size of the argument CFLOBDD also influences the

cost of sampling; although not every grouping of the CFLOBDD is necessarily visited

when sampling an assignment, we can say that the cost of the sampling operation is

bounded by O(max(2l, size of argument CFLOBDD)).

3.7 Relations efficiently represented by CFLOBDDs

In this section, we prove that there exists an exponential separation between

CFLOBDDs and BDDs. We establish this result using three relations that can be

efficiently represented by CFLOBDDs. Note that we do not assume any specific

variable ordering when discussing the sizes of BDDs for the functions used to prove

the separation. We use node counts in BDDs, and vertex counts and edge counts in

CFLOBDDs as a proxy for memory. (Recall from footnote 3 that we use the term
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Algorithm 25: Sample an Assignment from a CFLOBDD (cont.)

1 SubRoutine SampleOnGroupings(g, i)
Input: Grouping g, Exit index i
Output: Assignment sampled from g, corresponding to one of the

paths leading to exit i
2 begin
3 if g.level == 0 then
4 if g == DontCareGrouping then
5 return (random() % 2) ? ”1” : ”0”;
6 else // g == ForkGrouping so i ∈ [1, 2]
7 return (i == 1) ? ”0” : ”1”
8 end

9 end
10 Tuple PathsLeadingToI = [];
11 for j ← 1 to g.numberOfBConnections do // Build path-count

tuple from which to sample

12 if i ∈ g.BReturnTuples[j] then // if jth B-connection

leads to i
13 PathsLeadingToI = PathsLeadingToI ||

(g.AConnection.numPathsToExit[j] *
g.BConnections[j].numPathsToExit[k]), where i =
BReturnTuples[j](k);

14 end

15 end
16 mindex ← Sample(PathsLeadingToI) ; // Sample middle-vertex

index mindex

17 Assignment a = SampleOnGroupings(g.AConnection, mindex) ||
SampleOnGroupings(g.BConnection[mindex], k), where i =
BReturnTuples[mindex](k);

18 return a;

19 end

20 end

“node” solely for BDDs, whereas “groupings” and “vertices” (depicted as the dots

inside groupings) refer to CFLOBDDs.)
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Remark. Recently, Zhi and Reps (2025) obtained a characterization of relative

sizes in the opposite direction (i.e., a bound on CFLOBDD size as a function of

BDD size, for all BDDs). They showed that for every BDD B of size |B|, there is a

corresponding CFLOBDD C, which uses the same variable ordering, of size O(|B|3).
They also showed that the bound is tight: there is a family of functions for which |C|
grows as Ω(|B|3).

3.7.1 The Equality Relation EQn

1 0

(a) CFLOBDD for EQ2

1 0

Level log n

proto-CFLOBDD

for EQn/2

No-Distinction

proto-CFLOBDD

at level log n

(b) CFLOBDD for EQn, n ≥ 2

Figure 3.12

Definition 3.4. The equality relation EQn : {0, 1}n/2×{0, 1}n/2 → {0, 1} on variables

(x0 · · · xn/2−1) and (y0 · · · yn/2−1) is the relation EQn(X, Y )
def
= Π

n/2−1
i=0 (xi ⇔ yi) =

Π
n/2−1
i=0 (x̄iȳi ∨ xiyi).

Theorem 3.3 Exponential separation for the equality relation. For n = 2l, where

l ≥ 1, EQn can be represented by a CFLOBDD with O(log n) vertices and edges. In

contrast, a BDD that represents EQn requires Ω(n) nodes.
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Proof.

CFLOBDD Claim. We claim that with the interleaved-variable ordering

⟨x0, y0, . . . , xn/2−1, yn/2−1⟩, the CFLOBDD representation of EQn uses O(log n) group-

ings, each of constant size (and hence uses O(log n) vertices and edges in total). Dia-

grams that illustrate the CFLOBDD representation are shown in Fig. 3.12. For EQ2

(i.e., l = 1), the representation is shown in Fig. 3.12a. This CFLOBDD has two

groupings, a fork grouping at level 0 and a level-1 grouping. In total, it has eight

vertices and eleven edges. Note that the “success” and “failure” exits at level 1 are

the left and right exits, respectively.

For EQn with n > 2 (i.e., l > 1), the representation is defined inductively,

following the pattern shown in Fig. 3.12b. For all i, 1 ≤ i ≤ l = log n, a level-(i+1)

grouping of the form shown at the outermost level of Fig. 3.12b has an A-connection

and—from the leftmost middle vertex—a B-connection to the proto-CFLOBDD for

EQ2i−1 . The leftmost exit vertex of the proto-CFLOBDD is the “success exit” for

testing equality on 2i−1 pairs of variables.

• When called via the level-(i+1) grouping’s A-connection, the proto-CFLOBDD

tests equality on the variable pairs {(x0, y0), . . . , (x2i−1−1, y2i−1−1)}.

• When called from the level-(i+1) grouping’s leftmost middle vertex, the proto-

CFLOBDD tests equality on the variable pairs {(x2i−1 , y2i−1), . . . , (x2i−1, y2i−1)}.

The right exit vertex of the proto-CFLOBDD is the “failure exit.” When the proto-

CFLOBDD has been called from the level-(i+1) grouping’s A-connection, the return

edge is the matching solid edge to the rightmost middle vertex of the level-(i+1)

grouping. This vertex signifies that there has been an equality mismatch on some

variable pair in {(x0, y0), . . . , (x2i−1−1, y2i−1−1)}, and so its B-connection is to the no-

distinction proto-CFLOBDD of level i, whose one exit vertex returns to the rightmost

(“failure”) exit vertex of the level-(i+1) grouping.
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The level-(i+1) grouping has five vertices and eight edges, and the level-i

grouping of the no-distinction proto-CFLOBDD at level i has three vertices and four

edges (see Fig. 3.5d). Consequently, each of the log n+1 levels of the CFLOBDD for

EQn contributes a constant number of vertices and edges, independent of i, and thus

the total number of vertices and edges is O(log n).

BDD Claim. Now consider a BDD representation for EQn. We claim that regardless of

the variable order used, a BDD requires at least n nodes, one node for each argument

variable.

We prove this claim by contradiction. Suppose that there is some BDD B for

EQn that does not need at least one node for each variable. Let T denote the “all-

true” assignment of variables; i.e., T
def
= ∀k ∈ {0..n/2 − 1}, xk 7→ T, yk 7→ T . There

are three possible situations:

• Case 1: B does not have variable yk, for some k ∈ {0..n/2− 1}. Now, consider

two assignments of variables: A1
def
= T and A2

def
= T[yk 7→ F ] (i.e., A2 is A1 with

yk updated to F ). Because B does not depend on yk, the function represented

by B maps both A1 and A2 to the same value (either 0 or 1), which violates the

definition of the equality relation EQn (i.e., EQn[A1] = 1 and EQn[A2] = 0).

Consequently, none of the y variables can be dropped individually.

• Case 2: Using an argument completely analogous to Case 1, we can show that

none of the x variables can be dropped individually.

• Case 3: B depends on neither xk nor yk. Consider the following four assign-

ments: A1 = T, A2 = T[yk 7→ F ], A3 = T[xk 7→ F ], and A4 = T[xk 7→ F ][yk 7→

F ]. Because B does not depend on either xk or yk, the function represented by

B maps all four assignments to the same value (either 0 or 1), which violates

the definition of the equality relation EQn (i.e., EQn[A1] = EQn[A4] = 1 and

EQn[A2] = EQn[A3] = 0).
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Because (i) no yk can be dropped individually, (ii) no xk can be dropped individ-

ually, and (iii) no (xk, yk) pair can be dropped together, B—and hence any BDD

representation for EQn—requires Ω(n) nodes.

3.7.2 The Hadamard Relation Hn

The Hadamard Relation represents the family of Hadamard Matrices discussed

in §2.1.1 and §3.2.4. The Hadamard matrices play a role in many quantum algorithms,

including the seven that are used in §3.9.2.2 to evaluate the effectiveness of CFL-

OBDDs for simulating quantum circuits (namely, GHZ, BV, DJ, Simon’s algorithm,

QFT, Shor’s algorithm, and Grover’s algorithm). See §3.8.2 and §3.9.2.2.

Theorem 3.4 Exponential separation for the Hadamard relation. The Hadamard

Relation Hn : {0, 1}n/2 × {0, 1}n/2 → {1,−1} between variable sets (x0 · · · xn/2) and

(y0 · · · yn/2), where n = 2l, can be represented by a CFLOBDD with O(log n) vertices

and edges. In contrast, a BDD that represents Hn requires Ω(n) nodes.

Proof.

CFLOBDD Claim. As shown in §3.2.4, each matrix Hn ∈ H, where n = 2l can be

represented by a CFLOBDD with O(l) vertices and edges—i.e., with O(log n) space.

BDD Claim. We claim that regardless of the variable ordering, the BDD represen-

tation for Hn requires at least n nodes, one node for each variable in the argument.

The proof strategy follows a similar structure to the BDD Claim proof in Thm. 3.3.

We prove the claim by contradiction. Suppose that there is some BDD B for Hn that

does not need at least one node for each variable. In that case, the Hn function repre-

sented by B does not depend on that particular variable. Let T denote the “all-true”

assignment of variables; i.e., T
def
= ∀k ∈ {0..n/2−1}, xk 7→ T, yk 7→ T . There are three

possible situations:
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• Case 1: B does not depend on variable yk, for some k ∈ {0..n/2− 1}. Consider
two variable assignments: A1

def
= T and A2

def
= T[yk 7→ F ] (i.e., A2 is A1 with yk

updated to F ).

A1 and A2 yield the same value for the function represented by B, but they

yield different values for the Hadamard relation. That is, if Hn[A1] = v (where

v is either 1 or -1), then Hn[A2] = −v. We prove this claim by induction on

level.

Proof. Base Case:

– n = 2. H2[A1] is the lower-right corner of Fig. 2.2a, which is -1, and H2[A2]

is the value of the path [x0 7→ T, y0 7→ F ], which yields 1.

– n = 4. A1 is the path to the rightmost (16th) leaf in Fig. 2.2c, which yields

a value of 1. For k = 0, A2 ends up at the 12th leaf, which is -1; if k = 1,

A2 ends up at the 15th leaf, which is also -1.

Induction Step: Let us extend the notation for A1 and A2 by adding level

information. Am
1 denotes the “all-true” assignment for 2m variables, and Am

2 =

Am
1 [yk 7→ F ]. Let us assume that the claim is true for H2m , i.e., H2m [A1] = v

(could be 1 or -1) and H2m [A2] = −v. We must show that the claim holds true

for H2m+1 .

We know that H2m+1 = H2m ⊗H2m . Thus, H2m+1 [Am+1
1 ] = H2m [A

m
1 ] ∗

H2m [A
m
1 ], where Am+1

1 = Am
1 ||Am

1 . Thus, H2m+1 [Am+1
1 ] must have the value

v2 (= v ∗ v). A recursive relation can similarly be written for assignment A2,

depending on where the bit-flip for y occurs. There are two possible cases:

1. k occurs in the first half; Am+1
2 = Am

2 ||Am
1 and therefore, H2m+1 [Am+1

2 ] =

H2m [A
m
2 ] ∗H2m [A

m
1 ], which leads to a value of −v2 (= −v ∗ v).

2. k occurs in the second half; Am+1
2 = Am

1 ||Am
2 and therefore, H2m+1 [Am+1

2 ] =

H2m [A
m
1 ] ∗H2m [A

m
2 ] which leads to a value of −v2 (= v ∗ −v).
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In both cases, the values obtained with a bit-flip do not match the value for an

“all-true” assignment.

We conclude that none of the yk variables can be dropped individually.

• Case 2: None of the x variables can be dropped individually, using a completely

analogous argument to Case 1.

• Case 3: B does not depend on either xk or yk. The assignments A1 = T =

[..., xk 7→ T, yk 7→ T, ...], A2 = T[yk 7→ F ] = [..., xk 7→ T, yk 7→ F, ...], A3 =

T[xk 7→ F ] = [..., xk 7→ F, yk 7→ T, ...] and A4 = T[xk 7→ F, yk 7→ F ] = [..., xk 7→
F, yk 7→ F, ...] must be mapped to different values by the function represented by

B, which violates the definition of the Hadamard relation Hn. (More precisely,

for n ≥ 4, Hn[A1] = 1, but Hn[A2] = Hn[A3] = Hn[A4] = −1, which can be

proved using an inductive argument similar to Case 1.) Consequently, (xk, yk)

cannot be dropped as a pair.

Because (i) no yk can be dropped individually, (ii) no xk can be dropped

individually and (iii) no (xk, yk) pair can be dropped together, B—and hence any

BDD representation for Hn, requires Ω(n) nodes.

3.7.3 The Addition Relation ADDn

Definition 3.5. The addition relation ADDn : {0, 1}n/3 × {0, 1}n/3 × {0, 1}n/3 →
{0, 1} on variables (x0 · · · xn/3−1), (y0 · · · yn/3−1), and (z0 · · · zn/3−1) is the relation

ADDn(X, Y, Z)
def
= Z = (X + Y mod 2n/3).

Theorem 3.5 Exponential separation for the addition relation. For n = 3 · 2l, where
l ≥ 0, ADDn can be represented by a CFLOBDD with O(log n) vertices and edges.

In contrast, a BDD that represents ADDn requires Ω(n) nodes.

Proof.
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Figure 3.13: Decision diagrams for the carry-in = 0 and carry-in = 1 cases of ADDn
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Figure 3.14: CFLOBDD representation for the carry-in = 0 case of ADDn

CFLOBDD Claim. For a given bit position i, the representation has to distinguish

between two cases for the carry-bit value coming from bit position i−1: carry-in = 0

and carry-in = 1. Fig. 3.13 shows decision trees for the carry-in = 0 and carry-in = 1

cases. The terminal values 0 and 1 indicate the carry-out value to be passed to bit

position i + 1. Terminal value X represents a failure case: with the given carry-in

value ci, and the given values for xi, yi, and zi, zi ̸= ci ⊕ xi ⊕ y1.

The CFLOBDD representation for ADDn using the interleaved-variable order-

ing is shown in Figs. 3.14–3.17. Our claim is that ADDn has O(log n) vertices and
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Figure 3.15: CFLOBDD representation for the carry-in = 1 case of ADDn

0 X 1

Carry‐in = 0

0 X 1 X 0 1

0 X 1

Carry‐in = 0

Carry‐in = 0 Carry‐in = 1

X 0 1

Carry‐in = 1

0 X 1 X 0 1

X 0 1

Carry‐in = 1

Carry‐in = 0 Carry‐in = 1

(a) (b)

Figure 3.16: Recursive CFLOBDD structures for the (a) carry-in = 0 and (b)
carry-in = 1 cases of ADDn. To reduce clutter, a B-connection to a
NoDistinctionProtoCFLOBDD is depicted as a straight dashed line to the X exit
vertex.

edges. To keep triples of variables xi, yi, and zi aligned with the power-of-two nature

of CFLOBDDs, our representation of ADDn uses an additional set of n/3 dummy

variables (which will always be “routed” through a DontCareGrouping, so they have
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Figure 3.17: (a) The recursive CFLOBDD structure of the ADDn relation. Because
the 0 and 1 exit vertices of the top-level grouping are associated with the single
terminal T (while X is mapped to F ), the 0 and 1 exits must be coalesced
(indicated in red), which propagates to the internal groupings of the CFLOBDD.
(b) The propagation of coalesced exit vertices.

no effect on the relation over X, Y , and Z).

Fig. 3.14 shows the proto-CFLOBDD at level 2 for the carry-in = 0 case for

some triple of variables xi, yi, and zi in the ADDn CFLOBDD. The DontCareGroup-

ings labeled “wasted” in Fig. 3.14 are for the associated ith dummy variable. Fig. 3.14

is one of two “leaf” building blocks that handles a triple of variables; the other is

shown in Fig. 3.15, which depicts the CFLOBDD representation for the carry-in = 1

case for xi, yi, and zi.

Fig. 3.16 shows the two recursive structures used at all higher levels (¿ 2) of

the CFLOBDD for the carry-in = 0 and carry-in = 1 cases. Note that at all levels,

including the base case of Fig. 3.14, the sequence for the exit vertices of carry-in = 0

proto-CFLOBDDs is [0, X, 1]. Similarly, at all levels the sequence for the exit vertices

of carry-in = 1 proto-CFLOBDDs is [X, 0, 1]. Consequently, at each level, we can

construct the carry-in = 0 and carry-in = 1 proto-CFLOBDDs by adding just one

139



grouping for each case, and each of the groupings contains a fixed number of vertices

and edges.

At the outermost level, we use the carry-in = 0 proto-CFLOBDD (which has

an A-connection to the carry-in = 0 proto-CFLOBDD at the next lower level, but

B-connections to both the carry-in = 0 and carry-in = 1 variants). The exit vertices

labeled 0 and 1 are connected to terminal value T , and exit vertex X to terminal

value F . Fig. 3.17a shows this structure.

To obey structural invariant 6 of Defn. 3.3, it is necessary to collapse the 0

and 1 exit vertices at the outermost level, because both lead to the terminal value

T . This collapsing process propagates to the different levels of internal groupings of

the CFLOBDD. What remains to be established is that the collapsing step does not

cause the CFLOBDD as a whole to blow up in size.16

Fortunately, as indicated in Fig. 3.17b, the propagation only takes place in

groupings in B-connections (and B-connections of B-connections, etc.), and does not

propagate to A-Connection groupings. As we prove below, the collapsing step only

produces two more kinds of proto-CFLOBDDs at each level: (i) a carry-in = 0

variant in which the exit-vertex sequence is [0/1, X], and (ii) a carry-in = 1 variant

in which the exit-vertex sequence is [X, 0/1] (where 0/1 denotes the coalescing of the

0 and 1 exit vertices). Because there are now at most four grouping patterns that

arise at each level, the final CFLOBDD at most doubles in size. The overall size

of the CFLOBDD is proportional to the outermost level, and hence the CFLOBDD

representation of ADDn achieves double-exponential compression with respect to the

size of the decision tree for ADDn (i.e., O(log n) in vertices and edges, and O(l) in

the number of levels (l = log n)).

More formally, let R(l) and P (l) denote the number of vertices and edges at

or below level l in the proto-CFLOBDD representation of ADDn for carry-in = 0 and

16The reason a “collapsing” step could cause a size blow-up is because occurrences of previously
shared identical substructures could turn into multiple substructures, each slightly different.
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carry-in = 1, respectively, without collapsing the 0 and 1 exits. Also, let A(l) and B(l)

denote the number of vertices and edges at or below level l in the proto-CFLOBDD

representation of ADDn for carry-in = 0 and carry-in = 1, respectively, with 0 and

1 exits collapsed. We can give mutually recursive recurrence equations for R(l) and

P (l). For R(l), we have

R(l) = R(l − 1) + P (l − 1) + 7 + 13, (3.14)

which defines R(l) in terms of R(l − 1) and P (l − 1) according to the pattern given

in Fig. 3.16a. Although Fig. 3.16a shows two carry-in = 0 proto-CFLOBDDs at level

l − 1, they are actually shared data structures, and so R(l − 1) only counts once in

Eqn. (3.14). We call this property the “same-structure sharing” property: stated

another way, all non-zero coefficients of R, P , A, and B terms can be replaced by

1. The 7 in Eqn. (3.14) represents the number of vertices at level l, and 13 refers to

the edge count between groupings at level l and level l− 1. Similarly, the recurrence

equation for P (l), following the pattern in Fig. 3.16b, is

P (l) = P (l − 1) +R(l − 1) + 7 + 13. (3.15)

Combining Eqns. (3.14) and (3.15), we obtain

R(l) + P (l) = (R(l − 1) + P (l − 1) + 7 + 13) + (P (l − 1) +R(l − 1) + 7 + 13)

= 2R(l − 1) + 2P (l − 1) + 2 ∗ (7 + 13) Collecting terms

= R(l − 1) + P (l − 1) + 40 Same-structure sharing

= R(l − 2) + P (l − 2) + 2 ∗ 40 Substitution

...

= R(l − k) + P (l − k) + k ∗ 40 For a general k

...

= R(2) + P (2) + (l − 2) ∗ 40

= O(1) + O(l) From Figs. 3.14 and 3.15

= O(l) (3.16)
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Substituting Eqn. (Collecting terms) in Eqns. (3.14) and (3.15), we obtain

R(l) = O(l − 1) + 20

= O(l − 1) + O(1)

= O(l)

(3.17)

P (l) = O(l − 1) + 20

= O(l − 1) + O(1)

= O(l)

(3.18)

The argument for A(l) and B(l) is similar. We define A(l) in terms of R(l−1),

A(l − 1), and B(l − 1) following the pattern in Fig. 3.17b.

A(l) = R(l − 1) + A(l − 1) +B(l − 1) + 6 + 12, (3.19)

where the numbers of vertices and edges added at each level are 6 and 12, respectively.

Similarly, the recurrence equation for B(l) is

B(l) = P (l − 1) + A(l − 1) +B(l − 1) + 6 + 12 (3.20)
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Combining Eqns. (3.19) and (3.20), we obtain

A(l) +B(l) = (R(l − 1) + A(l − 1) +B(l − 1) + 6 + 12) (3.21)

+ (P (l − 1) + A(l − 1) +B(l − 1) + 6 + 12)

= R(l − 1) + P (l − 1) + 2A(l − 1) + 2B(l − 1) + 2 ∗ (6 + 12) (3.22)

Collecting terms

= R(l − 1) + P (l − 1) + A(l − 1) +B(l − 1) + 36 (3.23)

Same-structure sharing

= (R(l − 2) + P (l − 2) + 20) + (P (l − 2) +R(l − 2) + 20) (3.24)

+ (R(l − 2) + A(l − 2) +B(l − 2) + 6 + 12) (3.25)

+ (P (l − 2) + A(l − 2) +B(l − 2) + 6 + 12) + 36 Substitution

= 3R(l − 2) + 3P (l − 2) + 2A(l − 2) + 2B(l − 2) + 40 + 36 + 36 (3.26)

Collecting terms

= R(l − 2) + P (l − 2) + A(l − 2) +B(l − 2) + 40 + 2 ∗ 36 (3.27)

Same-structure sharing

...

= R(l − k) + P (l − k) + A(l − k) +B(l − k) + (k − 1) ∗ 40 + k ∗ 36
(3.28)

For a general k

...

= R(2) + P (2) + A(2) +B(2) + (l − 3) ∗ 40 + (l − 2) ∗ 36

= O(1) + O(l) From Figs. 3.14 and 3.15

= O(l) (3.29)

Using Eqn. (3.21), we can rewrite A(l) and B(l) as follows:

A(l) = O(l − 1) + O(l − 1) + 18

= O(l − 1) + O(1)

= O(l)

(3.30)
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B(l) = O(l − 1) + O(l − 1) + 18

= O(l − 1) + O(1)

= O(l)

(3.31)

Eqns. (3.17), (3.18), (3.30), and (3.31) show that R(l), P (l), A(l), and B(l) are

all linear in the number of levels—O(l)—and logarithmic in the number of vertices and

edges—O(log n). Thus, for the interleaved-variable ordering for (vectors of) variables

X, Y , and Z, the vertices and edges count for the CFLOBDD for ADDn is O(log n).

BDD Claim. To represent the addition relation ADDn as a BDD, we claim that we

require at least n nodes, one node for each variable in the argument, regardless of the

variable ordering.

We will prove this claim by contradiction, similar to the BDD Claim proofs

for EQn and Hn. We assume that a BDD representation B of ADDn does not need at

least one node for each variable, and therefore the BDD representation of ADDn does

not depend on that particular variable. Let us define F as an “all-false” assignment

of variables, i.e., F
def
= ∀k ∈ {0...n/3 − 1}, xk 7→ F, yk 7→ F, zk 7→ F. There are seven

possible cases:

• Case 1: B does not depend on variable yk, for some k ∈ {0..n/3 − 1}. Let us

consider two different assignments of variables: A1
def
= F and A2

def
= F[yk 7→ T ];

i.e., A2 is A1 with yk updated to T . (Note that A1 = [..., xk 7→ F, yk 7→ F, zk 7→
F, ...] and A2 = [..., xk 7→ F, yk 7→ T, zk 7→ F, ...].) Because B does not depend

on yk, B[A1] must equal B[A2], which violates the definition of addition relation

ADDn; in particular, ADDn[A1] = 1 and ADDn[A2] = 0. Let us show how the

violation occurs by using the example of n = 24 and k = 3 (∈ {0..7}). We have

ADDn[A1] = 1 because the following triple of numbers is a correct instance of

an addition problem:

0 0 0 0 0 0 0 0
+ 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
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However, ADDn[A2] = 0 because the following triple is an incorrect instance of

addition:
0 0 0 0 0 0 0 0

+ 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0

We conclude that none of the yk variables can be dropped individually. The

argument for arbitrary n and k is completely analogous.

• Case 2: B does not depend on the pair (xk, yk). We use a similar proof strategy

as Case 1. Consider two assignments A1
def
= F and A2 =

def
= A1[xk 7→ T ][yk 7→ T ].

The assignments must produce the same value for the function represented by

B, but they yield different values for the ADDn relation. Again, let us show

how the violation occurs by using the example of n = 24 and k = 3. We have

ADDn[A1] = 1 because the following triple is a correct instance of an addition

problem:
0 0 0 0 0 0 0 0

+ 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

However, ADDn[A2] = 0 because the following triple is an incorrect instance of

addition:
0 0 0 0 1 0 0 0

+ 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0

We conclude that (xk, yk) cannot be dropped as a pair.

We can make arguments similar to the ones above for other combinations of variables,

such as (i) B does not depend on variable xk individually, (ii) B does not depend

on variable zk individually, (iv) B does not depend on either yk or zk variables as

a pair, (v) B does not depend on either xk or zk variables as a pair, (vi) B does

not depend on all three variables xk, yk, zk together. Consequently, we conclude that

B—and hence any BDD representation for ADDn requires Ω(n) nodes.
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3.8 Applications to Quantum Algorithms

In this section, we will discuss the application of CFLOBDDs to quantum

simulation. For more details on quantum simulation in general, refer to §2.3.

A quantum state could be encoded with a decision tree of height n, but such

a representation would be inefficient. The potential of CFLOBDDs is for providing

(up to) double-exponential compression in the sizes of the vectors and matrices that

arise during quantum simulation, using log n and log n + 1 levels, respectively. Be-

cause many quantum gates can be described using Kronecker products, there is great

potential for them to have a compact representation as a CFLOBDD.

The evaluation of CFLOBDDs for quantum simulation in §3.9.2.2 uses the

CFLOBDD representations of gate matrices and state vectors presented in this sec-

tion, namely, multi-terminal CFLOBDDs with a semiring value at each terminal value

(à la ADDs Bahar et al. (1997)). To support functions of type {0, 1}n → C, we im-

plemented a semiring of multi-precision-floating-point Fousse et al. (2007) complex

numbers.

3.8.1 Special Matrices

In this section, we discuss how matrices and vectors used in quantum algo-

rithms can be efficiently represented using CFLOBDDs.

3.8.1.1 Hadamard Gate

As we saw in §3.2, a Hadamard matrix can be efficiently represented by a

CFLOBDD. Hadamard matrices can be recursively defined as H2i+1 = H2i ⊗H2i ;

thus, the Hadamard matrix at level l + 1 can be constructed using a Kronecker

product of level-l Kronecker-product matrices (§3.6.5). Alternatively, it is possible

to bypass such Kronecker-product operations and directly construct the Hadamard

matrix for a given level. Pseudo-code for the latter approach is given as Alg. 26. The

algorithm takes as input the max-level l, and returns the CFLOBDD of level l that
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Algorithm 26: Hadamard Matrix

1 Algorithm HadamardMatrixCFLOBDD(l)
Input: int l – level of the CFLOBDD to be constructed; #variables

= 2l

Output: The CFLOBDD that represents H2l , of size 22
l−1 × 22

l−1

2 begin
3 Grouping g = HadamardMatrixGrouping(l);
4 return RepresentativeCFLOBDD(g, [1,-1]);

5 end

6 end
1 SubRoutine HadamardMatrixGrouping(l)

Input: int l – the level of the proto-CFLOBDD to be constructed
Output: Grouping g representing a proto-CFLOBDD for H2l

2 begin
3 InternalGrouping g = new InternalGrouping(l);
4 if i == 1 then
5 g.AConnection = ForkGrouping;
6 g.AReturnTuple = [1,2];
7 g.numberOfBConnections = 2;
8 g.BConnection[1] = DontCareGrouping;
9 g.ReturnTuples[1] = [1];

10 g.BConnection[2] = ForkGrouping;
11 g.BReturnTuples[2] = [1,2];

12 else
13 Grouping g’ = HadamardMatrixGrouping(l-1);
14 g.AConnection = g’;
15 g.AReturnTuple = [1,2];
16 g.numberOfBConnections = 2;
17 g.BConnection[1] = g’;
18 g.BReturnTuples[1] = [1,2];
19 g.BConnection[2] = g’;
20 g.BReturnTuples[2] = [2,1];

21 end
22 g.numberOfExits = 2;
23 return RepresentativeGrouping(g);

24 end

25 end
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represents the square matrix H2l of size 2
2l−1×22

l−1
. The base case, for l = 1, returns

the representation of

H2 =

[
1 1
1 −1

]
In Alg. 26, line [4], the value tuple is always [1,−1] (and never [−1, 1]) because the

[0, 0] entry of every Hadamard matrix is 1.

As noted in footnote 3, a Hadamard gate is a Hadamard matrix scaled by a

power of 1√
2
. In particular, the scale factor for H2l is

(
1√
2

)l

. In our summaries of

quantum algorithms in §3.8.2, we omit such scale factors to reduce clutter.

3.8.1.2 Identity Gate

The identity matrix, which is the same as the equality relation EQN , can be

efficiently represented by a CFLOBDD, as shown in §3.7.1. The identity matrix at

level l + 1 can be recursively computed from identity matrices at level l as I2l+1 =

I2l ⊗ I2l . The CFLOBDD for the identity matrix at level l+1 can either be constructed

using a Kronecker product of level-l identity-matrix CFLOBDDs (§3.6.5), or it can

be constructed directly. Pseudo-code for the latter approach is given as Alg. 27. The

algorithm takes as input the max-level l, and returns the CFLOBDD of level l that

represents I2l (of size 2
2l−1×22l−1

). The base case, for l = 1, returns the representation

of

I2 =

[
1 0
0 1

]

3.8.1.3 Not Gate

The not matrix, denoted by X2, flips the elements of the vector to which it is

applied. X2 is defined as follows:

X2 =

[
0 1
1 0

]
.

X2 is similar to I2, but with 0 and 1 swapped. Hence, the representation of X2 uses

the same level-1 proto-CFLOBDD used in I2, but has terminal values [0, 1] (whereas
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Algorithm 27: Identity Matrix

1 Algorithm IdentityMatrixCFLOBDD(l)
Input: int l – level of the CFLOBDD to be constructed; #variables

= 2l

Output: The CFLOBDD that represents I
22l−1 , of size 22

l−1 × 22
l−1

2 begin
3 Grouping g = IdentityMatrixGrouping(l);
4 return RepresentativeCFLOBDD(g, [1,0]);

5 end

6 end
1 SubRoutine IdentityMatrixGrouping(l)

Input: int l – the level of the proto-CFLOBDD to be constructed
Output: Grouping g representing a proto-CFLOBDD for I

22l−1

2 begin
3 InternalGrouping g = new InternalGrouping(l);
4 if i == 1 then
5 g.AConnection = ForkGrouping;
6 g.AReturnTuple = [1,2];
7 g.numberOfBConnections = 2;
8 g.BConnection[1] = ForkGrouping;
9 g.ReturnTuples[1] = [1,2];

10 g.BConnection[2] = ForkGrouping;
11 g.BReturnTuples[2] = [2,1];

12 else
13 Grouping g’ = IdentityMatrixGrouping(l-1);
14 g.AConnection = g’;
15 g.AReturnTuple = [1,2];
16 g.numberOfBConnections = 2;
17 g.BConnection[1] = g’;
18 g.BReturnTuples[1] = [1,2];
19 g.BConnection[2] = NoDistinctionProtoCFLOBDD(l-1);
20 g.BReturnTuples[2] = [2];

21 end
22 g.numberOfExits = 2;
23 return RepresentativeGrouping(g);

24 end

25 end
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0 0 0 1 0 0 0

Position �

Path that

follows the bits

of �’s representation

in binary

� ൌ  logଶ�

� ൌ 2௡ positions

Figure 3.18: One-hot vector as the yield of a decision tree. The single occurrence of
1 is at the leaf indexed by i—i.e., at the end of the path from the root that follows
the bits of i’s representation in binary.

Algorithm 28: Standard Basis Vector

1 Algorithm StandardBasisVectorCFLOBDD(l, i)
Input: int l - level of the CFLOBDD = log n, where n = number of

bits; int i - index
Output: The CFLOBDD that represents ex where x = the binary

representation of i in n bits
2 begin
3 Grouping g = StandardBasisVectorGrouping(l);
4 ValueTuple valueTuple = (i == 0) ? [1,0] : [0,1] // 1st elem. is

0 unless i is 0;
5 return RepresentativeCFLOBDD(g, valueTuple);

6 end

7 end

I2 has [1, 0]).

3.8.1.4 Standard-Basis Vectors

The family of standard-basis vectors are an important set of vectors in quan-

tum algorithms because they represent the basis states. A standard-basis vector is

a one-hot vector—a vector all of whose elements are 0, except for a single 1. In the

terminology of formal-language theory, the vector to picture is the yield of the deci-
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Algorithm 29: Standard Basis Vector (cont.)

1 SubRoutine StandardBasisVectorGrouping(l, i)
Input: int l - level of the CFLOBDD = log n, where n = number of

bits; int i - index
Output: Grouping g that represents ex where x = the binary

representation of i in n bits. (Exit vertex 2 corresponds to
ex unless x = 0 . . . 0, in which case exit vertex 1 corresponds
to ex.)

2 begin
3 if l == 0 then
4 return RepresentativeForkGrouping;
5 end
6 InternalGrouping g = new InternalGrouping(l);
7 int higherOrderIndex = i >> (1 << (l - 1)) // First half of x;
8 g.AConnection = StandardBasisVectorGrouping(l-1,

higherOrderIndex);
9 g.AReturnTuple = [1,2];

10 g.numberOfBConnections = 2;
11 int lowerOrderIndex = i & ((1 << (1 << (l - 1))) - 1) // Second

half of x;
12 Grouping g’ = StandardBasisVectorGrouping(l-1,

lowerOrderIndex);
13 if higherOrderIndex == 0 then
14 g.BConnection[1] = g’ // Connection 1 = on path for x;
15 g.BReturnTuples[1] = [1,2];
16 g.BConnection[2] = NoDistinctionProtoCFLOBDD(l-1);
17 g.BReturnTuples[2] = (lowerOrderIndex == 0) ? [2] : [1];

18 else
19 g.BConnection[1] = NoDistinctionProtoCFLOBDD(l-1);
20 g.BReturnTuples[1] = [1];
21 g.BConnection[2] = g’ // Connection 2 = on path for x;
22 g.BReturnTuples[2] = (lowerOrderIndex == 0) ? [2,1] : [1,2];

23 end
24 g.numberOfExits = 2;
25 return RepresentativeGrouping(g);

26 end

27 end
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sion tree obtained by unfolding the CFLOBDD (see Fig. 3.18). Let a standard-basis

vector of size 2n × 1 with its single occurrence of 1 at position i be denoted by ex,

where x is the binary representation of i using n bits. (The vector e0...0 is the initial

state in many quantum algorithms.)

A representation as a CFLOBDD of a standard-basis vector for one-hot posi-

tion i (= x) can be created in n steps via the pseudo-code given as Algs. 28 and 29.

The code is relatively straightforward, with the small complication that x = 0 . . . 0

is a special case that has to be accounted for at every level of recursion of auxil-

iary function StandardBasisVectorGrouping (as the bit-string x becomes of half-size,

quarter-size, etc.—see lines [7]–[8] and lines [11]–[12]). The invariant for procedure

StandardBasisVectorGrouping on input i (= x) is that exit vertex 2 always corre-

sponds to ex—unless x = 0 . . . 0, in which case exit vertex 1 corresponds to ex.

The base case is for a 2×1 vector, either e0 = [1, 0]t or e1 = [0, 1]t, depending on

the current value of x. e0 would be represented by a ForkGrouping (with distinguished

exit vertex 1, because x = 0); e1 would be represented by a ForkGrouping (with

distinguished exit vertex 2, because x = 1).

3.8.1.5 Controlled-NOT Gate

A Controlled-NOT (CNOT) is an operation involving two index bits: one bit

is the control-bit and the other is the controlled-bit; in the output, the value of the

controlled-bit is flipped if the control-bit is ‘1’. The matrix that implements this

behavior for two bits, denoted by CNOT2, where the first bit is the control-bit and

the second bit is the controlled-bit, is as follows:

CNOT2 =


00 01 10 11

00 1 0 0 0
01 0 1 0 0
10 0 0 0 1
11 0 0 1 0

 =

[
I2 O2

O2 X2

]
(3.32)

Note that when the first bit is 1 and the second bit is flipped, the 2× 2 block in the

lower right is the not matrix X2. (O2 denotes the 2× 2 matrix of zeros.)
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ID ND

(a) Case 1: Both i and j fall
in A

ID

ND
CNOT

(
௡ଶ , �ᇱ, �′)

CNOT

(�, �, �)

(b) Case 2: Both i and j
fall in B

ID ND

(c) Case 3: i in A and j in
B

ID ND

(d) Case 4: i in A and j
not in current grouping’s
range.

ID

ND

CNOT
(𝑛, 𝑖, ∎)

CNOT
(!" , 𝑖′, ∎)

(e) Case 5: i in B and j
not in current grouping’s
range.

IDND

(f) Case 6: j in A and i
not in current grouping’s
range.

Figure 3.19: The different cases of the CNOT construction. The text in each
grouping denotes the function represented by the grouping. ID denotes
IdentityMatrixGrouping; ND denotes a NoDistinctionProtoCFLOBDD (used here
for an all-zero matrix). CNOT takes 3 arguments: n for the number of bits in this
proto-CFLOBDD; i for the control-bit, and j for the controlled-bit, where
0 ≤ i < j < n. i′ and j′ denote bit indices adjusted according to the level l:
i′ = i− 2l−1; j′ = j − 2l−1. A black square indicates that a particular index is
outside the grouping’s index range.

For larger numbers of bits, the situation is more complex. With four bits, and

the second bit controlling the third, we have
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ID

ND
CNOT

(
௡ଶ ,∎, �′)

CNOT

(�,∎, �)

(a) Case 7: j in B and
i not in current
grouping’s range.

(b) Base case 1:
CNOT(n, 1,■) at level 1
interprets the control-bit.

(c) Base case 2:
CNOT(n,■, 1) at level 1
interprets the
controlled-bit.

Figure 3.20: The different cases of the CNOT construction, continued. Figures (b)
and (c) show the two base cases at level 1, for CNOT(n, 1,■) and CNOT(n,■, 1),
respectively.

CNOT(4, 2, 3) =



I2 O2 O2 O2 O2 O2 O2 O2

O2 I2 O2 O2 O2 O2 O2 O2

O2 O2 O2 I2 O2 O2 O2 O2

O2 O2 I2 O2 O2 O2 O2 O2

O2 O2 O2 O2 I2 O2 O2 O2

O2 O2 O2 O2 O2 I2 O2 O2

O2 O2 O2 O2 O2 O2 O2 I2
O2 O2 O2 O2 O2 O2 I2 O2


= I2⊗CNOT2⊗ I2.

However, with four bits and the first bit controlling the third, we have

CNOT(4, 1, 3) =



I2 O2 O2 O2 O2 O2 O2 O2

O2 I2 O2 O2 O2 O2 O2 O2

O2 O2 I2 O2 O2 O2 O2 O2

O2 O2 O2 I2 O2 O2 O2 O2

O2 O2 O2 O2 O2 X2 O2 O2

O2 O2 O2 O2 X2 O2 O2 O2

O2 O2 O2 O2 O2 O2 O2 X2

O2 O2 O2 O2 O2 O2 X2 O2


for which there is no clean expression in terms of ⊗.

Fortunately, we can create a double-exponentially compressed CFLOBDD rep-

resentation of CNOT(n, i, j), 1 ≤ i, j ≤ n, i ̸= j. Suppose that the control-bit is bit i,
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and the controlled-bit is bit j; then for a grouping g, there are eight cases to consider

(here we discuss the cases for i < j), 17 which are depicted in Figs. 3.19 and 3.20.

The key to understanding Figs. 3.19 and 3.20 is that the construction maintains the

invariant shown in Eqn. (3.33) on the exit vertices of the different kinds of groupings.

Role
Significance of exit vertex

1 2 3

Proto-CFLOBDD

CNOT(n, i, j) on-path off-path N/A
CNOT(n, i,■) on-path off-path Controlled-bit flipped
CNOT(n,■, j) off-path on-path N/A

ID on-path off-path N/A
CFLOBDD Top level 1 0 N/A

(3.33)

Here, “on-path” means that the exit occurs on a matched-path that can be

continued to the top-level terminal value 1; “off-path” means that it will only be

used to reach the top-level terminal value 0. For instance, in Fig. 3.19(a)–(f), and

Fig. 3.20(a), each occurrence of ND (a NoDistinctionProtoCFLOBDD) is attached

to the middle vertex of a grouping g that is reached from an A-connection’s off-path

exit. The NoDistinctionProtoCFLOBDD has one exit vertex for which the return

edge connects it to the off-path exit for g.

1. Both i and j fall in the A-connection of g. Fig. 3.19(a) shows the structural

representation for this scenario. The bits in g’s A-connection handle the CNOT

operation. The bits in g’s B-connection are not involved, and hence the “on-

path” middle vertex is connected to Identity, and the “off-path” middle vertex

is connected to a NoDistinctionProtoCFLOBDD (for an all-zero sub-matrix).

2. Both i and j fall in g’s B-connection range. This scenario is depicted in

Fig. 3.19(b). The bits in g’s A-connection do not affect the CNOT operation,

17The general case—CNOT(n, i, j), 1 ≤ i, j ≤ n, i ̸= j, where j is allowed to be less than i—would
be similar, but with some additional cases.
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and hence we have an Identity matrix in the A-connection. The B-connection

handles the relationship between the control-bit and controlled-bit through a

CNOT structure of the form CNOT(n
2
, i′, j′). i′ and j′ denote bit indices ad-

justed according to the level l: i′ = i− 2l−1; j′ = j − 2l−1.

3. i lies in g’s A-connection range and j in g’s B-connection range. As shown in

Fig. 3.19(c), g’s A-connection handles the control-bit part, and hence g has 3

middle vertices. The first is the “on-path” case when the control-bit is 0, so no

interpretation of the controlled-bit is needed; the second is the “off-path” case;

and the third represents the information “the control-bit was activated.” Con-

sequently, the B-connection groupings correspond to the respective three cases:

the first has the Identity matrix; the second a NoDistinctionProtoCFLOBDD

(for an all-zero sub-matrix); and the third is a CNOT structure of the form

CNOT(n
2
,■, j′).

4. i lies in g’s A-connection range, but j does not fall in g’s range (Fig. 3.19(d)).

This case is similar to Fig. 3.19(c), in that g’s A-connection handles the control-

bit part, and hence g has 3 middle vertices. The difference comes in the B-

connections, which propagate the “states” of the middle vertices to g’s 3 exit

vertices (using the Identity matrix for both “on-path” and “the control-bit was

activated” and a NoDistinctionProtoCFLOBDD for “off-path”).

5. i lies in g’s B-connection range, but j does not fall in g’s range. As shown

in Fig. 3.19(e), the bits in g’s A-connection are not involved, and hence the

A-connection is the Identity matrix. For the “on-path” middle vertex, g’s B-

connection is to a CNOT structure of the form CNOT(n
2
, i′,■). For the “off-

path” middle vertex, g’s B-connection is to a NoDistinctionProtoCFLOBDD.

6. j lies in g’s A-connection range, but i does not fall in g’s range (Fig. 3.19(f)).

g’s A-connection handles the part of the CNOT operation for flipping the
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controlled-bit and has 2 exit vertices. The bits of g’s B-connection are not in-

volved; hence g’s “off-path” middle vertex is a NoDistinctionProtoCFLOBDD

(for an all-zero sub-matrix) and the “on-path” middle vertex is the Identity

matrix.

7. j lies in g’s B-connection range, but i does not fall in g’s range (Fig. 3.20(a)).

This case is similar to Fig. 3.19(f), except that the part of the CNOT opera-

tion for flipping the controlled-bit is displaced to the “on-path” B-connection

(“on-path” from the Identity matrix in g’s A-connection). The “off-path” B-

connection is a NoDistinctionProtoCFLOBDD (for an all-zero sub-matrix).

8. There are two base cases of the recursive construction:

• Calls of the form CNOT(n, 1,■) at level 1 (Fig. 3.20(b)). The grouping

g for this case represents a sub-matrix similar to the identity matrix I2,

except that the second return edge of the second B-connection of g maps

to a third (new) exit vertex of g (instead of mapping to the first exit

vertex of g, as is the case for I2). The third exit represents the information

“the control-bit was activated” (i.e., the control-bit was 1), and hence, as

indicated in Eqn. (3.33), for a matched-path to represent an element of the

CNOT relation, there is an obligation to flip the value of the controlled-bit

(elsewhere in the CFLOBDD).

• Calls of the form CNOT(n,■, 1) at level 1 (Fig. 3.20(c)). Note from

Fig. 3.19(c) that the initial construction of the form CNOT(n,■, j) (at

some higher level) is attached to the third middle vertex of the parent

grouping, which, in turn, has a return edge from the third exit of the par-

ent grouping’s A-connection CNOT(n, i,■). Thus, CNOT(n,■, j) only

occurs in a path context in which it is known that the control-bit was

activated.

The CNOT(n,■, 1) grouping at level 1 interprets the controlled-bit. The

proto-CFLOBDD used in this case is the same one found in both I2 andX2.
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Inspection of Fig. 3.19(c), (f), and (g) reveals that such a proto-CFLOBDD

is always connected to a level-2 grouping with return edges to middle or exit

vertices that represent the “state-tuple” [off-path, on-path]. Consequently,

each occurrence of a level-1 CNOT(n,■, 1) proto-CFLOBDD acts like the

not matrix X2.

Pseudo-code for the full algorithm is given in Appendix §I.

Complexity Every CFLOBDD that represents a CNOT relation consists of only

a constant number of kinds of groupings: as shown in Figs. 3.19 and 3.20, the repre-

sentation of CNOT uses at most two kinds of CNOT groupings at level 1 and seven

kinds of CNOT groupings at levels ≥ 2, as well as proto-CFLOBDDs obtained from

IdentityMatrixGrouping and NoDistinctionProtoCFLOBDD. Because at each level

there are a constant number of groupings, each of constant size, the CFLOBDD rep-

resentation of CNOT exhibits double-exponential compression compared to the size

of the decision tree.18

A Special-Case Construction In some quantum algorithms, such as Simon’s Al-

gorithm, the bits are in two groups, xi and yi, 1 ≤ i ≤ n, and the CNOT operation is

performed for each pair (xi, yi). The same net result can be produced by creating (and

then applying) a representation for the compound operation Πn
i=1CNOT(2n, i, n+ i).

This expression involves n matrix-multiplication operations. Unfortunately, if the

bit ordering is ⟨x1, · · · , xn, y1, · · · , yn⟩, the size of the resulting CFLOBDD is expo-

nential in n. In essence, the CFLOBDD’s top-level A-connection has to “memorize”

the exponential number of different possible combinations of xi values so that the

information can be correlated with the yi values in the B-connection.

18 The general case—CNOT(n, i, j), 1 ≤ i, j ≤ n, i ̸= j, where j is allowed to be less than i—would
still have at each level a constant number of kinds of groupings, each of constant size. Consequently,
the general case also exhibits double-exponential compression compared to the size of the decision
tree.
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1 0 1 0

Level log(n)

proto-CFLOBDD

for CNOTn/2

Level log(n)

proto-CFLOBDD

for NoDistinctionn

(a) (b)

Figure 3.21: CFLOBDD representation of CNOTn = CNOT⊗n
2 with variable

ordering ⟨x1, y1, x2, y2, · · · , xn, yn⟩. (a) Base case (level 2): CNOT2 for 2 bits, with
the first bit as the control-bit and second bit as the controlled-bit. (b) Grouping
structure used for levels greater than 2.

Fortunately, changing to the interleaved-variable ordering

⟨x1, y1, x2, y2, · · · , xn, yn⟩ leads to an efficient CFLOBDD representation of

Πn
i=1(CNOT(2n, i, n + i). With the interleaved-variable ordering, after reas-

signing the index numbers [1 . . . 2n] to the variables in the new order, CNOTn

changes to the simpler expression

CNOTn = Π2n
i=1
i+=2

CNOT(2n, i, i+ 1). (3.34)

In Eqn. (3.34), each CNOT operation is between adjacent bits, and hence Eqn. (3.34)

can be rewritten as

CNOTn =
n⊗

i=1

CNOT2 = CNOT⊗n
2 (3.35)
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Moreover, we do not even have to perform the n explicit Kronecker-product operations

of Eqn. (3.35) (or even log n Kronecker products) because CNOTn can be constructed

directly (cf. item 1b in §2.3.1). Fig. 3.21 depicts the CFLOBDD representation of

CNOTn = CNOT⊗n
2 , which has log n + 1 levels and 2n Boolean variables, and the

pseudo-code for the construction algorithm can be found in §I.

3.8.1.6 Quantum Fourier Transform

The Quantum Fourier Transform (QFT) is a linear transformation that is

somewhat similar to the discrete Fourier transform. In matrix form, it looks like19

QFTN =
1√
N



1 1 1 1 . . . 1
1 ω ω2 ω3 . . . ωN−1

1 ω2 ω4 ω6 . . . ω2(N−1)

1 ω3 ω6 ω9 . . . ω3(N−1)

...
...

...
...

...
1 ωN−1 ω2(N−1) ω3(N−1) . . . ω(N−1)(N−1)


where ω = e2πi/N .

We use the algorithm presented in Nielsen and Chuang (2000) for the appli-

cation of QFT to a state vector. More formally, we use the following steps to apply

QFT for n qubit vector:

1. Start with a random vector ex. (We use a randomly chosen basis vector as input

in our experiments).

2. Apply the Hadamard matrix H2 to the ith qubit, where i→ {n . . . 1}.

3. For every i, apply a Controlled-Phase Gate CP from qubit j → {1..i− 1} to i

with a phase =
π

2i−j
.

19In the description of QFT, we vary from the subscript convention explained at the beginning of
§2.3. Here, a gate matrix acting on n qubits (which is of size 2n × 2n) is denoted using a subscript
N , where N denotes 2n.
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4. Finally, apply n/2 Swap Gates between i and n− i, where i→ {1..n/2}.

The construction of Controlled-Phase Gate and Swap Gate is given in Ap-

pendix §J.

3.8.2 Quantum Algorithms

In this section, we briefly describe the quantum algorithms that are used in

the experiments in §3.9.2.2. The ingredients of the algorithms are qubits, quantum

gates, and measurements of qubits. Each of the states or operations can be viewed

as algebraic operations on vectors and matrices. The mapping between the various

aspects of the quantum algorithms and their corresponding algebraic operations is as

follows:

• Sequence of n qubits: Unit vector of dimension 2n × 1 (called a state vector)

• Quantum gate: Unitary matrix

• Augmenting a sequence of qubits with additional qubits: Kronecker product of

vectors

• Application of a quantum gate to a sequence of qubits: Matrix-vector multipli-

cation

• Measurement of qubits: Sampling from a distribution obtained from the vector

We now discuss quantum algorithms as algebraic operations.

3.8.2.1 GHZ Algorithm

The Greenberger–Horne–Zeilinger (GHZ) state is the following (“entangled”)

state vector for 3 qubits (i.e., a unit vector of size 8× 1):

GHZ3 =
e000 + e111√

2
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We extend the concept to n qubits by defining20

GHZn =
e0n + e1n√

2

We have used the algorithm given by Yu and Palsberg Yu and Palsberg (2021)

for obtaining the GHZ state for n bits, which is as follows:

1. Prepare an initial state e0n+1 (the standard-basis vector of n + 1 bits with a 1

in the first position and 0s elsewhere).

2. Apply the Hadamard matrix H2n on the first n bits and the Not matrix X2 on

the (n+ 1)st bit.

3. Apply n CNOTs of the form CNOT(n+ 1, i, n+ 1), where i→ {1..n}.

4. Apply the Hadamard matrix H2(n+1) (= H2n⊗H2) on all n+ 1 bits.

5. Measure the first n bits to obtain a string of n 0s or n 1s.

Steps (1)–(4) can be expressed in matrix-vector notation as follows:

(H2n⊗H2)(Π
n
i=1CNOT(n+ 1, i, n+ 1))(H2n⊗X2)(e0n+1) (3.36)

Eqn. (3.36) is expressed in a way that uses vectors indexed by n+ 1 Boolean

variables, and matrices indexed by 2n + 2 Boolean variables. Whereas a BDD im-

plementation can directly encode Eqn. (3.36), CFLOBDDs are a representation of

functions in which the number of Boolean variables must be a power of 2. For this

reason, in a CFLOBDD implementation of GHZ, vectors and matrices are augmented

so that vectors have n−1 dummy index variables and matrices have 2n−2 dummy in-

dex variables. Taking into account these dummy variables, what is actually computed

is the following:

(H2n⊗H2⊗ I⊗n−1)(Πn
i=1CNOT(n+ 1, i, n+ 1))(H2n⊗X2⊗ I⊗n−1)(e02n) (3.37)

20Recall that we use e0n and e1n denote the standard-basis vectors e0 . . . 0︸ ︷︷ ︸
n copies

and e1 . . . 1︸ ︷︷ ︸
n copies

, respectively.
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By properties of Kronecker product,

(H2n⊗X2⊗ I⊗n−1)(e02n) = (H2n × e0n)⊗(X2 × e0)⊗(I⊗n−1 × e0n−1).

Because the matrix-vector product H2n × e0n results in a vector consisting of all

ones, we can avoid performing an explicit multiplication and instead directly create

a CFLOBDD whose top-level grouping is a NoDistinctionProtoCFLOBDD and whose

terminal value is 1√
2n
. In the implementation of these algorithms, a matrix-vector

multiplication is implemented by first converting the vector 2k× 1 to a matrix of size

2k × 2k by padding with zeros (§3.6.6), and then performing matrix multiplication

(§3.6.7).

In step (5), the terminal values (which represent amplitudes) are squared, and

then the bit-strings of indices are sampled from the CFLOBDD based on the values

of the squared amplitudes (which represent probabilities), as explained in §3.6.8.

3.8.2.2 Bernstein-Vazirani Algorithm

The problem that the Bernstein-Vazirani (BV) algorithm solves is as follows:

Given an oracle that implements a function f : {0, 1}n → {0, 1} in which

f(x) is promised to be the dot product, mod 2, between x and a secret

string s ∈ {0, 1}n—i.e., f(x) = x1 · s1 ⊕ x2 · s2 ⊕ · · · ⊕ xn · sn—find s.

Given an oracle U2(n+1) that implements f , such that U(xy) = x(f(x) ⊕ y),

the BV algorithm is as follows:

1. Prepare an initial state e0n+1 (the standard-basis vector of n + 1 bits with a 1

in the first position and 0s elsewhere).

2. Apply the Hadamard matrix H2n on the first n bits.

3. Apply the oracle U2(n+1) to the current state.

4. Finally, apply the Hadamard matrix H2n on the first n bits.
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5. Measure the first n bits to obtain the string s.

Steps (1)–(4) of the algorithm can be expressed as

(H2n⊗ I2)(U2(n+1))(H2n⊗ I2)(e0n+1) (3.38)

As in §3.8.2.1, to implement Eqn. (3.38) with CFLOBDDs, we introduce

dummy index variables so that the total number of index variables is a power of

2. Also, in the term (H2n⊗ I2)(e0n+1) = (H2n × e0n)⊗(I2 × e0), the multiplication

(H2n×e0n) can be avoided by directly creating a CFLOBDD whose top-level grouping

is a NoDistinctionProtoCFLOBDD and whose terminal value is 1√
2n
.

3.8.2.3 Deutsch–Jozsa algorithm

The algorithm solves the following problem:

Given an oracle that implements a function f : {0, 1}n → {0, 1}, where f

is promised to be either a constant function (0 on all inputs or 1 on all

inputs) or a balanced function (returns 1 for half of the input domain and

0 for the other half), determine if f is balanced or constant.

The oracle takes the form of a matrix U2(n+1), for which U(xy) = x(f(x) ⊕ y). The

steps of the Deutsch–Jozsa (DJ) algorithm are as follows:

1. Prepare an initial state e0n1 of n + 1 bits (the standard-basis vector of n + 1

bits with a 1 in the second position and 0s elsewhere).

2. Apply the Hadamard matrix H2n⊗H2 on first n+ 1 bits.

3. Apply the oracle U2(n+1) to the current state.

4. Finally, apply the Hadamard matrix H2n to the first n bits.

5. Measure the first n bits to obtain the string s. If s = e0n , then f is constant;

otherwise, f is balanced.
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Steps (1)–(4) can be expressed as:

(H2n⊗ I2)(U2(n+1))(H2n⊗H2)(e0n ⊗ e1).

3.8.2.4 Simon’s Algorithm

The problem that Simon’s algorithm addresses is as follows:

One is given a function f : {0, 1}n → {0, 1}n, where f is promised to

satisfy the property that there is a “hidden vector” s ∈ {0, 1}n such that,

for all x and y, f(x) = f(y) if and only if x = y ⊕ s. The goal is to find

the hidden vector s.

Given an oracle U2n such that U(x) = f(x), satisfying the property ∃s ∈

{0, 1}n such that ∀x, y U(x) = U(y) if and only if x = y⊕ s, the algorithm for finding

s is as follows:

1. Initialize the set of equations E to the empty set

2. Prepare an initial state e02n of 2n bits (the standard-basis vector of 2n bits with

a 1 in the first position and 0s elsewhere).

3. Apply the Hadamard matrix H2n on the first n bits.

4. Apply the oracle U2n on the first n bits.

5. Successively apply the matrices CNOT(2n, i, n+ i), for i→ {1..n}.

6. Apply the oracle U∗
2n, which is the conjugate of U2n, on the first n bits.

7. Apply the Hadamard matrix H2n on the first n bits.

8. Measure the first n bits to obtain x.

9. Add the equation x · s = 0 to equation set E.
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10. Repeat steps (2)–(9) to obtain O(n) equations.

11. With high probability, the solution to the set of equations E is s.

Steps (2)–(10) operate on quantum states of 2n qubits. Call the first n bits

the x bits, and the second n bits the y bits. Conventionally, one considers the bits to

be ordered as follows: ⟨x1, · · · , xn, y1, · · · , yn⟩.

Steps (2)–(7) can be written as follows:

(H2n⊗ I2n)(U
∗
2n⊗ I2n)(Π

n
i=1(CNOT(2n, i, n+ i)))((U2n⊗ I2n))(H2n⊗ I2n)(e02n)

Using Eqn. (3.34), and the interleaved Kronecker product (⊗i) discussed in §3.6.5.2

(Alg. 18), we can rewrite the above expression as follows:

(H2n⊗i I2n)(U
∗
2n⊗i I2n)(CNOTn)(U2n⊗i I2n)(H2n⊗i I2n)(e02n) (3.39)

Note that in Eqn. (3.39), we have changed to the bit ordering to

⟨x1, y1, x2, y2, · · · , xn, yn⟩.

Now consider the second, third, and fourth multiplicands in Eqn. (3.39):

(U∗
2n⊗i I2n)(CNOTn)(U2n⊗i I2n).

Reading these terms right to left,

• first, the oracle U2n is applied on the x bits, which yields f(x);

• second, CNOTn copies the value in the x bits to the y bits, leading to the y bits

also representing f(x);

• third, U∗
2n is applied to the x bits, to turn the values in the x bits from f(x)

back to the original value of x.
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However, we can achieve the same result by first copying the value of the x bits to

the y bits by applying CNOTn, and then applying U2n directly on the y bits, which

can be expressed as (I2n⊗i U2n)(CNOTn). Thus, Eqn. (3.39) can be re-written as

(H2n⊗i U2n)(CNOTn)(H2n⊗i I2n)(e02n) (3.40)

Formally, to show that Eqns. (3.39) and (3.40) are equal, we use two properties of

Kronecker product:

1. A⊗(B + C) = (A⊗B) + (A⊗C)

2. (A⊗B)(C ⊗D) = (AC ⊗BD)

Starting from Eqn. (3.39), we have

(H2n⊗i I2n)(U
∗
2n⊗i I2n)(CNOTn)(U2n⊗i I2n)(H2n⊗i I2n)(e02n) (3.39)

= (H2n⊗i I2n)(U
∗
2n⊗i I2n)(CNOTn)(U2n⊗i I2n)(H2n⊗i I2n)(e0n ⊗i e0n)

= (H2n⊗i I2n)(U
∗
2n⊗i I2n)(CNOTn)(U2n⊗i I2n)(H2ne0n ⊗i I2ne0n)

= (H2n⊗i I2n)(U
∗
2n⊗i I2n)(CNOTn)(U2n⊗i I2n)(Σx(ex⊗i e0n))

= (H2n⊗i I2n)(U
∗
2n⊗i I2n)(CNOTn)(Σx(U2nex⊗i I2ne0n))

= (H2n⊗i I2n)(U
∗
2n⊗i I2n)(CNOTn)(Σx(ef(x)⊗i e0n))

= (H2n⊗i I2n)(U
∗
2n⊗i I2n)(Σx(ef(x)⊗i ef(x)))

= (H2n⊗i I2n)(Σx(U
∗
2nef(x)⊗i I2nef(x)))

= (H2n⊗i I2n)(Σx(ex⊗i ef(x))) (3.41)
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Starting from Eqn. (3.40), we have

(H2n⊗i U2n)(CNOTn)(H2n⊗i I2n)(e02n) (3.40)

= (H2n⊗i U2n)(CNOTn)(H2n⊗i I2n)(e0n ⊗i e0n)

= (H2n⊗i U2n)(CNOTn)(H2ne0n ⊗i I2ne0n)

= (H2n⊗i U2n)(CNOTn)(Σx(ex⊗i e0n))

= (H2n⊗i U2n)(Σx(ex⊗i ex))

= (H2n⊗i I2n)(I2n⊗i U2n)(Σx(ex⊗i ex))

= (H2n⊗i I2n)(Σx(I2nex⊗i U2nex))

= (H2n⊗i I2n)(Σx(ex⊗i ef(x))) (3.42)

Eqns. (3.41) and (3.42) are identical, and hence Eqn. (3.40) can be used in place

of Eqn. (3.39).

For step (11), our implementation uses the algorithm presented in (Elder et al.,

2014, §2.1) for solving the set E of Boolean linear equations.

The implementation also illustrates two of the advantages of simulation dis-

cussed in §2.3.1:

• The discussion above about choosing to interleave the bits of x and y, and

replacing Πn
i=1(CNOT(2n, i, n+ i)) with CNOTn is in the spirit of item 1b.

• In accordance with item 1c, the implementation does not have to perform steps

(2)–(7) for each sampling step. Instead, it performs steps (2)–(7) once to build

up an appropriate CFLOBDD, and then samples the desired number of times

from that structure.

3.8.2.5 Shor’s Algorithm

Shor’s Algorithm aims to find prime factors of a given integer N . We use the

following algorithm:
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1. Pick a random number 1 < a < N .

2. Compute K = gcd(a,N). If K ̸= 1, then K is a nontrivial factor of N , so we

are done.

3. Otherwise, use the quantum period-finding algorithm (see below) to find r,

which denotes the period of the function f(x) = axmodN . Equivalently, r is

the smallest positive integer that satisfies ar ≡ 1modN .

4. If r is odd, then go back to step (1).

5. If ar/2 = −1modN , then go back to step (1).

6. Otherwise, both gcd(ar/2 + 1, N) and gcd(ar/2 − 1, N) are nontrivial factors of

N , so we are done.

The quantum period-finding algorithm is as follows:

1. Start with 3n qubits with the first 2n qubits in state e02n and the last n qubits

in state e0n−11.

2. For each qubit i → {N..1}, apply the controlled gate U2(N−i−1)

a on the last n

qubits, where Ua(x) = axmodN .

3. Apply Inverse QFT on the first 2n qubits.

4. Measure the first 2n qubits to find r as discussed in (Lipton and Regan, 2014,

§11.6).

3.8.2.6 Grover’s Algorithm

The algorithm solves the problem of finding a needle in a haystack. More

formally,

Given a function f : {0, 1, · · · , N − 1} → {0, 1}, the algorithm finds x

such that f(x) = 1.
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Here, we assume that there is only one x such that f(x) = 1. The algorithm

uses an oracle U2n, which implements f for the “needle” w as

Uw(x) =

{
x if x = w

−x otherwise

Given this oracle, the algorithm for finding s is as follows:

1. Prepare an initial state e0n (the standard-basis vector of n bits with a 1 in the

first position and 0s elsewhere).

2. Apply the Hadamard matrix H2n on the initial state.

3. Apply the oracle Uw to the current state.

4. Apply the Grover diffusion operator Us = H2n(2e0n ⊗outer e0n − I2n)H2n, where

⊗outer denotes the outer product of two vectors.

5. Repeat steps (3)–(4) ⌈π
4

√
N⌉ times.

6. Measure the n qubits to obtain the string s.

Steps (1)–(5) can be written concisely as follows:(
Π

⌈π
4

√
N⌉

i=1 UsUw

)
(H2n(e0n))

As mentioned in §3.8.2.6, one of the advantages of simulation is that we can

re-associate the matrix multiplications in steps (1)–(4) to compute
(
Π

⌈π
4

√
N⌉

i=1 UsUw

)
as an explicit quantity, which can be done using repeated squaring instead of as a se-

quence of multiplications. This approach provides a more efficient approach to steps

(3)–(4). We can also use optimizations like those discussed earlier, e.g., performing

(1)–(2) by means of a direct construction of the desired vector of all-1s. We can

also create a representation of the diffusion operator Us directly, rather than per-

forming the computation given in step (4). In particular, the construction is almost
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the same as the identity-matrix construction in Alg. 27: one would use subroutine

IdentityMatrixGrouping, but at top level the value tuple would be [ 2
N
− 1, 2

N
] (in-

stead of [1, 0]).

3.9 Evaluation

In this section, we explain our experimental setup and describe the experiments

we carried out, which were designed to address the following research questions:

RQ1: Do theoretical guarantees of double-exponential compression by CFLOBDDs

allow them to represent substantially larger Boolean functions than BDDs?

RQ2: Do CFLOBDDs outperform BDDs when used for quantum simulation (in

terms of time and space)?

RQ3: Do CFLOBDDs outperform BDDs when used in hardware verification bench-

marks (in terms of time and space)?

3.9.1 Experimental Setup

We compared our implementation of CFLOBDDs21 against a widely used BDD

package, CUDD Somenzi (2012) (version 3.0.0),using CUDD’s C++ interface. The

metrics are (i) execution time, and (ii) space (node counts in the case of BDDs; vertex

counts + edge counts in the case of CFLOBDDs). We ran all experiments on AWS

machines: t2.xlarge machines with 4 vCPUs, 16GB of memory, and a stack size of

8192KB, running on Ubuntu OS.

For RQ1 (§3.9.2.1), we used a collection of synthetic benchmarks, and com-

pared the performance of CFLOBDDs against (i) CUDD with a static variable order-

ing (similar to the one used in the CFLOBDDs), (ii) CUDD with dynamic variable

reordering, and (iii) Sentential Decision Diagrams (SDDs) Darwiche (2011) (which can

21The implementation is available at https://github.com/trishullab/cflobdd.
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also be exponentially more succinct than BDDs), using Python package PySDDMeert

and Choi (2018) (version 0.1).

For RQ2 (§3.9.2.2), we used a set of quantum-simulation benchmarks, and

again compared the performance of CFLOBDDs against CUDD (version 3.0.0). For

the quantum benchmarks, we did not enable dynamic variable reordering for BDDs

because we could not retrieve the correct order of the output bits for a sampled string.

Five of the quantum benchmarks—BV, DJ, Simon’s algorithm, Shor’s algo-

rithm, and Grover’s algorithm—use oracles for that either directly or indirectly in-

corporate the answer sought. Our methodology is standard for quantum-simulation

experiments. Each benchmark uses a pre-processing step to create the CFLOBD-

D/BDD that represents the oracle. In each run, an answer is first generated randomly,

and then the CFLOBDD/BDD that represents the oracle is constructed. Knowledge

about the answer is used only during oracle construction. Thereafter, the quantum

algorithm proper is simulated; these steps have no access to the pre-chosen answer

(other than the ability to perform operations on the oracle, treated as a unitary ma-

trix). The final step of running the benchmark is to check that the quantum algorithm

obtained the correct answer.

We could not run the quantum benchmarks with SDDs because SDDs do

not support multi-terminal values. However, we ran the quantum benchmarks using

Quimb Gray (2018), a quantum-simulation library that uses tensor networks.

Extensions to CUDD For the RQ2 experiments, we had to extend CUDD in two

ways to be able to simulate quantum circuits using CUDD data structures:

1. CUDD supports algebraic decision diagrams (ADDs), which are multi-terminal

BDDs with a value from a semiring at each terminal node. We had to extend

CUDD with a semiring that was not part of the standard CUDD distribution

(§3.9.1.1). For the corresponding experiments with CFLOBDDs, we used the

same semiring for the terminal values of CFLOBDDs.
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2. To allow quantum measurements to be carried out, we extended ADDs to sup-

port path sampling (i.e., selection of a path, where the probability of returning

a given path is proportional to a function of the path’s terminal value).

3.9.1.1 Algebraic Decision Diagrams with Complex-Number Leaves

To use CUDD on most of the quantum benchmarks, we modified the ADD

datatype and related functions to use multi-precision-floating-point complex numbers

Fousse et al. (2007).

For the “Quantum Fourier Transform” and “Shor’s Algorithm” benchmarks,

one only needs to represent a known set of complex roots of unity, so we used a

different custom ADD datatype, dtype, defined as follows:

typedef struct dtype {
int va l ;
int s i z e ;
mpfr t r e a l ;
mpfr t imag ;

} dtype ;
typedef dtype CUDDVALUE TYPE;

Here, “size” represents the number of roots of unity, and a value i for “val” represents

the ith root of unity with respect to the current “size.” For example, if size = 4, then

val ∈ {0, 1, 2, 3}. Multiplying two dtypes—t1 and t2 with size = 4, where val of t1 =

2 and val of t2 = 3—produces dtype t3 with size = 4 and val = (2 + 3) % 4 = 1. This

representation encodes ω2 × ω3 = ω, where ωk = e
2kπ
4 is a primitive 4th root of unity.

We used this representation to compute the entire quantum Fourier transform, and

then filled in the values for real and imag at the last step, where real = cos(2π∗val
size

)

and imag = sin(2π∗val
size

).
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3.9.1.2 Sampling in BDDs.

An important step in quantum simulation is measurement of the output bits,

which is equivalent to sampling a path from the BDD structure according to a prob-

ability distribution obtained from the terminal values. In particular, the terminal

values represent so-called “amplitudes,” and the corresponding probability distribu-

tion is based on the squares of the amplitudes.

Path Counting Suppose that the BDD has k terminals. To sample a path based

on the squares of the amplitudes, we need to know, for each node n in the BDD,

and each terminal position ti, 1 ≤ i ≤ k, the number of paths that lead from n to

ti. This information can be computed by generalizing the method of Ball and Larus

for counting the number of paths in a DAG Ball and Larus (1996) from the case of a

single exit-node to k exit-nodes (while also accounting for ply-skipping in a BDD):

• Each “path-count” is a k-dimensional vector c. (For convenience, we index the

components of c as c1, . . . , ck.)

• Path-counts are computed bottom-up, starting from the terminal positions. The

path-count at terminal position i has a 1 at index-position i and zeros elsewhere,

signifying that (i) there is exactly 1 path from terminal node i to itself, and (ii)

there are no paths from terminal node i to any of the other terminal nodes.

• When no plies are skipped in going from a node n to each of its two children,

the path-count at n is the vector addition of the left-child and right-child path-

counts.

• If ∆left plies are skipped in going from n to the left child (with path-count cl),

and ∆right plies are skipped in going to the right child (with path-count cr),

the path-count at n is 2∆leftcl + 2∆rightcr.

• If ∆ plies have been skipped at the apex of the DAG (with path-count c), the

BDD’s overall path-count is 2∆c.
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Sampling Once path-counts are in hand, we sample a path as follows:

• Let n.pci denote the path-count at a node n. Let n.lchild and n.rchild denote

the two children of n, and let n.∆left and n.∆right denote the number of plies

skipped in going to the left child and right child of n, respectively.

• For convenience, if ∆ plies have been skipped at the apex a of the DAG, we

assume that a new root node r is added whose left-child and right-child both

point to a. r.pc is set to 2∆a.pc, and both r.∆left and r.∆right are set to ∆− 1.

Otherwise, the root r is a.

• Let p = ⟨p1, . . . , pk⟩, denote the vector of squared amplitudes at the k terminal

positions. The probability of choosing a path from r to terminal position i is

pi ∗ r.pci.

• Randomly choose a value i based on the probabilities ⟨p1 ∗ r.pc1, . . . , pk ∗ r.pck⟩.

Henceforth, we only consult the ith components of path-counts of the BDD’s

nodes.

• We work down the BDD from r to terminal position i, accumulating a path-

string in π, which is initially set to ϵ. Starting at r, and then at each subse-

quently visited node n until terminal position i is reached, take the following

steps:

– If both n.lchild.pci ̸= 0 and n.rchild.pci ̸= 0, randomly choose one of the

children in relative proportion to 2n.∆leftn.lchild.pci and 2n.∆rightn.rchild.pci.

If the left child is chosen, append “0” followed by a string chosen uniformly

from {0, 1}n.∆left to π; otherwise, append “1” followed by a string chosen

uniformly from {0, 1}n.∆right to π.

– If n.lchild.pci = 0, append “1” followed by a string chosen uniformly from

{0, 1}n.∆right to π.
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– If n.rchild.pci = 0, append “0” followed by a string chosen uniformly from

{0, 1}n.∆left to π.

Set n to the child chosen above.

3.9.2 Benchmarks and Experimental Results

3.9.2.1 RQ1: Do theoretical guarantees of double-exponential compres-
sion by CFLOBDDs allow them to represent substantially larger
Boolean functions than BDDs?

We used the following three benchmarks to compare the execution time and

memory usage (as vertex count + edge count) of CFLOBDDs against BDDs and

SDDs.

• XORn =
⊕n

i=1 xi

• MatMultn = (HnIn +XnHn + InXn), where Hn is the Hadamard matrix, In is

the Identity matrix, and Xn is the NOT matrix of size 2n−1 x 2n−1. (The aim

of the benchmark is to test the performance of the matrix-multiplication and

addition operations.)

• ADDn(X, Y, Z)
def
= Z = (X + Y mod 2n/4), where X, Y , and Z are n/4-bit

integers.

Tab. 3.2 shows the performance of CFLOBDDs, BDDs (with and without

dynamic reordering enabled), and SDDs within the 15-minute timeout threshold. For

the two kinds of BDD experiments and the SDD experiments, we used a stack size of

1GB. For the ADD benchmark, BDDs (both with and without dynamic reordering)

and SDDs ran out of memory within the 15-minute timeout threshold for problems

with sufficiently many variables, even with such a large stack. (BDDs with dynamic

reordering produced out-of-memory errors for #variables ≥ 224: the first step in the

computation is to allocate the variables, which by itself leads to memory exhaustion
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Benchmark
#Boolean

Variables (n)

CFLOBDD BDD BDD (reorder) SDD

#Vertices #Edges Total
Time

#Nodes
Time

#Nodes
Time

#Nodes
Time

(sec) (sec) (sec) (sec)

XORn

215 16 96 112 0.99 32769 551.27 32769 587.11 131066 3.91
216 17 102 119 2.18

Timeout (15min)

262138 8.57
217 18 108 126 5 524282 18.71
218 19 114 133 12.75 1048570 38.63
219 20 120 140 36.06 2097146 82.03
220 21 126 147 122.97 4194298 191.68

MatMultn

215 84 1053 1137 0.002 294890 57.33 294890 156.42

Not Applicable

216 90 1125 1137 0.004 589802 186.27 593122 446.19
217 96 1197 1293 0.007 1179626 739.66 Timeout (15min)
218 102 1269 1371 0.017

Timeout (15min)

219 108 1341 1449 0.043
220 114 1413 1527 0.118
221 120 1485 1605 0.343
222 126 1557 1683 1.238
223 132 1629 1761 4.936
224 138 1701 1839 19.37
225 144 1773 1917 78.98
226 150 1845 1995 317.27
227 Timeout (15min)

ADDn

217 80 574 654 <0.001 131073 0.035 132405 80.24 393152 7.72
218 85 610 695 0.001 262145 0.065 263477 280.79 786364 13.82
219 90 646 736 0.001 524289 0.148

Timeout (15min)

1572792 29.72
220 95 682 777 0.001 1048577 0.293 3145652 66.26
221 100 718 818 0.001 2097153 1.368 6291376 138.40
222 105 754 859 0.001 4194305 1.155 12582828 359.26
223 110 790 900 0.002 8388609 3.316

Out of Memory224 115 826 941 0.003
Out of Memory

225 120 862 982 0.003
...

...
...

...
...

Out of Memory
22

21
10485755 75497434 85983189 113.99

22
22

20971515 150994906 171966421 385.75

22
23

Timeout (15min)

Table 3.2: Performance of CFLOBDDs against BDDs, BDDs with dynamic reorder-
ing, and SDDs on the synthetic benchmarks for different numbers of Boolean variables.
(For the two kinds of BDD experiments and the SDD experiments, we used a stack
size of 1GB.)

for 224 variables and beyond.) Note that, for SDDs, benchmark MatMultn is not

applicable because SDDs do not handle non-Boolean values.

Because of a slightly technical alignment issue, our CFLOBDD representa-

tions of ADDn deliberately waste one-quarter of the Boolean variables (as dummy

variables). To make a fair comparison, our BDD and SDD encodings of ADDn use

only three-quarters of the Boolean variables indicated in column two of Tab. 3.2.

To understand how large a Boolean function could be created using CFL-
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Figure 3.22: CFLOBDD performance with a timeout of ninety minutes. Note that
in (c) the number of Boolean variables is on a log log scale.
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OBDDs (as a function of the number of Boolean variables),22 we also measured the

performance of the CFLOBDD implementation on the micro-benchmarks using a

timeout of ninety minutes.

Fig. 3.22 shows graphs of size (#vertices + #edges) and time versus the num-

ber of Boolean variables for the three benchmarks.23 Fig. 3.22a shows the graphs for

XORn. In these graphs, time is in seconds, and the number of Boolean variables is

on a log scale. We were able to construct XORn with up to 222 = 4,194,304 variables.

Fig. 3.22b and Fig. 3.22c show the graphs for MatMultn and ADDn, respectively.

In these graphs, time is in milliseconds, and the number of Boolean variables is on

a log scale for MatMultn and a log log scale for ADDn. We were able to construct

MatMultn with up to 227 = 134,217,728 variables and ADDn with up to 22
23
= 28,388,608

∼= 4.27× 102,525,222 variables, which comes to 0.75× 28,388,608 ∼= 3.12× 102,525,222 after

removing dummy variables.

Findings. CFLOBDDs performed better than BDDs and SDDs, both in terms
of time and memory. For the benchmarks with more than 218 Boolean variables,
BDDs had memory issues. Using CFLOBDDs, it was also possible to construct
representations of the benchmark functions with astounding numbers of Boolean
variables: 222 = 4,194,304 for XORn; 227 = 134,217,728 for MatMultn; and
0.75 × 28,388,608 ∼= 3.12 × 102,525,222 for ADDn. These results support the claim
that CFLOBDDs can provide substantially better compression of Boolean functions
than BDDs.

3.9.2.2 RQ2: Do CFLOBDDs outperform BDDs when used for quantum
simulation (in terms of time and space)?

Tabs. 3.3 and 3.4 show the performance of CFLOBDDs and BDDs when sim-

ulating several well-known quantum algorithms, which are discussed in §3.8. In each

case, for both CFLOBDDs and BDDs, we used the interleaved-variable ordering.

22The stack size was increased to 1GB for the runs with more than 22
15

Boolean variables.
23Tab. 3.2 shows the comparison of CFLOBDDs, BDDs, and SDDs for examples with a 15-minute

timeout. In contrast, Fig. 3.22 shows the results of the stress test that we performed, where we gave
the CFLOBDD implementation a 90-minute timeout.
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Benchmark #Qubits
#Boolean
Variables

CFLOBDD BDD
#Vertices #Edges Total Time (sec) #Nodes Time (sec)

GHZ

16 32 35 207 242 0.005 36 0.003
32 64 43 255 298 0.007 68 0.008
64 128 51 303 354 0.010 131 0.031
128 256 59 351 410 0.015 259 0.143
256 512 67 399 466 0.027 515 4.9
512 1024 75 447 522 0.051 1028 44
1024 2048 83 495 578 0.107

Timeout (15 min)

2048 4096 91 543 638 0.216
4096 8192 99 591 690 0.442
8192 16384 107 639 746 0.631
16384 32768 115 687 802 1.35
32768 65536 123 735 858 2.92
65536 131072 131 783 914 6.49
131072 262144 Timeout (15 min)

BV

16 32 29 172 201 0.005 31 0.002
32 64 39 233 272 0.006 63 0.004
64 128 54 322 376 0.007 127 0.011
128 256 76 456 532 0.010 255 0.040
256 512 111 668 779 0.014 799 0.757
512 1024 173 1039 1212 0.025 1027 39
1024 2048 283 1701 1984 0.038

Timeout (15 min)

2048 4096 476 2854 3330 0.067
4096 8192 794 4762 5556 0.120
8192 16384 1337 8024 9361 0.335
16384 32768 2363 14177 16540 0.673
32768 65536 4391 26346 30737 1.42
65536 131072 8395 50372 58767 3.23
131072 262144 16220 97318 113538 8.46
262144 524288 31209 187251 218460 24.44
524288 1048576 58901 353404 412305 75.80
1048576 2097152 Timeout (15 min)

DJ

16 32 18 90 108 0.006 18 0.001
32 64 21 107 128 0.008 34 0.002
64 128 24 123 147 0.008 66 0.038
128 256 27 139 166 0.009 130 0.272
256 512 30 154 184 0.01 258 2.1
512 1024 33 170 203 0.011 516 795.5
1024 2048 36 186 222 0.014

Timeout (15 min)

2048 4096 39 202 241 0.019
4096 8192 42 218 260 0.028
8192 16384 45 234 279 0.048
16384 32768 48 250 298 0.09
32768 65536 51 266 317 0.182
65536 131072 54 282 336 0.418
131072 262144 57 298 355 0.956
262144 524288 60 314 374 2.57
524288 1048576 63 330 393 7.8
1048576 2097152 66 346 412 26.15
2097152 4194304 69 362 431 95.57
4194304 8388608 72 378 450 180.33
8388608 16777216 Timeout (15 min)

Table 3.3: Performance of CFLOBDDs against BDDs for increasing number of qubits.
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Benchmark #Qubits
#Boolean
Variables

CFLOBDD BDD
#Vertices #Edges Total Time (sec) #Nodes Time (sec)

Simon’s Alg.
16 64 583 16335 16918 0.71 5512 0.275
32 128 123611 14096110 14219721 443.09 80243 3.31
64 256 Timeout (90 min) Timeout (90 min)

QFT
4 8 7 73 80 0.001 31 0.0001
8 16 9 572 581 0.034 255 0.001
16 32 15 17868 17883 0.128 65535 0.098
32 64 Timeout (15 min) Timeout (15 min)

Shor’s Alg. (N, a) = (15, 2) 4 16 38 338 376 0.09 69 0.04
Shor’s Alg. (N, a) = (21, 2) 5 16 72 877 949 2.13 136 0.72
Shor’s Alg. (N, a) = (39, 2) 6 16 111 2443 2554 12.6 187 12.96
Shor’s Alg. (N, a) = (69, 4) 7 16 176 4331 4487 53.47 605 30.38
Shor’s Alg. (N, a) = (95, 8) 7 16 216 4928 5144 53.47 974 41.47
Shor’s Alg. (N, a) = (119, 2) 7 16 220 7533 7753 53.47 3606 44.95
Shor’s Alg. (N, a) = (323, 2) 9 32 Timeout (15min) Timeout (15min)

Grover’s Alg.

16 32 17 91 108 0.009 47 0.214
32 64 25 138 163 0.012 66 4.84
64 128 38 212 250 0.018

Timeout (15 min)

128 256 58 333 391 0.030
256 512 91 531 622 0.080
512 1024 151 886 1037 0.292
1024 2048 259 1535 1794 14.11
2048 4096 450 2674 3124 64.85
4096 8192 766 4569 5335 909.86
8192 16384 Timeout (15 min)

Table 3.4: Table (cont.) of the performance of CFLOBDDs against BDDs for increas-
ing numbers of qubits.

For GHZ, the algorithms do not depend on an input; the output is solely a

function of the number of qubits used. For BV, DJ, QFT, Simon’s algorithm, Shor’s

algorithm, and Grover’s algorithm, we ran each algorithm with 50 different randomly

selected inputs, for each of the indicated number of qubits. Tabs. 3.3 and 3.4 report

the average vertex and average edge counts (for CFLOBDDs), average node count

(for BDDs), and average time taken. In the case of Simon’s algorithm, CFLOBDDs

timed-out on 9 of the 50 test cases, whereas BDDs timed-out on 28 of the 50 test

cases; we report the average counts and average times for the test cases that did

not time out. BV, DJ, Simon’s algorithm, Shor’s algorithm, and Grover’s algorithm

make use of oracles created during a pre-processing step (see also §3.9.1); we do not

include the time for oracle construction in the execution time, but we do include it as

part of the 15-minute/90-minute timeout threshold. For the case of QFT, the input

is one of the basis vectors selected randomly. For 16 qubits and a timeout threshold

of 15 minutes, QFT ran to completion in 11 of the 50 runs. The numbers reported
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in Tab. 3.4 are the averages for the 11 successful runs. In the entries for Shor’s

algorithm, N is the number being factored, and a is the value used in the associated

“order-finding problem.”24

In several cases, the problem sizes that completed successfully using CFL-

OBDDs were dramatically larger than the sizes that completed successfully using

BDDs. With a 15-minute timeout, the number of qubits that CFLOBDDs can han-

dle are 65,536 for GHZ, 524,288 for BV; 4,194,304 for DJ; and 4,096 for Grover’s

Algorithm, besting BDDs by factors of 128×, 1,024×, 8,192×, and 128×, respec-

tively.

We also ran the CFLOBDD simulations with a 90-minute timeout, both to

understand how execution time scales, as a function of number of qubits, and to

see how large a problem instance can be handled. Fig. 3.23 shows the time taken (in

seconds), with increasing numbers of qubits, for BV, GHZ, and DJ. With a 90-minute

timeout, the BV and GHZ algorithms ran to completion with 220 = 1,048,576 qubits,

and the DJ algorithm ran to completion with 221 = 2,097,152 qubits.

For both CFLOBDDs and BDDs, the transition from a problem size that com-

pletes successfully to a problem size that fails is rather abrupt. For all of the problems,

the time reported for the CFLOBDD run with the largest number of qubits that com-

pletes successfully is well under 15 minutes. Unfortunately, for the next larger run,

oracle construction timed out after 15 minutes for the BV and DJ algorithms, and

as a result we terminated the entire algorithm. For Grover’s algorithm, the number

of bits for the floating-point representation is 100 for all runs, except for those with

2,048, 4,096, and 8,192 qubits, for which we used 500, 750, and 1,000 bits, respectively.

The increased cost of floating-point operations slows down matrix multiplications in

Grover’s algorithm, causing the 8,192-qubit run to exceed 15 minutes.

24Given a, such that 1 < a < N , the order-finding problem is to find the smallest positive integer
r such that ar ≡ 1(modN).
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Figure 3.23: CFLOBDD execution time (in seconds) vs. number of qubits (on a log
scale) for three of the benchmarks.

Findings. For smaller numbers of qubits, the more-complex nature of the data
structures used in CFLOBDDs resulted in slower execution times than with BDDs.
However, CFLOBDDs scaled much better than BDDs as the number of qubits in-
creased, both in terms of memory (i.e., vertices + edges for CFLOBDDs, nodes for
BDDs) and execution time. In some cases, the problem sizes that completed suc-
cessfully using CFLOBDDs were dramatically larger than the sizes that completed
successfully using BDDs. In particular, the number of qubits that could be handled
using CFLOBDDs was larger—compared to BDDs—by a factor of 128× for GHZ;
1,024× for BV; 8,192× for DJ; and 128× for Grover’s algorithm.

Intermediate swell. In many of the algorithms, the initial and final CFLOBDD

and BDD structures are of reasonable size, but there is an intermediate swell in size as

the algorithm runs. Figs. 3.24 and 3.25 show how size evolves in the various steps of
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Figure 3.24: Evolution of size through the steps of the indicated algorithms. (Left:
CFLOBDD-based simulation; right: BDD-based simulation.)
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(a) Grover’s algorithm 16 qubits
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(b) Simon’s algorithm 16 qubits

Figure 3.25: Evolution of size through the steps of the indicated algorithms. (Left:
CFLOBDD-based simulation; right: BDD-based simulation.)

five of the algorithms during the CFLOBDD-based and BDD-based simulations. The

figures show how size evolves for all 50 runs, along with the average value at every step

(highlighted in black). Fig. 3.25a shows that the CFLOBDD simulation of Grover’s

algorithm uses constant space from steps 3 to 15. The explanation is that, although

the state vector changes at each step, the size of the CFLOBDD representation of

the state vector does not change.
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Comparison with Tensor Networks. We also compared the performance

of CFLOBDDs with Quimb Gray (2018), a state-of-the-art quantum simulator.

Tabs. 3.5 and 3.6 shows the performance of our CFLOBDD implementation and

Quimb on the previously discussed quantum benchmarks. For the Quimb-based sim-

ulations of GHZ, BV, DJ, and Grover’s algorithm, we used Matrix Product States

(MPSs) Vidal (2003); Banuls et al. (2009) and Matrix Product Operators (MPOs)

Verstraete et al. (2004) in algorithms modeled after the ones described in Woolfe

(2015). For Simon’s algorithm, we noticed that directly creating a circuit and per-

forming contraction using Quimb led to better scalability than using MPS/MPOs. For

QFT, we tried both the standard circuit Nielsen and Chuang (2000) and the nearest-

neighbor circuit mentioned in Fowler et al. (2004). We found that the Quimb-based

simulation results for both circuits are very similar, and only the former are reported

here. For Shor’s algorithm, we use the 2n + 3 circuit from Beauregard (2002), but

the internal gates are created directly, as mentioned in Woolfe (2015) (and hence the

circuit only has 2n+1 qubits). For Grover’s algorithm, we found that the maximum

number of qubits that can be simulated using Quimb with a 15-minute timeout is 29

qubits.25

These experiments show that, on some of the benchmarks, CFLOBDDs scale

to much larger problem sizes than the Quimb tensor-network package, but on other

benchmarks Quimb performs much better than CFLOBDDs.

What allows CFLOBDDs to perform so well on Grover’s algorithm? In

each run of the CFLOBDD simulation of Grover’s algorithm, a random 4096-bit string

s is chosen, then the Grover oracle matrix is constructed, along with the Grover dif-

fusion operation, which are then multiplied together. A version of Grover’s algorithm

based on repeated squaring of the product matrix is carried out (via operations that

use the cumulative-product matrix—which depends on s—but the operations are

25With 32 qubits, Quimb takes 1496.6sec ≈ 25min.
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Benchmark #Qubits CFLOBDD (Time in sec) Quimb (Time in sec)

GHZ

16 0.005 0.222
32 0.007 0.644
64 0.010 2.29
128 0.015 9.23
256 0.027 40.31
512 0.051 191.77
1024 0.107

Timeout (15 min)
...

...
65536 6.49
131072 Timeout (15 min)

BV

16 0.005 0.264
32 0.006 0.773
64 0.007 2.75
128 0.010 11.08
256 0.014 49.49
512 0.025 243.69
1024 0.038

Timeout (15 min)
...

...
524288 75.80
1048576 Timeout (15 min)

DJ

16 0.006 0.256
32 0.008 0.761
64 0.008 2.75
128 0.009 11.18
256 0.010 49.33
512 0.011 243.01
1024 0.014

Timeout (15 min)
...

...
4194304 180.33
8388608 Timeout (15 min)

Simon’s Alg.

16 0.71 2.56
32 443.09 17.34
64

Timeout (15 min)
267

128 Timeout (15min)

Table 3.5: Performance of CFLOBDDs against Quimb on quantum benchmarks for
different numbers of qubits.
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Benchmark #Qubits CFLOBDD (Time in sec) Quimb (Time in sec)

QFT

4 0.001 0.023
8 0.034 0.035
16 0.128 0.074
32

Timeout (15 min)

0.231
64 1.64
128 10.32
256 103.65
512 Timeout (15min)

Shor’s Alg. (N, a) = (15, 2) 4 0.09 0.08
Shor’s Alg. (N, a) = (21, 2) 5 2.13 0.1
Shor’s Alg. (N, a) = (39, 2) 6 12.6 0.11
Shor’s Alg. (N, a) = (69, 4) 7 53.47 0.12
Shor’s Alg. (N, a) = (95, 8) 7 42.8 0.12
Shor’s Alg. (N, a) = (119, 2) 7 64.8 0.12
Shor’s Alg. (N, a) = (323, 2) 9

Timeout (15 min)

0.27
...

...
...

Shor’s Alg. (N, a) = (6085, 8) 12 107.28
Shor’s Alg. (N, a) = (11611, 2) 13 Out of Memory

Grover’s Alg.

16 0.009 3.26
32 0.012

Timeout (15 min)
...

...
4096 909.86
8192 Timeout (15 min)

Table 3.6: Table (cont.) of the performance of CFLOBDDs against Quimb on quan-
tum benchmarks for different numbers of qubits.

oblivious to the value of s itself); the algorithm’s answer s′ is retrieved; and finally s

and s′ are compared to make sure that the computed result is correct.

The reason that this process is space-efficient is that the Grover oracle is

basically a “-1 hot encoding” of s, and thus can be constructed by an algorithm that is

a mixture of the principles used in the algorithms for constructing the representations

of (i) projection functions (§3.6.1.2), and (ii) the identity matrix (§3.8.1.2). In the

largest cases of Grover’s algorithm that completed successfully within 15 minutes,

the matrix has dimensions 24096×24096; all off-diagonal entries are 0; and all diagonal

entries are 1 except for the (s, s) entry, which is -1. To represent this matrix, one needs

8,192 = 213 Boolean variables: 4,096 for the row-index and 4,096 for the column-index.
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Benchmark #Vars.
CFLOBDD BDD

#Vertices #Edges Size Time (sec) Size Time (sec)
c17 5 13 54 67 0.001 22 0.004
c432 36 2503 44328 46831 0.62 27916 0.01
c880 60 1481 13679 15160 0.07 15478 0.01

c6288 8 16 1974 22966 24940 1.07 18516 0.02
c6288 9 18 6319 118376 124695 3.86 53416 0.06
c6288 10 20 6998 409314 416312 7.72 150898 0.25
c6288 11 22 59110 1107573 1166683 25.23 428190 0.97
c6288 12 24 326924 3838786 4165710 357.02 1219808 3.64

Table 3.7: Table of the performance of CFLOBDDs against BDDs on different com-
binatorial circuits.

There is a CFLOBDD representation of this matrix whose highest-level grouping is at

level 13—thus, there are 14 levels in total, counting level 0. Moreover, the CFLOBDD

has only a constant number of groupings at each of the 14 levels, so the matrix is one

for which the CFLOBDD representation exhibits double-exponential compression.

Although multiplication of matrices represented by CFLOBDDs is not par-

ticularly efficient (see the last row of Tab. 3.1), there is little or no infill caused by

the repeated-squaring operations, and so the matrix representation has only a lim-

ited amount of intermediate swell. (See the left-hand graph in Fig. 3.25(a) for a plot

of memory usage for the CFLOBDD implementation of Grover’s algorithm for 16

qubits.)

3.9.2.3 RQ3: Do CFLOBDDs outperform BDDs when used in hardware
verification benchmarks (in terms of time and space)?

We also evaluated CFLOBDDs and BDDs in terms of time and space when

run on hardware-verification benchmarks – iscas85 – consisting primarily of com-

binatorial circuits. Tab. 3.7 shows the performance of CFLOBDDs against BDDs.

We observe that in this case, BDDs outperform CFLOBDDs on most benchmarks
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in terms of size 26 and running time. This experiment shows that the combinatorial

circuits either (1) do not have enough “symmetry” that can be used by the hierarchy

exploited by CFLOBDDs, or (2) the “symmetry” in the circuits does not fit well with

the balanced grammar hierarchy of CFLOBDDs. The latter question is addressed in

experiments presented in §7.4.1, where we introduce a CFLOBDD variant in which

the grammar for the hierarchy is specifiable by the client.

The experiment shows that when Boolean functions do not have enough of a

“repeated” structure, then using BDDs to represent the functions is a better choice

than CFLOBDDs.

26We consider the size of a BDD to be 2*#nodes, because every BDD node has two pointers to
other BDDs.
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Chapter 4: WCFLOBDDs: Weighted

Context-Free-Language Ordered Binary Decision

Diagrams

4.1 Introduction

As discussed in Chapter 2, BDDs are a data structure that provides (i) a

canonical representation of Boolean functions, relations, matrices, etc., and (ii) algo-

rithms for operating on them in compressed form. Likewise, in the previous chapter

Chapter 3, we discussed CFLOBDDs, another data structure that provide exponential

compression over BDDs. BDDs were originally designed for Boolean-valued functions,

and failed to address the closely related functions: {0, 1}n → D, where D is a set.

Multi-terminal BDDs (MTBDDs) Fujita et al. (1997) (or ADDs Bahar et al. (1997))

are a relatively straightforward BDD extension for such functions, but have their

own drawback: for a function h whose range has a large number of different values V

(V ⊆ D), the size of an MTBDD (or a multi-terminal CFLOBDD) for h cannot be any

smaller than |V |. To date, the most successful solution to this issue has beenWeighted

BDDs (WBDDs)—BDD-like structures with weights on edges Niemann et al. (2016);

Viamontes et al. (2004). For a given assignment a to h’s argument variables, h(a)

is computed by “multiplying” the weights on the path for a. This approach yields

succinct representations when factors of the values in V can be reused in the WBDD

data structure.

Consider two types of functions – (i) Exponential function EXPn: {0, 1}n →

{2j | j ∈ {0 . . . 2n−1}}, where there are 2n unique values and thereby having weights

on edges could provide more compression, and (ii) Equality function with n variables

EQn : {0, 1}n/2 × {0, 1}n/2 → {0, 1}; though the output has only two values, an

efficient and more compressed representation is possible by reusing substructures.

To represent these two types of functions efficiently, we introduce a new data
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structure calledWeighted Context-Free-Language Binary Decision Diagrams (WCFL-

OBDDs). The data structure borrows ideas from WBDDs, and CFLOBDDs to effi-

ciently represent a broader set of functions than possible heretofore.

We show that, in the best case, WCFLOBDDs provide an exponential factor

of succinctness over WBDDs and CFLOBDDs. The following diagram shows the

design space of BDDs, WBDDs, CFLOBDDs, and WCFLOBDDs:

Hierarchical
no yes

Weights

no BDD CFLOBDD 3
Bryant (1986)

Fujitaet al. (1997)
Baharet al. (1997)

yes WBDD WCFLOBDD (this chapter)
Niemannet al. (2016)
V iamonteset al. (2004)

We evaluated WCFLOBDDs, WBDDs, and CFLOBDDs on both synthetic

and quantum-simulation benchmarks, and found that WCFLOBDDs perform better

than WBDDs and CFLOBDDs on most benchmarks. On the quantum-simulation

benchmarks, with a 15-minute timeout, the number of qubits that can be handled

by WCFLOBDDs is 1,048,576 for GHZ (1× over CFLOBDDs, 256× over WBDDs);

262,144 for BV and DJ (2× over CFLOBDDs, 64× over WBDDs); and 2,048 for QFT

(128× over CFLOBDDs, 2× over WBDDs). Such results support the conclusion that,

at least for some applications, WCFLOBDDs permit much larger problem instances

to be handled than was possible previously.

Organization. The rest of the chapter is organized as follows:

• We define WCFLOBDDs, a new data structure to represent Boolean functions,

relations, matrices, etc. (§4.2).

• We give algorithms for WCFLOBDD operations (§4.3).
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Figure 4.1: (a), (b), and (c) show WCFLOBDDs for the first three matrices in H—
H2, H4, and H8—with the variable ordering ⟨x0, y0, x1, y1, . . .⟩ (x⃗: row; y⃗: column).
(d) shows the general structure of a WCFLOBDD that represents H2i . (e) illustrates
the constituents of the WCFLOBDD for H2.

• We show exponential gaps between (i)WCFLOBDDs and CFLOBDDs, and

(ii)WCFLOBDDs and WBDDs (§4.2.3).

• We find that WCFLOBDDs perform as well as or better than WBDDs and

CFLOBDDs on most synthetic and quantum-simulation benchmarks (§4.4).
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4.2 Weighted CFLOBDDs (WCFLOBDDs)

4.2.1 Basic Structure of WCFLOBDDs

The hierarchy in a WCFLOBDD is similar to that in a CFLOBDD. The num-

ber of variables at each level is always a power of 2, and at each level k, the variables

are divided in half—the A call interpreting x0, . . . , x2k−1−1, and the B calls inter-

preting x2k−1 , . . . , x2k−1. The main difference from a CFLOBDD is that at level 0,

each transition has a weight. This approach produces a structure that is akin to a

non-recursive, single-entry, multi-exit, weighted hierarchical finite-state machine.

We define WCFLOBDDs in two parts. Defn. 4.1 defines the basic structure

of WCFLOBDDs, whose various elements are depicted in Fig. 4.1(e). Defn. 4.5 im-

poses some additional structural invariants to ensure that WCFLOBDDs provide a

canonical representation of Boolean functions. Where necessary, we distinguish be-

tween mock-WCFLOBDDs (Defn. 4.1) and WCFLOBDDs (Defn. 4.5), although we

typically drop the qualifier “mock-” when there is little danger of confusion.

Definition 4.1 Mock-WCFLOBDD; see Fig. 4.1(e). A mock-WCFLOBDD at level k

is a hierarchical structure made up of some number of groupings, of which there is one

grouping at level k, called the head-grouping, and at least one grouping at each level

0, 1, . . . , k − 1. A grouping is a collection of vertices and edges (to other groupings),

and weights (for level-0 groupings), with the structure described below.

A mock-WCFLOBDD is a triple ⟨f,G, V ⟩, where f ∈ D is the factor weight

of the free-edge (defined below), G is the head-grouping (conceptually “topmost;”

portrayed leftmost), and V ∈ {[0̄], [1̄], [0̄, 1̄], [1̄, 0̄]}—where “[·]” denotes a tuple—is

the sequence of terminal values, whose cardinality must match the number of exit

vertices of G (defined below).

• Groupings: Each oval-shaped object is called a grouping, and every grouping is

associated with a level l (≥ 0). Each grouping at level i is always connected to

groupings at level i-1.
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• Vertices: Each grouping g at a level ≥ 1 has a unique entry vertex (the dot at

the top of g), and some middle vertices and exit vertices (dots in the middle

and at the bottom of g). The three sets of vertices are disjoint. (It is useful

to think of the collections of middle vertices and exit vertices as two sequences,

each numbered from left-to-right.)

A level-0 grouping (conceptually “bottommost;” portrayed to the right) has a

unique entry vertex, no middle vertices, and two edges (the 0-edge and 1-edge),

which are directed to either one or two exit vertices. There are two kinds of level-

0 groupings: fork groupings (with two exit vertices) and don’t-care groupings

(with one exit vertex).

• A-connection: The grouping between g’s entry and middle vertices is called the

A-connection. The edge from g’s entry vertex is called an A-connection edge,

and the edges from the A-connection’s exit vertices to g’s middle vertices are

called A-connection return edges.

• B-connections: The groupings between g’s middle and exit vertices are called

B-connections. The edges from g’s middle vertices are called B-connection edges

and the edges from a B-connection’s exit vertices to g’s exit vertices are called

B-connection return edges.

There is one A-connection, but there can be more than one B-connection

(each with a set of B-connection return edges back to g’s exit vertices).

• Value Edges: The edges that connect the exit vertices of the head-grouping to

the terminal values V are called value edges.

The only edges that are assigned weights are the free-edge and the edges of

level-0 groupings.

• The incoming edge to the entry vertex of the outermost grouping is called the

free-edge. The weight f ∈ D associated with the free-edge is the factor weight.
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• A level-0 grouping has a pair of semi-field weights (lw, rw): lw ∈ D is the weight

for the decision-edge for 0 (false); rw ∈ D is the weight for the decision-edge

for 1 (true).

The terminal values connected to the exit vertices of the head-grouping can

only be 0̄, 1̄ ∈ D. For a given function h, the appropriate sequence of terminal values

V can be understood by considering the decision tree for h:

• [0̄] only occurs for the function λx⃗.0̄. All leaves of the decision tree are 0̄.

• [1̄] occurs for a function for which the value is never 0̄ (for any assignment to

the Boolean variables). No leaf of the decision tree is 0̄.

• [1̄, 0̄] occurs when a function has the value 0̄ for at least one assignment, but

the leftmost leaf of the decision tree is non-0̄.

• [0̄, 1̄] occurs when the function has a non-0̄ value for at least one assignment,

and the leftmost leaf of the decision tree is 0̄.

Fig. 4.1(a) shows the WCFLOBDD for H2. It consists of 4 groupings, of which

3 are at level 0 and one is at level 1; the upper-right level-0 grouping is a fork grouping,

and the bottom-right level-0 groupings are don’t-care groupings.

A grouping at level-k encodes 2k variables and 22
k
paths. As seen in Fig. 4.1(a),

the grouping at level-1 encodes two variables, and therefore 4 paths. In Fig. 4.1(b),

the largest oval is a level-2 grouping, which encodes 4 variables: 2 variables through

the A-connection grouping and 2 variables through the B-connection grouping, and

therefore 24 paths. In general, at level k the 2k variables are divided into halves: 2k−1

in the A-connection and 2k−1 in the B-connection.

Fig. 4.2 shows an object diagram of the WCFLOBDD for matrix H2 from

Fig. 4.1(a). In this representation, which will be used in all algorithms stated in

the paper, there are no explicit entry, middle, and exit vertices. The pointer to the
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WCFLOBDD

grouping:
valueTuple: [1]
fw: !

"

ForkGrouping

level: 0
numberOfExits: 2
(lw, rw): (1, 1)

DontCareGrouping

level: 0
numberOfExits: 1
(lw, rw): (1, 1)

InternalGrouping

level: 1
AConnection:
AReturnTuple: [1,2]
numberOfBConnections: 2
BConnections:

BReturnTuples:
numberOfExits: 1

[1][1]
DontCareGrouping

level: 0
numberOfExits: 1
(lw, rw): (1, -1)

Figure 4.2: Object diagram of the WCFLOBDD for matrix H2 (Fig. 4.1(a)).

object serves as the entry vertex; numbers in [1..numberOfBConnections ] stand for

the middle vertices; and those in [1..numberOfExits ] stand for the exit vertices. (The

context determines whether an index is being used as a middle vertex or exit vertex.)

As can be seen by comparing Fig. 4.2 to Fig. 4.1(a), the various edges that appear

in Fig. 4.1(a) are stored as pointers to Groupings and elements of ReturnTuples.

For a given A-connection edge or B-connection edge c from grouping gi to gi−1, the

associated ReturnTuple rtc consists of the sequence of targets of return edges from

exit vertices of gi−1 to the middle or exit vertices of gi that correspond to c. There

are three grouping classes: InternalGrouping, ForkGrouping, and DontCareGrouping.

The latter two are level-0 groupings, which store left and right edge weights (lw, rw);

thus, operations that construct a level-0 grouping take two inputs, lw and rw. All

groupings at levels ≥ 1 are InternalGroupings.

To be able to make inductive arguments about WCFLOBDDs, we define

Definition 4.2 Mock-proto-WCFLOBDD. A mock-proto-WCFLOBDD at level i is

a grouping at level i, together with the lower-level groupings to which it is connected

(and the connecting edges). In other words, a mock-proto-WCFLOBDD has the

following recursive structure:

• a mock-proto-WCFLOBDD at level 0 is either a fork grouping or a don’t-care

grouping

• a mock-proto-WCFLOBDD at level i is headed by a grouping at level i whose
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– A-connection edge and associated return edges “call” a level-(i-1) mock-

proto-WCFLOBDD

– B-connection edges and their associated return edges “call” some number

of level-(i-1) mock-proto-WCFLOBDDs.

A mock-WCFLOBDD is a mock-proto-WCFLOBDD in which (i) the exit vertices

of the mock-proto-CFLOBDD have been associated with specific terminal values V ,

and (ii) a factor weight has been supplied. (In other words, in the tuple ⟨f,G, V ⟩ in

Defn. 4.1, G serves double-duty: both as the head-grouping, and as the mock-proto-

WCFLOBDD of which it is the head-grouping.)

When interpreting a Boolean assignment, the path taken must abide by the

following principle (similar to that of CFLOBDDs):

Matched-Path Principle. When a path follows an edge that returns to level i
from level i− 1, it must follow an edge that matches the closest preceding edge from
level i to level i− 1.

Only matched -paths that start at the entry vertex of the WCFLOBDD’s

highest-level grouping and end at a terminal value are considered in interpreting

a WCFLOBDD.

Decisions are taken only at the level-0 groupings: the edges in a level-0 group-

ing correspond to the two choices for a Boolean variable. A grouping can be reused

multiple times at different “calls,” as seen in Fig. 4.1(b)–(d). Because of sharing at

all levels, a given level-0 grouping (decision grouping) does not represent a specific

variable, according to the following principle (again, similar to that of CFLOBDDs):

Contextual-Interpretation Principle. A level-0 grouping is not associated with
a specific Boolean variable. Instead, the variable that a level-0 grouping refers to is
determined by the context: the jth level-0 grouping visited along a matched path is
used to interpret the jth Boolean variable.
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Function evaluation. As with BDDs, it is often useful to think of an assignment

a as a sequence of Boolean values. We use “||” to denote concatenation of two half-size

sequences: a = a1||a2, where |a1| = |a2| = |a|/2 (and |a| is a power of 2).

Definition 4.3 Exit vertex reached via assignment a. Suppose that g is a grouping.

Let g.BReturnTuples [j] be the sequence of return edges for the jth B-connection of

g; i.e., g.BReturnTuples [j][k] represents the exit vertex of g that is connected to the

kth exit vertex of the jth B-connection of g. For a grouping g and an assignment a,

⟨g⟩(a) denotes the exit vertex of g reached via assignment a, defined as follows:

⟨DontCareGrouping⟩([0]) def
= 1 ⟨DontCareGrouping⟩([1]) def

= 1

⟨ForkGrouping⟩([0]) def
= 1 ⟨ForkGrouping⟩([1]) def

= 2

⟨g⟩(a) def
= g.BReturnTuples [j][k],where g.level ≥ 1, a = a1||a2,

j = ⟨g.AConnection⟩(a1), and k = ⟨g.BConnections [j]⟩(a2).

Definition 4.4 WCFLOBDD evaluation. Given WCFLOBDD C = ⟨f,G, V ⟩ for

h : {0, 1}n → D, and an assignment a for h’s arguments, the value h(a) is obtained

from C, denoted by JCK(a), as the product of the edge weights on the path for a in

C:
JCK(a) def

= f · JGK(a) · V [⟨G⟩(a)]
JGK(a) def

= JG.AConnectionK(a1) · JG.BConnections [j]K(a2),

where a = a1||a2 and j = ⟨G.AConnection⟩(a1).

In the case of Fig. 4.1(a), D = ⟨R,+,×, 0, 1⟩. For a = {x0 7→ 1, y0 7→ 1}, the

path highlighted in bold evaluates to H[1][1] = 1√
2
× 1 × −1 × 1 = −1√

2
, as desired.

Fig. 4.1(b) and Fig. 4.1(c) show the WCFLOBDD representations of H4 and H8.

Fig. 4.1(d) shows the generic structure for how H2i is formed from H2i−1 . As one can

see, the grouping at level i-1 is shared twice at each level i ≥ 2, giving a representation

that is exponentially more succinct than a WBDD.

Intuition for succinctness: Consider the WBDD and WCFLOBDD for H4

in Fig. 2.3(b) and Fig. 4.1(b), respectively. The A-connection of the level-2 grouping

in Fig. 4.1(b) represents the top half of the WBDD structure (for variables ⟨x0, y0⟩),
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and the B-connection of the level-2 grouping represents the bottom half of the WBDD

structure (for variables ⟨x1, y1⟩). However, because the A-connection grouping and

B-connection grouping of the WCFLOBDD have the identical structure, they are

shared, producing a more succinct representation.

Implementation. Our WCFLOBDD implementation will be made available in

open-source form if the paper is accepted. The implementation is parameterized—via

C++ templatization—to work with any user-defined semi-fieldD (and its correspond-

ing operations + and ×).

4.2.2 Canonicity

Like other decision diagrams, we ensure canonicity—every function has a

unique representation—by imposing certain structural invariants (Wegener, 2000, p.

48), §3.3.1.

Intuition for canonicity: The structural invariants are designed to ensure

that—for a given order on the Boolean variables—each Boolean function has a unique,

canonical representation as a WCFLOBDD. In reading Defn. 4.5 below, it will help

to keep in mind that the goal of the invariants is to force there to be a unique way

to fold a given decision tree into a WCFLOBDD that represents the same Boolean

function. The decision-tree folding method is discussed later in this section and in

§L, and is illustrated in Fig. 4.3, but the main characteristic of the folding method is

that it works greedily, left to right, similar to that of CFLOBDDs. This directional

bias shows up in structural invariants 1, 2a, and 2b.

Definition 4.5. A (proto-)WCFLOBDD is a mock-(proto-)WCFLOBDD in which

every grouping/proto-WCFLOBDD satisfies the structural invariants given below.

(See Fig. 3.6.)

Structural Invariants. The structural invariants mainly deal with (i) the organi-

zation of return tuples, and (ii) weights in level-0 groupings. The following invariants
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deal with constraints on return tuples. Let c be an A-connection or B-connection

edge with return tuple rtc from gi−1 to gi.

1. If c is an A-connection edge, then rtc must map gi−1’s exit vertices 1-to-1, in

order, onto gi’s middle vertices.

2. If c is the B-connection edge whose source is middle vertex j+1 of gi and whose

target is gi−1, then rtc must meet two conditions:

(a) It must map gi−1’s exit vertices 1-to-1 (but not necessarily onto) gi’s exit

vertices.

(b) It must “compactly extend” the set of exit vertices in gi defined by the

return tuples for the previous j B-connections (similar to condition (1) on

A-connections): Let rtc1 , rtc2 , . . ., rtcj be the return tuples for the first j

B-connection edges out of gi. Let S be the set of indices of exit vertices of

gi that occur in return tuples rtc1 , rtc2 , . . ., rtcj , and let n be the largest

value in S. (That is, n is the index of the rightmost exit vertex of gi that

is a target of any of the return tuples rtc1 , rtc2 , . . ., rtcj .) If S is empty,

then let n be 0.

Now consider rtc (= rtcj+1
). Let R be the (not necessarily contiguous)

sub-sequence of rtc whose values are strictly greater than n. Let m be the

size of R. Then R must be exactly the sequence [n+ 1, n+ 2, . . . , n+m].

3. A proto-WCFLOBDD can be used (i.e., pointed to by other higher-level group-

ings) multiple times, but a proto-WCFLOBDD never contains two separate

instances of equal proto-WCFLOBDDs. (Equality is defined inductively on the

hierarchical structure of groupings.)

4. For every pair of B-connection edges c and c′ of grouping gi, with associated

return tuples rtc and rtc′ , if c and c′ lead to two level i-1 proto-WCFLOBDDs,

say pi−1 and p′i−1, such that pi−1 = p′i−1, then the associated return tuples
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must be different (i.e., rtc ̸= rtc′). This condition means that two B-connection

edges c and c′ can “call” the same proto-WCFLOBDD, but the two sets of

return edges rtc and rtc′ have to be different.

The following invariants pertain to the weights on edges in level-0 groupings:

5. The left-edge and right-edge weights (lw, rw) must obey:

(lw, rw) =

{
(1̄, rw) when lw ̸= 0̄

(0̄, 1̄) otherwise

6. If a middle vertex m of gi has a path with aggregated weight 0̄ from the entry

vertex of gi to m, then there must exist an exit-vertex e such that every level-0

grouping edge on every path from m to e has weight 0̄.

7. If e is an exit vertex of the outermost grouping such that all paths of weight 0̄

lead to e, then e must map to the terminal value 0̄.

8. If all paths lead to the terminal value 0̄, then the factor-weight must be 0̄.

Finally, in a level-k WCFLOBDD ⟨f,G, V ⟩,

9. The head-grouping G of ⟨f,G, V ⟩ heads a level-k proto-WCFLOBDD.

10. Value-tuple V is one of {[0̄], [1̄], [0̄, 1̄], [1̄, 0̄]}, and thus maps each exit vertex of

G to a distinct terminal value. If there exists an exit vertex e of G such that

all paths leading to e have weight 0̄, then e is mapped to 0̄.

Canonicity Theorem Now we state the canonicity theorem for WCFLOBDDs:

Theorem 4.1. If C1 and C2 are two level-k WCFLOBDDs for the same Boolean

function, and use the same variable ordering, then C1 and C2 are isomorphic.

Proof Sketch. We prove the theorem by establishing three properties:
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1. Every level-k WCFLOBDD represents a decision tree (for the same Boolean

function with the same variable ordering) with 22
k
leaves.

2. Every decision tree with 22
k
leaves is represented by some level-k WCFLOBDD.

3. No decision tree with 22
k
leaves is represented by more than one level-k WCFL-

OBDD (up to isomorphism).

Obligation 1. This property is established by induction. Let P (l) be the

number of leaves of a decision tree for the function represented by a level-l proto-

WCFLOBDD. We want to prove that P (l) = 22
l
.

• Base Case: l = 0, #variables = 1, #paths = #leaves in a decision tree = 2.

• Induction Step: Let P (m) = 22
m
. We wish to prove that P (m + 1) = 22

m+1
.

Given a level-l proto-WCFLOBDD with outermost grouping gl, by construction

the number of variables of gl is equally divided between the A-connection and B-

connections of gl. Hence, for a level-m+1 proto-WCFLOBDD, we have P (m+

1) =
∑

j Aj(m) ·P (m) = (
∑

j Aj(m)) ·P (m) = P (m) ·P (m) = 22
m ·22m = 22

m+1
,

where Aj(m) is the number of matched paths through the level-m A-connection

proto-WCFLOBDD to its jth exit vertex. However, we are just summing over

all A-connection exit vertices, so
∑

j Aj(m) = P (m).

Obligation 2. This property is established by giving a (deterministic) construc-

tion to convert a decision tree with 22
k
leaves into a level-k WCFLOBDD (satisfying

all structural invariants). The construction is given in Appendix §A.1. (The con-

struction is a recursive procedure that works greedily over the decision tree, from left

to right.)

Obligation 3. This property is established by (i) unfolding WCFLOBDD C

into a decision tree; (ii) folding the decision tree back to a WCFLOBDD C ′; and (iii)

showing that C ′ is isomorphic to C. (The folding-back step uses the same determin-

istic construction from Obligation 2.)
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The folding/unfolding constructions of Obligations 2 and 3 are used solely for the

purpose of proving Thm. 4.1; they are not explicit operations on WCFLOBDDs.

Intuition. Structural invariants (1)-(4), which deal with return tuples, ensure

that the WCFLOBDD for a Boolean function f has a “left-to-right” folding of the

decision tree for f (with the same variable ordering). Structural invariants (5)-(8),

which deal with weights, ensure that there cannot be two proto-WCFLOBDDs for

the same decision-tree structure that have different sets of level-0 groupings, i.e.,

with different (lw, rw) weights. The deterministic construction algorithm that folds a

decision tree into a WCFLOBDD involves a two-step process. The decision tree is first

converted into a weighted decision tree (a decision tree with weights on the edges),

and then the weighted decision tree is folded into a WCFLOBDD. The first step

enforces the structural invariants of the weights and the second step of “left-to-right”

folding handles the structural invariants that deal with the return tuples.

Example: Fig. 4.3 shows the representation of a vector of length 16, and

thus 4 variables are used to represent the index of an element of the vector. The

four diagrams in Fig. 4.3 show some of the stages of converting a decision tree to a

WCFLOBDD. Fig. 4.3(a) shows the decision-tree representation of the vector. The

weighted decision tree for Fig. 4.3(a) is shown in Fig. 4.3(b). In this step, the weights

are assigned to the edges, ensuring that the structural invariants on the weights hold.

Fig. 4.3(c) shows the process of converting a weighted decision tree to a WCFLOBDD.

The vertices labeled 1,2,1,2 at “half-height” (at the end of the weighted decision tree

for x0 and x1) indicate the common sub-structures found during the left-to-right

folding of the bottom half of the weighted decision tree. These common “values” are

used to drive the left-to-right folding of the upper-half weighted decision tree, and to

ensure that the structural invariants hold on the return tuples of the A-connection of

the outermost grouping in Fig. 4.3(d). Finally, Fig. 4.3(d) shows the full WCFLOBDD

representation for Fig. 4.3(a).
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x1

2 4 8

(a) Decision tree

1

x2

x3

x0
x1

2 2

2 2
2

(b) Weighted decision tree for (a). The
edges labelled with numbers in purple are
the edge weights. To reduce clutter, labels
for edges with weight 1 are omitted.

1

x2

x3

x2,x3

x0

x1
1 2 1 2

2

2

2

1

1 2 1

1 1

1 1

1 1 1

(c) Hybrid of weighted decision tree for
x0 and x1, and WCFLOBDDs for x2
and x3. The dashed, and
dashed-double-dotted edges from the
four vertices labeled 1, 2, 1, and 2,
respectively, correspond to the dashed,
and dashed-double-dotted trapezoids in
(a) and (b). The numbers highlighted in
purple indicate the edge-weights.

x0

1

x2

x3

x2,x3

x1

2

2

2

1

1

1 1

1 1

1 1 1

(d) WCFLOBDD representation for the
weighted decision tree in (a) (Some of the
groupings have been duplicated to avoid clut-
ter). The numbers highlighted in purple indi-
cate the edge-weights.

Figure 4.3: Representations of the vector V = [1, 1, 1, 1, 2, 2, 2, 4, 2, 2, 2, 2, 4, 4, 4, 8]T

with variables ⟨x0, x1, x2, x3⟩ representing an index into V .

205



Comparison with CFLOBDDs. WCFLOBDDs draw inspiration from CFL-

OBDDs: the structural elements of levels and A-connection/B-connection edges,

along with structural invariants that enforce a left-to-right folding of the decision tree

are similar to CFLOBDDs. However, in WCFLOBDDs the edges in level-0 group-

ings have weights, which differs from CFLOBDDs. To ensure that WCFLOBDDs are

canonical, we introduced structural invariants (5)-(8) and (10).

4.2.3 Exponential Succinctness Gaps

In this section, we establish exponential gaps between (i) WCFLOBDDs and

WBDDs, and (ii) WCFLOBDDs and CFLOBDDs using an example function.

Definition 4.6. The n-bit population-count function POPn: {0, 1}n → {2j | j ∈

{0 . . . n}} on variables {x0 · · · xn−1} is POPn(X)
def
= 2pop(X) = 2

∑n−1
i=0 δ(xi), where δ(a) ={

1 a = 1

0 otherwise
and pop(X) represents the number of 1s in the binary representation

of X.

Theorem 4.2. For n = 2k, where k ≥ 0, POPn, defined over the variables

{x0 · · · xn−1}, can be represented by a WCFLOBDD with Θ(log n) vertices and edges.

A CFLOBDD that uses only the variables {x0 · · · xn−1} for POPn requires Ω(n) ver-

tices and edges; and a WBDD that uses the same variable set requires Θ(n) nodes.

Proof: Weighted Decision Tree. Each xi node in a weighted decision tree for POPn

has a 1 on the left branch (xi = 0) and a 2 on the right branch (xi = 1). The paths

of the weighted decision tree evaluate to 2k + 1 different values: the leftmost path

(all variables set to 0) evaluates to 1 = 20; the rightmost path (all variables set to

1) evaluates to 22
k
. There are repeated values that the function represented by the

weighted decision tree evaluates to, but we have every power of 2 from 20 to 22
k
.

WBDD Claim. A WBDD for POPn would
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Figure 4.4: Two representations of POP4

using (a) WBDDs and (b) WCFLOBDDs.

consist of 2k don’t-care nodes (one for

every

variable)—with left-edge weight of 1 and

right-edge weight of 2—stacked on top

of each other. Hence, the size of the

WBDD is linear in the number of vari-

ables: Θ(2k) = Θ(n). (See Fig. 4.4(i).)

WCFLOBDD Claim. Consider a

WCFLOBDD for POPn W with n = 2k

variables and k levels. There is only a single grouping in W for each level. At level

0, the unique grouping is a don’t-care grouping with (lw, rw) = (1, 2). At each level

l ≥ 1, the level-l grouping’s A-connection and (one) B-connection both “call” the

unique grouping at level l − 1. Because every level of W has only a single grouping,

the WCFLOBDD has Θ(k) = Θ(log n) vertices and edges. (See Fig. 4.4(ii).)

CFLOBDD Claim. The terminal values of the CFLOBDD C representing

POPn would be the unique output values of the function. The terminal values of C

would contain all powers of 2 from 20 to 22
k
; hence C has 2k + 1 terminal values and

the size of C is Ω(2k) = Ω(n).

Moreover, weighted decision trees, WBDDs, CFLOBDDs, and WCFLOBDDs

always have the structures described above regardless of the variable order one chooses

to use. Hence, for POPn, WCFLOBDDs are inherently exponentially more succinct

than both WBDDs and CFLOBDDs. □

4.3 Operations on WCFLOBDDs

In this section, we discuss the algorithms for operations on WCFLOBDDs.

Tab. 4.1 shows a table with the operations on WCFLOBDDs, along with their com-

plexities, as well as the complexities of the corresponding WBDDs operations.
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Because WCFLOBDDs are hierarchically structured, algorithms are divide-

and-conquer algorithms (similar to the algorithms in CFLOBDDs) that, for a given

InternalGrouping, recurse on the A-connection and then the B-connections (or vice

versa), thereby splitting the variables in half for each subproblem, along the following

lines:

Op(Grouping g) {
. . . // Base case: Construct appropriate level-0 grouping

InternalGrouping g’ = new InternalGrouping(k); // k = g.level

// Recursive calls on Op(g.AConnection) and Op(g.BConnections[i]),

// for 1 ≤ i ≤ numberOfBConnections, to fill in g’.AConnection and the

// elements of array g’.BConnections with level-(k-1) Groupings

. . .
return RepresentativeGrouping(g’);

}

For each InternalGrouping constructed, the algorithms enforce the structural in-

variants (§4.2.2) on return tuples and weights (at level 0) so that the return value is a

(proto-)WCFLOBDD. The algorithms use two standard techniques (mostly elided in

the pseudo-code) to ensure that the amount of memory used to represent a WCFL-

OBDD does not blow up, and to reduce the cost of WCFLOBDD operations. Tech-

niques such as (a) Hash consing Goto (1974), (b) Function Caching Michie (1967),

used in §3.4, are also used in the algorithms for WCFLOBDDs. Hash consing Goto

(1974) is used to ensure that only one representative of a value exists in memory. The

operation RepresentativeGrouping checks whether a grouping is a duplicate, and if

so, discards it and returns the grouping’s representative. RepresentativeGrouping

consults a global hash-table that maintains pointers to the unique representation of

each grouping. Consequently, one can test in unit time if two proto-WCFLOBDDs

are equal by comparing their pointers. (As will be seen in lines [2]–[5] of Alg. 31,

this ability allows some special cases to be identified quickly and helps speed up

computations.)

In discussions of space costs later in this section, the “size of a WCFLOBDD”
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1 1

(a) Level-1
ConstantOneProtoWCFLOBDD

0 0

(b) Level-1
ConstantZeroProtoWCFLOBDD

ConstantOne
proto-WCFLOBDD
at level 𝑘–1

(c) Level-k
ConstantOneProtoWCFLOBDD

ConstantZero
proto-WCFLOBDD
at level 𝑘–1

(d) Level-k
ConstantZeroProtoWCFLOBDD

Figure 4.5: ConstantOneProtoWCFLOBDD and ConstantZeroProtoWCFLOBDD for levels
1 and k > 1.

is the total number of vertices and edges—with no double-counting of vertices and

edges in groupings that are shared due to hash-consing.

A cache for a function F is an associative-lookup table with pairs of the form

[x, F (x)], used to eliminate the cost of re-doing a previously performed computation

Michie (1967). All the algorithms on WCFLOBDDs perform function caching using

the following idiom:

F(x) {
if cacheF (x) ̸= NULL return cacheF (x);
. . .
cacheF (x) = retVal; // Update the cache with the return value

return retVal;

}

At the end of every algorithm, the cache is updated with the computed result, thereby

allowing a redundant computation to be avoided if the algorithm is called later with

the same arguments.
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4.3.0.1 Constant Functions

Fig. 4.5 shows the proto-WCFLOBDDs for the constant functions f0̄(x) =

λx.0̄ and f1̄(x) = λx.1̄ (ConstantZero and ConstantOne, respectively). These

proto-WCFLOBDDs each have just one kind of level-0 grouping. Their value tu-

ples are [0̄] and [1̄], respectively.

4.3.0.2 Projection Function

Create a level-k proto-WCFLOBDD g for the function f(k, i)
def
=

λx0 . . . x2k−1.xi. If i < 2k−1, g’s A-connection is a proto-WCFLOBDD for f(k− 1, i),

and g has two middle vertices. If i ̸= 0, then the 1st B-connection of g is ConstantOne

and the 2nd B-connection is ConstantZero; if i = 0, the B-connections are the oppo-

site. If i ≥ 2k−1, g’s A-connection is ConstantOne and g has one middle vertex; g’s

only B-connection is a proto-WCFLOBDD for f(k − 1, i− 2k−1). In all cases, g has

two exit vertices; they lead to the value tuple [1̄, 0̄] in all cases except for i = 0, when

they lead to [0̄, 1̄].

4.3.0.3 Unary Operations

Scalar Multiplication. Given a scalar v ∈ D and WCFLOBDD C = ⟨fw, g, vt⟩

for function f , the WCFLOBDD for λx.(v · f(x)) is C ′ =

{
⟨v · fw, g, vt⟩ v ̸= 0̄

ConstantZero v = 0̄

4.3.0.4 Pointwise Binary Operations

A binary operation op works pointwise if, for two functions f and g, f op g
def
=

λx.f(x) op g(x). We discuss op ∈ {·,+}. The algorithms operate on WCFLOBDDs

that are parametrized on the semi-field D, and hence, the operations · and + are

specific to D.

Pointwise Multiplication (Alg. 30). Given the WCFLOBDDs for functions f and

g, the goal is to create the WCFLOBDD for their pointwise product, f · g. Let
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Algorithm 30: Pointwise Multiplication

Input: WCFLOBDDs n1 = ⟨fw1, g1, vt1⟩, n2 = ⟨fw2, g2, vt2⟩
Output: WCFLOBDD n = n1 · n2

1 begin
// Perform cross product

2 Grouping×PairTuple [g,pt] = PairProduct(g1,g2);
3 ValueTuple deducedValueTuple = [ vt1[i1] · vt2[i2] : [i1,i2] ∈ pt ];

// Collapse duplicate leaf values, folding to the left

4 Tuple×Tuple [inducedValueTuple,inducedReductionTuple] =
CollapseClassesLeftmost(deducedValueTuple);

5 Grouping×Weight [g’, fw] = Reduce(g, inducedReductionTuple,
deducedValueTuple);

6 WCFLOBDD n = RepresentativeCFLOBDD(fw · fw1 · fw2, g’,
inducedValueTuple);

7 return n;

8 end

c1 = ⟨fw1, g1, v1⟩ and c2 = ⟨fw2, g2, v2⟩ be the WCFLOBDDs that represent f and g,

respectively. As with BDDs, such operations on WCFLOBDDs can be implemented

via a two-step process: (i) create a cross-product of c1 and c2, and (ii) perform a

reduction step on the result of step (i). The cross-product (called PairProduct) is

performed recursively on the A-connection groupings, followed by the B-connection

groupings (see Fig. 4.6 and Algs. 31 and 32). The cross-product of two groupings

yields a tuple of the form (g, [pt]), where g is the resultant grouping and pt is a

sequence of index-pairs. The index-pairs in pt indicate the B-connection groupings

on which cross-product operations need to be performed. Fig. 4.6(c) shows the cross-

product of the WCFLOBDDs that represent H2 =
1√
2
[ 1 1
1 −1 ] and I2 = [ 1 0

0 1 ].

At level-0 and the topmost level, the PairProduct algorithm performs the

following steps:

• Level-0: Let the two level-0 groupings be g01 with weights (lw1, rw1) and g02 with

weights (lw2, rw2). The return value is a new level-0 grouping g, with weights

(lw1 · lw2, rw1 · rw2), along with a sequence of index-pairs on which the cross-

product is performed next. For example, if g01 is a fork-grouping and g02 is a
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Figure 4.6: Illustration of PairProduct of the WCFLOBDDs for matrices H2 and I2.

don’t-care grouping, then pt = [(1, 1), (2, 1)].

• Topmost level: If (g, pt) is returned after performing the cross-product, the

indices in pt are indices into the value tuples of c1 and c2. A new value tuple

v is constructed accordingly. For instance, if v1 = [1̄, 0̄], v2 = [0̄, 1̄], and pt =

[(1, 1), (1, 2), (2, 1)], then v is [(v1[1] ·v2[1]), (v1[1] ·v2[2]), (v1[2] ·v2[1])] = [1̄ · 0̄, 1̄ ·

1̄, 0̄ · 0̄] = [0̄, 1̄, 0̄].

When the resulting value tuple has duplicate entries, such as v = [0̄, 1̄, 0̄] in the

example above, it is necessary to perform a reduction step, Reduce (Algs. 63 and 64

in §L), to maintain the WCFLOBDD structural invariants. In this case, Reduce folds

together the first and third exit vertices of g, which are both mapped to 0̄ by v. In

Alg. 30, the information that directs the reduction step is obtained by calling Col-

lapseClassesLeftmost (Alg. 33), which returns two tuples: inducedValueTuple (here,

[0̄, 1̄]) and inducedReductionTuple (here, [1, 2, 1]): inducedValueTuple consists of the

leftmost occurrences of 0̄ and 1̄ in v, in the same left-to-right order in which they

occur in v; inducedReductionTuple indicates where each occurrence of 0̄ and 1̄ in

v is mapped to in inducedValueTuple. Reduce traverses g backwards to create g′,

a reduced version of g that, together with inducedValueTuple as its terminal val-

ues, satisfies the WCFLOBDD structural invariants. The result from c1 · c2 is the
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Algorithm 31: PairProduct

Input: Groupings g1, g2
Output: Grouping g: product of g1 and g2; PairTuple ptAns: tuple of

pairs of exit vertices
1 Begin
2 if g1 and g2 are both ConstantOneProtoCFLOBDD then return [

g1, [[1,1]] ];
3 if g1 or g2 is ConstantZeroProtoCFLOBDD then return [

ConstantZeroProtoCFLOBDD(g1.level), [[1,1]] ];
4 if g1 is ConstantOneProtoCFLOBDD then return [ g2, [[1,k] : k ∈

[1..g2.numberOfExits]] ];
5 if g2 is ConstantOneProtoCFLOBDD then return [ g1, [[k,1] : k ∈

[1..g1.numberOfExits]] ];
// Elided: similar cases for other base cases, with

appropriate pairings of exit vertices

6 if g1 and g2 are fork groupings then
7 ForkGrouping g = new ForkGrouping(g1.lw · g2.lw, g1.rw · g2.rw);
8 return [ g, [[1,1],[2,2]] ];

9 end
// Pair the A-connections

10 Grouping×PairTuple [gA,ptA] = PairProduct(g1.AConnection,
g2.AConnection);

11 InternalGrouping g = new InternalGrouping(g1.level);
12 g.AConnection = gA;
13 g.AReturnTuple = [1..|ptA|]; // Represents the middle vertices

14 g.numberOfBConnections = |ptA|;

WCFLOBDD ⟨fw1 · fw2, g
′, inducedValueTuple⟩.

Just as there can be multiple occurrences of a given node in a BDD, there can

be multiple occurrences of a given grouping in a WCFLOBDD. To avoid a blow-up

in costs, binary operations need to avoid making repeated calls on a given pair of

groupings h1 ∈ c1 and h2 ∈ c2. Assuming that the hashing methods used for hash-

consing and function caching run in expected unit-cost time, the cost of PairProduct

is bounded by the product of the sizes of the two-argument WCFLOBDDs, and

the cost of Reduce is bounded by the product of the sizes of its input and output

WCFLOBDDs.
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Algorithm 32: PairProduct (cont.)

Input: Groupings g1, g2
Output: Grouping g: product of g1 and g2; PairTuple ptAns: tuple of

pairs of exit vertices
15

// Pair the B-connections, but only for pairs in ptA

// Descriptor of pairings of exit vertices

16 Tuple ptAns = [];
// Create a B-connection for each middle vertex

17 for j ← 1 to |ptA| do
18 Grouping×PairTuple [gB,ptB] =

PairProduct(g1.BConnections[ptA(j)(1)],
g2.BConnections[ptA(j)(2)]);

19 g.BConnections[j] = gB ;
// Create g.BReturnTuples[j], and augment ptAns as

necessary

20 g.BReturnTuples[j] = [] ;
21 for i← 1 to |ptB| do
22 c1 = g1.BReturnTuples[ptA(j)(1)](ptB(i)(1)); // a g1 exit

23 c2 = g2.BReturnTuples[ptA(j)(2)](ptB(i)(2)) ; // a g2 exit

24 if [c1,c2] ∈ ptAns then // Not a new exit vertex of g

25 index = the k such that ptAns(k) == [c1,c2] ;
26 g.BReturnTuples[j] = g.BReturnTuples[j] || index ;

27 else // Identified a new exit vertex of g

28 g.numberOfExits = g.numberOfExits + 1 ;
29 g.BReturnTuples[j] = g.BReturnTuples[j] ||

g.numberOfExits ;
30 ptAns = ptAns || [c1,c2] ;
31 end

32 end

33 end
34 return [RepresentativeGrouping(g), ptAns];

35 end

Pointwise Addition (Algs. 66, 67, and 68 in §M.2). Given the WCFLOBDDs

f = ⟨fw1, h1, v1⟩ and g = ⟨fw2, h2, v2⟩, the goal is to create the WCFLOBDD for their

pointwise sum, f + g. The algorithm performs a kind of “weighted” cross-product of

f and g. The algorithm is similar to the one for pointwise multiplication, but with a
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Algorithm 33: CollapseClassesLeftmost

Input: Tuple equivClasses
Output: Tuple×Tuple [projectedClasses, renumberedClasses]

1 begin
// Project the tuple equivClasses, preserving

left-to-right order, retaining the leftmost instance of

each class

2 Tuple projectedClasses = [equivClasses(i) : i ∈ [1..|equivClasses|] | i =
min{j ∈ [1..|equivClasses|] | equivClasses(j) = equivClasses(i)}];
// Create tuple in which classes in equivClasses are

renumbered according to their ordinal position in

projectedClasses

3 Map orderOfProjectedClasses = {[x,i]: i ∈ [1..|projectedClasses|] | x =
projectedClasses(i)};

4 Tuple renumberedClasses = [orderOfProjectedClasses(v) : v ∈
equivClasses];

5 return [projectedClasses, renumberedClasses];

6 end

few embellishments—in particular, weights are aggregated at each level and used in

the recursive computation at the next level. The weighted cross-product construction

is performed recursively on the A-connections, followed by additional recursive calls

on the B-connections according to sets of B-connection indices included in the answer

returned from the call on the A-connections. In addition to two groupings, g1 and g2,

the cross-product also takes as input two weights, p1 and p2. To get things started,

the top-level call is WeightedPairProduct(h1,h2, fw1, fw2).

The return value takes the form [g, pt], where g is a grouping that is temporary

(and later will be updated with actual weights) and pt is a sequence of tuples of

the form ⟨(q1, i1), (q2, i2)⟩. Values such as i1 and i2 are exit-vertex indices—used to

determine what further recursive calls to invoke—and q1 and q2 are weights that play

the role of p1 and p2 in those recursive calls—i.e., WeightedPairProduct( , , q1, q2),

where the groupings used as the first and second arguments are based on i1 and i2,

respectively.
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Level 0: Base-case processing happens at level 0. Let the two level-0 groupings

be g01 with weights (lw1, rw1) and g02 with weights (lw2, rw2). Suppose that the input

weights are p1 and p2. A new level-0 grouping g is created with weights (x1, x2), where

x1 = 1̄ in all cases except when p1 · lw1 = 0̄, in which case x1 = 0̄, and x2 = 1̄ in all

cases except when p2 · lw2 = 0̄, in which case x2 = 0̄. The return values are g and

pt, where pt contains two tuples indicating which cross-products are to be performed

subsequently.

The following table shows how pt is constructed:

g01 g02 pt

DontCareGrouping DontCareGrouping
[⟨(p1 · lw1, 1), (p2 · lw2, 1)⟩,
⟨(p1 · rw1, 1), (p2 · rw2, 1)⟩]

ForkGrouping DontCareGrouping
[⟨(p1 · lw1, 1), (p2 · lw2, 1)⟩,
⟨(p1 · rw1, 2), (p2 · rw2, 1)⟩]

DontCareGrouping ForkGrouping
[⟨(p1 · lw1, 1), (p2 · lw2, 1)⟩,
⟨(p1 · rw1, 1), (p2 · rw2, 2)⟩]

ForkGrouping ForkGrouping
[⟨(p1 · lw1, 1), (p2 · lw2, 1)⟩,
⟨(p1 · rw1, 2), (p2 · rw2, 2)⟩]

Topmost level : Suppose that (fg, pt) is returned by the top-level call on Weight-

edPairProduct. Some post-processing takes place to set up an appropriate call on

Reduce. In each tuple ⟨(q1, i1), (q2, i2)⟩ in pt, i1 and i2 are indices into the value

tuples v1 and v2, respectively, of f and g. For instance, if v1 = [1̄, 0̄], v2 = [1̄], and

pt = [⟨(d1, 1), (d2, 1)⟩, ⟨(d3, 2), (d4, 1)⟩], where d1, d2, d3, d4 ∈ D, then a tuple v is cre-

ated: v = [(d1 · v1[1] + d2 · v2[1]), (d3 · v1[2] + d4 · v2[1])] = [d1 + d2, d4]. fg is then

reduced with respect to v, i.e., v is propagated through fg to create fg′ so that (i)

the edges of level-0 groupings in fg′ hold appropriate weights, and (ii) fg′ satisfies the

structural invariants of Defn. 4.5. The reduction operation also returns the new factor

weight fw′. For our example, assuming that neither d1 + d2 nor d4 is 0̄, the overall

top-level tuple of terminal values would be v′ = [1̄]: v′ is obtained from v by replac-

ing every non-zero element in v with 1̄—to obtain v′′ = [1̄, 1̄]—and then v′ retains

only the first occurrences of the different values in v′′. The resultant WCFLOBDD is

h = f + g = ⟨fw′, fg′, v′⟩.
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The pseudo-code is given as Algs. 66, 67, and 68 in §M.2. Note that several

optimizations can be performed for special cases, such as ConstantZero or cases when

both groupings are equal, to avoid performing a traversal of all the levels of groupings.

4.3.0.5 Representing Matrices and Vectors

When matrices are represented with WCFLOBDDs, the variables correspond

to the bits of the matrix’s row and column indices. Similar to CFLOBDDs, for a ma-

trixM of size 2n×2n, the WCFLOBDD representation has 2n variables (x0, . . . , xn−1)

and (y0, . . . , yn−1), where the x-variables are the row-index bits and the y-variables

are the column-index bits. Typically, we use a variable ordering in which the x and y

variables are interleaved, x0 and y0 are the most-significant bits, and xn−1 and yn−1

are the least-significant bits. The nice property of this ordering is that, as we work

through each pair of variables in an assignment, the matrix elements that remain “in

play” represent a sub-block of M .

When vectors of size 2n×1 are represented using WCFLOBDDs, the variables

(x0, . . . , xn−1) correspond to the bits of the vector’s row index. Typically, x0 is the

most-significant bit and xn−1 is the least-significant bit.

4.3.0.6 Kronecker Product

Consider two matrices M1 and M2 represented by WCFLOBDDs c1 =

⟨fw1, g1, v1⟩ and c2 = ⟨fw2, g2, v2⟩. Their Kronecker product M = M1 ⊗M2 is per-

formed by using the “procedure-call” mechanism of WCFLOBDDs to “stack” the

Boolean variables of c1 on top of those of c2. If c1 or c2 is ConstantZero, then

g = ConstantZero. Otherwise, a new grouping g is created with g1 as the A-

connection of g, and g2 as the B-connection(s) of g. If there exists an exit vertex

e of g1 that has a terminal value of 0̄, then the middle vertex of g that is connected

to e has a B-connection to a ConstantZeroProtoWCFLOBDD. The terminal values of g
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are as follows:

v =


v2 if v1 == [1̄] (i.e., no such e exists)

[0̄, 1̄] if e is the 1st exit vertex of g1

[1̄, 0̄] if e is the 2nd exit vertex of g1 and v2 = [1̄]

v2 otherwise

The resultant WCFLOBDD c = c1 ⊗ c2 is ⟨fw1 · fw2, g, v⟩.

4.3.0.7 Matrix Multiplication

Matrix multiplication is performed by a recursive divide-and-conquer algo-

rithm, where the divide step performs a block decomposition that reduces the prob-

lem size to
√
N ×

√
N , and the (recursive) conquer step is similar to the standard

cubic-time algorithm. As discussed in §3.6.7, WCFLOBDDs also follow a divide-

and-conquer algorithm, first solving subproblems on A-connections and then B-

connections.1 In essence, one splits on half of the Boolean variables, which leads

to O(
√
N) problems, each of size O(

√
N) Fig. 3.10.

Consider two N × N matrices P and P ′, represented by WCFLOBDDs C =

⟨fw, g, v⟩ and C ′ = ⟨fw′, g′, v′⟩ using the interleaved-variable order. The A-connections
of g and g′ represent the commonalities in sub-blocks of P and P ′, respectively, of

size
√
N ×

√
N and the B-connections of g and g′ represent the sub-matrices of

P and P ′, respectively, of size
√
N ×

√
N . The matrix-multiplication algorithm is

recursively called on the A-connections of g and g′, followed by the B-connections,

based on information returned by the call on the A-connections, and then possibly

some matrix-addition operations.

The challenge that we face is that at all levels below top-level, various sub-

matrices of the left argument need to be multiplied by various sub-matrices of the

right argument, and added together. However, for the computation performed at a

1Some other divide-and conquer algorithms on WCFLOBDDs solve subproblems on B-
connections and then A-connections.
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Figure 4.7: Illustration of how bilinear polynomials over exit vertices of lower-level
groupings arise in matrix multiplication. (a) Left argument of g × g′; (b) right argu-
ment of g × g′; (c) the level-1 structure that is constructed in the level-1 subproblem
g.AConnection × g′.AConnection.

given level of the WCFLOBDD, the algorithm has neither values nor sub-matrices at

hand. Those (unknown) sub-matrices correspond to the exit vertices of the group-

ings that the current invocation of the algorithm was passed as the left and right

arguments. Call these sets of exit vertices EV and EV′, respectively. We can use the

elements of EV and EV′ as variables, and compute non-top-level matrix multiplica-

tions symbolically. It turns out that the symbolic information we need to keep takes

the form of bilinear polynomials over EV and EV′, consisting of summands of the

form c · evi · ev′j, where evi ∈ EV and ev′j ∈ EV′.

Example 4.1. Fig. 4.7 illustrates of how such bilinear polynomials over exit ver-

tices arise in matrix multiplication. Fig. 4.7(a) and (b) show level-2 groupings, g

and g′, which are the left-hand and right-hand arguments of a matrix-multiplication

(sub)problem. The first step of this multiplication problem is to symbolically multi-

ply the level-1 groupings g.AConnection and g′.AConnection. In Fig. 4.7(a) and (b),

when considered as 2 × 2 matrices over their respective exit vertices, [ev1, ev2, ev3]

and [ev′1, ev
′
2, ev

′
3], g.AConnection and g′.AConnection are the matrices of bilinear
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functions shown on the left side of Eqn. (4.1):[
ev1 ev1
2ev2 4ev3

]
×

[
ev′1 0ev′2
3ev′1 3ev′3

]
=

[
4ev1ev

′
1 3ev1ev

′
3

2ev2ev
′
1 + 12ev3ev

′
1 12ev3ev

′
3

]
(4.1)

Fig. 4.7(c) shows the level-1 preliminary structure that is constructed after multiply-

ing g.AConnection and g′.AConnection. This structure represents the matrix on the

right-hand side of Eqn. (4.1). Each exit vertex of Fig. 4.7(c) is associated with a bi-

linear polynomial consisting of summands of the form c · evi · ev′j, where evi ∈ EV and

ev′j ∈ EV′. (In essence, the structure is a CFLOBDD with a bilinear polynomial for

each terminal value.) The interpretation of the bilinear monomials from Fig. 4.7(c)

leads to five B-connection multiplications being performed: B1×B′
1, B1×B′

3, B2×B′
1,

B3 × B′
1, and B3 × B′

3. Each multiplication produces a structure that is similar to

the one shown in Fig. 4.7(c). Five scalar multiplications and one matrix addition are

then performed. These last steps again produce bilinear polynomials because bilinear

polynomials are closed under linear arithmetic (see Eqn. (4.2)).

The matrix-multiplication algorithm works recursively level-by-level, creating

WCFLOBDDs for which the entries in the value tuples are bilinear polynomials. We

call such value tuples MatMultTuples. A MatMultTuple is a sequence of bilinear poly-

nomials over the exit vertices of two groupings g1 and g2. Each bilinear polynomial

bp is a map from a pair of exit-vertex indices to a coefficient (which is a value in D):

bp ∈ BPEV,EV′
def
= (EV × EV′) → D, where EV,EV′ are the sets of exit vertices of g1

and g2. To perform linear arithmetic on bilinear polynomials, we define

0BP : BP 0BP
def
= λ(ev, ev′) . 0̄

+ : BP× BP→ BP bp1 + bp2
def
= λ(ev, ev′) . bp1(ev, ev

′) + bp2(ev, ev
′)

· : D× BP→ BP n · bp def
= λ(ev, ev′) . n · bp(ev, ev′)

(4.2)

The base case is for two level-1 proto-WCFLOBDDs, which correspond to

a pair of 2 × 2 matrices. The left and right decision-edges of a level-1 proto-

WCFLOBDD’s level-0 groupings hold weights, which serve as coefficients of linear

functions in the entries of each of the 2 × 2 matrices. The result of multiplying two
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level-1 proto-WCFLOBDDs introduces bilinear polynomials.2 Operationally, a bilin-

ear polynomial can be represented by a set of triples of the form {. . . , [(i, j), c], . . .},
where [(i, j), c] represents a term of the form c · evi · ev′j.

Example 4.2. Returning to Ex. 4.1, each entry in the matrix on the right-hand side

of Eqn. (4.1) can be represented by a set of triples.[
{[(1, 1), 4]} {[(1, 3), 3]}

{[(2, 1), 2], [(3, 1), 12]} {[(3, 3), 12]}

]
The MatMultTuple is the listing of exit vertices for interleaved-variable order:

[{[(1, 1), 4]}, {[(1, 3), 3]}, {[(2, 1), 2], [(3, 1), 12]}, {[(3, 3), 12]}].

More abstractly, the function bp holds the coefficients of the bilinear poly-

nomial over variable pairs {ev ∈ EV} × {ev′ ∈ EV′}, and bp implicitly denotes the

expression ∑
ev∈EV×ev∈EV′

bp(ev, ev′) · ev · ev′.

As symbolic matrix multiplication is performed, a key operation is to “evalu-

ate” a bilinear polynomial with respect to a binding of exit-vertices to (other) bilinear

polynomials. So why don’t we get quartic polynomials, and then even higher-degree

polynomials? Because all operations are performed on bilinear polynomials over the

same variable sets (i.e., sets of exit vertices). Consider again Fig. 4.7(c) and the

bilinear polynomials associated with each exit vertex. Each such polynomial can be

considered to be a bilinear polynomial over the middle vertices of g and g′, and thus

consists of terms of the form c ·mi ·m′
j. Each such term is treated as a directive to

multiply g.BConnections[i] and g′.BConnections[j].

For instance, the third exit vertex of Fig. 4.7(c) has the associated bilinear

polynomial pA = 2ev2ev
′
1 + 12ev3ev

′
1. The first term, 2ev2ev

′
1, is evaluated with re-

spect to the binding [ev2 7→ B2, ev
′
1 7→ B′

1], leading to B2 × B′
1; the second term,

2As explained shortly, more complicated polynomials do not arise at levels 2, 3, . . .
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12ev3ev
′
1, is evaluated with respect to the binding [ev3 7→ B3, ev

′
1 7→ B′

1], leading to

B3 × B′
1. A multiplication of g.BConnections[i] and g′.BConnections[j] produces a

matrix mi,j whose (k, l)th entry is a bilinear polynomial pBi,j
k,l over the exit vertices of

g.BConnections[i] and g′.BConnections[j]. Now—and this observation is the key rea-

son why everything stays bilinear—g.BReturnTuples[i] and g′.BReturnTuples[j] are

used to convert pBi,j
k,l into a bilinear polynomial pi,jk,l over the exit vertices of g and g′.

Consequently, the remaining steps of “evaluating” pA—multiplying a bilinear polyno-

mial such as pi,jk,l by a constant and addition of bilinear polynomials—are all performed

on bilinear polynomials with the same variable sets, namely, the exit vertices of g and

g′. Bilinear polynomials are closed under these operations (Eqn. (4.2)).

At top level, we form a preliminary value tuple w by evaluating each bilinear

polynomial bp in the top-level MatMultTuple as follows:

⟨v, v′⟩(bp) def
=

∑
{bp(ev, ev′) · v(ev) · v′(ev′) | ev ∈ EV, ev′ ∈ EV′}

By structural invariant (10), the value tuple w̃ of the answer WCFLOBDD must be

one of {[0̄], [1̄], [0̄, 1̄], [1̄, 0̄]}. Thus, w̃ is constructed from w by replacing all non-0̄

entries of w with 1̄ and removing duplicates. To ensure that the final answer satisfies

the WCFLOBDD structural invariants, Reduce is called (Algs. 63 and 64 in §L),

which is passed the pattern of repeated values in w (along with w itself).

Certain optimizations can be performed to avoid traversing all the levels of the

argument groupings: when at least one argument is ConstantZero, then all paths

have weight 0̄, and the computation can be short-circuited. Similarly, when one of

the arguments is the identity matrix, we can return the other argument.

4.3.0.8 Sampling

A WCFLOBDD with no non-negative edge weights can be considered to rep-

resent a discrete distribution over the set of assignments to the Boolean variables. An

assignment—or equivalently, the corresponding matched path—is considered to be an
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elementary event. The probability of a matched path p is the weight of p divided by

the sum of the weights of all matched paths of the WCFLOBDD.

Weight Computation. To sample an assignment from a WCFLOBDD, we

first compute the weight corresponding to every exit vertex of every grouping g: the

weight of the ith exit vertex of grouping g is the sum of weights of all paths leading

to i from the entry vertex of g. This information at every grouping g is computed

by recursively calling g’s A-connection and B-connection groupings and using the

information to compute the information for g.

At level-0 (base case), if g is a DontCareGrouping, the weight of the exit vertex

is the sum of the weights of the two edges, (lw + rw). If g is a ForkGrouping, the

weight of exit vertex 1 is lw, and the weight of exit vertex 2 is rw.

Sampling. To sample an assignment a from the probability distribution rep-

resented by a WCFLOBDD, half of the assignment, aA, is sampled recursively from

the A-connection, and the other half, aB, is sampled recursively from one of the B-

connections, where a = aA || aB. Consider the outermost grouping g and a given exit

vertex i. For each middle vertex m of g, the sum of weights of the matched paths

from the entry vertex of g to i that passes through m forms a distribution D on g’s

middle vertices (see Eqn. (M.1), §M.5). To sample a matched path that leads to i

we (i) first sample the index (mindex) of a middle vertex of g according to D, (ii)

recursively sample from g.AConnection with respect to the exit vertex that leads to

mindex, (iii) recursively sample from g.BConnection[mindex] with respect to the exit

vertex that leads to i, and (iv) concatenate the sampled paths to obtain the sampled

path of g. (Steps (ii) and (iii) can be done in either order.)

At level-0 (base case), if g is a DontCareGrouping, the assignment is sampled

from “0” and “1” in proportion to the edge weights (lw, rw). If g is a ForkGrouping,

the assignment “0” or “1” is chosen according to index i.
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4.4 Evaluation

Our experiments were designed to answer two questions:

RQ1: Can WCFLOBDDs represent substantially larger functions than WBDDs?

RQ2: In terms of time and space, can WCFLOBDDs outperform WBDDs and CFL-

OBDDs in a practical domain?

We ran all experiments on an Intel® Xeon® Gold 5218 CPU machine running

Ubuntu OS with 31GB RAM, 1000MHz CPU frequency with 64 CPUs. We also

set the stack size to “unlimited.” The implementation is single-threaded and consists

of about 2,500 lines of C++. It also uses Quasimodo (Chapter 5), written in Python.

4.4.1 Experiments to Answer RQ1

For RQ1, we created five synthetic benchmarks, each defining a family of

functions whose members (i) have different numbers of variables (all powers of 2),

and (ii) could occur as part of a matrix-multiplication sequence in a quantum-circuit

simulation:

B1 : In +Xn

B2 : CNOTn(0, n− 1)× CNOTn(
n
2
− 1, n

2
)

B3 : Hn ×Hn

B4 : Hn × In + In ×Xn

B5 : Hn −Hn

In, Xn, and Hn are the Identity, NOT, and Hadamard matrices, respectively, of

size 2n/2 × 2n/2. CNOTn(a, b) is a Controlled-NOT matrix of size 2n/2 × 2n/2.

CNOT(a, b)(⟨x0, x1, . . . , xn/2−1⟩) = ⟨x0, . . . , xa, . . . , (xa⊕xb), . . . , xn/2−1⟩, for x ∈

{0, 1}n/2. We tested our implementation of WCFLOBDDs against WBDDs and CFL-

OBDDs. We used the MQTDD package Zulehner et al. (2019) (an implementation

of WBDDs) and CFLOBDDs implementation Sistla and Reps (2022).
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Tab. 4.8 shows the performance of WCFLOBDDs and WBDDs in terms of (i)

execution time, and (ii) size. Here “size” means the number of vertices and edges for

WCFLOBDDs and CFLOBDDS, and the number of nodes for WBDDs. We find that

on the synthetic benchmarks, WCFLOBDDs perform better than WBDDs. Tab. 4.8

also shows the performance of CFLOBDDs on the synthetic benchmarks. We find

that WCFLOBDDs are comparable in size to CFLOBDDs on benchmarks B1-B3 and

B5, and are smaller than CFLOBDDs on B4. In terms of execution time, WCFL-

OBDDs are comparable to CFLOBDDs on B1 and B5, and better on B2 and B3.

CFLOBDDs perform better than WCFLOBDDs on B4 because B4 involves matrix

addition (pointwise addition). In CFLOBDDs, pointwise addition is fast (based on

PairProduct), whereas the weight manipulations in WeightedPairProduct (Algs. 67

and 68) have a substantial overhead.

4.4.2 Experiments to Answer RQ2

We applied WBDDs, CFLOBDDs, andWCFLOBDDs to quantum-circuit sim-

ulation, which involves exponentially large vectors and matrices. We used MQTDD

Zulehner et al. (2019), CFLOBDDs Sistla and Reps (2022), and WCFLOBDDs as

back ends to Quasimodo, a quantum-simulation tool that provides a convenient in-

terface for attaching different back-end decision-diagram packages. We used seven

standard quantum circuits: Greenberger–Horne–Zeilinger (GHZ ), Bernstein–Vazirani

(BV ), Deutsch–Jozsa (DJ ), Simon’s algorithm, Quantum Fourier Transform (QFT ),

Grover’s algorithm, and Shor’s algorithm.

For each circuit other than GHZand QFT , a “hidden” string was initially

sampled, and the oracle for the circuit was constructed based on the sampled string.

For QFT , one of the basis states was sampled and the algorithm changed the basis

state into a Fourier-transformed state. For Shor’s algorithm, we used the standard

2n+ 3 circuit Beauregard (2002) and report the results for values (N, a), where N is

the number to be factored and a is a number used in the phase-estimation procedure.

The table in Tab. 4.11 shows the circuit width of each benchmark: the total number
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of qubits in the circuit as a function of n, the number of qubits for, e.g., the hidden

string (reported in column 2 of Tabs. 4.9 and 4.10):

We ran each benchmark 10 times with a 15-minute timeout, starting from a

random initial state. Tabs. 4.9 and 4.10 reports average times and sizes of the final

state vector. WCFLOBDDs perform better than WBDDs and CFLOBDDs in most

cases. The number of qubits that WCFLOBDD can handle is 2,097,152 for GHZ (1×

over CFLOBDDs, 64× over WBDDs); 262,144 for BV (1× over CFLOBDDs, 16×

over WBDDs); 524,288 for DJ (2× over CFLOBDDs, 32× over WBDDs); 8,192 for

Simon’s algorithm (1× over CFLOBDDs, 1× over WBDDs) 2,048 for QFT (128× over

CFLOBDDs, 1× over WBDDs); and 16 for Grover’s algorithm (2× over CFLOBDDs,

1× over WBDDs).

For Simon’s algorithm, the number of qubits handled by WCFLOBDDs,

WBDDs, and CFLOBDDs is up to 8,192 qubits; however, CFLOBDDs perform better

in terms of execution time. For QFT, which is a function whose image is exponentially

large, WCFLOBDDs perform better in time than WBDDs (but worse in space), and

have substantially better performance in both time and space than CFLOBDDs. For

Grover’s algorithm and Shor’s algorithm, WBDDs perform better than both WCFL-

OBDDs and CFLOBDDs in both time and space.

In cases when WCFLOBDDs, WBDDs, and CFLOBDDs are all successful,

the sizes of the final state vector of WCFLOBDDs and CFLOBDDs are similar,

and smaller than WBDDs for GHZ, BV, DJ, and Simon’s algorithm. For QFT,

Grover’s algorithm, and Shor’s algorithm, WBDDs represent the final state vector

more compactly than WCFLOBDDs and CFLOBDDs.

The evaluation results for CFLOBDD differ from those in §3.9.2.2 because of

(i) differences in the machine on which the experiments were run, (ii) differences in

the version of the circuits used for some benchmarks. However, in all results reported

in Tabs. 4.8, 4.9, and 4.10, WCFLOBDDs, WBDDs, and CFLOBDDs are compared

on the same machine.
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Bench-
log(n)

WCFLOBDD WBDD CFLOBDD
mark Time (s) Size Time (s) Size Time (s) Size

B1

16 0.001 442 7.32 65536 0.001 329
17 0.001 470 14.51 131072 0.001 350
18 0.001 498 29.23 262144 0.001 371
19 0.001 526 57.91 524288 0.001 392
20 0.001 554 117.44 1048576 0.001 413
21 0.001 582 Timeout 0.001 434

B2

16 0.001 654 7.34 65538 0.001 645
17 0.001 696 14.56 131074 0.002 687
18 0.001 738 29.06 262146 0.003 729
19 0.001 780 58.43 524290 0.005 771
20 0.001 822 118.44 1048578 0.007 813
21 0.001 864 Timeout 0.013 855

B3

16 0.001 199 7.27 1 0.005 197
17 0.001 211 14.4 1 0.01 209
18 0.001 223 28.63 1 0.018 221
19 0.001 247 57.17 1 0.035 233
20 0.001 247 116.52 1 0.071 245
21 0.001 259 Timeout 0.142 257

B4

16 0.51 307 7.29 32769 0.003 647
17 1.03 326 14.52 65537 0.004 690
18 2.13 345 28.91 131073 0.008 733
19 4.51 364 57.93 262145 0.017 776
20 10 383 117.67 524289 0.04 819
21 23.84 402 Timeout 0.1 862

B5

16 0.001 83 7.25 1 0.001 83
17 0.001 88 14.38 1 0.001 88
18 0.001 93 28.71 1 0.001 93
19 0.001 98 57.15 1 0.001 98
20 0.001 103 116.77 1 0.001 103
21 0.001 108 Timeout 0.001 108

Figure 4.8: Execution times and sizes of WCFLOBDDs and WBDDs on synthetic
benchmarks. (For B3, the WBDD size is 1 because H ×H = I, which is handled as
a special case in MQTDD.)
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Circuit #Qubits
WCFLOBDD WBDD CFLOBDD

Time(s) Size Time(s) Size Time(s) Size

GHZ

16 0.03 138 0.01 32 0.02 136
256 0.03 250 0.08 512 0.03 248
4096 0.14 362 8.45 8192 0.16 360
32768 1.05 446 714.97 65536 1.39 444
65536 2.28 474

Timeout
3.02 472

2097152 687.7 614 760.48 612

BV

16 0.03 157 0.01 18 0.03 156
256 0.07 714 0.12 258 0.16 713
4096 0.92 5491 22.83 4098 2.8 5490
16384 4.52 16446 447.19 16386 13 16445
65536 27.08 58698

Timeout
67.97 58697

262144 287.87 218441 515.07 218440

DJ

16 0.03 140 0.01 18 0.03 157
256 0.08 244 0.15 258 0.16 269
4096 1.01 348 29.35 4098 2.58 381
16384 4.59 400 618.48 16386 11.52 437
65536 24.71 452

Timeout
56.64 493

262144 171.9 504 350.23 549
524288 562.21 530 Timeout

Simon

16 0.07 242 0.01 83 0.07 327
256 1.62 942 0.39 1524 1.68 1524
4096 124.8 7042 93.96 24563 92.05 10117
8192 453.98 11902 439.74 49141 293.73 17130

QFT

4 0.03 63 0.01 5 0.02 88
16 0.03 226 0.01 17 0.34 69736
256 1.39 3366 1.73 257

Timeout
2048 123.28 26678 777.5 2049

Figure 4.9: Execution times and sizes for quantum-circuit benchmarks for WCFL-
OBDDs, WBDDs, and CFLOBDDs.
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Circuit #Qubits
WCFLOBDD WBDD CFLOBDD
Time(s) Size Time(s) Size Time(s) Size

Grover
4 0.04 120 0.01 11 0.04 188
8 0.16 199 0.02 23 1.33 1741
16 8.8 318 0.51 47 Timeout

Shor
(15, 2)

4 0.22 205 0.25 26 322.4 2903

Shor
(21, 2)

5 2.81 441 0.19 84

Timeout
Shor
(39, 2)

6 5.29 442 0.6 143

Shor
(95, 8)

7 Timeout 684.35 1440

Figure 4.10: Execution times and sizes for quantum-circuit benchmarks for WCFL-
OBDDs, WBDDs, and CFLOBDDs. (cont.)

Circuit GHZ BV DJ Simon QFT Grover Shor
Width n n+ 1 n+ 1 2n n 2n− 1 2n+ 3

Figure 4.11: Circuit widths of the quantum-circuit benchmarks.
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Chapter 5: Symbolic Quantum Simulation with

Quasimodo

5.1 Introduction

As discussed in Chapter 1, and §2.1, canonical, symbolic representations of

Boolean functions—for example, Binary Decision Diagrams (BDDs) Bryant (1986)—

have a long history in automated system design and verification. More recently, as

seen in Chapters 3 and 4, such data-structures have found exciting new applications

in quantum simulation. Quantum computers can theoretically solve certain prob-

lems much faster than traditional computers, but current quantum computers are

error-prone and access to them is limited. The simulation of quantum algorithms on

classical machines allows researchers to experiment with quantum algorithms even

without access to reliable hardware.

Symbolic function representations are helpful in quantum simulation because

a quantum system’s state can be viewed as a distribution over an exponential-sized

set of basis-vectors (each representing a “classical” state). Such a state, as well

as transformations that quantum algorithms typically apply to them, can often be

efficiently represented using a symbolic data-structure. Simulating an algorithm then

amounts to performing a sequence of symbolic operations.

Currently, there are a small number of open-source software systems that

support such symbolic quantum simulation Wille et al. (2021); Aleksandrowicz et al.

(2021); Cirq Developers (2022); Gray (2018); Tsai et al. (2021). However, as seen in

the previous chapters, the underlying symbolic data-structure can have an enormous

effect on simulation performance. In this tool paper, we present Quasimodo,1 an

extensible framework for symbolic quantum simulation. Quasimodo is specifically

designed for easy extensibility to other backends to make it possible to experiment

1Quasimodo is available at https://github.com/trishullab/Quasimodo.git.
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with a variety of symbolic data-structures. Quasimodo currently supports (i) BDDs

Bryant (1986); Fujita et al. (1997); Bahar et al. (1997), (ii) a weighted variant of BDDs

Niemann et al. (2016); Viamontes et al. (2004), (Zulehner and Wille, 2020, Ch. 5), (iii)

Context-Free-Language Ordered Binary Decision Diagrams CFLOBDDs Chapter. 3,

and (iv) Weighted CFLOBDDs Chapter. 4. Quasimodo also has a clean interface

that formal-methods researchers can use to plug in new symbolic data-structures,

which helps to lower the barrier to entry for formal-methods researchers interested in

this area.

Users access Quasimodo through a Python interface. They can define a

quantum algorithm as a quantum circuit using 18 different kinds of quantum gates,

such as Hadamard, CNOT, and Toffoli gates. They can simulate the algorithm using

a symbolic data-structure of their own choosing. Users can sample outcomes from the

probability distribution computed through simulation, and can query the simulator

for the probability of a specific outcome of a quantum computation over a set of

quantum bits (qubits). The system also allows for a form of correctness checking:

users are allowed to ask for the set of all high-probability outcomes and to check that

these satisfy a given assertion.

5.2 Quasimodo’s Programming and Analysis Interface

This section provides an overview of Quasimodo from the perspective of a Python

API user. A user can define a quantum-circuit computation and check the properties

of the quantum state at various points in the computation. This section also explains

how Quasimodo can be easily extended to include custom representations of the

quantum state.

Example. Fig. 5.1 shows an example of a quantum-circuit computation written

using the Quasimodo API. To use the Quasimodo library, one needs to import the

package, as shown in line [1]. A user can then create a program that implements a
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1 import quasimodo #python package to import for Quasimodo

2 epsilon = 1e-8

3

4 # number of qubits in the quantum state

5 numQubits = 2 ** 12

6 # initialize the quantum state

7 qs = quasimodo.QuantumState("CFLOBDD", numQubits)

8 qs.h(0) # Apply Hadamard gate to Qubit 0

9 for i in range(1, numQubits):

10 qs.cx(0, i) # Apply CNOT Gate from Qubit 0 to Qubit i

11

12 qubit_mapping = {} # map from qubit number -> desired outcome

13 for i in range(0, numQubits):

14 qubit_mapping[i] = 1

15

16 # query probability of outcome as encoded in qubit mapping

17 prob = qs.prob(qubit_mapping)

18 if (abs(prob - 0.5)) < epsilon:

19 print ("Circuit is correct")

20 else

21 print ("Incorrect circuit")

Figure 5.1: An example of a Quasimodo program that performs a quantum-circuit
computation in which the final quantum state is a GHZ state with 4,096 qubits. The
program verifies that a measurement of the final quantum state has a 50% chance of
returning the all-ones basis-state.

quantum-circuit computation by

• Initializing the quantum state by making a call to QuantumState with an argu-

ment that selects the desired backend data-structure and the number of qubits

in the quantum state. (See line [7].) The example in Fig. 5.1 uses CFLOBDD

as the backend simulator, but other data-structures can be used by changing

the backend parameter to BDD, WBDD, or WCFLOBDD. QuantumState sets

the initial quantum state to the all-zeros basis-state.

• Applying single-qubit gates to the quantum state, such as Hadamard (h), Pauli-

X (x), T-Gate (t), and others. The qubit to which they are to be applied is
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specified by passing the qubit number. (See line [8].)

• Applying multi-qubit gates to the quantum state, such as CNOT (cx), Toffoli

(ccx), SWAP (swap), and others. The qubits to which they are to be applied is

specified by passing the qubit numbers. (See line [10].)

Note that queries on the quantum state do not have to be made only at the

end of the program; they can also be interspersed throughout the circuit-simulation

computation.

Quasimodo allows different backend data-structures to be used for represent-

ing quantum states. It comes with BDDs Bryant (1986); Fujita et al. (1997); Bahar

et al. (1997), a weighted variant of BDDs Niemann et al. (2016); Viamontes et al.

(2004), (Zulehner and Wille, 2020, Ch. 5), CFLOBDDs (Chapter 3), and WCFL-

OBDDs (Chapter 4). Quasimodo also provides an interface for new backend data-

structures to be incorporated by users. All four of the standard backends provide

compressed representations of quantum states and quantum gates, although—as with

all variants of decision diagrams—state representations may blow up as a sequence

of gate operations are performed.

Quantum Simulation. Quantum simulation problems can be implemented us-

ing Quasimodo by defining a quantum-circuit computation, and then invoking the

API function measure to sample a basis-vector from the final quantum state. For

instance, suppose that the final quantum state is
[
0.5 0 0.5 0.5 0 0 0.5 0

]
.

Then measure would return a string in the set {000, 010, 011, 110} with probability

0.25 for each of the four strings.

Verification. As shown in line [17] of Fig. 5.1, Quasimodo provides an API call

to inquire about the probability of a specific outcome. The function prob takes as its

argument a mapping from qubits to {0, 1}, which defines a basis-vector e of interest,
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and returns the probability that the state would be e if a measurement were carried

out at that point. It can also be used to query the probability of a set of outcomes,

using a mapping of just a subset S of the qubits, in which case prob returns the sum

of all probabilities of obtaining a state that satisfies S. For example, if the quantum

state computed by a 3-qubit circuit over ⟨q0, q1, q2⟩ is
[
0.5 0 0.5 0.5 0 0 0.5 0

]
,

the user can query the probability of states satisfying q1 = 1 ∧ q2 = 0 by calling

prob(1 : 1, 2 : 0), which would returns 0.5 (= Pr(q0 = 0∧ q1 = 1∧ q2 = 0)+Pr(q0 =

1 ∧ q1 = 1 ∧ q2 = 0) = (0.5)2 + (0.5)2).

Given a relational specification R(x, y) and a quantum circuit y = Q(x), this

feature is useful for verifying properties of the form “Pr[R(x,Q(x))] > θ,” where θ is

some desired probability threshold for the user’s application.

Debugging Quantum Circuits. Quasimodo additionally provides a feature to

query the number of outcomes for a given probability. This feature is especially

helpful for debugging large quantum circuits—large in-terms of qubit counts—when

most outcomes have similar probabilities.

Consider the case of a quantum circuit whose final quantum state is intended

to be 1√
6

[
1 1 1 0 1 1 1 0

]
. One can check if the final quantum state is the

one intended by querying the number of outcomes that have probability 1
6
. If the

returned value is 6, the user can then check if states 011 and 111 have probability

0 by calling prob({0 : 0, 1 : 1, 2 : 1}) and prob({0 : 1, 1 : 1, 2 : 1}), respectively. The

API function for querying the number of outcomes that have probability p ± ϵ is

measurement counts(p, ϵ). One can also query the number of outcomes that have

probability ≥ p by invoking the function tail counts(p).

Quasimodo’s API provides the methods get state() and most frequent()

to obtain the quantum state (as a pointer to the underlying data-structure) and the

outcome with the highest probability, respectively.
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Quasimodo not only supports applying the gates of a quantum circuit se-

quentially, but also first computing various gate-gate operations (either Kronecker

product or matrix-multiplication operations) and then apply the resultant gate to

the initial quantum state. For example, consider a part of a circuit defined as follows:

for i in range(0, n):

qc.cx(i, n)

Instead of applying CNOT (cx) sequentially for every i, one can construct a

gate equivalent to cx op = Πn−1
i=0 cx(i, n) and then apply cx op to quantum state qc as

follows:

cx_op = qc.create_cx(0, n)

for i in range(1, n):

tmp = qc.create_cx(i, n)

cx_op = qc.gate_gate_apply(cx_op, tmp)

qc.apply_gate(cx_op)

5.2.1 Extending Quasimodo

The currently supported symbolic data-structures for representing quantum

states and quantum gates are written in C++ with bindings for Python. All of the cur-

rent representations implement an abstract C++ class that exposes (i) QuantumState,

which returns a state object that represents a quantum state, (ii) eighteen quantum-

gate operations, (iii) an operation for gate composition, (iv) an operation for applying

a gate—either a primitive gate or the result of gate composition—to a quantum state,

and (v) five query operations. Users can easily extend Quasimodo to add a replace-

ment backend by providing an operation to create a state object, as well as implemen-

tations of the seventeen gate operations and three query operations. Currently, the

easiest path is to implement the custom representation in C++ as an implementation

of the abstract C++ class used by Quasimodo’s standard backends.
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5.3 Symbolic Simulation

A symbolic simulation of a quantum circuit-computation Zulehner and Wille

(2020); Tsai et al. (2021), Chapters 3, 4 uses a symbolic representation qs of a quan-

tum state and performs operations on qs that correspond to quantum-circuit opera-

tions.

• A quantum state of n qubits is a vector of size 2n × 1. Its entries are called

amplitudes, and the vector represents the probability distribution given by the

squares of the absolute values of the amplitudes. In Quasimodo, CFLOBDDs,

WCFLOBDDs, BDDs, and WBDDs are used to represent functions of the form

f : {0, 1}n → C—i.e., f is a vector holding complex amplitudes.

• A quantum gate performs a linear transformation of a quantum state.

Quantum-gate application is implemented by using a CFLOBDD, WCFL-

OBDD, BDD, or WBDD to represent the matrix describing the quantum gate,

and performing a matrix-vector multiplication of the gate matrix and the quan-

tum state.

• For CFLOBDDs, WCFLOBDDs, BDDs, and WBDDs, operations like prob,

measurement counts, and tail counts are implemented as exact operations—

i.e., no sampling—via projection and path-counting operations. For CFL-

OBDDs and BDDs, Quasimodo computes prob via an efficient path-counting

operation to obtain the number of paths leading to each terminal value, and

then projects the result onto the variables of interest (as specified by the user).

Quasimodo then returns the sum of the probabilities of the remaining paths. In

the case of WBDDs and WCFLOBDDs as the backend, Quasimodo computes

the probability of every node ((Zulehner and Wille, 2020, Ch. 5)) or exit ver-

tex of a grouping instead of counting paths. To compute measurement counts,

Quasimodo returns the number of paths that lead to the requested probability

value within the provided threshold ϵ. On querying tail counts, Quasimodo
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returns the number of paths that lead to terminal values having probability

prob ≥ p, where p is the requested probability.

• Once path-counts are computed, a measurement from the CFLOBDD, WCFL-

OBDD, BDD, or WBDD symbolic representation of a quantum state is

a data-structure traversal that can be carried out in time proportional to

O(max(number of qubits in the circuit, size of argument data-structure))
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Chapter 6: Do CFLOBDDs Actually Make Use of

Linear Structure?

6.1 Introduction

As discussed in Chapter 3, a CFLOBDD is a kind of (non-recursive) hierarchi-

cal finite-state machine (HFSM) Alur et al. (2005a), of a special form: every grouping

at level l in a CFLOBDD has a “call” to another grouping at level l − 1 through an

AConnection, followed by calls to groupings at level l−1 through BConnections. The

number of BConnections is determined by the number of exits of the AConnection.

CFLOBDDs exhibit hierarchical properties through “levels”, whereas, in contrast,

BDDs do not have a hierarchical structure.

CFLOBDDs can be viewed as going somewhat beyond HFSMs, in that they

have some of the features of Nested-Word Automata (NWAs) (or Visibly Pushdown

Automata (VPAs)). In particular, like NWAs, CFLOBDDs combine a hierarchical

structure with a linear structure. §6.1.1 formally defines the linear structure of NWAs

and shows how CFLOBDDs are a special case of NWAs.

In Chapter 3, we discussed how the hierarchy in CFLOBDDs provides an expo-

nential compression over BDDs, theoretically (see §3.7) and in practice (see §3.9.2.2).

In this chapter, we explore the question of whether CFLOBDDs actually use the lin-

ear structure. In particular, §6.4.2 and §6.4.3 discuss how CFLOBDDs can represent

functions better than TIDDs because of the lack of linear structure in TIDDs, and

present an example of a function f for which there is an exponential gap between

CFLOBDDs and TIDDs in terms of representation size—i.e., a CFLOBDD for f can

be exponentially smaller than a TIDD for f with the same variable ordering.

In the rest of this subsection, we give an overview of how CFLOBDDs are a

restricted form of NWAs, and how they embody hierarchical and linear structure. In

§6.2, we introduce Tree-Automata Inspired Decision Diagrams (TIDDs), which have
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Figure 6.1: (a) Encoding of a grouping’s A-connection and B-connections as call
transitions, and its return edges as return transitions of an NWA. The grouping is
the one used to encode the family of Hadamard matrices H. (b) and (c) Encoding
of the two kinds of level-0 groupings as internal transitions of an NWA.

hierarchical structure but no linear structure, and explore the relative expressivity of

CFLOBDDs and TIDDs.
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6.1.1 Nested Words and Nested-Word Automata

Definition 6.1 Alur and Madhusudan (2009). A nested word (w,⇝) over alphabet

Σ is an ordinary word w ∈ Σ∗, together with a nesting relation⇝ of length |w|. ⇝

is a collection of edges (over the positions in w) that do not cross. A nesting relation

of length l ≥ 0 is a subset of {−∞, 1, 2, . . . , l} × {1, 2, . . . , l,+∞} such that

• Nesting edges only go forwards: if i⇝ j then i < j.

• No two edges share a position: for 1 ≤ i ≤ l, |{j | i ⇝ j}| ≤ 1 and |{j | j ⇝

i}| ≤ 1.

• Edges do not cross: if i⇝ j and i′ ⇝ j′, then one cannot have i < i′ ≤ j < j′.

When i ⇝ j holds, for 1 ≤ i ≤ l, i is called a call position; if i ⇝ +∞, then i is a

pending call; otherwise i is a matched call, and the unique position j such that

i⇝ j is called its return successor. Similarly, when i⇝ j holds, for 1 ≤ j ≤ l, j is a

return position; if −∞⇝ j, then j is a pending return, otherwise j is a matched

return, and the unique position i such that i⇝ j is called its call predecessor. A

position 1 ≤ i ≤ l that is neither a call nor a return is an internal position.

MatchedNW denotes the set of nested words that have no pending calls or

returns. NWPrefix denotes the set of nested words that have no pending returns.

A nested word automaton (NWA) A is a 5-tuple (Q,Σ, q0, δ, F ), where Q

is a finite set of states, Σ is a finite alphabet, q0 ∈ Q is the initial state, F ⊆ Q is a

set of final states, and δ is a transition relation. The transition relation δ consists of

three components, (δc, δi, δr), where

• δi ⊆ Q× Σ×Q is the transition relation for internal positions.

• δc ⊆ Q× Σ×Q is the transition relation for call positions.

• δr ⊆ Q×Q× Σ×Q is the transition relation for return positions.
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Starting from q0, an NWA A reads a nested word nw = (w,⇝) from left to

right, and performs transitions (possibly non-deterministically) according to the input

symbol and ⇝. If A is in state q when reading input symbol σ at position i in w,

and i is an internal or call position, A makes a transition to q′ using (q, σ, q′) ∈ δi or

(q, σ, q′) ∈ δc, respectively. If i is a return position, let k be the call predecessor of i,

and qc be the state A was in just before the transition it made on the kth symbol; A

uses (q, qc, σ, q
′) ∈ δr to make a transition to q′. If, after reading nw, A is in a state

q ∈ F , then A accepts nw.

The automaton A processes the nested word nw according to a linear order of

the characters of nw, along with obeying the hierarchy in nw. As discussed in Alur and

Madhusudan (2009), the state propagated along the linear edges (internal transitions)

is the same as in the case of a standard word automaton. At a call position, the nesting

edge is considered to determine the hierarchical state, and at a return position, the

automaton determines the new state based on the linear (internal) and return edges.

Fig. 6.1 illustrates a schema by which a CFLOBDD can be translated to an

NWA M . Each matched path through the CFLOBDD corresponds to a nested word

in MatchedNW for M . The matched-path principle is obeyed because of the ability

of an NWA to “peek” at the state of the most-recent “call” to match a return edge

with the appropriate preceding A-connection or B-connection. All transitions taken

at a level ≥ 1 are ϵ-transitions (Fig. 6.1a). The only transitions that consume an

alphabet symbol are the F and T transitions of the level-0 fork grouping (Fig. 6.1b)

and the F and T transitions of the level-0 don’t-care grouping (Fig. 6.1c).

Fig. 6.2 shows the nested word that corresponds to the path for the assignment

[x0 7→ F, y0 7→ T, x1 7→ F, y1 7→ T ] in the CFLOBDD for the Hadamard matrix H4,

with the variable ordering ⟨x0, y0, x1, y1⟩.

For each assignment, the state after a given prefix p is a function of the bindings

in p seen so far, making CFLOBDDs depend on the linear order of the assignment.

But it is worth pointing out that the hierarchical structure interacts with the linear
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1 -1

(a)

1

(b)

Figure 6.2: (a) The CFLOBDD for the Hadamard matrix H4, with the variable
ordering ⟨x0, y0, x1, y1⟩ (repeated from Fig. 3.4a). The matched path for
[x0 7→ F, y0 7→ T, x1 7→ F, y1 7→ T ], which corresponds to H4[0, 3] (with value 1), is
shown in bold. (b) The nested word for the path for
[x0 7→ F, y0 7→ T, x1 7→ F, y1 7→ T ].

order to allow proto-CFLOBDDs to be shared. For instance, consider the three level-

2-to-level-1 calls in Fig. 6.2 (where the three calling contexts are the level-2 grouping’s

entry vertex, its first middle vertex, and its second middle vertex). It allows the level-

1 proto-CFLOBDD to be shared at the three calls—with all three transitioning to the

state represented by the entry vertex of the level-1 grouping. At the exit vertices of

the level-1 grouping, the various return transitions transfer control to the appropriate

states in the level-2 grouping according to the calling context.

To understand whether the functions represented by CFLOBDDs exploit the
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linear structure of words (i.e., assignments), we will create a new decision diagram

that is very similar to CFLOBDDs, but without the linear structure. This approach

results in the new decision diagrams possessing only the hierarchical properties, and

hence can be viewed as a restricted form of deterministic tree automata. More for-

mally, we introduce Tree-automata Inspired Decision Diagrams (TIDD) – acyclic

deterministic tree-automata to represent Boolean functions that run on trees whose

leaves are values of the different variables of the given function. That is, a tree repre-

sents an assignment, and for a pseudo-Boolean function f , the value that the TIDD

for f gives to the tree for assignment a is f(a). We want TIDDs to be as close to

CFLOBDDs as possible without the linearity in CFLOBDDs; hence, TIDDs also fol-

low an analogue of the “Contextual-Interpretation” principle obeyed by CFLOBDDs:

if two sub-functions defined over different groups of variables are equal, then they are

represented by the same substructure in the data structure that represents a TIDD.

(This point should become clearer in §6.2.)

In particular, we want to understand how deterministic tree automata can

represent Boolean functions, and how they compare with CFLOBDDs in terms of the

representation size and cost of performing operations.

For the representation of an assignment a, we use a perfect binary tree ta such

that the linear sequence (left-to-right) formed by the leaves of ta is equal to the as-

signment a. The tree structure is equivalent to the grammar followed by CFLOBDDs,

so the ideas behind TIDDs could be generalized to allow the user to define the tree

structure to use (similar to the generalization of CFLOBDDs made in Chapter 7).

However, because CFLOBDDs follow a balanced grammar, TIDDs accept only

perfect binary trees, where the tree’s leaves contain the function’s variables and the

internal nodes do not contain any symbols/variables. Fig. 6.3(a) shows the tree for a

function over 4 variables – ⟨x0, x1, x2, x3⟩, and Fig. 6.3(b) shows the tree for a function

(e.g., a matrix) over two sets of interleaved variables – ⟨x0, y0, x1, y1⟩.

We show that CFLOBDDs indeed make use of the linear structure and can
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Figure 6.3: Tree representation of the variables of a function

represent functions more efficiently than TIDDs.

Organization. The rest of the chapter is organized as follows:

• We define TIDDs, a new data structure to represent Boolean functions, rela-

tions, matrices, etc. (§6.2).

• We give an overview of the operations using TIDDs (§6.3).

• We discuss examples of two kinds: (i) ones for which TIDDs are as good as

CFLOBDDs and exponentially better than BDDs (§6.4.1), (ii) ones that provide

intuition of how CFLOBDDs use the linear structure and can represent functions

better than TIDDs (§6.4.2), and (iii) example showing exponential gap between

CFLOBDDs and TIDDs (with same variable ordering) (§6.4.3)

• We provide some sample evaluations showing CFLOBDDs performing better

than TIDDs in practice in the quantum-simulation domain. (§6.5).

6.2 Tree-Automata Inspired Decision Diagrams (TIDDs)

6.2.1 Basic Structure

Because TIDDs are a special version of deterministic finite tree automata that

represent Boolean functions, we will define TIDDs in the same way as one defines
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a tree automaton, with small differences. Generally, a tree automaton is a tuple

M = (Q,Qf ,F,∆). M accepts a language of trees L, where Q is the set of states,

Qf is the set of final states (Qf ⊂ Q), F is the set of symbols and ∆ represents the

transition relation. Because we want to represent functions, there is no notion of

“acceptance.” All the states are accepted, but every final state has an associated

“value.” Note that we are only dealing with acyclic deterministic tree automata.

We want to represent functions using TIDDs. An assignment a of the variables

of the function is converted to a tree ta that the tree automaton runs on. If a function

f is defined over n Boolean variables, then the corresponding tree ta is a perfect binary

tree of height log n. The leaves of ta are the Boolean variables, and the internal nodes

have one symbol Ω.

Definition 6.2. We define a TIDD as a deterministic, acyclic, bottom-up, tree au-

tomaton, divided into “levels” with a tuple M = (l,Q = Q0∪Q1∪ . . .∪Ql,Qf ,F,∆,V)

and the following constraints:

• The number of levels of states in a TIDD is l + 1.

• Q is the set of states. Each Qi, for i ∈ {0, . . . , l}, is the set of states at level i,

called a state-layer.

• Qf is the set of final states with Qf = Ql.

• F is the alphabet, i.e., set of symbols. F = {0, 1,Ω}. 0, 1 correspond to the

symbols at the leaves of the tree, and an implicit symbol – Ω, with arity 2 –

corresponds to an internal symbol of the tree.

• ∆ is the transition relation. Because the automaton is deterministic, the transi-

tion relation ∆ becomes a transition function δ of the form: δ : Qi×Qi → Qi+1,

for i ∈ {0, . . . , l − 1}. At level-0, δ : F → Q0. We assign a fixed “rejected”

state for δ on symbol Ω at level-0—i.e., no leaf is labeled by Ω, and do not

explicitly discuss it when defining a TIDD. We refer to an input-output triple
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of δ (or input-output pair, in the case of level-0) as either a “transition” or a

“hyper-edge” (usually shortened to “edge”).

• V is the value function from every final state (Qf ) to a value v ∈ D (some

domain), i.e., V : Qf → D. Every assignment a of variables of a function f has

a corresponding tree ta with the variables as the leaves of the tree. Hence, the

value of the final state reached by the running M on ta is equal to the value of

the function f at a.

TIDDs must also satisfy the following properties.

1. Each assignment has a value (existence of a run): for every assignment-tree t,

M does not get stuck: there is a run of M that leads to some final state in Qf .

2. Uniqueness of the representation of δ:

(i) At each level i, there is a total order on the states in Qi. Let SeqQi
denote

the vector that list the states in that order. The names of states at level i

are chosen according to the total order: [qi1, . . . , q
i
|SeqQi

|].

(ii) At level 0, the state assigned when the symbol is a 0 is q00; the state assigned

when the symbol is a 1 is q01. SeqQ0
=df [q

0
0, q

0
1].

(iii) The total order on states at level i+ 1 equals the order in which they are

mentioned in the sequence

SeqQi+1
= [δ(ql, qr) | (ql, qr) ∈ SeqQi

⊗ SeqQi
]

(where SeqQi
⊗ SeqQi

is a Kronecker-product operation that pairs sequence

elements, and creates a total order on the pairs of states in Qi).

(iv) V is one-to-one and onto D.

(v) At each level i, any two different states can be distinguished by how they

interact with at least one other level-i state via the transition function δ:

∀qj, qk ∈ Qi. (qj ̸= qk =⇒ ∃q ∈ Qi.δ(qj, q) ̸= δ(qk, q) ∨ δ(q, qj) ̸= δ(q, qk)) .
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Figure 6.4: The set of trees TH representing the assignments of H2 with two variables
x0, y0 as the leaves of the tree.
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𝑞10

(a) The diagram shows states q0, q1,
and q10, and transitions [0 → q0, 1 →
q1, (q0, q1) → q10] of MH2 for the
tree representing the assignment ⟨x0 7→
0, y0 7→ 1⟩.

0 1

𝑞0 𝑞1

𝑞10

0 1

𝑥0 𝑦0 𝑥1 𝑦1

𝑞0 𝑞1

𝑞10

𝑞20

(b) The diagram shows states q0, q1, q10,
and q20, and transitions [0 → q0, 1 → q1,
(q0, q1) → q10, (q10, q10) → q20] of MH4 for
the tree representing the assignment ⟨x0 7→
0, y0 7→ 1, x1 7→ 0, y1 7→ 1⟩.

Figure 6.5: The diagrams show the runs of tree automata (TIDDs) MH2 and MH4 on
two trees corresponding to two assignments for the functions (matrices) H2 and H4.

Example 6.1. Let us consider the family of Hadamard matrices, discussed in §2.1.1,

H = {H2i | i ≥ 1}, and for i ≥ 1, H2i+1 = H2i ⊗H2i , where H2 =

[0 1

0 1 1
1 1 −1

]
.

H2 is a function over two Boolean variables – x0 for row-index variables and

y0 for column-index variables. Hence, H2 has four assignments corresponding to

⟨x0, y0⟩ = {00, 01, 10, 11}. The set of trees TH that represent these assignments are

the four binary trees with two leaves shown in Fig. 6.4. The TIDD representation of
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H2 would be a tuple MH2 = (l = 1,Q = Q0 ∪ Q1,Qf = Q1,F = {0, 1,Ω}, δ,V), with

• Q0 = {q0, q1}, Q1 = {q10, q11}

• δ function:

δ(0)→ q0 δ(1)→ q1
δ(q0, q0) = q10 δ(q0, q1) = q10 δ(q1, q0) = q10 δ(q1, q1) = q11

• V(q10) = 1, V(q11) = −1

We can observe that MH2 on assignments {00, 01, 10} leads to the value 1 =

H2[0, 0] = H2[0, 1] = H2[1, 0], and assignment {11} leads to the value −1 = H2[1, 1].

The TIDD representation of H2 has 4 states and 6 edges. Fig. 6.5a shows the run of

MH2 on the tree with leaves ⟨0, 1⟩, which corresponds to the assignment [x0 7→ 0, y0 7→

1]. We can observe that the states on reading the symbols at the leaves are q0 for 0

and q1 for 1, and similarly, the state transitioned to at the next level is (q0, q1)→ q10.

Let us consider the next matrix in this series H4 = H2⊗H2 =

[ 0 1

0 H2 H2

1 H2 −H2

]
=


00 01 10 11

00 1 1 1 1
01 1 −1 1 −1
10 1 1 −1 −1
11 1 −1 −1 1

. The TIDD representation of H4 is a tuple MH4 = (l = 2,Q =

Q0 ∪ Q1 ∪ Q2,Qf = Q2,F = {0, 1,Ω}, δ,V), with

• Q0 = {q0, q1}, Q1 = {q10, q11}, and Q2 = {q20, q21}

• δ function:

δ(0)→ q0 δ(1)→ q1
δ(q0, q0) = q10 δ(q0, q1) = q10 δ(q1, q0) = q10 δ(q1, q1) = q11
δ(q10, q10) = q20 δ(q10, q11) = q21 δ(q11, q10) = q21 δ(q11, q11) = q20

• V(q20) = 1, V(q21) = −1
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The TIDD representation of H2 has 6 states and 10 edges. We can observe

that Q0,Q1 of MH4 and MH2 are the same. Similarly, the transition function between

states of Q0 and Q1 of MH4 and MH2 are also the same. Fig. 6.5b shows the run

of MH4 on the tree with leaves ⟨0, 1, 0, 1⟩ that corresponds to the assignment [x0 7→

0, y0 7→ 1, x1 7→ 0, y1 7→ 1]. We can observe that the states on reading the symbols at

the leaves would be q0 for 0 and q1 for 1, similarly, the states transitioned to at the

next level would be (q0, q1)→ q10, and (q10, q11)→ q20.

On the same lines, the TIDD representation of H2i is a tuple MH2i
= (l =

i,Q = Q0 ∪ Q1 ∪ . . . ∪ Qi,Qf = Qi,F = {0, 1,Ω}, δ,V), with

• Q0 = {q0, q1}, Qj = {qj0, qj1}, for j = 1 . . . i.

• δ function, for j = 1 . . . i− 1:

δ(0)→ q0 δ(1)→ q1
δ(q0, q0) = q10 δ(q0, q1) = q10 δ(q1, q0) = q10 δ(q1, q1) = q11
δ(q10, q10) = q20 δ(q10, q11) = q21 δ(q11, q10) = q21 δ(q11, q11) = q20

...
δ(qj0, qj0) = q(j+1)0 δ(qj0, qj1) = q(j+1)1 δ(qj1, qj0) = q(j+1)1 δ(qj1, qj1) = q(j+1)0

• V(qi0) = 1, V(qi1) = −1

The TIDD representation of H2i has 2i+ 2 states and 4i+ 2 edges.

Discussion. Note that the trees in Fig. 6.5 do not show the symbol Ω at the in-

ternal nodes; we assume it to be implicit. Also, we can observe that, unlike general

tree automata, the automata do not have level-0 transitions specific to variables (or,

more precisely, to the position of a variable in an assignment), but operate solely on

the symbols 0 and 1. The reason behind this technique is to make the TIDD rep-

resentation as similar to CFLOBDDs as possible. If a TIDD were to use a different

state for every variable, then the TIDD representation of H2i would have size O(2i),

whereas the size of the representation of H2i used in our work is O(i).
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6.2.2 Canoncity

As shown in Comon et al. (2008), the Myhill–Nerode theorem for tree au-

tomata implies the existence and uniqueness (up to isomorphism) of a minimal de-

terministic tree automaton recognizing a given tree language. We will use the con-

struction following the Myhill-Nerode theorem to show that TIDDs are minimal and

thereby canonical.

The Myhill–Nerode equivalence for trees induces a congruence on the set of

trees. Two trees are equivalent if and only if they are indistinguishable by all contexts:

that is, for any context C[ ], plugging either tree into C[ ] yields trees that are either

both accepted or both rejected. Equivalently, a context of a subtree t′ in a larger tree

t is the surrounding tree with a distinguished hole, and t′ may be replaced by another

tree in that hole. The minimal deterministic bottom-up tree automaton recognizing

a tree language is obtained by taking the Myhill–Nerode equivalence classes as states.

Transitions are defined as follows: for a symbol f of arity k and equivalence classes

[t1], . . . , [tk], the transition on f maps ([t1], . . . , [tk]) to the equivalence class of the

tree f(t1, . . . , tk).

Formally, two states are equivalent if the trees represented by their equiva-

lence classes are indistinguishable under all contexts. Equivalently, in terms of the

transition function, if two states q1 and q2 are equivalent — and hence can be merged

— then their transition behavior must coincide. That is,

∀q, [δ(q1, q)] ≡ [δ(q2, q)] ∧ [δ(q, q1)] ≡ [δ(q, q2)],

where [·] denotes the equivalence class of a state.

We observe that this condition on the transition function has been incorporated

into constraint 2(v) that is imposed on the transition structure of TIDDs (page 247).

As a result, if the states at level i+ 1 are minimal, then the states at level i are also

minimal, because no two distinct states at level i can satisfy the above equivalence;

that is, there are no pairs of states to merge in a TIDD.
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At the top-most level l, the number of states is determined by the value func-

tion V, which is a bijection onto the domain D. Consequently, the number of states

at level l is minimal.

Putting these observations together, we have shown that the states at the top-

most level are minimal, and that the transition function of TIDD—being equivalent to

that of a minimal deterministic bottom-up tree automaton—ensures that minimality

propagates from level i+1 to level i. Therefore, TIDDs are minimal by construction.

We now state the canonicity theorem for TIDDs.

Theorem 6.1 (Canonicity of TIDDs). If M1 and M2 are level-l TIDDs for the same

Boolean function over n = 2l Boolean variables, and M1 and M2 use the same variable

ordering, then M1 and M2 are isomorphic.

To prove this theorem, we first introduce and discuss two definitions: (i) the

down language of a state, and (ii) the down-assignment-language of a state.

Down Language. Let T represent the set of all possible perfect binary trees with

0,1 as the leaves of the trees. For an automaton A that runs on T , the language

accepted by A is

L(A) = {t ∈ T | mA(t) ∈ Qf}

where, mA(t) is the state obtained by running A on t. In the same way, Guellouma

and Cherroun (2016) define the down-language of a state q of the automaton A:

L↓(q) = {t ∈ T | mA(t) = q}

L↓(q) consists of the set of trees on which automaton A reaches state q.1

1For a TIDD, L(A) = T because, when run on the tree for an arbitrary assignment, the TIDD
reaches some final state (Defn. 6.2). In contrast, L↓(q) allows us to make distinctions among different
assignment-trees based on the state q reached.
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We will now define a slight variant of the down-language. We will define a

new term called “down-assignment-language” L↓f . For a Boolean function f over

n variables, there exists 2n perfect binary trees. Every perfect binary tree t can

be considered as a one-step-deeper tree over two perfect binary trees ta and tb such

that t is formed using ta as the left-child and tb as the right-child, i.e., t = ta||tb.

Let T represent all such unique binary (sub-)trees of the 2n perfect binary trees

corresponding to the function f . Every tree t ∈ T has a corresponding word w

obtained by sequentially concatenating the leaves of t; let us denote this operation

by w = TW (t) and t = TW−1(w). Let Tw represent all such unique words obtained

from the trees in T . The “down-assignment-language” L↓f of a state q of automaton

A is defined as

L↓f (q)=df{w ∈ Tw | mA(TW
−1(w)) = q}.

This definition implies that L↓f of a state q represents the set of words whose

corresponding trees lead to state q on running automaton A. These words are, in

fact, partial assignments of the function f . So in other words, if state q belongs to Qi,

where i is the height of the state layer, L↓f (q) represents the set of Boolean strings

of length 2i that lead to state q on running automaton A.

For a Boolean function f , because TIDDs are deterministic, every w ∈ Tw

and correspondingly, every t ∈ T belong to the L↓f of exactly one state, i.e., let |.|

represent the length of a word, and let P (i) represent the set of all Boolean-words of

length 2i, then

∀q ∈ Qi, ∀w ∈ L↓f (q), |w| = 2i

∀w ∈ P (i), ∃! q ∈ Qi such that w ∈ L↓f (q)

The states (p) of a TIDD at every level-i partition the space of P (i) into p

partitions. That is, they satisfy the following properties:

(i) Any two states at the same level have different down-assignment-languages. Let
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the TIDD have l + 1 levels,

∀i ∈ {0 . . . l}, ∀qj, qk ∈ Qi, qj ̸= qk =⇒ L↓f (qj) ∩ L↓f (qk) = ϕ

(ii) The union of down-assignment-languages of all states at level-i is equal to P (i).

∀i ∈ {0 . . . l},
⋃
q∈Qi

L↓f (q) = P (i)

We will now give the proof for Thm. 6.1.

Proof. Consider two TIDDs M1 and M2 that represent the same pseudo-Boolean

function.

Base case: Level 0. By condition 2(ii) that is imposed on the transition structure

of TIDDs (page 247), M1 and M2 have the same level-0 states, namely, q00 when a

symbol is 0, and q01 when a symbol is 1, with SeqQ0
= [q00, q

0
1].

For use in satisfying the hypothesis of the inductive step, note that the corre-

sponding down-assignment-languages are identical:

L↓M1 (SeqQ0
[j]) = L↓M2 (SeqQ0

[j]), for j ∈ {0, 1}.

Inductive step: Level i to level i+1. Inductive Hypothesis: Assume that at level

i the sequences of states in M1 and M2 are such that (i) they are the same length; (ii)

states in the two TIDDs are named according to position: SeqQi
= [qi0, . . . , q

i
|SeqQi

|−1];

and (iii) for all 0 ≤ j ≤ |SeqQi
|−1, the corresponding down-assignment-languages are

identical:

L↓M1 (SeqQi
[j]) = L↓M2 (SeqQi

[j]).

Consider the states at level i+ 1. The states of M1 and M2 at level i+ 1 are

uniquely determined by the transition functions from level i to level i+1. Because M1

and M2 are minimal, their transition functions coincide. Consequently, the number

of states at level i+ 1 in M1 and M2 is the same; in particular,

254



(i) the sequences of states in M1 and M2 at level i+ 1 have the same length.

The ordering of states at level i + 1 is determined by condition 2(iii) on the

transition structure of TIDDs (page 247). Specifically, the sequence of states at

level i+ 1 is given by

SeqQi+1
=

[
δ(ql, qr)

∣∣ (ql, qr) ∈ SeqQi
⊗ SeqQi

]
,

where SeqQi
⊗ SeqQi

denotes the Kronecker product of sequences, pairing elements

from SeqQi
. Because SeqQi

is identical in M1 and M2, it follows that SeqQi+1
is also

identical in both automata, which establishes property (ii).

Consider the down-assignment-language of each state ofM1 andM2 at level i+

1. Let qi+1
j ∈ SeqQi+1

be a state at level i+ 1, and let[
(qia1 , q

i
b1
)→ qi+1

j , (qia2 , q
i
b2
)→ qi+1

j , . . . , (qiak , q
i
bk
)→ qi+1

j

]
be the list of transitions leading to qi+1

j , where qia1 , . . . , q
i
ak
, qib1 , . . . , q

i
bk
∈ SeqQi

. Then

the down-assignment language of qi+1
j in M1 is given by

L↓M1 (qi+1
j ) =

k⋃
k′=1

L↓M1 (qiak′ ) ∥ L
↓M1 (qibk′ ),

where ∥ denotes the concatenation of words.

Equivalently, for a state SeqQi+1
[j], the down-assignment language depends

only on the down-assignment languages of the states in SeqQi
, and can be written as

L↓M1 (SeqQi+1
[j]) =

⋃
δ(SeqQi

[k1],SeqQi
[k2])→SeqQi+1

[j]

L↓M1 (SeqQi
[k1]) ∥ L↓M1 (SeqQi

[k2]).

An analogous equation holds for L↓M2 (SeqQi+1
[j]). By the induction hypothesis,

for all 0 ≤ j ≤ |SeqQi
|−1, the corresponding down-assignment languages are identical:

L↓M1 (SeqQi
[j]) = L↓M2 (SeqQi

[j]).

Therefore, for all 0 ≤ j ≤ |SeqQi+1
| − 1, we have

L↓M1 (SeqQi+1
[j]) = L↓M2 (SeqQi+1

[j]),

which establishes property (iii).
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Top level l. At the top level l, by the induction hypothesis, the state sequences in

M1 and M2 have the same length, the same ordering, and identical down-assignment

languages. At level l, the value function V induces a bijection from the states to the

domain D. Because SeqQl
is identical in M1 and M2, the association of each state

SeqQl
[j] with its value d ∈ D is the same in both automata. Therefore, M1 and M2

have identical value functions at the top level.

Using the above induction, it follows that the representations of M1 and M2

are identical, and hence the TIDD for a pseudo-Boolean function f is a canonical

representation of f .

6.2.3 Relationship of L↓f to Proto-CFLOBDDs

This section examines the substructures of both TIDDs and CFLOBDDs from

the standpoint of their handling of partitions of the set of strings of length 2i. It

shows that (proto-)CFLOBDDs have some additional flexibility that sub-automata

of TIDDs lack. This understanding becomes important in §6.4.2 and §6.4.3, where

we investigate the differences in the sizes of the TIDD and CFLOBDD that represent

a given function f .

As discussed in §3.5 and Appendix §K, a proto-CFLOBDD C at level-i with

k exit vertices partitions the space of 22
i
strings of length 2i, P (i), into k partitions.

Consider two proto-CFLOBDDs C and C ′ at level-i that are a part of a bigger CFL-

OBDD Cg that represents a function g. Because of the Contextual-Interpretation

Principle, in the context of Cg, C and C ′ can be over the same set of variables, a

different set of variables, or both. In any case, C and C ′ encode different local sub-

functions, and thereby partition P (i) differently. Moreover, the partition space of C

need not have any correlation with the partition space of C ′.

In contrast, because the transitions of a TIDD are not specific to the underlying

variables, i.e., the same state is reached when TIDD is run on two trees over different

set of variables but with the same assignments, the partition space – the down-
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assignment language – of a TIDD is has to be finer than the partition space of every

proto-CFLOBDD at the same level. That is, in a TIDD for the function g considered

above, there would be a sub-TIDD that has to be prepared to mimic both C and C ′.

Consequently, the partition space of the sub-TIDD has to be finer than both partition

spaces – C and C ′.

This property can be stated another way. Let pc be the number of groupings

at level-l; let JPiK denote the partition space of the ith grouping at level-l; let ki

denote the number of partitions in JPiK; and let JPiK[k] denote the kth partition. If

two words w1, w2 belong to the same L↓f (q) for some q ∈ Ql of a TIDD, then they

must belong to the same partition in all JPiK partition spaces and if two words w1, w2

do not belong to the same L↓f (q), then there must exist at least one partition space

JPiK such that w1, w2 do not belong to the same partition in JPiK.

∀w1, w2 ∈ L↓f (q), for some q ∈ Q, ∀i ∈ {1 . . . pc}, ∃k ∈ {1 . . . ki}, w1, w2 ∈ JPiK[k]

and,

∀w1, w2, (w1 ∈ L↓f (q1) ̸= w2 ∈ L↓f (q2), for some q1 ̸= q2 ∈ Qi) =⇒

(∃i ∈ {1 . . . pc}, ∃k1, k2 ∈ {1 . . . ki}, k1 ̸= k2∧w1 ∈ JPiK[k1] ∧ w2 ∈ JPiK[k2])

In summary, the set of states at each level-l of the TIDD for a function f

corresponds to the coarsest partitioning that is as fine as the partition space of each

grouping at level-l of the CFLOBDD that represents f .

6.3 Operations using TIDDs

In this section, we provide an overview of the algorithms for the operations

using TIDDs. TIDDs are represented in memory similar to that of CFLOBDDs.

Every level i of the TIDD (a state layer) is an object pointing to (1) the state layer

at i − 1, and (2) a list of lists of state numbers (numbered according to a fixed

ordering) representing the hyper-edges or the transitions. If the transitions between
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TIDD

node:
valueTuple: [1,-1]

level: 1
numOfStates: 2
Connection:

TransitionList: 

InternalNode

[0,0][0,1]

ForkNode

level: 0
numOfStates: 2

Figure 6.6: Object-oriented representation of TIDD for H2.

two levels – level-1 and level-2 – are δ(q10, q10) → q20, δ(q10, q11) → q20, δ(q11, q10) →

q21, and δ(q11, q11)→ q21, the transitions are represented as: E = [[0, 0], [1, 1]] (a two-

dimensional array in row-major order),2 where E[0][0] = 0 represents δ(q10, q10)→ q20,

E[0][1] = 0 represents δ(q10, q11) → q20, E[1][0] = 1 represents δ(q11, q10) → q21, and

E[1][1] = 1 represents δ(q11, q11)→ q21. In general, the transitions between two levels

– i and i + 1 is represented using a 2D array E (a list of lists), where E[a][b] = c

represents the transition δ(qia, qib)→ q(i+1)c.

The algorithms for TIDDs follow a recursive approach — either bottom-up or

top-down — and are similar to the algorithms for tree automata, except that they

maintain a total order at every level, thereby ensuring canonicity. Fig. 6.6 shows

the object-oriented representation of the TIDD for H2. As discussed in Ex. 6.1, H2

has two states at level-0: q0, q1, and two states at level-1: q10, q11, with transitions

δ(q0, q0) → q10, δ(q0, q1) → q10, δ(q1, q0) → q10, and δ(q1, q1) → q11. The transitions

are represented as a TransitionList: [[0, 0], [0, 1]]. Every state layer at level-l (> 0)

is represented as an InternalNode(l), and the nodes at level-0 are of two kinds:

ForkNode (with two states), and DontCareNode (with one state).

Pragmatics. Techniques such as hash-consing to maintain unique representations,

function caching, and equality testing of state layers, and transitions are used and

follow a similar pattern to that of CFLOBDDs (and WCFLOBDDs).

2Note: in this chapter, unlike the other chapters of the dissertation, we use 0-based array indexing.
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Algorithm 34: ConstantTIDD

Input: int l (level), Value v,
Output: TIDD representation of a function with 2l variables and

constant value v
1 begin
2 return RepresentativeTIDD(NoDistinctionProtoTIDD(k), [v]);
3 end

Op(Node g) {
. . . // Base case: Construct appropriate level-0 node

InternalNode g’ = new InternalNode(k); // k = g.level

// Recursive calls on Op(g.Connection)

. . .
return RepresentativeNode(g’);

}

We will define proto-TIDDs that will be useful in a better understanding of

the algorithms.

Definition 6.3. A proto-TIDD is similar to a TIDD with all the constraints except for

the final value function V. A proto-TIDD is of the form M ′ = (l,Q = Q0∪. . .∪Ql,F =

{0, 1,Ω}, δ).

We will now provide a sketch for algorithms for the operations using TIDDs.

6.3.1 Constant Functions

The constant functions f0(x) = λx.0̄ and f1(x) = λx.1̄ have exactly one state

at every level. The TIDDs for f0 and f1 over n variables have log(n) levels, with the

only difference in V. The TIDD representation of f0 and f1, where n = 2l is a tuple

M = (l = log(n),Q = Q0 ∪ Q1 ∪ . . . ∪ Ql,Qf = Ql,F = {0, 1,Ω}, δ,V), with

• Q0 = {q0}, Qj = {qj0}, for j = 1 . . . l.
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Algorithm 35: NoDistinctionProtoTIDD

Input: int l (level)
Output: Proto-TIDD representation of a function with 2l variables

1 begin
2 if l == 0 then
3 return RepresentativeDontCareNode;
4 end
5 InternalNode g = new InternalNode(l);
6 g.numOfStates = 1;
7 g.Connection = NoDistinctionProtoTIDD(l-1);
8 g.TransitionList = [[0,0]];
9 return RepresentativeNode(g);

10 end

Algorithm 36: FalseTIDD

Input: int l (level)
Output: TIDD representation of a function with 2l variables and

constant value F
1 begin
2 return ConstantTIDD(k, F );
3 end

Algorithm 37: TrueTIDD

Input: int l (level)
Output: TIDD representation of a function with 2l variables and

constant value T
1 begin
2 return ConstantTIDD(k, T );
3 end

• δ function, for j = 1 . . . l − 1:

δ(0)→ q0 δ(1)→ q0
δ(q0, q0) = q10
δ(q10, q10) = q20

...
δ(qj0, qj0) = q(j+1)0

• V(ql0) = 0 for f0, and V(ql0) = 1 for f1.
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Algorithm 38: ProjectionTIDD

1 Algorithm ProjectionTIDD(l, i)
Input: int k (level), int i (index)
Output: TIDD representing function λx0, x1, . . . , xn−1.xi

2 begin
3 if i == 0 then
4 return RepresentativeTIDD(ProjectionProtoTIDD(k,i),

[T,F]);

5 else
6 return RepresentativeTIDD(ProjectionProtoTIDD(k,i),

[F,T]);

7 end

8 end

9 end

The TIDD-creation operations Algs. 34, 36, and 37 internally call

NoDistinctionProtoTIDD Alg. 35, which when paired with value tuples [0] and

[1] (or [F ] and [T ]) form the TIDDs for the functions f0 and f1 respectively.

6.3.2 Projection Functions

A second family of creation operations is (single-variable) projection functions

of the form λx0, x1, . . . , xn−1.xi, where i ranges from 0 to n− 1.

Algs. 38 and 39 show the algorithms for creating Projection functions using

TIDDs. The level-0 node is always RepresentativeForkNode because there need to

be two states at level 0. At every level k > 0, the transition list depends on i < 2k−1.

If i ≥ 2k−1, then transition list: [[0, 0], [1, 0]], else transition list: [[0, 1], [0, 0]].

6.3.3 Unary Operations

Scalar Multiplication. Multiplication of a scalar value c with a TIDD M

that represents function f can be computed by constructing the TIDD Mc that rep-

resents the constant function λx0, x1, . . . , x2k−1.c (where 2
k is the number of variables

of f), and multiplying it with M . The product M ×Mc can be computed using the
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Algorithm 39: ProjectionProtoTIDD

1 SubRoutine ProjectionProtoTIDD(k, i)
Input: int k (level), int i (index)
Output: Node g representing function λx0, x1, . . . , x2k−1.xi

2 begin
3 if k == 0 then
4 return RepresentativeForkNode;
5 else
6 InternalNode g = new InternalNode(k);
7 if i < 2∗∗(k-1) then
8 g.Connection = ProjectionProtoTIDD(k-1,i);
9 g.TransitionList = [[0,0],[1,0]];

10 g.numOfStates = 2;

11 else
12 i’ = i - 2∗∗(k-1);
13 g.Connection = ProjectionProtoTIDD(k-1,i’);
14 g.TransitionList = [[0,1],[0,0]];
15 g.numOfStates = 2;

16 end
17 return RepresentativeGrouping(g);

18 end

19 end

20 end

construction provided in §6.3.4.

6.3.4 Binary Operations

The binary operation op applied to two TIDDs M1 and M2, yielding M =

M1 opM2, is defined via a recursive procedure over the levels of the input TIDDs. The

construction consists of two phases: (1) a cross-product (pair-product) of the states of

M1 and M2, followed by (2) a minimization (reduction) of the TIDD obtained from

the cross-product.

Both the cross-product construction and the subsequent minimization closely

follow the standard product and reduction techniques developed in the tree-automata
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literature.

Let

M1 = (l,Q = Q0 ∪ · · · ∪ Ql,F = {0, 1,Ω}, δQ,VQ)

and

M2 = (l,P = P0 ∪ · · · ∪ Pl,F = {0, 1,Ω}, δP,VP)

be two level-l TIDDs. The cross-product construction of M1 and M2 proceeds in a

bottom-up fashion, where states of the resulting TIDD are annotated with pairs of

states from the operand TIDDs as metadata.

Let

MPP = (l,R = R0 ∪ · · · ∪ Rl,F = {0, 1,Ω}, δR,VR)

denote the TIDD obtained from the cross-product construction.

1. Level 0. The set of states R0 is determined by the Cartesian product of Q0 and

P0, with each state in R0 corresponding to a pair of states from the two input

TIDDs:

Q0 P0 R0

{q0} {p0} {r0} = {(q0, p0)}
{q0, q1} {p0} {r0, r1} = {(q0, p0), (q1, p0)}
{q0} {p0, p1} {r0, r1} = {(q0, p0), (q0, p1)}
{q0, q1} {p0, p1} {r0, r1} = {(q0, p0), (q1, p1)}

In an object-oriented representation, the above construction can equivalently be

expressed using explicit metadata that records, for each state at a given level,

the corresponding pair of operand states:

Q0 P0 R0 Metadata
DontCareNode DontCareNode DontCareNode [(0, 0)]
ForkNode DontCareNode ForkNode [(0, 0), (1, 0)]
DontCareNode ForkNode ForkNode [(0, 0), (0, 1)]
ForkNode ForkNode ForkNode [(0, 0), (1, 1)]
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The indices appearing in the metadata correspond to SeqR0
the canonical num-

bering of level-0 states in R induced by SeqP0
and SeqQ0

, which ensures the

uniqueness of the representation of R.

2. Levels i > 0. Each state at level i > 0 of the cross-product TIDD corresponds

to a pair of states from the operand TIDDs. Formally, the set of states at level i

satisfies

Ri ⊆ Qi × Pi,

where a state r ∈ Ri is represented by the pair r = (q, p), with q ∈ Qi and

p ∈ Pi. (Equivalently, this pair is stored as metadata associated with r.)

The transition function of the cross-product TIDD is defined component-wise.

For states ra = (qa, pa) and rb = (qb, pb), let

δQ(qa, qb) = qc and δP(pa, pb) = pc.

Then the transition function δR is given by

δR(ra, rb) = δR
(
(qa, pa), (qb, pb)

)
=

(
δQ(qa, qb), δP(pa, pb)

)
= (qc, pc).

In an object-oriented implementation, this information is maintained as pairs

of canonical state identifiers at each level, and is used to construct the states

and transitions at the next higher level.

3. Level l. At the top-most level, the value function of the cross-product TIDD

is defined by combining the values of the corresponding operand states via

operation op. For a state r = (q, p) ∈ Rl,

VR(r) = VR(q, p) = VQ(q) opVP(p).

The next step consists of reducing (orminimizing) the TIDD resulting from the

cross-product construction to obtain a minimal, canonical TIDD. The minimization
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procedure follows the standard equivalence-based reduction derived from the Myhill–

Nerode theorem, while also generating, at each level i, the canonical naming of states

SeqRi
= [qi0, . . . , q

i
|SeqRi

|−1].

At the top-most level l, states are merged so as to obtain a one-to-one and

onto correspondence with the output range of the value function VR. Let (r, v) denote

a state r associated with value v. For example, suppose that the set of state–value

pairs at level l of M1 opM2 is

{(r1, v1), (r2, v2), (r3, v1)}.

Since states r1 and r3 are associated with the same value v1, they are merged, yielding

the minimized set of state–value pairs

{(r1, v1), (r2, v2)}.

More precisely, the sequence SeqQi
induces a total ordering on the states at

level i. Rewriting the above example in terms of this ordered representation, if the

sequence of state–value pairs at level l is

[(r1, v1), (r2, v2), (r3, v1)],

then the minimized TIDD contains the sequence

[(r1, v1), (r2, v2)],

where state r3 is merged into r1, the leftmost occurrence of a state–value pair with

value v1.

In general, when multiple state–value pairs share the same value v, they are

merged into a single representative (r, v), chosen to be the leftmost occurrence in the

ordered sequence. This merging strategy is analogous to the greedy left-folding used

in CFLOBDDs (see §3.3.2 and Appendix §C.)
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The equivalence information obtained at level l is then propagated downward

through the TIDD. State merging is performed iteratively at each lower level, using

the induced equivalence relation on transitions, until level 0 is reached or no further

minimization is possible. As discussed in the case of the top-most level l, the merg-

ing of a collection of states {qi, qj, qk}, where the state-sequence at a given level is

[. . . , qi, . . . , qj, . . . , qk, . . .], the leftmost instance—here, qi—becomes the representa-

tive of the collection.

6.3.5 Matrix Multiplication

Similar to the discussion in §3.6.4, we use an interleaved variable ordering of

the row and column variables to represent matrices.3 In this section, we present an

algorithm for matrix multiplication using TIDDs. The algorithm proceeds in a re-

cursive, bottom-up manner, incrementally constructing and propagating information

at each level in the form (q, p, w) (similar to MatMultTuple in §3.6.7), where q and p

denote states of the operand TIDDs and w is the associated weight. At the top-most

level, each tuple (q, p, w) is resolved to a value, after which the standard reduction

procedure is applied to obtain the resulting TIDD.

Let

M1 = (l,Q = Q0 ∪ · · · ∪ Ql,F = {0, 1,Ω}, δQ,VQ)

and

M2 = (l,P = P0 ∪ · · · ∪ Pl,F = {0, 1,Ω}, δP,VP)

be two TIDDs of the same height l.

Let

M3 = (l,R = R0 ∪ · · · ∪ Rl,F = {0, 1,Ω}, δR,VR)

denote the TIDD obtained from the bottom-up computation of matrix multiplication

on M1 and M2.

3In the case of vectors, an ascending or descending order of rows (or columns, based on the
representation) is used.
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1. Level 1. Let us assume that Q0 and P0 have two states each at level-0. If either

operand has only a single state, the construction reduces to a trivial special case

of the algorithm described below; we therefore omit a detailed discussion of this

case. In this setting, the level-0 states of the product TIDD satisfy δR(0)→ r0,

and δR(1)→ r1.

The set of states R1 is determined as follows:

R1

r00 (δQ(q0, q0), δP(p0, p0), 1) + (δQ(q0, q1), δP(p1, p0), 1)
r01 (δQ(q0, q0), δP(p0, p1), 1) + (δQ(q0, q1), δP(p1, p1), 1)
r10 (δQ(q1, q0), δP(p0, p0), 1) + (δQ(q1, q1), δP(p1, p0), 1)
r11 (δQ(q1, q0), δP(p0, p1), 1) + (δQ(q1, q1), δP(p1, p1), 1)

Each state in R1 is represented as a formal sum of weighted triples (q, p, w),

where q ∈ Q1, p ∈ P1, and w ∈ N is the associated weight.

Semantics (Matrix Multiplication). Each triple (q, p, w) corresponds to a

contribution of weight w to the product of the matrix entries represented by

states q and p. Specifically, for fixed row index i and column index j, the state

rij encodes the summation

rij ≡
∑

k∈{0,1}

(
δQ(qi, qk), δP(pk, pj), 1

)
,

which mirrors the standard matrix multiplication rule

(C)ij =
∑
k

(A)ik · (B)kj.

Addition of triples. Given two triples (qa, pa, wa) and (qb, pb, wb), their sum

is defined as

(qa, pa, wa) + (qb, pb, wb) =

{
(qa, pa, wa + wb), if qa = qb and pa = pb,

two distinct triples, otherwise.
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When merging triples with identical state pairs, the representative (q, p) is cho-

sen according to the fixed total order used for canonicalization.

Thus, at each level of the construction, the algorithm maintains a unique set

of state pairs (q, p) together with an accumulated weight, exactly capturing the

additive structure of matrix multiplication within the TIDD framework.

Note that states r00, r01, r10, and r10 may be merged whenever their associated

sets of triples are identical.

2. Levels i > 0. Each state at level i > 0 is represented as a formal sum of

weighted triples of the form

r = (qj1 , pj1 , wj1) + · · ·+ (qjk , pjk , wjk),

where qjℓ ∈ Qi, pjℓ ∈ Pi, and wjℓ denotes the associated weight.

Let
ra = (qa1 , pa1 , wa1) + · · ·+ (qak1 , pak1 , wak1

),

rb = (qb1 , pb1 , wb1) + · · ·+ (qbk2 , pbk2 , wbk2
)

be two such states. The transition function δR is defined by distributing over

the sums and combining all pairwise contributions:

δR(ra, rb) =

k1∑
u=1

k2∑
v=1

(
δQ(qau , qbv), δP(pau , pbv), wau · wbv

)
.

As in the level-1 construction, the resulting collection of triples is canonical-

ized by merging triples with identical state pairs (q, p) and accumulating their

weights. Consequently, at each level, only states with distinct sets of weighted

triples are maintained.

3. Level l. At the top-most level-l, each state of the form

r = (qj1 , pj1 , wj1) + · · ·+ (qjk , pjk , wjk),
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is resolved and mapped to a fixed value as:

VR(r) = VR((qj1 , pj1 , wj1) + · · ·+ (qjk , pjk , wjk)) =
k∑

u=0

VQ(qu)× VP(pu)× wu

The unique states and their associated values are computed as shown at the

top level. States with the same value are merged—with the left-most instance

chosen as the representative—and this information is propagated downward

using the TIDD reduction algorithm discussed earlier.

6.3.6 Sampling

A TIDD with only non-negative values in the range of V can be considered to

represent a discrete distribution over the set of assignments to the Boolean variables.

An assignment—or equivalently, the corresponding binary tree—is considered to be

an elementary event. The probability of the assignment (or tree) p, on which TIDD

runs, is the value of p divided by the sum of the values of all assignments (trees) of

TIDD.

We begin by computing |L↓f (q)|, the size of L↓f (q) for every state q,where

L↓f (q) denotes the set of Boolean assignments that lead to state q. We also call

|L↓f (q)| the path count for q.

Path counting. For each state q, the path count |L↓f (q)| can be computed

recursively in a bottom-up fashion. Let

{δ(qa1 , qb1)→ q, δ(qa2 , qb2)→ q, . . . , δ(qak , qbk)→ q}

be the set of transitions whose target is q. Then,

|L↓f (q)| =
k∑

u=1

|L↓f (qau)| · |L↓f (qbu)|.

At level 0, if the TIDD contains two states, then the path count of each state

is 1; otherwise, the unique state has path count 2.
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Sampling. Let T be a TIDD that represents a (possibly weighted) distribution

of the outputs of the Boolean function. We define a top-down procedure to sample

an assignment a ∈ {0, 1}n from the probability distribution induced by T.

Top-level sampling. At the top-most level l, let Rl be the set of states. Each state

q ∈ Rl is assigned a weight

W (q) := V(q) · |L↓f (q)|,

where V(q) is the value associated with q and |L↓f (q)| denotes the number of assign-

ments leading to q. These weights induce a probability distribution

Pr[q] =
W (q)∑

q′∈Rl
W (q′)

.

A state q is sampled according to this distribution.

Recursive step. Given a sampled state q at level i > 0, let

T(q) = {|L↓f (q)|}

denote the set of transitions whose target is q. One such transition δ(qj, qk) → q is

selected based on the probability.

Pr[δ(qj, qk)→ q] =
|L↓f (qj)| · |L↓f (qk)|

|L↓f (q)|
.

The sampling procedure is then invoked recursively on states qj and qk, yielding

assignments aj and ak, respectively. The assignment returned for state q is defined

as the concatenation

a = aj ∥ ak.

Base case (level 0). At level 0, each state corresponds to an assignment of a single

Boolean variable. The sampling behavior depends on the number of paths to a state

at level 0. If a level-0 state q has two transitions corresponding to assignments 0 and
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1, then one of the two assignments is chosen uniformly at random. If state q has

only one transition, then the assignment corresponding to the transition – 0 or 1 – is

chosen.

In both cases, the base case returns a length-1 assignment, which is then used

in the recursive construction of higher-level assignments.

This recursive procedure samples assignments according to the probability distribu-

tion represented by the TIDD.

6.4 Understanding TIDDs, CFLOBDDs, and BDDs through
examples

In this section, we will discuss (1) functions that are efficiently represented by

TIDDs—i.e., have similar efficiency to CFLOBDDs—and can be exponentially smaller

than any BDD for the function (§6.4.1), (2) give intuition why CFLOBDDs represent

functions better than TIDDs because of the lack of linear structure in TIDDs (§6.4.2),

and (3) discuss an example where there is an exponential gap between CFLOBDDs

and TIDDs in terms of representation size (§6.4.3)—the CFLOBDD for a function f

can be exponentially smaller than any TIDD for f .

6.4.1 Relations Efficiently Represented by TIDDs

In this section, we prove that there exists an exponential separation between

TIDDs and BDDs, using functions where the TIDD is of a similar size to the functions’

CFLOBDDs. We establish this result using two relations that can be efficiently

represented by TIDDs and CFLOBDDs, but not by BDDs. These examples are

taken from §3.7.1 and §3.7.2, where CFLOBDDs show exponential compression over

BDDs.
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6.4.1.1 The Hadamard Relation Hn

We will use the Hadamard Relation Hn (discussed in §3.7.2) to show that

TIDDs efficiently represent (some) functions better than BDDs.

Theorem 6.2 Exponential separation for the Hadamard relation. The Hadamard

Relation Hn : {0, 1}n/2 × {0, 1}n/2 → {1,−1} between variable sets (x0 · · · xn/2) and

(y0 · · · yn/2), where n = 2l, can be represented by a TIDD of size O(log n), similar to

that of the CFLOBDD for Hn. In contrast, any BDD that represents Hn requires

Ω(n) nodes.

Proof. TIDD Claim. As shown in Ex. 6.1, each matrix Hn ∈ H, where n = 2l can be

represented by a TIDD with O(l) vertices and edges—i.e., of size O(log n).

BDD Claim. Regardless of the variable ordering, the BDD representation for Hn

requires at least n nodes, one node for each variable in the argument, as discussed

in Thm. 3.4.

6.4.1.2 The Equality Relation EQn

We will use the Equality Relation EQn (discussed in §3.7.1) to show that

TIDDs efficiently represent (some) functions better than BDDs.

Definition 6.4. The equality relation EQn : {0, 1}n/2×{0, 1}n/2 → {0, 1} on variables

(x0 · · · xn/2−1) and (y0 · · · yn/2−1) is the relation EQn(X, Y )
def
= Π

n/2−1
i=0 (xi ⇔ yi) =

Π
n/2−1
i=0 (x̄iȳi ∨ xiyi).

Theorem 6.3 Exponential separation for the equality relation. For n = 2l, where

l ≥ 1, EQn can be represented by a TIDD of size O(log n). In contrast, a BDD that

represents EQn requires Ω(n) nodes.

Proof. TIDD Claim. We claim that with the interleaved-variable ordering

⟨x0, y0, . . . , xn/2−1, yn/2−1⟩, the TIDD representation of EQn uses O(log n) states and

edges.
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With the interleaved variable ordering, the TIDD representation of EQ2l ,

where n = 2l is a tuple MEQ
2l

= (l = l,Q = Q0 ∪ Q1 ∪ . . . ∪ Ql,Qf = Ql,F =

{0, 1,Ω}, δ,V), with

• Q0 = {q0, q1}, Qj = {qj0, qj1}, for j = 1 . . . l.

• δ function, for j = 1 . . . l − 1:

δ(0)→ q0 δ(1)→ q1
δ(q0, q0) = q10 δ(q0, q1) = q11 δ(q1, q0) = q11 δ(q1, q1) = q10
δ(q10, q10) = q20 δ(q10, q11) = q21 δ(q11, q10) = q21 δ(q11, q11) = q21

...
δ(qj0, qj0) = q(j+1)0 δ(qj0, qj1) = q(j+1)1 δ(qj1, qj0) = q(j+1)1 δ(qj1, qj1) = q(j+1)1

• V(ql0) = 1, V(ql1) = 0

We observe that MEQ2i
represents EQ2i and has 2i + 2 states and 4i + 2 edges.

Therefore, the TIDD representation of EQn is of size O(log n).

BDD Claim. Regardless of the variable ordering, the BDD representation for EQn

requires at least n nodes, one node for each variable in the argument, as discussed

in Thm. 3.3.

6.4.2 Examples Showing the Use of Linearity in CFLOBDDs

To understand how linearity in CFLOBDDs helps it to represent functions

more efficiently than TIDDs, let us take a look at the example shown in Fig. 6.7.

Fig. 6.7 shows a proto-CFLOBDD that has another proto-CFLOBDD G3
1 at

level-3 as AConnection and G3
2 at level-3 as the first BConnection. Edges not nec-

essary for the discussion are omitted to remove clutter. Let us understand G3
1 in

detail. G3
1 has an AConnection G2

1 and three BConnections: G2
2, G

2
3, and G2

4. Each

G2
x is a proto-CFLOBDD at level-2 over 4 variables that partition P (4) into distinct
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{0000, 1100}
{1111, 0011}
<Rest>

{0001, 1111}
<Rest>

{1110, 1101}
<Rest>

<Rest>

𝐺1
2

𝐺2
2

𝐺3
2

𝐺4
2

𝐺1
3

(a) Diagram showing a proto-CFLOBDD with AConnection to a proto-CFLOBDD whose
AConnection and BConnections at level-2 partition P (4) as shown.

{1001, 1100}
{1111, 1011}
<Rest>

{0001, 1111}
<Rest>

{1000, 0000}
<Rest>

<Rest>

𝐺5
2

𝐺2
2

𝐺6
2

𝐺4
2

𝐺2
3

(b) Diagram showing a proto-CFLOBDD with a BConnection to a proto-CFLOBDD whose
AConnection and BConnections at level-2 partition P (4) as shown.

Figure 6.7: Diagrams showing a proto-CFLOBDD with an AConnection (Fig. 6.7a)
and a BConnection (Fig. 6.7b) to proto-CFLOBDDs that partition the space of strings
differently; edges not necessary for the discussion are omitted to remove clutter.
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partitions:
JPG2

1
K = [{0000, 1100}, {1111, 0011}, ⟨Rest⟩]

JPG2
2
K = [{0001, 1111}, ⟨Rest⟩]

JPG2
3
K = [{1110, 1101}, ⟨Rest⟩]

JPG2
4
K = [⟨Rest⟩] = P (4)

where ⟨Rest⟩ means P (4) \ all explicitly listed sets. In the case of JPG2
4
K, ⟨Rest⟩ =

P (4). We observe that there are four unique groupings at level-2 and 12 edges between

groupings at level-2 and level-3, including 5 return edges omitted from the diagram

of G1
3.

As discussed in §6.2.3, the states of TIDD at level-2 would depend on the

partitions of all the groupings of the CFLOBDD at level-2. For now, let us consider

the partitions seen above and deduce the states and L↓f of the states just based on

the partitions seen so far. Based on the discussion in §6.2.3, the states of the TIDD

at level-2 should satisfy the property: If two words belong to the same partition in all

the partition spaces of CFLOBDD groupings, they belong to the same state’s down-

assignment-language in TIDD. Similarly, if there exists at least one partition space

where two words do not belong to the same partition, then they must belong to the

down-assignment-language of different states. Using this insight, let us list the states

at level-2 of the TIDD representing this function and their corresponding L↓f .

q1 : L↓f (q1) = {0000, 1100}
q2 : L↓f (q2) = {1111}
q3 : L↓f (q3) = {0011}
q4 : L↓f (q4) = {0001}
q5 : L↓f (q5) = {1110, 1101}
q6 : L↓f (q6) = ⟨Rest⟩

The above partition satisfies the property discussed. This leads to a TIDD

having 6 states and 25 edges at level 2, which is more than the size in the case of a

CFLOBDD representation. This is because, in CFLOBDDs, the BConnections are

constructed based on the exit vertices of the AConnection at a given level, thereby

every grouping encodes a local (sub-)function and partitions the space of P (22
i
) indi-

275



vidually. As a result, the number of groupings and, particularly, the number of edges

to represent this information is vastly reduced.

This observation, that the groupings at a given level l can have different par-

titions, provides intuition for why the linear structure inherent in CFLOBDDs (and

not inherited by TIDDs) enables a large function to be decomposed into smaller sub-

functions, each of which can be represented efficiently. We now extend this example

to illustrate this intuition further.

Let us now consider the proto-CFLOBDD shown in Fig. 6.7b. The same proto-

CFLOBDD at level-4 has a BConnection to a proto-CFLOBDD G3
2 at level-3. G3

2

has an AConnection to G2
5 and three BConnections: G2

2 (reuse from Fig. 6.7a), G2
6,

and G2
4 (reuse from Fig. 6.7a). Each of these groupings forms the following partition

spaces:

JPG2
5
K = [{1001, 1100}, {1111, 1011}, ⟨Rest⟩]

JPG2
2
K = [{0001, 1111}, ⟨Rest⟩]

JPG2
6
K = [{1000, 0000}, ⟨Rest⟩]

JPG2
4
K = [⟨Rest⟩] = P (4)

There are four unique groupings at level-2 and 12 edges between groupings at

level-2 and level-3, considering only the ones in Fig. 6.7b. The total number of unique

groupings and edges at level-2 among AConnection and first BConnection of the top-

level CFLOBDD (i.e., considering Figs. 6.7a and 6.7b) is 6 groupings at level-2 and

24 edges.

The new states of TIDD at level-2 would be:
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q′1 : L↓f (q′1) = {0000}
q′2 : L↓f (q′2) = {1111}
q′3 : L↓f (q′3) = {0011}
q′4 : L↓f (q′4) = {0001}
q′5 : L↓f (q′5) = {1110, 1101}
q′6 : L↓f (q′6) = ⟨Rest⟩
q′7 : L↓f (q′7) = {1100}
q′8 : L↓f (q′8) = {1001}
q′9 : L↓f (q′9) = {1011}
q′10 : L↓f (q′1) = {1000}

We can observe that with the addition of new partition spaces, the states of

TIDD increase from 6 to 10. Particularly, the state q1 bifurcates into q′1, q
′
7 and q6

bifurcates into q′6, q
′
8, q

′
9, q

′
10. Thereby, the number of states at level-2 of the TIDD is

10, and the number of edges is 81. This is significantly higher than the number of

groupings and edges in the CFLOBDD. We also observe that the rate of growth of

the states of a TIDD, and especially the edges, grows quite fast.

This example illustrates that the linear structure of CFLOBDDs enables a

large function to be decomposed into smaller subfunctions that each admit efficient

representations, thereby yielding an efficient representation overall—a decomposition

that is not possible in a TIDD.

6.4.3 Exponential Separation between CFLOBDDs and TIDDs

In this section, we present an example showing that CFLOBDDs can be expo-

nentially more succinct than TIDDs under the same variable ordering. We emphasize

that this separation is relatively weak, because it does not rule out the existence of

a more favorable variable ordering for TIDDs. However, the result serves to high-

light how the linear structure of CFLOBDDs enables exponentially more succinct

representations than TIDDs.

The function that we use can be thought of as taking a Boolean matrix as

input and returning 1 if and only if all elements on the anti-diagonal are 0. That is,
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the function returns 1 for a matrix of the form
· · · · 0
· · · 0 ·
· · 0 · ·
· 0 · · ·
0 · · · ·


As defined in Defn. 6.5, the matrix entries are presented in row-major order.

Definition 6.5. Function hn : {0, 1}n2 → {0, 1} on variables X = (X0, . . . , Xn−1) =

(x0 . . . xn2−1) – i.e., where Xi = (xi∗n . . . xi∗n+n−1) is defined as hn(X)
def
=

∧n−1
i=0 fi(Xi),

with

fi(Xi) =

{
1 ith bit of Xi: xi∗n+n−1−i = 0

0 otherwise

Function fi tests the ith row for the pattern “Is the ith entry of the row equal

to 0?”

Theorem 6.4 Exponential separation. For n = 2l, where l ≥ 1, hn can be represented

by a CFLOBDD of size O(n). In contrast, the size of a TIDD representation of hn

(with the same variable ordering) is Ω(2n).

Proof. CFLOBDD Claim. We will use the variable ordering (x0 . . . xn2−1). A CFL-

OBDD representing hn has n2 variables and 2 log(n)+1 levels: 0, . . . , 2 log(n). Every

proto-CFLOBDD at level-log(n) encodes a function over n variables.

The CFLOBDD of interest has groupings of two kinds, stratified by the level

at which they appear: (a) one kind makes up levels 0 through log(n); (b) the other

kind makes up levels log(n)+1 through 2 log(n). The groupings in (a) implement the

functions fi, 0 ≤ i ≤ n− 1; the groupings in (b) implement the conjunction
∧n−1

i=0 in

the definition of hn. We start by describing the structure of the groupings in (a).

Let us create a new series of functions F (2k, s) = gs(over 2
k variables), where

k = 1 . . . l, 2l = n, and s = 0 . . . 2k − 1, and gs(over 2
k variables) = 1, if the

sth bit of the 2k variables is 0, otherwise 1. We can observe that, for 2k = n,
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gs(over n variables) = fs(Xs). All 22
k
assignments of length 2k can be split into

two buckets: F (2k, s) = 1 and F (2k, s) = 0. The functions in this series over 2k

variables would be: F (2k, s = 0), F (2k, s = 1), . . ., F (2k, s = 2k − 1).

Let us look at some functions in this series:

1. F (2, 0) splits the assignments of length 2 into [{00, 10}, {01, 11}]. The first set

consists of the 2-bit strings with a 0 in the 0th position. The proto-CFLOBDD

is shown in Fig. 6.8a.

2. F (2, 1) splits the assignments of length 2 into [{00, 01}, {10, 11}]. The first set

consists of the 2-bit strings with a 0 in the 1st position. The proto-CFLOBDD

is shown in Fig. 6.8b.

The next functions in this series would be:

1. F (4, 0) splits the assignments of length 4 into

[{0000, 0010, 0100, 0110, . . . , 1110}, {0001, 0011, 0101, 0111, . . . , 1111}]

The first set consists of the 4-bit strings with a 0 in the 0th position. The proto-

CFLOBDD, shown in Fig. 6.8c, recursively calls a NoDistinctionNode for the

AConnection and the proto-CFLOBDD for F (2, 1) for the BConnection.

2. F (4, 1) splits the assignments of length 4 into[
{0000, 0001, 0100, 0101, . . . , 1100, 1101},
{0010, 0011, 0110, 0111, . . . , 1110, 1111}

]
The first set consists of the 4-bit strings with a 0 in the 1st position.

Similarly, the proto-CFLOBDD, shown in Fig. 6.8d, recursively calls a

NoDistinctionNode for the AConnection and the proto-CFLOBDD for F (2, 2)

for the BConnection.
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𝐹 2,0

(a) proto-CFLOBDD for F (2, 0)

𝐹 2,1

(b) proto-CFLOBDD for F (2, 1)

𝐹 4,0

𝐹 2,0

ND

(c) proto-CFLOBDD for F (4, 0),
recursively calls F (2, 0)

𝐹 4,1

𝐹 2,1

ND

(d) proto-CFLOBDD for F (4, 1),
recursively calls F (2, 1)

𝐹 4,2
𝐹 2,0

ND

`

(e) proto-CFLOBDD for F (4, 2),
recursively calls F (2, 0)

𝐹 4,3
𝐹 2,1

ND

`

(f) proto-CFLOBDD for F (4, 3),
recursively calls F (2, 1)

Figure 6.8: The diagrams show proto-CFLOBDDs for F (2, .), F (4, .). ND represents
NoDistinctionNode.
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𝐹 2𝑘 , 𝑠

𝐹 2𝑘−1, 𝑠

ND

(a) proto-CFLOBDD for F (2k, s),
recursively calls F (2k−1, s), when
s < 2k−1

𝐹 2𝑘 , 𝑠
𝐹 2𝑘−1, 𝑠 − 𝑘

ND

`

(b) proto-CFLOBDD for F (2k, s),
recursively calls F (2k−1, s− k), when
s ≥ 2k−1

Figure 6.9: Diagrams show proto-CFLOBDDs for F (k, s) when s < 2k−1 and
s ≥ 2k−1. ND represents NoDistinctionNode.

3. F (4, 2) splits the assignments of length 4 into[
{0000, 0001, 0010, 0011, 1000, 1001, 1010, 1011},
{0100, 0101, 0110, 0111, 1100, 1101, 1110, 1111}

]
The first set consists of the 4-bit strings with a 0 in the 2nd position. The

proto-CFLOBDD, shown in Fig. 6.8e, recursively calls a proto-CFLOBDD for

F (2, 1) for the AConnection and NoDistinctionNodes for the BConnections.

4. F (4, 3) splits the assignments of length 4 into[
{0000, 0001, 0010, 0011, 0100, 0101, 0110, 0111},
{1000, 1001, 1010, 1011, 1100, 1101, 1110, 1111}

]
The first set consists of the 4-bit strings with a 0 in the 3rd position. The proto-

CFLOBDD, shown in Fig. 6.8f, recursively calls a proto-CFLOBDD for F (2, 2)

for the AConnection and NoDistinctionNodes for the BConnections.

If s < 2k−1, then a proto-CFLOBDD for F (2k, s) has a NoDistinctionNode for

AConnection and the proto-CFLOBDD for F (2k−1, s) as the BConnection. Similarly,
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if s ≥ 2k−1, then the proto-CFLOBDD for F (2k, s) has the proto-CFLOBDD for

F (2k−1, s− k) as the AConnection and NodeDistinctionNodes as BConnections.

Using this information, we can make the following observations about the sizes

of these proto-CFLOBDDs. Let S(F (2k, s)) and E(F (2k, s)) represent the number of

unique groupings and edges of the proto-CFLOBDD representing F (2k, s), respec-

tively, of the proto-CFLOBDD used to represent F (2k, s).

S(F (2, 0)) = 3 E(F (2, 0)) = 5
S(F (2, 1)) = 3 E(F (2, 1)) = 7
S(F (4, 0)) = 5 E(F (4, 0)) = 14
S(F (4, 1)) = 5 E(F (4, 1)) = 16
S(F (4, 2)) = 5 E(F (4, 2)) = 16
S(F (4, 3)) = 5 E(F (4, 3)) = 18

For F (4, 0), the number of groupings is equal to the number of groupings of

F (2, 0) + 1 (for NoDistinctionNode) + 1 (for grouping at level-3) = 5, and the

number of edges is the number of edges of F (2, 0) + 4 (for NoDistinctionNode) +

4 (for edges between level-2 and level-3 groupings) = 14. Similarly, we can count the

number of groupings for others as well.

Extending this argument to general values of k and s, the number of group-

ings of F (k, s) is S(F (2k, s)) = S(F (2k−1, s)) + 2, and the number of edges is

E(F (2k, s)) = E(F (2k−1, s)) + 9, if s < 2k−1 and S(F (2k, s)) = S(F (2k−1, s− k)) + 2

E(F (2k, s)) = E(F (2k−1, s− k)) + 11, otherwise (see Figs. 6.9a and 6.9b). That is,

with each additional increase in k, the number of groupings increases by 2, and the

number of edges increases by 9-11, i.e., a constant factor.

Now, let us look at the CFLOBDD that represents hn. Each of the groupings

at level-log(n) encodes fi where i = 0, . . . , n− 1. The proto-CFLOBDD representing

fi(Xi) is encoding the function F (n, i). So, there are n proto-CFLOBDDs corre-

sponding to the n functions fi(Xi) = F (n, i). Each proto-CFLOBDD recursively

calls a proto-CFLOBDD encoding function F (n/2, i′), where i′ depends on the rela-

tionship with n. Because there are n F (n, i) functions, consequently, there would be

282



ND

𝑓𝑖 𝑋𝑖

𝑓𝑖+1 𝑋𝑖+1

𝑖: even

level: log 𝑛
level: log 𝑛 + 1

(a) The diagram shows the
proto-CFLOBDD structure at
level-log(n) + 1. The groupings at
level-log(n) + 1 have an AConnection to
fi(Xi) (where i is even), and two
BConnections: fi+1(Xi+1) with return
tuple [1, 2] and NoDistinctionNode

with return tuple [2].

ND

level:  l
level:  l + 1

l > log 𝑛

(b) The diagram shows the
proto-CFLOBDD structure at
level-l + 1, l > log(n). The groupings
at level-l+1 have an AConnection and
two BConnections as shown.

Figure 6.10: Diagrams showing proto-CFLOBDDs of hn at level-log(n)+1 (Fig. 6.10a)
and level-l + 1, l > log(n) + 1(Fig. 6.10b).

n/2 number of F (n/2, i′) functions altogether. So at every level-p, p = 1, . . . , log(n),

there would be 2p proto-CFLOBDDs representing F (2p, j), where j = 0, . . . , 2p − 1.

The number of groupings of all proto-CFLOBDDs encoding functions in the series

fi(Xi) = F (n, i), for i = 0, . . . , n − 1, is n + n/2 + n/4 + . . . + 1 = 2n. The number

of edges is constant per grouping and hence linear in the number of groupings. The

total size of all proto-CFLOBDDs encoding functions in the series fi(Xi) = F (n, i)

is O(n).

Note that we still need to count the number of groupings and edges at levels

log(n)+1 through 2 log(n). These groupings will have the structure of a perfect binary
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tree of height log(n). At every level-l(> log(n)), the proto-CFLOBDD (see Fig. 6.10a)

would have two exits with (1) a recursive call to a unique AConnection grouping with

two return edges, (2) a unique grouping through the first BConnection with two return

edges to exits: [1, 2], (3) a NoDistinctionNode through the second BConnection

with one return edge to exit: [2]. At every level-l, l = log(n) + l′, 0 < l′ ≤ log(n)

(see Fig. 6.10b), there would be n/2l
′
groupings and a constant number of edges per

grouping. So the total number of groupings and edges from level-log(n) + 1 to level-

2 log(n) = n/2 + n/4 + . . . + 1 = n − 1 = O(n). (We used only the count of the

number of groupings in the calculation, because the number of edges is constant per

grouping.)

The total size of the CFLOBDD that represents hn is O(n) + O(n) = O(n).

TIDD Claim.

Let us focus on the level-log(n) of the TIDD representation for hn. The number

of states at level-log(n) would be the partitions formed by fi(Xi). Each fi(Xi) creates

a partition space over 2n assignments, and the number of states is equal to the distinct

partitions of assignments satisfying all fi(Xi) partition spaces. We will calculate this

by considering each fi(Xi) at a time.

• i = 0: f0 divides the assignments into [{0, 2, 4, 6, . . .}, {1, 3, 5, 7, . . .}] (we are

using the integer values of the Boolean assignments). #states of TIDD = 2.

• i = 1: f1 divides the assignments into [{0, 1, 4, 5, . . .}, {2, 3, 6, 7, . . .}]. The

new states would have the following L↓f (again, using integer values):

[{0, 4, 8, . . .}, {1, 5, 9, . . .}, {2, 6, 10, . . .}, {3, 7, 11, . . .}]. #states = 4.

• i = 2: f2 divides the assignments into [{0, 1, 2, 3, . . .}, {4, 5, 6, 7, . . .}]. The

new states would have the following L↓f (again, using integer values):

[{0, 8, . . .}, {1, 9, . . .}, {2, 10, . . .}, {3, 11, . . .}, . . . , {7, 15, . . .}]. #states = 8.

• . . .
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• i = s: the new states would partition the space of 2n strings into 2s+1 partitions,

where the jth partition has elements that satisfy e%2s+1 = j, where e is an

element in the jth partition. Hence, #states = 2s+1.

Hence, for i = n−1, i.e., the total number of states at level-log n of the TIDD,

considering all fi functions, is 2
n+1 = Ω(2n). Therefore, the total number of states of

the TIDD that represents hn is Ω(2n).

This example illustrates how the linear structure of CFLOBDDs enables an

exponential compression compared to TIDDs under the same variable ordering. In

a CFLOBDD, each subfunction fi(Xi) can be represented independently by a proto-

CFLOBDD, and the proto-CFLOBDD for fi+1(Xi+1) is connected directly to the

output of fi(Xi)—see Fig. 6.10a. In contrast, TIDDs lack this linear compositionality:

the same set of states must be reused to represent all subfunctions fi+1(Xi+1), which

forces the representation to encode exponentially many distinctions and thus leads to

an exponential blow-up in the number of states.

6.5 Evaluation

In this section, we provide some empirical evidence of how CFLOBDDs per-

form better than TIDDs in a practical domain, thereby showing that the linear

structure in CFLOBDDs helps in more efficient representations than TIDDs in case

of representing Boolean functions. We use the domain of quantum simulation—in

particular, the Greenberger–Horne–Zeilinger (GHZ ), Bernstein–Vazirani (BV ), and

Deutsch–Jozsa (DJ ) algorithms where CFLOBDDs were shown to perform exception-

ally better than BDDs. We ran our experiments on on a system running Ubuntu with

an Intel(R) Xeon(R) Gold 5218 CPU @ 2.30GHz, 64 vCPUs, and 16GB of memory.

Each experiment was executed five times for increasing numbers of qubits, and we

report the average results across these runs.
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Benchmark #Qubits
CFLOBDD TIDD

#Groupings #Edges #Total Time(s) Max. Size #Nodes #Edges #Total Time(s) Max. Size

GHZ

131072 139 831 970 14.87 970 19 213 232 35.22 233
262144 147 879 1026 36.21 1026 20 225 245 71.16 246
524288 155 927 1082 97.25 1082 21 237 258 144 259
1048576 163 975 1138 228.21 1138 22 249 271 292.9 272
2097152 Timeout (15min) 23 261 284 609.81 285
4194304 Timeout (15min) Timeout (15min)

BV

16 30 174 204 0.003 242 7 143 150 0.012 321
32 40 237 277 0.004 324 8 240 248 0.403 832
64 54 323 377 0.005 434 9 449 458 200.12 37731
128 77 456 533 0.007 617 Timeout (15min) 134480

DJ

512 33 170 203 0.004 290 12 202 214 1.27 21025
1024 36 186 222 0.006 318 13 222 235 10.37 65924
2048 39 202 241 0.009 346 14 242 256 75.46 200207
4096 42 218 260 0.012 374 15 262 277 659.62 570940
8192 45 234 279 0.024 402 Timeout (15min)

Table 6.1: Performance of CFLOBDDs and TIDDs on quantum benchmarks—GHZ ,
BV , DJ.

Tab. 6.1 reports the performance of CFLOBDDs and TIDDs on three quantum

benchmarks—GHZ , BV , and DJ, chosen to illustrate the effect of the absence of

linearity in TIDDs. We measure both the construction time and the size of the

data structures representing the final quantum state for each benchmark. Tab. 6.1

also shows the maximum size of the intermediate state vectors or (unitary) matrices

representation gates created when running the benchmark, which has a huge impact

on the overall performance of TIDDs and CFLOBDDs.

The size of a TIDD is computed as the sum of (i) the number of internal and

leaf nodes (illustrated in Fig. 6.6) and (ii) the number of edges in the transition lists.

We note that the states are not explicitly stored; consequently, there is exactly one

node per layer, and the total number of nodes equals the number of levels in the

TIDD.

Furthermore, each transition list is represented as a list of lists. These lists are

hash-consed, and each distinct list is counted only once when computing the overall

size.

For the GHZ benchmark, as shown in Tab. 6.1, we observe that TIDDs and

CFLOBDDs perform comparably, with TIDDs exhibiting slightly better performance.

This is attributable to the structure of the benchmark, which consists of a sequence
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of simple matrix-multiplication operations, resulting in relatively small intermediate

states and gates.

In contrast, for the BV and DJ benchmarks, CFLOBDDs significantly out-

perform TIDDs in both time and space. Although the sizes of the final state vec-

tors represented by CFLOBDDs and TIDDs are similar, the maximum sizes of the

intermediate states and gates4 differ substantially. In particular, for TIDDs, the in-

termediate representations can grow to as many as 570K nodes and edges, whereas

CFLOBDDs can represent both intermediate states and gates much more compactly,

which directly affects the time taken to run the benchmark.

This behavior arises because CFLOBDDs can decompose a function into

smaller sub-functions, represent each sub-function efficiently, and then compose them

using the inherent linear structure of CFLOBDDs—a capability that is not available

in TIDDs. Consequently, these results demonstrate that, even in practice, the linear

structure of CFLOBDDs plays a crucial role in enabling significantly more compact

function representations.

4In the case of the BV benchmark for 128 qubits, we report the maximum size observed so far
before TIDDs timeout.
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Chapter 7: GCFLOBDDs: Generalized

Context-Free-Language Ordered Binary Decision

Diagrams

7.1 Introduction

As discussed in Chapter 3, CFLOBDDs follow a matched-path principle with

a restricted structure of dividing the variables into two halves at every level, with

each half belonging to either an “AConnection” or a “BConnection”.

In other words, CFLOBDDs are based on the following decomposition pattern

(or “pattern of calls”):

matchedk → matchedk−1 matchedk−1

matched0 → ϵ

Naturally, one can think of other decomposition schemes; for instance, in

§3.7.3, it would have been useful to be able to define the ADDn relation using the

decomposition

matchedk → matchedk−1 matchedk−1 matchedk−1

matched0 → ϵ

which would have avoided having to “waste” one-quarter of the variables, as in

Figs. 3.14 and 3.15.

Another possibility would be to permit a level-i grouping to have connections

to level-i-j groupings, where j ≥ 1). For instance, one could have a Fibonacci-like

decomposition
matchedk → matchedk−1 matchedk−2

matched1 → ϵ
matched0 → ϵ

One can also explore the possibility of having small BDDs at lower levels and

the procedure-call mechanism at higher levels; this could also remove the overhead of

extra structural constraints that need to be maintained by CFLOBDDs at lower levels.
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As long as there is a fixed structural-decomposition pattern to how the levels connect,

it should still be possible to keep the same properties—i.e., the ability to perform

operations implicitly, without having to instantiate the decision tree; canonicalness;

etc.—as enjoyed by CFLOBDDs.

In this chapter, we introduce Generalized Context-Free-Language Ordered Bi-

nary Decision Diagrams (GCFLOBDDs). GCFLOBDDs are an extension of CFL-

OBDDs but without a restricted and a default balanced grammar structure. They

enjoy all the good properties of CFLOBDDs, and can also lead to better representa-

tions for certain functions. Because GCFLOBDDs also support BDDs internally, they

can also leverage the simplicity of BDDs for representing functions or sub-functions

that when represented by CFLOBDDs can lead to more complex structures.

Note that, one can always simulate a GCFLOBDD using a CFLOBDD with

additional “variable padding” by ensuring that the “local relative structure and

positions” of the variables in GCFLOBDD are obeyed in the padded-CFLOBDD.

However, as a user of CFLOBDDs, it might become tedious for one to come up

with and keep track of the appropriate padding information for every application.

GCFLOBDDs can alleviate this problem by using a custom grammar or decomposi-

tion for a particular application without any additional necessary variable paddings.

7.2 Generalized CFLOBDDs (GCFLOBDDs)

The structure of GCFLOBDDs is similar to that of CFLOBDDs, except that

the user specifies the decomposition pattern. This decomposition pattern is provided

as a grammar.1 We will formally define the grammar in §7.2.1 and the structure of

GCFLOBDDs in §7.2.2.

1It could be provided in various ways, such as a derivation tree, etc. We chose a grammar
representation.
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7.2.1 Grammar

The grammar provided to a GCFLOBDD consists of two key characteristics:

(i) the grammar is not recursive, and (ii) each nonterminal is on the left-hand side

of exactly one production. Formally, the grammar can be defined as G = ⟨N ∪ {a} ∪

{BDD(.)}, S, γ⟩; where

• N represents the set of non-terminals.

• {a} represents a single terminal;

• BDD(.) is a special non-terminal, which takes an integer argument. Henceforth,

we assume that a set of non-terminals {BDD(.)} (with appropriate integer ar-

guments) is always included in a grammar’s non-terminals, and will usually not

list them explicitly when a grammar is specified.

• S indicates the start symbol.

• γ indicates the productions.

The grammar G must satisfy the following constraints:

• Every non-terminal is associated with a number. For example, Sk, Ai, Bj where

k, i, j are numbers.

• The number associated with a non-terminal is called the “level” of the non-

terminal.

• Each non-terminal is on the left-hand side of exactly one production. That is,

there cannot be two productions of the form Sk → SiAj and Sk → BjAl.

• Every production has either (i) zero, or (ii) two or more non-terminals on the

right-hand side.
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• Every production Sk → Ai1 ...Aim is “strictly level decreasing”: (i) there is at

least one non-terminal Aij such that ij = k − 1 and (ii) for all il such that

1 ≤ l ≤ m, il < k.2

• There is at most one level-0 non-terminal S0 whose production is S0 → a.

• For each value of n, there is at most one level-0 non-terminal T0 whose produc-

tion is T0 → BDD(n).

The language L(G), which controls the structure of a G-GCFLOBDD, consists

of just a single word of the form ak, for some k.3 However, because each a corresponds

to a Boolean variable, which can have the value 0 or 1, each G-GCFLOBDD has 2k

matched paths (see §7.2.2). Each matched path has an associated terminal value;

when the terminal values are Booleans, there can be 2k different G-GCFLOBDDs.

Examples of some grammars include:

Example 7.1. Example of a balanced grammar with 4 levels.

G 0 = ⟨{S0, S1, S2, S3, S4, a}, S4,

S4 → S3S3

S3 → S2S2

S2 → S1S1

S1 → S0S0

S0 → a

⟩

Example 7.2. Example of a ternary grammar with 4 levels.

G 0 = ⟨{S0, S1, S2, S3, S4, a}, S4,

S4 → S3S3S3

S3 → S2S2S2

S2 → S1S1S1

S1 → S0S0S0

S0 → a

⟩

2The indices associated with a non-terminal reflect the level, i.e., for each production Sk →
Ai1 . . . Aim , we have k = max(i1, . . . im) + 1.

3This property is similar to whole-program paths Larus (1999) where a grammar-like formalism
is used to specify a single-word language.
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Example 7.3. Example of a Fibonacci grammar with 4 levels.

G = ⟨{S0, S1, S2, S3, S4, a}, S4,

S4 → S3S2

S3 → S2S1

S2 → S1S0

S1 → S0S0

S0 → a

⟩

Example 7.4. Example of a grammar with two BDD-generating non-terminals and

4 levels.

G = ⟨{S0, S1, S2, S3, S4, a, A0, B0, BDD(.)}, S4,

S4 → S3A0

S3 → S2B0

S2 → S1S0

S1 → S0S0

S0 → a
A0 → BDD(5)
B0 → BDD(3)

⟩

Variable Function. Let us consider a function VG : N → N, a function mapping

every non-terminal of a grammar G to a number. This number indicates the number

of variables associated with the non-terminal and is defined as follows:

VG(Sk) =


∑m

l=1 VG(Aim) Sk → Ai1 ...Aim

1 k = 0, S0 → a

l k = 0, S0 → BDD(l)

Using the above definition, we can calculate the value of the variable function

for the start symbols in Exs. 7.1, 7.2, 7.3, and 7.4. For S4 in Ex. 7.1, V(S4) = 16,

in Ex. 7.2, V(S4) = 81, in Ex. 7.3, V(S4) = 8, and in Ex. 7.4, V(S4) = 11.

Level Function. Let us define LG : N → N, to compute the “level” of the non-

terminal of a grammar G.

LG(Sk) =


1 + maxml=1LG(Al) Sk → Ai1 ...Aim

0 k = 0, S0 → a

0 k = 0, S0 → BDD(l)
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(a) DAG of grammar in Ex. 7.1.
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(b) DAG of grammar in Ex. 7.2.
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(c) DAG of grammar in Ex. 7.3.
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(d) DAG of grammar in Ex. 7.4.

Figure 7.1: DAG representation of grammars in Exs. 7.1, 7.2, 7.3, and 7.4.
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Implementation Details. In our implementation, a user-provided grammar is

converted into a DAG, which is later traversed when constructing and operating

on GCFLOBDDs. Fig. 7.1 show the DAG representation of the grammars discussed

in Exs. 7.1, 7.2, 7.3, and 7.4.

We will also define two functions, which will be later used in the algorithms

for operations on GCFLOBDDs (see §7.3). Let us consider a production of the form

Sk → Ai1 ...Aim , where we call the right-hand side non-terminals the “body” of the

production and each Ai a child of Sk (inspired from the DAG representation). Sk is

called the “head” of the production and the parent of each Ai.

Number of Children. We define NumChildrenG : N → N, to be the function

that returns the number of children of a non-terminal of grammar G. For example,

NumChildrenG(Sk) = 3, ∀k ≥ 1 in Ex. 7.2 and NumChildrenG(Sk) = 2, ∀k ≥ 1

in Exs. 7.1, 7.3, and 7.4.

Child. We define ChildG : N×N→ N, to be the function that returns the ith child

of a non-terminal S of grammar G, and 0 ≤ i < NumChildrenG(S). For example,

ChildG(S3, 1) = S2 in Ex. 7.2 and ChildG(S4, 1) = A0 in Ex. 7.4.

7.2.2 Basic Structure

Fig. 7.2 shows examples of two GCFLOBDDs. It will be useful to refer to

Fig. 7.2a when reading Defn. 7.1.

Definition 7.1 Mock-GCFLOBDD. A mock-GCFLOBDD at level k is a hierarchical

structure made up of some number of groupings, of which there is one grouping at level

k, called the head-grouping, and at least one grouping at each level 0, 1, . . . , k − 1. A

grouping is a collection of vertices and edges (to other groupings), with the structure

described below. The grouping at level k is the head of the mock-GCFLOBDD

(conceptually “topmost;” portrayed leftmost).
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1 0

(a) Function f := (z = x ∧
y), variable ordering ⟨x, y, z⟩,
grammar ⟨{S1, S0, a}, S1, {S1 →
S0S0S0, S0 → a}⟩

0 1

0

2

1 2

1

2

1 2

BDD

BDD

(b) Function f := (x̄0 ∧ x1 ∧ x3) ∨ (x0 ∧ x2 ∧
x3), variable ordering ⟨x0, x1, x2, x3⟩, grammar
⟨{S1, S0, A0, a,BDD(.)}, S1, {S1 → S0A0, S0 →
a,A0 → BDD(3)}⟩ The ForkGrouping in the top-
half of the figure corresponds to variable x0, and
both BDDs encode functions over the variables
x1, x2, x3. The node numbers of the BDDs map
to the variables as [0 7→ x1, 1 7→ x2, 2 7→ x3]. The
root node of the BDD at lower-right is labeled 1
because of the standard ply-skipping convention in
BDDs. The terminal values of such a BDD are al-
ways a sequence of the form [1, . . . ,m], where m is
the number of terminal nodes, and represent the
(one-to-one and onto) mapping from the BDD’s
terminal nodes to the exit vertices of the calling
level-0 grouping. The nodes among the collection
of BDDs are shared, as discussed in Brace et al.
(1991).

Figure 7.2: GCFLOBDD representations for two functions with different grammars.

• Groupings: Each oval-shaped object is called a grouping, and every grouping

is associated with a level l (≥ 0). At least one grouping at level i is always

connected to one or more groupings at level i-1.
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• Layers: Each Grouping is divided into a set of layers ly (≥ 2): [1 · · · ly] of

vertices (defined below). Different groupings can have a different number of

layers.

• Vertices: Each layer of a Grouping g (with ly number of layers) has a set of

vertices. Layer 1 has only one unique entry vertex (the dot at the top of g).

Each of the layers 2 to ly − 1 has a set of vertices, called middle vertices ; and

the set of vertices in the lyth layer is called the exit vertices. (See the dots in

the middle and at the bottom of g, respectively.) The total number of vertex

sets is 1 (entry vertex set) + 1 (exit vertices’ set) + m (middle vertices’ set),

which is equal to the number of layers ly. All sets of vertices are disjoint. (It

is useful to think of the collections of middle vertices and exit vertices as two

sequences, each numbered from left-to-right.)

• Connections: The connections from a layer lyi of a grouping g that “call”

another grouping g′ are called Connection-edges, and the edges from g′ exit

vertices to g’s layer lyi+1 are called return-edges. The grouping g′ is one of the

Connections of g. If a grouping has ly layers, then the grouping would be split

into ly − 1 Connection sets numbered: Connection1, . . ., Connectionly−1.

There is only one Connection at layer 1, i.e., from g’s entry vertex, but (in

general) there can be more than one Connection (each with a set of return edges

back to g’s exit vertices) at other layers. The last layer – corresponding to the

grouping’s exit vertices – doesn’t have any connections.

• Value Edges: The edges that connect the exit vertices of the head-grouping to

the terminal values are called value edges.

The groupings at level-0 (conceptually “bottommost;” portrayed to the

right) are of three types:
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• ForkGrouping: Has two layers: layer 0: unique entry vertex, layer 1: two exit

vertices, and two edges (the 0-edge and 1-edge). This grouping is associated

with only one variable.

• DontCareGrouping: Has two layers: layer 0: unique entry vertex, layer 1: one

exit vertex, and two edges (the 0-edge and 1-edge), both leading to the same

exit vertex. This grouping is associated with only one variable.

• BDDGrouping[k]: Has two layers: layer 0: unique entry vertex, layer 1: exit

vertices (one or more), 1 Connection-edge, and one or more return-edges. This

grouping is connected to a BDD encoding a function over k variables.

Relation with a grammar. Every GCFLOBDD C is parameterized by a grammar

G. Every grouping of C is associated with a grammar production rule.

• If a production is of the form γ : Sk → A1
i1
...An

im ,
4 then the grouping g associated

with γ would have n+ 1 layers. That is, the number of layers of g is one more

than the number of non-terminals on the right-hand side of γ. The level of

grouping g is equal to k.

• If the production is of the form γ : S0 → a, then g is at level-0 and is either a

DontCareGrouping or a ForkGrouping.

• If the production is of the form γ : S0 → BDD(.), then g is at level-0 and is a

BDDGrouping with the entry vertex connecting to a BDD.

Fig. 7.2a shows a GCFLOBDD C1 for the function f := (z = x ∧ y) with

variable ordering ⟨x, y, z⟩, and grammar ⟨{S1, S0, a}, S1, {S1 → S0S0S0, S0 → a}⟩.

C1 has three groupings: a grouping g at level-1 with 4 layers (associated with the

production S1 → S0S0S0, a ForkGrouping and a DontCareGrouping. Here, the

4the superscript j in Aj
ih

indicates the jth non-terminal.
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connections at layers 0, 1, and 2 encode variables x, y, and z, respectively. So,

the grouping g at level-1 encodes total three variables – corresponding to the three

Connection sets – one at every layer.

Fig. 7.2b shows a GCFLOBDD C2 for the function f := (x̄0 ∧

x1 ∧ x3) ∨ (x0 ∧ x2 ∧ x3) with variable ordering ⟨x0, x1, x2, x3⟩, and grammar

⟨{S1, S0, A0a,BDD(.)}, S1, {S1 → S0A0, S0 → a,A0 → BDD(3)}⟩. C2 = 2 has

four groupings: a grouping g at level-1 with 3 layers (associated with the produc-

tion S1 → S0A0, a ForkGrouping at Connection0 of g and two BDDGroupings at

Connection1 of g corresponding to the production A0 → BDD(.). The Connection at

layer 1 of g encodes variable x0. Let us refer to the two Connections at layer 2 as

Connection21 and Connection22. Connection21 and Connection22 encode three vari-

ables x1, x2, x3, as indicated by the production A0 → BDD(.). Connection21 encodes

a function mapping {x1, x3} to indices [1, 2]. and Connection22 encodes another func-

tion mapping {x2, x3} to indices [1, 2]. One can also view the BDDs at Connection21

and Connection22 as follows: the BDD 5 corresponding to Connection21 is a function

over three variables {0, 1}3 → N. It divides the set of 23 strings into equivalence

classes: [1 7→ {000, 001, 010, 011, 100, 110}, 2 7→ {101, 111}]. Similarly, the BDD cor-

responding to Connection22 divides the set of 23 strings into the equivalence classes:

[1 7→ {000, 001, 100, 101, 010, 110}, 2 7→ {011, 111}]. The grouping g at level-1 en-

codes four variables – corresponding to the two Connection sets – one variable at

layer 1 and three variables at layer 2. As we can observe, although Connection21

encodes a function over x1, x2, and x3, the numbering of the BDD nodes starts with

0. This design choice supports the view that every BDD encodes a local sub-function,

unaffected by the global function being encoded by the GCFLOBDD. In this case,

variables x1, x2, and x3 correspond to BDD nodes numbered 0, 1, and 2, respectively.

The nodes among a collection of BDDs are shared as discussed in Brace et al. (1991).

5It is actually a Multi-Terminal BDD (MTBDD) because the terminal nodes of the BDD are
integer indices. If the BDDGrouping encodes p variables over m exit vertices, then the corresponding
BDD would have m terminal nodes: [1, . . . ,m].
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GCFLOBDD

grouping:
valueTuple: [1,0]

level: 1
numOfLayers: 4
ConnectionList:

numberOfExits: 2

InternalGrouping

Connection:

ReturnTuple:

Connection:
ReturnTuple: [0,1]

ConnectionList

ConnectionList

[0] [0,1]

ForkGrouping

level: 0
numberOfExits: 2

Connection:
ReturnTuple:

ConnectionList

[0,1] [1,0]

DontCareGrouping

level: 0
numberOfExits: 1

Figure 7.3: Object diagram of GCFLOBDD for the function in Fig. 7.2a.

The structure of Connection22 is similar.

Fig. 7.3 represents an object diagram of the GCFLOBDD representation for

the function in Fig. 7.2a. In this representation, there are no explicit entry, middle,

and exit vertices. In the InternalGrouping object, the pointers to ConnectionList

are layers [1..numberOfLayers−1], with the indices of the Connection pointers in

the ConnectionList serving as vertices. Indices in [1..numberOfExits ] stand for the

exit vertices (The context determines whether an index is being used as a middle

vertex or an exit vertex). The various Connection edges are stored as pointers

to Groupings and elements of ReturnTuples. There are three grouping classes in

Fig. 7.3: InternalGrouping, ForkGrouping, and DontCareGrouping. Let us com-

pare Fig. 7.2a, the associated grammar, and the object representation in Fig. 7.3.

The grouping at level-1 in Fig. 7.2a corresponds to the InternalGrouping object

in Fig. 7.3 and the production S1 → S0S0S0. The grouping at level-1 has 4 lay-

ers (there are 3 S0’s in the body of the production), and thus 3 “ConnectionList”s,

represented via a (heap-allocated) array in the InternalGrouping. Each element of

this array has a set of “Connection” pointers and return tuples. These correspond to

the vertices in each layer shown in Fig. 7.2a. Each “Connection” pointer points to a

level-0 grouping, corresponding to the production S0 → a, shown as a ForkGrouping

or DontCareGrouping in Fig. 7.3. In the case of a BDDGrouping, a Connection would

point to a BDDGrouping, which in turn would store a pointer to a BDD, and a return

tuple whose length is equal to the number of terminal nodes of the BDD. The BDD
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pointers are also shared across different BDDGroupings.

Definition 7.2 Mock-proto-GCFLOBDD. A mock-proto-GCFLOBDD at level i is a

grouping at level i, together with the lower-level groupings to which it is connected

(and the connecting edges). In other words, a mock-proto-GCFLOBDD has the

following recursive structure:

• a mock-proto-GCFLOBDD at level 0 is either a fork grouping, a don’t-care

grouping, or a BDD-grouping.

• a mock-proto-GCFLOBDD at level i is headed by a grouping at level i whose

Connection edges and associated return edges “call” some number of level-k

mock-proto-GCFLOBDDs, such that k < i, and there is at least one grouping

such that k = i− 1.

A mock-GCFLOBDD is a mock-proto-GCFLOBDD in which (i) the exit vertices of

the mock-proto-GCFLOBDD have been associated with specific terminal values V .

GCFLOBDD also adheres to the principles underlying the structure of CFL-

OBDDs, specifically the matched-path principle and the contextual-interpretation

principle.

Matched-Path Principle. When a path follows an edge that returns to level i
from level j < i, it must follow an edge that matches the closest preceding edge from
level i to level j.

Contextual-Interpretation Principle. A level-0 grouping is not associated with
a specific Boolean variable. Instead, the variable(s) that a level-0 grouping refers to
are determined by context, and depend on the number of variables encountered so
far.

For example, consider the GCFLOBDD in Fig. 7.2b, the node numbered 2 in

the BDD corresponds to the 4th variable, i.e., x3. When the BDD grouping is visited,

variable x0 is already interpreted. Hence, the node numbered 0 corresponds to the

2nd variable x1 and therefore, the node numbered 2 corresponds to the 4th variable.
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Canonicity. Like other decision diagrams like CFLOBDDs, WCFLOBDDs, etc., we

ensure canonicity—every function has a unique representation—by imposing certain

structural invariants (Wegener, 2000, p. 48), §3.3.1, §4.2.2.

Intuition for canonicity: Similar to CFLOBDDs, and WCFLOBDDs, the

structural invariants are designed to ensure that—for a given order on the Boolean

variables, and a given grammar—each Boolean function has a unique, canonical rep-

resentation as a GCFLOBDD. In reading Defn. 7.3 below, it will help to keep in mind

that the goal of the invariants is to force there to be a unique way to fold a given de-

cision tree into a GCFLOBDD that represents the same Boolean function. The main

characteristic of the folding method is that it works greedily, left to right, similar to

that of CFLOBDDs. This directional bias shows up in structural invariants 1, 2a,

and 2b.

Definition 7.3. A (proto-)GCFLOBDD is a mock-(proto-)GCFLOBDD in which

every grouping/proto-GCFLOBDD satisfies the structural invariants given below.

Structural Invariants. The structural invariants mainly deal with (i) the orga-

nization of return tuples, and (ii) the terminal nodes of the BDDs. The following

invariants deal with constraints on return tuples. Let c be a Connection edge with

return tuple rtc from gj to gi.

1. If c is a layer-1-Connection edge, then rtc must map gj’s exit vertices 1-to-1, in

order, onto gi’s layer-2 vertices.

2. If c is a layer-k-Connection edge, k > 1, whose source is middle vertex m+1 of

gi and whose target is gj, then rtc must meet two conditions:

(a) It must map gj’s exit vertices 1-to-1 (but not necessarily onto) gi’s vertices

in layer-k + 1. It cannot map gj’s exit vertices to any vertex in layer-k′,

where k′ ̸= k + 1.
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(b) It must “compactly extend” the set of layer-(k + 1) vertices in gi defined

by the return tuples for the previous m layer-k-Connections (similar to

condition (1) on layer-1 Connection): Let rtc1 , rtc2 , . . ., rtcm be the return

tuples for the first m layer-k-Connection edges out of gi. Let S be the set

of indices of layer-(k+1) vertices of gi that occur in return tuples rtc1 , rtc2 ,

. . ., rtcm , and let n be the largest value in S. (That is, n is the index of

the rightmost exit vertex of gi that is a target of any of the return tuples

rtc1 , rtc2 , . . ., rtcm .) If S is empty, then let n be 0.

Now consider rtc (= rtcm+1). Let R be the (not necessarily contiguous)

sub-sequence of rtc whose values are strictly greater than n. Let r be the

size of R. Then R must be exactly the sequence [n+ 1, n+ 2, . . . , n+ r].

3. A proto-GCFLOBDD can be used (i.e., pointed to by other higher-level group-

ings) multiple times, but a proto-GCFLOBDD never contains two separate

instances of equal proto-GCFLOBDDs. (Equality is defined inductively on the

hierarchical structure of groupings.)

4. For every pair of layer-k-Connection edges c and c′ of grouping gi, with associ-

ated return tuples rtc and rtc′ , if c and c′ lead to two level j proto-GCFLOBDDs,

say pj and p′j, such that pj = p′j, then the associated return tuples must be dif-

ferent (i.e., rtc ̸= rtc′). This condition means that two layer-k-Connection edges

c and c′ can “call” the same proto-GCFLOBDD, but the two sets of return edges

rtc and rtc′ have to be different.

The following invariants pertain to the BDDGroupings and the associated BDDs. Let

c be a Connection-edge from a BDDGrouping g to a BDD b with return tuple rtc from

b’s terminal nodes to g’s exit vertices.

5. rtc must map 1-1, in order, onto g’s exit vertices.

6. If there are k terminal nodes, then the terminal nodes must be numbered

[1, . . . , k].
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Property CFLOBDDs GCFLOBDDs
Grammar Fixed and balanced gram-

mar
Arbitrary grammar (parameterized)

Structure Fixed with AConnection
and BConnections

Varies based on input grammar. However,
the extra need for “ConnectionList” can
cause a slight increase in memory and time.

Variables Encodes variable sets that
are a power of 2. Can en-
code arbitary variable sets
with padding

Supports an arbitrary number of variables
provided by the grammar (without padding).

Canonicity Canonical Canonical
BDD Does not support internal

BDDs
Supports internal BDDs

Algorithms Follows a half-and-half
divide-and-conquer ap-
proach

Follows a divide-and-conquer approach based
on the associated grammar.

Table 7.1: Comparison of GCFLOBDDs with CFLOBDDs.

By enforcing the above structural invariants, it can be proved that

GCFLOBDDs are canonical, similar to CFLOBDDs. The proof of canonicity fol-

lows a similar argument to that of CFLOBDDs, i.e., for all C, Fold(Unfold(C)) = C,

and hence, we will skip the formal proof here.

7.2.3 Comparisions with CFLOBDDs

Tab. 7.1 shows a comparison of GCFLOBDDs with CFLOBDDs.

GCFLOBDDs follow a similar structure and hold similar properties to those of CFL-

OBDDs. The main difference is that GCFLOBDDs are more flexible in structure

because they support an arbitrary, user-supplied, non-recursive grammar and in-

ternal BDDs, and, as a result, they may be able to encode functions better than

CFLOBDDs.
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Algorithm 40: ConstantGCFLOBDD

Input: int k (level), Value v, Grammar G = ⟨N ∪ {a}, S, γ⟩
Output: GCFLOBDD representation of a function with V(S) variables

and constant value v
1 begin
2 return

RepresentativeGCFLOBDD(NoDistinctionProtoGCFLOBDD(k, G),
[v]);

3 end

7.3 Operations on GCFLOBDDs

In this section, we will briefly discuss some basic operations using

GCFLOBDDs. The algorithms for the operations on GCFLOBDDs follow a divide-

and-conquer, recursive approach similar to that of CFLOBDDs. However, unlike

CFLOBDDs, which perform recursive calls from a grouping g on structures with

half the number of variables of g—i.e., g’s AConnection and BConnections, in

GCFLOBDDs the pattern of recursive calls at each grouping g′ follows the production

associated with g′ in the underlying grammar. This section discusses the algorithms

for constant, unary, and binary functions.

Pragmatics. Techniques such as hash-consing of groupings to maintain unique rep-

resentations, function caching, and equality testing of proto-GCFLOBDDs follow the

same pattern as that of CFLOBDDs (and WCFLOBDDs). We maintain two caches

– one for GCFLOBDD groupings and another for BDD nodes.

7.3.1 Constant Functions

The constant functions f0(x) = λx.0̄ and f1(x) = λx.1̄ have exactly one

grouping for every production rule of the grammar. Their GCFLOBDD-creation

operations internally call NoDistinctionProtoGCFLOBDD , which when paired with

value tuples [0] and [1] (or [F ] and [T ]) form the GCFLOBDDs for the functions f0
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𝑆1 → 𝑆0𝑆0

𝑆0 → 𝑎

𝑆2 → 𝑆1𝑆0

𝑆3 → 𝑆2𝑆1

𝑆4 → 𝑆3𝑆2

Figure 7.4: The diagram shows a NoDistinctionProtoGCFLOBDD for the grammar
shown in Ex. 7.3. The productions associated with every grouping are also high-
lighted.

and f1 respectively. Fig. 7.4 shows a NoDistinctionProtoGCFLOBDD for the gram-

mar shown in Ex. 7.3. The productions associated with every grouping are also

highlighted. We see that the grouping for Sk → Sk−1Sk−2 has a connection at layer-

0 to the NoDistinctionProtoGCFLOBDD corresponding to Sk−1 followed by another

NoDistinctionProtoGCFLOBDD for Sk−2. Algs. 43 and 42 show the algorithms for

creating GCFLOBDDs for f1 and f0, respectively. The algorithms internally call

NoDistinctionProtoGCFLOBDD, shown in Alg. 41. At level-0, the algorithm returns

a DontCareGrouping if the production is of the form S0 → a. However, if the pro-

duction leads to a BDD non-terminal, such as T0 → BDD(m), for some m ≥ 2, then

the algorithm returns a BDDGrouping (RepresentativeBDD DontCareGrouping) that

points a BDD that encodes λxp0 ...xpm−1 .1. However, because we are using reduced-

BDDs (ROBDDs), the BDD would only have a single node representing the constant
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Algorithm 41: NoDistinctionProtoGCFLOBDD

Input: int k (level), Grammar G = ⟨N ∪ {a}, S, γ⟩
Output: Proto-GCFLOBDD representation of a function with V(S)

variables
1 begin
2 if k == 0 and S → a then
3 return RepresentativeDontCareGrouping;
4 end
5 if k == 0 and S → BDD(m) then
6 return RepresentativeBDDDontCareGrouping(m);
7 end
8 InternalGrouping g = new InternalGrouping(L(S));
9 g.grammar = γ(S); // Production headed by S

10 g.numberOfLayers = NumChildrenG(S) + 1;
11 for j ← 1 to g.numberOfLayers− 1 do
12 S ′ = ChildG(S, j);
13 Grammar G′ = ⟨N ∪ {a}, S ′, γ⟩;
14 g.ConnectionList[j].Connection[1] =

NoDistinctionProtoCFLOBDD(L(S ′), G′);
15 g.ConnectionList[j].ReturnTuple[1] = [1];

16 end
17 g.numberOfExits = 1;
18 return RepresentativeGrouping(g);

19 end

Algorithm 42: FalseGCFLOBDD

Input: int k (level), Grammar G = ⟨N ∪ {a}, S, γ⟩
Output: CFLOBDD representation of a function with V(S) variables

and constant value F
1 begin
2 return ConstantGCFLOBDD(k, F , G);
3 end

function that maps all assignments to the index 1. The functions V(S) and L(S)

compute the number of variables encoded by the grammar with start symbol S and

the level of the production headed by S, respectively defined in §7.2.1.
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Algorithm 43: TrueGCFLOBDD

Input: int k (level), Grammar G = ⟨N ∪ {a}, S, γ⟩
Output: GCFLOBDD representation of a function with V(S) variables

and constant value T
1 begin
2 return ConstantGCFLOBDD(k, T , G);
3 end

Algorithm 44: ProjectionGCFLOBDD

1 Algorithm ProjectionGCFLOBDD(k, i, G)
Input: int k (level), int i (index), Grammar G = ⟨N ∪ {a}, S, γ⟩
Output: CFLOBDD representing function λx0, x1, . . . , xn−1.xi

2 begin
3 assert(0 ≤ i < VG(S));
4 return

RepresentativeGCFLOBDD(ProjectionProtoGCFLOBDD(k,i,
G), [F,T]);

5 end

6 end

7.3.2 Projection Function

A second family of GCFLOBDD-creation operations produces the Boolean-

valued (single-variable) projection functions of the form λx0, x1, . . . , xn−1.xi, where i

ranges from 0 to n−1. Fig. 7.5 illustrates the structure of the GCFLOBDDs that rep-

resent these functions. Fig. 7.5 shows ProjectionGCFLOBDD where i >
∑p′−1

p=1 V(Ajp)

for Sk → Aj1 ...Ajp . The first p′ − 1 layers “call” NoDistinctionProtoGCFLOBDD, the

p
′th layer “calls” ProjectionGCFLOBDD (highlighted in blue) and the next l − p′ lay-

ers “call” NoDistinctionProtoGCFLOBDD. Algs. 44, 45, and 46 give pseudo-code for

ProjectionGCFLOBDD(k, i,G), which constructs the ith such function.

7.3.3 Unary Operations on CFLOBDDs

This section discusses how to perform the unary operation of scalar multipli-

cation on GCFLOBDDs.
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Algorithm 45: ProjectionProtoGCFLOBDD

1 SubRoutine ProjectionProtoGCFLOBDD(k, i, G)
Input: int k (level), int i (index)
Output: Grouping g representing function λx0, x1, . . . , x2k−1.xi

2 begin
3 if k == 0 and S → a then // i must also be 0

4 return RepresentativeForkGrouping;
5 end
6 if k == 0 and S → BDD(m) then // for some int m > 1
7 return ProjectionBDD(m);
8 end
9 InternalGrouping g = new InternalGrouping(k);

10 g.grammar = γ(S); // Production headed by S
11 g.numberOfLayers = NumChildrenG(S) + 1;
12 int p’ = findChildIndex(G, S, i); // Find least index jindex of

Sk → Aj1 ...Ajl such that
∑p′

p=1 VG(Ajv) > i

13 for j ← 1 to p’-1 do
14 S ′ = ChildG(S, j);
15 G′ = ⟨N ∪ {a}, S ′, γ⟩;
16 g.ConnectionList[j].Connection[1] =

NoDistinctionProtoCFLOBDD(L(S ′),G′);
17 g.ConnectionList[j].ReturnTuple[1] = [1];

18 end
19 Sp′ = ChildG(S, p

′);
20 Gp′ = ⟨N ∪ {a}, Sp′ , γ⟩;
21 #V =

∑p′−1
p=1 VG(Ajv) of S → Aj1 ...Ajl ;

22 i = i − #V ; // Remove variables encoded by S’s children

before index.

23 g.ConnectionList[p’].Connection[1] =
ProjectionProtoGCFLOBDD(L(Sp′), i, Gp′);

24 g.ConnectionList[p’].ReturnTuple[1] = [1,2];

Scalar Multiplication. Function ScalarMultiplyGCFLOBDD of Alg. 47 ap-

plies to any GCFLOBDD that maps Boolean-variable-to-Boolean-value assign-

ments to values on which multiplication by a scalar value of type Value

is defined. ScalarMultiplyGCFLOBDD constructs a GCFLOBDD for the con-

stant function λx0, x1, . . . , xn−1.v, which is multiplied by GCFLOBDD c using
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Algorithm 46: ProjectionProtoGCFLOBDD (cont.)

24

25

26 for j ← p′ + 1 to g.numberOfLayers− 1 do
27 S ′ = ChildG(S, j);
28 G′ = ⟨N ∪ {a}, S ′, γ⟩;
29 g.ConnectionList[j].Connection[1] =

NoDistinctionProtoCFLOBDD(L(S ′), G′);
30 g.ConnectionList[j].ReturnTuple[1] = [1];
31 g.ConnectionList[j].Connection[2] =

g.ConnectionList[j].Connection[1];
32 g.ConnectionList[j].ReturnTuple[2] = [2];

33 end
34 g.numberOfExits = 2;
35 return RepresentativeGrouping(g);

36 end

37 end

Algorithm 47: ScalarMultiplyGCFLOBDD
Input: GCFLOBDD c, Value v
Output: GCFLOBDD c′ = c ∗ v

1 begin
// Multiply GCFLOBDD c by the GCFLOBDD for the constant

function λx0, x1, . . . , xn−1.v
2 return BinaryApplyAndReduce(c, ConstantGCFLOBDD(c.level, v),

(op)Times); // (See §7.3.4)
3 end

BinaryApplyAndReduce—the generic operation for binary GCFLOBDD operations

(discussed in §7.3.4)—with the multiplication operator Times passed as the third

argument.

7.3.4 Binary Operations on GCFLOBDDs

This section discusses the algorithm for performing binary operations on

GCFLOBDDs. Similar to CFLOBDDs, the binary operation op of two GCFLOBDDs

n = n1 op n2 follows a recursive divide-and-conquer structure via a two-step process:
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ProjectionProtoGCFLOBDD(p’, 𝑖 − #V, 𝒢’’: 𝐴𝑗𝑝’  → ⋯ )

#vars: 𝒱𝒢(𝐴𝑗𝑝
)

#vars:

#V =  ෍

𝑝=1

𝑝’−1

𝒱𝒢(𝐴𝑗𝑝
)

Figure 7.5: The diagram illustrates the actions taken by ProjectionProtoGCFLOBDD,

where i >
∑p′−1

p=1 V(Ajp) for Sk → Aj1 ...Ajp . The first p′ − 1 layers “call”

NoDistinctionProtoGCFLOBDD; the p
′th layer “calls” ProjectionProtoGCFLOBDD

(highlighted in blue); and the next l−p′ layers “call” NoDistinctionProtoGCFLOBDD.

1. PairProduct: perform a product construction, following the grammar structure

2. Reduce: perform a reduction step on the result of step one.

The operation op is performed on two GCFLOBDDs n1 and n2 iff the grammar

of both n1 and n2 are the same. Moreover, the grammar of the resultant n is also the

same as n1 and n2. That is, both steps create intermediate/final GCFLOBDDs that

obey the same grammar structure as that of n1 and n2.

As discussed in CFLOBDDs, the PairProduct step on two groupings g1, g2

creates list of tuples of the form pt = [e1, e2] where e1 and e2 represent the exit

vertices of g1, g2 respectively. These tuples are then used to decide the groupings
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g′1, g
′
2 on which PairProduct is recursively called. In the case of BDDGroupings, which

point to BDDs, the PairProduct step computes the pair product of the two BDDs and

returns an intermediate BDD with a list of tuples. Each tuple refers to the terminal

node numbers of the BDDs. When performing Reduce, the algorithm goes over the

GCFLOBDD structure in a bottom-up fashion, recursively computing the Reduce on

groupings (and BDDs) and merging the groupings (and BDDs) as indicated by the

return tuple.

Fig. 7.6 shows how PairProduct and Reduce work on the two BDDs shown

in Fig. 7.6a and Fig. 7.6b (which are part of larger GCFLOBDDs). Fig. 7.6c shows

the result of PairProduct, leading to four terminal nodes representing the pairs

[1, 1], [1, 2], [2, 1], [2, 2]. Fig. 7.6d shows the result of the Reduce operation on Fig. 7.6c

after the four pairs are reduced by the mapping [[1, 1] 7→ 1, [1, 2] 7→ 2, [2, 1] 7→

2, [2, 2] 7→ 1].

7.4 Evaluation

Our experiments answer two questions:

RQ1: Can GCFLOBDDs perform better than CFLOBDDs in the case of representing

combinatorial circuits?

RQ2: Can GCFLOBDDs represent functions significantly better than CFLOBDDs in

terms of space and time?

We ran our experiments on on a system running Ubuntu with an Intel(R)

Xeon(R) Gold 5218 CPU @ 2.30GHz, 64 vCPUs, and 16GB of memory, using our

implementation of CFLOBDDs (as discussed in Chapter 36) and our implementation

of GCFLOBDDs.7 We measure performance of GCFLOBDDs and CFLOBDDs in

6CFLOBDDs github repo: https://github.com/trishullab/cflobdd
7GCFLOBDDs github repo: https://github.com/trishullab/GeneralizedCFLOBDDs
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1 2

BDD

(a) BDD representing a function
mapping strings in {0, 1}3 to indices
[1, 2]. Mapping:
[1 7→ {000, 001, 010, 011, 100, 110}, 2 7→
{101, 111}].

1

2

1 2

BDD

(b) BDD representing a function
mapping strings in {0, 1}3 to indices
[1, 2]. Mapping:
[1 7→ {000, 001, 100, 101, 010, 110}, 2 7→
{011, 111}].

0

1

1

BDD

1

2 3 4

2 2 2

[1,1] [1,2] [2,1] [2,2]

(c) PairProduct of Figs. 7.6a and 7.6b with
4 terminal nodes of tuples
[1, 1], [1, 2], [2, 1], [2, 2].

0

1

1

BDD

1

2

2

(d) Effect of Reduce on the BDD
in Fig. 7.6c when reduced by the mapping
[[1, 1] 7→ 1, [1, 2] 7→ 2, [2, 1] 7→ 2, [2, 2] 7→ 1].

Figure 7.6: Illustration of how PairProduct and Reduce operate on two BDDs that
are a part of larger GCFLOBDDs.

both the time taken and the space used (in terms of the number of groupings and

edges).
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Benchmark #Vars.
CFLOBDD GCFLOBDD

#Nodes #Edges Size Time(s) #Nodes #Edges Size Time(s) Grammar

c17 5 13 54 67 0.001

13 54 67 0.001 Balanced

4 40 44 0.001
S1 → S0S0S0S0S0

S0 → a

15 45 60 0.001

S4 → S0S3

S3 → S0S2

S2 → S0S1

S1 → S0S0

S0 → a

c432 36 2503 44328 46831 0.62

2503 44328 46831 0.15 Balanced

683 21283 21966 0.08

S3 → S2S2S2S2S2S2S2S2S2

S2 → S1S1

S1 → S0S0

S0 → a

9 37483 37492 0.18
S1 → S0 . . . S0(36 times)
S0 → a

c880 60 1481 13679 15160 0.07

1481 13679 15160 0.04 Balanced

988 11855 12843 0.03

S7 → A6S3S4

A6 → A5S2

A5 → S4S4

S4 → S3S3

S3 → S2S2

S2 → S1S1

S1 → S0S0

S0 → a

976 11821 12797 0.03

S6 → A5S2S3S4

A5 → S4S4

S4 → S3S3

S3 → S2S2

S2 → S1S1

S1 → S0S0

S0 → a

c6288 8 16 1974 22966 24940 1.07

1974 22966 24940 0.36 Balanced

3259 20322 23581 0.41

S6 → S2S5

S5 → S3S4

S4 → S2S3

S3 → S1S2

S2 → S0S1

S1 → S0S0

S0 → a

2008 23066 25074 0.37

S7 → S6S1

S6 → S5S1

S5 → S4S4

S4 → S3S3

S3 → S2S2

S2 → S1S1

S1 → S0S0

S0 → a

Table 7.2: Table of the performance of CFLOBDDs against GCFLOBDDs with differ-
ent input grammars on various combinatorial circuits. Note that the rows where the
grammar is labeled “Balanced” show the performance of the GCFLOBDD implemen-
tation when instantiated with a grammar that makes them equivalent to CFLOBDDs.
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Benchmark #Vars.
CFLOBDD GCFLOBDD

#Nodes #Edges Size Time(s) #Nodes #Edges Size Time(s) Grammar

c6288 9 18 6319 118376 124695 3.86

6319 118376 124695 1.2 Balanced

9991 69707 79698 1.47

S6 → S1S5

S5 → S3S4

S4 → S2S3

S3 → S1S2

S2 → S0S1

S1 → S0S0

S0 → a

7489 54122 61611 1.32

S6 → S3S5

S5 → S3S4

S4 → S2S3

S3 → S1S2

S2 → S0S1

S1 → S0S0

S0 → a

c6288 10 20 6998 409314 416312 7.72

6998 409314 416312 2.56 Balanced

18921 182300 201221 4.49

S6 → S1S3S5

S5 → S3S4

S4 → S2S3

S3 → S1S2

S2 → S0S1

S1 → S0S0

S0 → a

21271 157901 179172 4.5

S6 → S2S5

S5 → S3S4

S4 → S2S3

S3 → S1S2

S2 → S1S1

S1 → S0S0

S0 → a

c6288 11 22 59110 1107573 1166683 25.23

59110 1107573 1166683 19.46 Balanced

45188 381797 426985 16.59

S7 → S6S0

S6 → S4S5

S5 → S3S4

S4 → S2S3

S3 → S1S2

S2 → S0S1

S1 → S0S0

S0 → a

45821 424879 470700 15.84

S6 → S3S5

S5 → S3S4

S4 → S2S3

S3 → S1S2

S2 → S1S1

S1 → S0S0

S0 → a

Table 7.3: Table of the performance of CFLOBDDs against GCFLOBDDs with dif-
ferent input grammars on various combinatorial circuits (cont.).

7.4.1 RQ1: Can GCFLOBDDs perform better than CFLOBDDs in the
case of representing combinatorial circuits?

In §3.9.2.2, we found that BDDs performed better than CFLOBDDs for repre-

senting combinatorial circuits because either (1) the benchmarks did not contain any
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Benchmark #Vars.
CFLOBDD GCFLOBDD

#Nodes #Edges Size Time(s) #Nodes #Edges Size Time(s) Grammar

c6288 12 24 326924 3838786 4165710 357.02

326924 3838786 4165710 246 Balanced

142386 1901957 2044343 86.53

S6 → S5S1

S5 → S4A4

A4 → S3S3

S4 → S2S3

S3 → S1S2

S2 → S1S1

S1 → S0S0

S0 → a

150262 1290542 1440804 81.15

S7 → S6S1

S6 → S3S5

S5 → S3S4

S4 → S2S3

S3 → S1S2

S2 → S1S1

S1 → S0S0

S0 → a

Table 7.4: Table of the performance of CFLOBDDs against GCFLOBDDs with dif-
ferent input grammars on various combinatorial circuits (cont.).

repeated structure that can be exploited by CFLOBDDs, or (ii) the repeated structure

in the benchmarks did not fit well with the balanced grammar of CFLOBDDs.

In this section, we investigate whether GCFLOBDDs with a different grammar

can represent the circuits better than CFLOBDDs that implicitly assume a balanced

grammar. Tabs. 7.2, 7.3, and 7.4 show the performance (in terms of space and time)

of GCFLOBDDs on circuits obtained from iscas85 benchmark suite with different

grammars. Note that the rows where the grammar is labeled “Balanced” show the per-

formance of the GCFLOBDD implementation when instantiated with a grammar that

makes them equivalent to CFLOBDDs. The performance of Balanced-GCFLOBDDs

is slightly better than CFLOBDDs because of a few lower-level implementation level

optimizations. Because of the slight performance difference between CFLOBDDs and

Balanced-GCFLOBDDs (GCFLOBDDs with “balanced” grammar), in this section,

we primarily compare the performance of Custom-GCFLOBDDs (GCFLOBDDs with

“custom” grammar) and Balanced-GCFLOBDDs.

We found that GCFLOBDDs with a different grammar structure represent

some functions better than CFLOBDDs. For example, by manually inspecting the
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Benchmark #Vars.
GCFLOBDD BDD

#Vertices #Edges Size Time (sec) Size Time (sec)
c17 5 4 40 44 0.001 22 0.004
c432 36 683 21283 21966 0.08 27916 0.01
c880 60 976 11821 12797 0.03 15478 0.01

c6288 8 16 3259 20322 23581 1.07 18516 0.02
c6288 9 18 7489 54122 61611 1.32 53416 0.06
c6288 10 20 21271 157901 179172 4.5 150898 0.25
c6288 11 22 45188 381797 426985 16.59 428190 0.97
c6288 12 24 150262 1290542 1440804 81.15 1219808 3.64

Table 7.5: Table of the performance of Custom-GCFLOBDDs (the grammar for each
benchmark is the best grammar that efficiently represented the circuit in terms of the
size among the ones shown in Tabs. 7.2–7.4) against BDDs on different combinatorial
circuits.

circuit for the benchmark ‘c432’, we realized that there is a repeated structure to the

benchmark that does not fit well into the half-and-half balanced structure of CFL-

OBDDs. By using a different grammar, we found that GCFLOBDDs represented

c432 better than CFLOBDDs in terms of space and time. We found this trend of

GCFLOBDDs with a different grammar representing functions better than Balanced-

GCFLOBDDs (and CFLOBDDs) in the case of other benchmarks as well. In particu-

lar, in the multiplier circuits like c6288 9, a GCFLOBDD with a Fibonacci grammar

structure represented the circuit better than CFLOBDDs by ∼3×. This shows that

Custom-GCFLOBDDs are better than Balanced-GCFLOBDDs (and CFLOBDDs) in

the domain of representing combinatorial circuits.

In §3.9.2.3, we discussed how BDDs significantly outperform CFLOBDDs

when representing combinatorial circuits. Tab. 7.5 shows the performance of

GCFLOBDDs with a grammar that gives the best performance and BDDs in rep-

resenting combinatorial circuits. We observe that, BDDs still outperform the best 8

GCFLOBDDs on these benchmarks by 13.3% to 50% on most benchmarks reducing

from 25.76% to 70.76% that was observed when using CFLOBDDs, in terms of the

8the best refers to the custom grammar we identified that works well for the benchmark, there
could be a different grammar that is better that has not been identified by us.
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size. Interestingly, Custom-GCFLOBDDs represent functions better than BDDs on

‘c432’, ‘c880’ and ‘c6288 11’ benchmarks.

These results show that, although GCFLOBDDs could not outperform

BDDs in this domain, Custom-GCFLOBDDs clearly represent functions better than

Balanced-GCFLOBDDs (and CFLOBDDs) when instantiated with a different gram-

mar structure that aligns better with the underlying function.

7.4.2 Can GCFLOBDDs represent functions significantly better than
CFLOBDDs in terms of space and time?

In this section, we evaluate GCFLOBDDs with different grammars against

Balanced-GCFLOBDDs and CFLOBDDs on 10 synthetic benchmarks. These bench-

marks are functions that are designed to show that using a grammar other than a

“Balanced” grammar significantly affects the representation size and the time taken

for constructing the functions. The functions are constructed using mostly Boolean

operations, but sometimes arithmetic operations. Some complex functions involve re-

cursive modules for constructing the functions. We will discuss each of the functions

in detail:

1. B1 : {0, 1}n × {0, 1}n × {0, 1}n → {0, 1}

B1(x0, y0, z0, . . . , xn−1, yn−1, zn−1) :=
n−1∧
i=0

(xi ∧ yi) ∨ (x̄i ∧ zi)

2. B2 : {0, 1}n → {0, 1}

B2(x0, . . . , xn−1) := ((x0 ⊕ x1) ∧ (
n−1∧
i=2

xi)) ∨ ( ¯(x0 ⊕ x1) ∧ (
n−1∨
i=2

xi))

3. Before discussing B3, let us define few arithmetic operations equivalent to

Boolean NOT, AND, XOR.

ANDZ(x, y) = xy
NOTZ(x) = 1− x
XORZ(x, y) = x+ y − 2xy

B3 : {0, 1}n → {0, 1}, where n is of the form n = 2k + 4, k ≥ 1.
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Benchmark #Vars.
CFLOBDD GCFLOBDD

Time (s) Groupings Edges Size Time (s) Nodes Edges Size Grammar

B1

177147 15.57 123 410 533
6.19 23 94 117

S11 → S10S10S10

S10 → S9S9S9
...

S1 → S0S0S0

S0 → a
15.23 123 410 533 Balanced

531441 93.39 141 474 615
24.67 25 102 127

S12 → S11S11S11

S11 → S10S10S10
...

S1 → S0S0S0

S0 → a
92.18 141 474 615 Balanced

1594323 582.08 147 495 642
126.71 27 110 137

S13 → S12S12S12

S12 → S11S11S11
...

S1 → S0S0S0

S0 → a
578.86 147 495 642 Balanced

B2

131074 15.06 101 327 428
10.37 54 148 202

S18 → S1S17

S17 → S16S16

S16 → S15S15
...

S1 → S0S0

S0 → a
14.74 101 327 428 Balanced

262146 42.21 107 346 453
28.27 57 156 213

S19 → S1S18

S18 → S17S17

S17 → S16S16
...

S1 → S0S0

S0 → a
41.55 107 346 453 Balanced

524290 134.38 113 365 478
86 60 164 224

S20 → S1S19

S19 → S18S18

S18 → S17S17
...

S1 → S0S0

S0 → a
131.94 113 365 478 Balanced

Table 7.6: Performance of GCFLOBDDs with two grammar options – a custom
grammar and a balanced grammar – and CFLOBDDs, on synthetic benchmarks with
different number of variables. The Balanced grammar option simulates CFLOBDD
using GCFLOBDDs.

B3(x0, . . . , xn−1) := ANDZ(ANDZ(F1, J1), ANDZ(F2, J2))

where,
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Benchmark #Vars.
CFLOBDD GCFLOBDD

Time (s) Nodes Edges Size Time (s) Nodes Edges Size Grammar

B3

524292 46.95 92 329 421
26.94 58 163 221

S19 → S1S18S1S18

S18 → S17S17

S17 → S16S16
...

S1 → S0S0

S0 → a
46.58 92 329 421 Balanced

1048580 146.48 97 311 408
76.75 61 171 232

S20 → S1S19S1S19

S19 → S18S18

S18 → S17S17
...

S1 → S0S0

S0 → a
146.13 97 347 444 Balanced

2097156 534.23 102 365 467
245.78 64 179 243

S21 → S1S20S1S20

S20 → S19S19

S19 → S18S18
...

S1 → S0S0

S0 → a
529.52 102 365 467 Balanced

B4

559872 66.93 5561 52942 58503
29.3 30 108 138

S15 → S14S14

S14 → S13S13S13
...

(alternating)
...

S2 → S1S1S1

S1 → S0S0

S0 → a
65.68 5561 52942 58503 Balanced

1679616 364.11 9260 96407 105667
136.39 33 119 152

S16 → S15S15S15

S15 → S14S14
...

(alternating)
...

S2 → S1S1S1

S1 → S0S0

S0 → a
340.78 9260 96407 105667 Balanced

3359232 1390.03 12891 141017 153908
579.02 34 122 156

S17 → S16S16

S16 → S15S15S15
...

(alternating)
...

S2 → S1S1S1

S1 → S0S0

S0 → a
1445.43 12891 141017 153908 Balanced

Table 7.7: Performance of GCFLOBDDs and CFLOBDDs on synthetic benchmarks
(cont.).
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F1 := ANDZ(x0, x1)−NOTZ(ANDZ(x0, x1))

J1 := Π
n−4
4

t=1 XORZ(xt, xt+1)
F2 := ANDZ(xn/2, xn/2+1)−NOTZ(ANDZ(xn/2, xn/2+1))

J2 := Π
n−4
4

t=1 XORZ(xn/2+t, xn/2+t+1)

4. We will define function B4 recursively.

Φ(x, y) = x⊕ y
Ψ(x, y, z) = (x ∧ y) ∨ (x̄ ∧ z)

B4 : {0, 1}n → {0, 1}, such that n = 3p2q, p > 0, q > 0. Let us define a family

of functions gi as follows:

x0, . . . , xn−1 ∈ {0, 1}, g
(0)
j = xj.

g(t+1)
m =


Φ
(
g
(t)
2m, g

(t)
2m+1

)
, t is even, 0 ≤ m <

|g(t|
2

Ψ
(
g
(t)
3m, g

(t)
3m+1, g

(t)
3m+2

)
, t is odd, 0 ≤ m <

|g(t|
3

and, B4(x0, . . . , xn−1) := gp+q
0 .

5. B5 : {0, 1}n → {0, 1} such that n = fib[k], k > 1, where fib is the Fibonacci

sequence: fib = [0, 1, 1, 2, 3, . . . , n].

Let us define another function G(n, s) as;

G(n, s) =



¬x0, fib[n] = 0,

xs, fib[n] = 1,

xs ⊕ xs+1, fib[n] = 2,

xs ∧ (xs+1 ⊕ xs+2), fib[n] = 3,

G(n− 2, s) ∧ G
(
n− 1, s+ fib[n− 2]

)
, fib[n] ≥ 4.

.

We will define B5 using G(n, s).

B5(x0, . . . , xn−1) := (x0 ∧ (x1 ⊕ x2)) ∧
|fib|−2∧
i=5

G(i, fib[i− 1])
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6. B6 : {0, 1}k∗n → {0, 1}. We define B6 using a group of sub-functions gi as

follows:

x0, . . . , xkn−1 ∈ {0, 1}, gi =
n−1⊕
j=0

xin+j (0 ≤ i < k).

Opt =



AND t ≡ 0 (mod 5),

OR t ≡ 1 (mod 5),

XOR t ≡ 2 (mod 5),

NOR t ≡ 3 (mod 5),

NAND t ≡ 4 (mod 5),

F =
k−2∧
i=0

i even

(
Opi(gi, gi+1) ∨ Opi+1(gi, gi+1)

)
.

7. B7 : {0, 1}n → {0, 1}

B7(x0, . . . , xn−1) := (x0 ∧ F1) ∨ (x̄0 ∧ F2)

F1 :=
⌊n−2

3
⌋∧

t=0

((x3t+1 ∧ x3t+2 ∧ x̄3t+3) ∨ (x̄3t+1 ∧ x̄3t+2 ∧ x3t+3)

F2 :=
⌊n−2

3
⌋∧

t=0

((x3t+1 ∧ (x3t+2 ⊕ x3t+3)) ∨ (x̄3t+1 ∧ (x3t+2 ⊕ x3t+3)))

8. B8 : {0, 1}n → {0, 1} Let us consider a group schedule g, an array of length T

such that ΠT−1
i=0 gi = n.

g = (g0, . . . , gT−1), x0, . . . , xN−1 ∈ {0, 1}.

In this function, we consider a sequence of prime numbers as g, i.e., g =

{2, 3, 5, 7, . . .}. We will now define a series of sub-functions on which B8 is

defined recursively.
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• We define a cyclic-choice operator Op as

Op(i) =



∧, i ≡ 0 (mod 5),

∨, i ≡ 1 (mod 5),

⊕, i ≡ 2 (mod 5),

NOR, i ≡ 3 (mod 5),

NAND, i ≡ 4 (mod 5),

and alternating negation y(s,p) as

y
(s,p)
i =

{
¬xs+i, i even,

xs+i, i odd,
i = 0, . . . , p− 1.

• We define a function S(s, p) as:

A
(s,p)
0 = y

(s,p)
0

A
(s,p)
i = Op(i)

(
A

(s,p)
i−1 , y

(s,p)
i

)
(i = 1, . . . , p− 1)

S(s, p) = A
(s,p)
p−1

• We define another series of functions F
(t)
m as follows. Every series F

(t)
m

is a sequence of m elements in “round” t. F
(0)
m is defined over variables

x0, . . . , xn−1 and m = n but for t > 0, F
(t+1)
m is evaluated over elements in

the previous sequence – F
(t)
m .

F
(0)
j = xj ∀j = 0...n− 1

F
(t+1)
m = S

(
s = 0, p = gt

)∣∣∣
xi 7→F

(t)
mgt+i

This implies that for F
(t+1)
m , S operates elements in sequence F

(t)
m . Finally,

B8 = F
(T )
0 .

9. To define, B9 : {0, 1}n → {0, 1}, we use the same approach as B8, except that

the group sequence g is a sequence of odd numbers.

g = {3, 5, 7, 9, . . . , }
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10. Similarly, B10 : {0, 1}n → {0, 1} is defined using the same approach as B8 with

a custom group sequence g.

g = {5, 2, 6, 4, 3, 15, 3, 6}

Note that the sequence is considered until the product of the elements in the

sequence is equal to the number of variables in the function.

Tabs. 7.6–7.10 show the performance of GCFLOBDDs and CFLOBDDs on

synthetic benchmarks B1 to B10 with increasing number of variables. GCFLOBDDs

are instantiated with two different grammar types – (1) a custom grammar that

we identified, which efficiently represents the benchmark, and (2) a balanced gram-

mar, which effectively simulates CFLOBDDs (and controls for the differences in the

two different codebases). We found that Custom-GCFLOBDDs, i.e., GCFLOBDDs

with a custom grammar, represent their corresponding benchmarks much more effi-

ciently than Balanced-GCFLOBDDs in terms of size, with an improvement ranging

from 47.51% to 99.9%. In terms of the time taken for constructing the functions,

Custom-GGCFLOBDDs outperform Balanced-GCFLOBDDs on most benchmarks

with a speedup ranging from 0.78× to 4.59×. In particular, CFLOBDDs perform

modestly better than Custom-GCFLOBDDs on the B5 benchmark. In all other

cases, Custom-GCFLOBDDs perform better than Balanced-GCFLOBDDs (and CFL-

OBDDs) in terms of space and time.

These experiments show that GCFLOBDDs are useful in capturing repeat-

edness and structural similarities that go beyond the “balanced” hierarchy seen in

CFLOBDDs, and as a result can hopefully be useful in a broader set of domains.
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Benchmark #Vars.
CFLOBDD GCFLOBDD

Time (s) Nodes Edges Size Time (s) Nodes Edges Size Grammar

B5

196418 12.64 1762 5947 7709
12.49 328 828 1156

S25 → S23S24

S24 → S22S23
...

S2 → S0S1

S1 → S0S0

S0 → a
12.43 1762 5947 7709 Balanced

317811 26.23 2239 7548 9787
27.07 354 895 1249

S26 → S24S25

S25 → S23S24
...

S2 → S0S1

S1 → S0S0

S0 → a
27.22 2239 7548 9787 Balanced

514229 43.12 2838 9553 12391
55.63 381 961 1342

S27 → S25S26

S26 → S24S25
...

S2 → S0S1

S1 → S0S0

S0 → a
45.51 2838 9553 12391 Balanced

B6

40000 2.58 510 1870 2380
1.06 29 250 279

S8 → S7S7S7S7

S7 → S6S6S6S6

S6 → S5S5S5S5S5

S5 → S4S4S4S4S4

S4 → S3S3

S3 → S2S2S2S2S2

S2 → S1S1S1S1S1

S1 → S0S0

S0 → a
2.56 510 1870 2380 Balanced

90000 8.02 1047 3769 4816
2.7 44 411 455

S9 → S8S8S8

S8 → S7S7S7

S7 → S6S6S6S6

S6 → S5S5S5S5S5

S5 → S4S4S4S4S4

S4 → S3S3

S3 → S2S2S2S2S2

S2 → S1S1S1S1S1

S1 → S0S0

S0 → a
7.9 1047 3769 4816 Balanced

250000 35.89 1692 6102 7794
8.24 20 120 140

S9 → S8S8S8S8S8

S8 → S7S7S7S7S7

S7 → S6S6S6S6

S6 → S5S5S5S5S5

S5 → S4S4S4S4S4

S4 → S3S3

S3 → S2S2S2S2S2

S2 → S1S1S1S1S1

S1 → S0S0

S0 → a
33.85 1692 6102 7794 Balanced

Table 7.8: Performance of GCFLOBDDs and CFLOBDDs on synthetic benchmarks
(cont.)
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Benchmark #Vars.
CFLOBDD GCFLOBDD

Time (s) Nodes Edges Size Time (s) Nodes Edges Size Grammar

B7

59050 9.38 215 786 1001
5.78 32 141 173

S11 → S0S10

S10 → S9S9S9
...

S1 → S0S0S0

S0 → a
8.95 215 786 1001 Balanced

177148 53.78 229 830 1059
25.41 35 154 189

S12 → S0S11

S11 → S10S10S10
...

S1 → S0S0S0

S0 → a
50.9 229 830 1059 Balanced

531442 451.66 272 977 1249
147.54 38 167 205

S13 → S0S12

S12 → S11S11S11
...

S1 → S0S0S0

S0 → a
415.5 229 830 1059 Balanced

B8

2310 0.09 481 2023 2504
0.09 11 76 87

S5 → S4S4S4S4S4S4S4S4S4S4S4

S4 → S3S3S3S3S3S3S3

S3 → S2S2S2S2S2

S2 → S1S1S1

S1 → S0S0

S0 → a
0.09 481 2023 2504 Balanced

30030 1.26 2323 11207 13530
1.45 13 112 125

S6 → S5S5S5S5S5S5S5S5S5S5S5S5S5

S5 → S4S4S4S4S4S4S4S4S4S4S4

S4 → S3S3S3S3S3S3S3

S3 → S2S2S2S2S2

S2 → S1S1S1

S1 → S0S0

S0 → a
1.14 2323 11207 13530 Balanced

510510 39.77 13018 73116 86134
37.65 15 158 173

S7 → S6S6S6S6S6S6S6S6S6S6S6S6S6S6S6S6S6

S6 → S5S5S5S5S5S5S5S5S5S5S5S5S5

S5 → S4S4S4S4S4S4S4S4S4S4S4

S4 → S3S3S3S3S3S3S3

S3 → S2S2S2S2S2

S2 → S1S1S1

S1 → S0S0

S0 → a
39.56 13018 73116 86134 Balanced

Table 7.9: Performance of GCFLOBDDs and CFLOBDDs on synthetic benchmarks
(cont.)
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Benchmark #Vars.
CFLOBDD GCFLOBDD

Time (s) Nodes Edges Size Time (s) Nodes Edges Size Grammar

B9

945 0.04 411 1779 2190
0.03 9 67 108

S4 → S3S3S3S3S3S3S3S3S3

S3 → S2S2S2S2S2S2S2

S2 → S1S1S1S1S1

S1 → S0S0S0

S0 → a
0.04 411 1779 2190 Balanced

10395 0.55 1915 9080 10995
0.42 11 97 108

S5 → S4S4S4S4S4S4S4S4S4S4S4

S4 → S3S3S3S3S3S3S3S3S3

S3 → S2S2S2S2S2S2S2

S2 → S1S1S1S1S1

S1 → S0S0S0

S0 → a
0.49 1915 9080 10995 Balanced

135135 10.69 8512 47200 55712
7.08 13 133 146

S6 → S5S5S5S5S5S5S5S5S5S5S5S5S5

S5 → S4S4S4S4S4S4S4S4S4S4S4

S4 → S3S3S3S3S3S3S3S3S3

S3 → S2S2S2S2S2S2S2

S2 → S1S1S1S1S1

S1 → S0S0S0

S0 → a
10.13 8512 47200 55712 Balanced

B10

10800 0.54 748 4196 4944
0.52 13 92 105

S6 → S5S5S5S5S5S5S5S5S5S5S5S5S5S5S5

S5 → S4S4S4

S4 → S3S3S3S3

S3 → S2S2S2S2S2S2

S2 → S1S1

S1 → S0S0S0S0S0

S0 → a
0.48 748 4196 4944 Balanced

32400 1.62 1154 7207 8361
1.1 15 112 127

S7 → S6S6S6

S6 → S5S5S5S5S5S5S5S5S5S5S5S5S5S5S5

S5 → S4S4S4

S4 → S3S3S3S3

S3 → S2S2S2S2S2S2

S2 → S1S1

S1 → S0S0S0S0S0

S0 → a
1.42 1154 7207 8361 Balanced

194400 14.33 3243 24185 27428
7.34 17 126 146

S8 → S7S7S7S7S7S7

S7 → S6S6S6

S6 → S5S5S5S5S5S5S5S5S5S5S5S5S5S5S5

S5 → S4S4S4

S4 → S3S3S3S3

S3 → S2S2S2S2S2S2

S2 → S1S1

S1 → S0S0S0S0S0

S0 → a
13.94 3243 24185 27428 Balanced

Table 7.10: Performance of GCFLOBDDs and CFLOBDDs on synthetic benchmarks
(cont.)
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Chapter 8: Related Work

8.1 Comparison with BDD variants

Over the years, many variants of BDDs have been proposed Sasao and Fujita

(1996). These data structures can be broadly divided into three families: ones that

make use of weights on edges, ones that do not use edge weights, and ones that allow

the underlying graph to have cycles.

Unweighted BDD variants include Multi-Terminal BDDs Clarke et al. (1993,

1995), Algebraic Decision Diagrams Bahar et al. (1997), Free Binary Decision Dia-

grams (FBDDs) (Wegener, 2000, §6), Binary Moment Diagrams (BMDs) Bryant and

Chen (1995), Hybrid Decision Diagrams (HDDs) Clarke et al. (1995), Differential

BDDs Anuchitanukul et al. (1995), and Indexed BDDs (IBDDs) Jain et al. (1997).

Several of these BDD variants offers exponential compression over classical BDDs.

However, because FBDDs, BMDs, HDDs, and IBDDs that encode, e.g., the iden-

tity function, need to examine each variable, the exponential-separation argument for

CFLOBDDs from §3.7 carries over for all of these variants.

Cyclic BDD variants include Linear/Exponentially Inductive Functions (LIF-

s/EIFs) Gupta and Fisher (1993); Gupta (1994) and Cyclic BDDs (CBDDs) Reffel

(1999). Because they allow cycles, CFLOBDDs are closer to the structures in this

category. The differences between CFLOBDDs and these representations can be

characterized as follows:

• The aforementioned representations all make use of numeric/arithmetic anno-

tations on the edges of the graphs used to represent functions over Boolean

arguments, rather than the matched-path principle that is the basis of CFL-

OBDDs. Matched paths can be characterized in terms of a context-free language

of matched parentheses, rather than in terms of numbers and arithmetic (see

Eqn. (3.1)).
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• An essential part of the design of LIFs and EIFs is that the BDD-like subgraphs

in them are connected in very restricted ways. In contrast, in CFLOBDDs,

different groupings at the same level (or different levels) can have very different

kinds of connections in them.

• Similarly, CBDDs require that there be some fixed BDD pattern that is repeated

over and over in the structure; a given function uses only a few such patterns.

With CFLOBDDs, there can be many reused patterns (i.e., in the lower-level

groupings in CFLOBDDs).

• CBDDs are not canonical representations of Boolean functions, which compli-

cates the algorithms for performing certain operations on them, such as the

operation to determine whether two CBDDs represent the same function.

• The layering in CFLOBDDs serves a different purpose than the layering found

in LIFs/EIFs and CBDDs. In the latter representations, a connection from

one layer to another serves as a jump from one BDD-like fragment to another

BDD-like fragment. In CFLOBDDs, only the lowest layer (i.e., the collection

of level-0 groupings) consists of BDD-like fragments (and just two very simple

ones at that); it is only at level 0 that the values of variables are interpreted.

As one follows a matched path through a CFLOBDD, the connections between

the groupings at levels above level 0 serve to encode which variable is to be

interpreted next.

LIFs/EIFs/CBDDs could be generalized by replacing BDD-like subgraphs in them

with CFLOBDDs.

Examples of (acyclic) edge-weighted BDD variants include Edge-Valued

BDDs (EVBDDs) Vrudhula et al. (1996), Factored Edge-Valued BDDs (FEVBDDs)

Tafertshofer and Pedram (1997), Quantum Information Decision Diagram (QuIDDs)

Viamontes et al. (2003), Quantum Multiple-valued DDs (QMDDs) Niemann et al.

(2016), MQTDDs Zulehner et al. (2019), and Tensor Decision Diagrams (TDDs)
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Hong et al. (2020), in which the edges out of decision nodes have weights, and some

“accumulation” (e.g., + or ×) of the weights encountered on the path for an assign-

ment a yields the function’s value on a. QMDDs, QuIDDs, MQTDDs, and TDDs are

all variants what we have been calling WBDDs (with complex-valued weights). They

are based on a Shannon decomposition, and thus the only sharing is of sub-DAGs,

whereas the call-return structure used in WCFLOBDDs allows sharing of the “middle

of a DAG.” If the weights are allowed to be unboundedly large, a polynomial-sized

data structure of this sort can be used to encode a decision tree that is double-

exponentially larger. However, to the best of our knowledge, such double-exponential

compression is impossible when the weights are required to use a constant number of

bits.

Other data structures that generalize BDDs are representations like Senten-

tial Decision Diagrams (SDDs) Darwiche (2011) and Variable Shift SDDs Nakamura

et al. (2020). These data structures generalize BDDs by assuming a tree-shaped or-

dering over variables, and there are functions for which these data structures offer

double-exponential compression over decision trees and an exponential compression

over BDDs. SDDs and VS-SDDs represent Boolean functions only (Bn → B), but

have also been extended to represent probability distributions Kisa et al. (2014). In

CFLOBDDs (and WCFLOBDDs, GCFLOBDDs), a grouping g can have multiple

middle vertices that reuse the same B-connection grouping b, as long as the return

edges for the different invocations of b use different mappings to g’s exit vertices.

This “contextual rewiring” gives CFLOBDDs (and its variants) greater ability to

reuse substructures than SDDs and VS-SDDs. (Moreover, b can also be used as the

A-connection grouping of g.) VS-SDDs support a sub-structure sharing property

that goes beyond SDDs; however, as with BDDs and WBDDs, the objects that are

shared are always sub-DAGs. In contrast, the (W)CFLOBDD “procedure-call” de-

vice is a more flexible mechanism for reusing substructures than the mechanism for

reusing substructures in VS-SDDs. In particular, the call-return structure used in

(W)CFLOBDDs allows sharing of the “middle of a DAG.” SDDs and VS-SDDs (and
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their quantitative generalizations, such as Probabilistic SDDs Kisa et al. (2014)) have

not, so far, been used in matrix computations, and implementations of operations

such as Kronecker product and matrix multiplication based on these structures are

unknown, which meant that we could not use them in our quantum-simulation exper-

iments. We did compare CFLOBDDs against SDDs for two of the micro-benchmarks,

and found that CFLOBDDs were much faster (Tab. 3.2). However, the relationship

between these representations and CFLOBDDs merits future study.

Another approach to introducing hierarchy into BDDs is the notion of Tree

BDDs McMillan (1994). Tree BDDs employ a hierarchical representation that closely

resembles a tree automaton. In this framework, the variable set of a Boolean function

is recursively partitioned into three components: root variables, left-child variables,

and right-child variables. The left and right partitions recursively represent their

corresponding sub-functions using the same construction, while the root partition

combines the equivalence classes induced by the left and right sub-functions to define

the overall function. A key distinction from CFLOBDDs is that, in Tree BDDs, each

partition explicitly associates variables with the corresponding sub-functions. In con-

trast, CFLOBDDs reuse substructures via the Contextual Interpretation Principle,

wherein groupings are not explicitly tied to particular variables. Even if the Tree

BDD framework were modified to eliminate explicit variable instantiation, the result-

ing structures would still be closely aligned with tree automata and could therefore

encounter challenges similar to those faced by TIDDs, due to the absence of a linear

structure.

Local Invertible Map DDs (LIMDDs) Vinkhuijzen et al. (2023a) are a DAG-

structured decision diagram (i.e., no “procedure calls”) in which two nodes are merged

if their respective decision trees (considered as vectors) are equal up to multiplica-

tion by a tensor product of 2 × 2 matrices that represent single-qubit gates. It has

been shown that they can be exponentially more succinct that WBDDs—results that

should carry over to WCFLOBDDs (i.e., there are functions for which LIMDDs are
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efficient, but WCFLOBDDs are not). One drawback of LIMDDs is that every node-

creation operation requires performing a cubic-time operation akin to Gaussian elimi-

nation to maintain the invariants that ensure canonicity; consequently, LIMDDs seem

to have a built-in handicap. Each of the steps required to ensure that WCFLOBDDs

are canonical are very fast in comparison (e.g., hashed lookups). Little has been pub-

lished about the performance of LIMDDs, but one empirical evaluation Vinkhuijzen

et al. (2023b) reported that QFT on a random stabilizer state took about 250,000

seconds for 24 qubits.

8.2 Relationship to PDSs, NWAs, etc.

As noted in §3.1, CFLOBDDs can be seen as a generalization of BDDs in

which a restricted form of procedure call is permitted. As such, CFLOBDDs are

similar to various structures used in the model-checking community, namely, Hier-

archical FSMs (HFSMs) Alur et al. (2005a), Push Down Systems (PDSs) Bouajjani

et al. (1997); Finkel et al. (1997), and Nested-Word Automata (NWA) Alur and

Madhusudan (2009), which all have the same flavor of “graph plus procedure calls.”

• As discussed in §6.1.1, there is a formal sense in which a CFLOBDD is an NWA.

• HFSMs, PDSs, and NWAs have mainly been investigated for modeling infinite-

state systems. What CFLOBDDs demonstrate is that there are advantages to

considering finite restrictions of such structures. In particular, the advantage

of introducing a procedure-call-like mechanism in a finite model is that one can

obtain an exponential-factor advantage compared to the original finite models

without procedure calls.

We believe that there is great potential for exploring other combinations of the idea

of “BDDs plus procedure calls” that use ideas from HFSMs, PDSs, and NWAs in

ways that are different than those found in CFLOBDDs.
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CFLOBDDs (and GCFLOBDDs) can be considered to be a special case of Vis-

ibly Pushdown Automata (VPAs) Alur and Madhusudan (2004) where A-connections

and B-connections in CFLOBDDs, and Connections in general in GCFLOBDDs, cor-

respond to call transitions in a visibly pushdown language (VPL), return edges cor-

respond to return transitions in the VPL, and edges at level-0 correspond to internal

transitions of the VPL. There are other classes of VPAs, such as k-module single-entry

VPAs (k-SEVPAs) Alur et al. (2005b) and Modular VPAs Kumar et al. (2006), that

have minimal canonical representations. Such VPAs have modular components that

are similar to the groupings in CFLOBDDs. However these classes of VPAs assume

that the modular decomposition is fixed ahead of time. For instance, each k-SEVPA

has exactly k+1 modules. In contrast, CFLOBDDs use a decomposition that is based

on a fixed number of levels, but the specific number of groupings for a function is a

by-product of the structural invariants (§3.3.1 and Construction 1 in Appendix §C).

8.3 Prior Approaches to Quantum Simulation

Also related are prior methods for quantum simulation. Such simulation can

be exact or approximate; our focus here is on exact simulation (modulo floating-

point round-off). Decision diagrams used for such simulation include QMDDs Miller

and Thornton (2006); Zulehner and Wille (2019) and TDDs Hong et al. (2020). We

also compared our approach to tensor networks, a widely used approach to quantum

simulation that is not based on decision diagrams. As shown in Tab. 3.5, CFLOBDDs

perform better than tensor networks on some algorithms (GHZ, BV, DJ, Grover) and

worse on others (Simon, QFT, Shor).

Similar to the well-known quantum algorithms discussed in this thesis, vari-

ational quantum algorithms, which include a noise channel, can also be simulated

using CFLOBDDs. Huang et al. Huang et al. (2021) simulate variational quantum

algorithms using knowledge-compilation techniques. In their approach, the noise com-

ponent is modeled as an additional operator whose action is represented as a matrix.
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The noise matrix can be represented as a CFLOBDD, and hence CFLOBDDs can

also be used for simulating variational quantum algorithms.

8.4 Compression of Programs and Compression Principles

A CFLOBDD can compactly represent many finite paths. This property is

akin to a statement that the use of nonrecursive procedures in programs can enable

small programs to have many execution paths, and is the essence of the observation in

the paper by Melski and Reps Melski and Reps (1999) that an acyclic, non-recursive,

interprocedural control-flow graph of size k could have 22
k
matched paths. Although

not formulated as a theorem, this observation was stated in Melski’s Ph.D. thesis

(Melski, 2002, §3.5.4). Melski uses Yannakakis’s notion of L-reachability Yannakakis

(1990) (i.e., a path from node s to node t only counts as a valid s-t connection if the

path’s labels form a word in L), and defines the notion of a “finite-path graph” with

respect to some language L: there are only a finite number of L-paths from, e.g., pro-

gram entry to program exit (Melski, 2002, §3.4). He then defines an interprocedural

control-flow graph, denoted by G∗
fin. One of the languages of interest is the language

of unbalanced-left paths (Melski and Reps, 1999, §2.1), in which each return-edge is

matched with the closest preceding unmatched call-edge, but there can be zero or

more umatched call-edges. (The unbalanced-left language is typically the language

of interest for context-sensitive interprocedural dataflow analysis Reps et al. (1995);

Reps (1997).) Melski observes, “... the number of [unbalanced-left] paths through
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G∗
fin can be doubly exponential in the size of G∗

fin.”
1

These results are tantamount to the statement (proposed by one of the ref-

erees of Sistla et al. (2024)) that “there is a family of programs Pn, written with

non-recursive procedures, that each would be exponentially larger if written with-

out non-recursive procedures.” In the 1970s, the literature on program schematology

Paterson and Hewitt (1970) explored the relative power of various programming con-

structs, beginning with results showing that recursive procedure calls are more ex-

pressive than iteration (in particular, there are recursive program schemes such that,

for some interpretation of the function and predicate symbols, any flowchart scheme

will produce results that are different from those obtained with the recursive scheme

Paterson and Hewitt (1970); Lynch and Blum (1979)). Thus, it would have been

natural for the schematology literature to contain a result of the form stated above.

However, we were unable to find a paper with such a result; when procedures are al-

lowed, the main interest seems to be in recursive procedures and how such programs

compare with programs written in a language without procedure calls, but other fea-

tures, such as arrays, stacks, or counters Constable and Gries (1972); Garland and

Luckham (1973).

The compression abilities of CFLOBDDs are based what might be called “mul-

tiplicative amplification”: calls to procedures P and Q, when performed in sequence,

result in a structure in which the number of L(matched)-paths is equal to the product

of the numbers of L(matched)-paths through P and Q. Multiplicative amplification

1Melski had found that one 20,000-line program had about 2400,000 paths, which prompted Melski
and Reps to realize that they were facing double-exponential explosion. Unfortunately, that work
was carried out after their CC ’99 paper had been published Melski and Reps (1999). The latter
paper states, incorrectly, “In the worst case, the number of paths through a program is exponential
in the number of branch statements b . . .” (Melski and Reps, 1999, §5). (This kind of mistake seems
to be common among authors working with structures that are DAG-like, but are really based
on acyclic hyper-graphs: they erroneously think that they are dealing with DAGs and conclude
that there is exponential explosion/compression, whereas the true state of affairs is that they have
double-exponential explosion/compression. Examples are found in the literature on E-graphs Nandi
et al. (2021); Willsey (2021) and version-space algebras Polozov and Gulwani (2015); Gulwani et al.
(2017); Koppel (2021).)
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leads to the repeated squaring we see in counting the number of paths from the entry

vertex to the (one) exit vertex of a no-distinction proto-CFLOBDD with k levels:

P (0) = 1 P (n+ 1) = P (n)2.

A more powerful compression principle—again based on an “amplification”

step repeated some number of times—is found in Mairson’s rational reconstruction of

a proof of Statman’s Mairson (1992). As with CFLOBDDs, there are a finite number

of stratification levels and no recursion, but instead of “multiplicative amplification,”

Mairson uses “powerset amplification.” He is interested in representing all values of

the stratified types defined by

D0 = {true, false} Dn = powerset(Dn−1).

Mairson observes that one can use linked lists to represent the elements of each of

the Di. To represent them concisely, he defines a powerset-combinator powerset

that takes a list l1 as input, and returns a list l2 that contains the powerset of the

elements of l1 (a simple exercise in functional programming). He can then represent

Dn with a λ-calculus term Dn that applies powerset n times to the list {true, false}.

Considered as a member of the family of terms D0, D1 = powerset(D0), . . ., Dn =

powersetn(D0), . . ., the size of the term Dn is Ω(n). In contrast, the size of the set

that is represented by Dn is described by the following recurrence relation:

S(0) = 1 S(n+ 1) = 2S(n),

whose solution is non-elementary: S(n) is an exponential tower of 2s, 22
2 ...

2

︸ ︷︷ ︸
n
, of height

n.
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Chapter 9: Conclusion

This dissertation introduces a new class of decision diagrams aimed at achiev-

ing succinct representations of functions. Prior work on Binary Decision Diagrams

(BDDs), a widely used representation for efficient manipulation of Boolean and

pseudo-Boolean functions showed success across a wide range of domains, includ-

ing hardware and software verification, program analysis, model checking, network

verification, and, more recently, quantum computing. Building on this rich line of

work, this thesis demonstrates that further compression can be achieved by explicitly

introducing hierarchy into the structure of decision diagrams.

The overall theme of this work is capturing recurring patterns in Boolean

and pseudo-Boolean functions by introducing hierarchical structures into decision-

diagram representations for succinctness. In Chapter 3, we introduced Context-Free-

Language Ordered Binary Decision Diagrams (CFLOBDDs), which add structured

hierarchy to decision trees. This hierarchy missing in BDDs helps CFLOBDDs in

capturing and reusing common substructures, yielding a more efficient representation

in some circumstances. The hierarchy in CFLOBDDs can be considered as sharing

intermediate portions of a DAG — reusing “middle-of-a-DAG” structures.

In the best case, we show that CFLOBDDs are exponentially more succinct

than BDDs, and double-exponentially more succinct than decision-tree representa-

tions of Boolean functions. In particular, a CFLOBDD with k levels can represent

Boolean functions over 2k variables and succinctly encode up to 22
k
paths. As dis-

cussed in Chapter 3, a CFLOBDD is composed of groupings, vertices, and edges

that satisfy specific structural invariants, ensuring canonicity of the representation.

Groupings correspond to subfunctions, while vertices and edges describe how these

subfunctions are composed to form the overall function. This hierarchical organiza-

tion is achieved via a balanced half-and-half decomposition of variables at each level.
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Such a decomposition enables CFLOBDDs to capture and reuse repeated patterns

across the function, allowing common substructures to be shared.

When we applied CFLOBDDs to the problem of quantum simulation, we ob-

served that CFLOBDDs perform significantly better than BDDs, in terms of com-

pactness of representation and also execution time on most benchmarks. With a

15-minute timeout, the number of qubits that CFLOBDDs can handle are 65,536 for

GHZ, 524,288 for BV; 4,194,304 for DJ; and 4,096 for Grover’s Algorithm, besting

BDDs by factors of 128×, 1,024×, 8,192×, and 128×, respectively.

Given that CFLOBDDs perform significantly better than BDDs by introducing

hierarchy, we explored whether the linear structure in CFLOBDDs also contributed to

the succinctness. In Chapter 6, we investigated whether CFLOBDDs fundamentally

rely on a linear structure, or whether they are more akin to a restricted class of tree

automata that employ hierarchy solely for representational purposes. To understand

this issue better, we designed a new data structure, called Tree-Automata Inspired De-

cision Diagrams (TIDDs), and studied the relative expressive power of CFLOBDDs

and TIDDs. We observed that although TIDDs, like CFLOBDDs, exhibit exponen-

tial separation with respect to BDDs for some of the same families of functions, this

behavior does not extend to the general case. We provided intuition and evidence ex-

plaining why this separation fails to hold more broadly. This difference arises because

the linear structure of CFLOBDDs enables a disciplined decomposition of a function

into subfunctions, followed by their systematic composition according to a prescribed

linear ordering. Each subfunction can be represented efficiently in isolation, and this

ordered composition ensures that these compact representations are reused effectively,

resulting in an efficient representation of the overall function. We showed that there

exists a family of functions for which, under the same variable ordering, CFLOBDDs

are exponentially more succinct than TIDDs.

To understand whether this difference affects performance in practice, we ap-

plied CFLOBDDs and TIDDs to the same domain of quantum simulation. We ob-
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served that TIDDs performed poorly, primarily due to substantial blow-ups in the

sizes of the representations of intermediate state vectors and unitary matrices. These

findings indicate that the linear structure in CFLOBDDs indeed helps in efficient

function representations.

However, when applied to the representation of combinatorial circuits, we ob-

served that BDDs often outperform CFLOBDDs. One contributing factor is the

strict half-and-half decomposition enforced at every level of a CFLOBDD, or, equiv-

alently, the use of a fixed balanced grammar throughout the representation. Such

rigid decompositions may fail to align with the inherent structural regularities of a

given Boolean function, thereby limiting opportunities for sharing and compression.

To address this limitation, we introduced Generalized Context-Free-Language Ordered

Binary Decision Diagrams (GCFLOBDDs), which extend CFLOBDDs by allowing

the use of arbitrary user-specified grammars. In Chapter 7, we formally define the

structure of the grammars that can be provided by users, the GCFLOBDD data

structure, and the GCFLOBDD operations that are supported.

We experimentally compared GCFLOBDDs with CFLOBDDs and BDDs on

combinatorial circuits and synthetic benchmark functions. We observed that, in cer-

tain cases, GCFLOBDDs instantiated with suitably chosen custom grammars rep-

resent combinatorial circuits more compactly than BDDs. In other cases, BDDs

continue to outperform GCFLOBDDs, particularly when the underlying functions

exhibit little or no repeated structural pattern. Nevertheless, even in such scenar-

ios, GCFLOBDDs consistently achieved better compression than CFLOBDDs (i.e.,

GCFLOBDDs with a balanced grammar), demonstrating the benefit of relaxing

the fixed balanced-grammar constraint. On synthetic benchmarks, GCFLOBDDs

with custom grammars substantially outperformed CFLOBDDs in representation

size, achieving reductions ranging from 47.51% to 99.9%, along with execution-

time improvements ranging from 0.78× to 4.59×. These results demonstrate that

GCFLOBDDs instantiated with custom grammars can represent functions more ef-
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ficiently than CFLOBDDs when the repeated structural patterns in those functions

do not align with the fixed balanced decomposition enforced by CFLOBDDs.

In Chapter 4, we explored the extension of CFLOBDDs with edge weights to

represent efficiently functions with large output ranges. For functions of the form

h : {0, 1}n → V , where V ⊆ D is a large set, the size of a CFLOBDD that represents

h is necessarily at least |V |. Consequently, both BDDs and CFLOBDDs struggle

to represent such functions efficiently. In the context of BDDs, this limitation is

addressed through Weighted BDDs (WBDDs), which associate weights with edges

and compute the value of a function on a given assignment by composing the weights

along the corresponding path. We extended this idea to CFLOBDDs and studied how

adding weights interacts with their hierarchical structure, including how key proper-

ties such as canonicity and algorithms work. To this end, we introduced Weighted

Context-Free-Language Ordered Binary Decision Diagrams (WCFLOBDDs), which

combine the hierarchical decomposition of CFLOBDDs with the expressive power of

weighted edges. This hybrid representation enables efficient encoding of a broader

class of functions than either CFLOBDDs or BDDs alone. We showed that there

exists a family of functions for which WCFLOBDDs are exponentially more succinct

than both CFLOBDDs and BDDs.

This “best of both worlds” behavior is further illustrated by our empirical

evaluation of WCFLOBDDs in the domain of quantum simulation. Under a 15-

minute timeout, WCFLOBDDs successfully simulate circuits with up to 1,048,576

qubits for GHZ states (a 1× improvement over CFLOBDDs and a 256× improvement

over WBDDs), 262,144 qubits for the BV and DJ benchmarks (a 2× improvement

over CFLOBDDs and a 64× improvement over WBDDs), and 2,048 qubits for QFT

(a 128× improvement over CFLOBDDs and a 2× improvement over WBDDs). These

results demonstrate that, for certain application domains, WCFLOBDDs enable the

handling of substantially larger problem instances than was previously feasible.

Finally, in Chapter 5, we presented Quasimodo, an open-source and easily
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extensible framework for symbolic quantum simulation. Quasimodo is a Python

library that enables users to write quantum programs while leveraging symbolic sim-

ulation through a variety of underlying data structures. At present, Quasimodo

supports CFLOBDDs, BDDs, WBDDs, and WCFLOBDDs, and is designed to be

readily extensible to additional representations. By cleanly separating the front-end

quantum program from the simulation backend, Quasimodo allows users to evalu-

ate and compare different symbolic representations without modifying the program

itself. This flexibility makes Quasimodo a practical platform for experimenting with

simulation strategies and for advancing research on succinct function representations

in the context of quantum computing.

It should be noted that Quasimodo strictly enforces a “physics-based” view

of quantum-circuit simulation: a quantum circuit is specified as a sequence of gates

acting on a given number of qubits, and a circuit is interpreted left-to-right, succes-

sively creating a representation of the state vector for each layer of gates. Moreover,

the gates can only be created using a set of standard quantum gates—i.e., it does

not support arbitrary unitary matrices as gates. For this reason, the performance

of CFLOBDDs for quantum simulation via Quasimodo is (sometimes) not as good

as can be obtained when CFLOBDDs are used directly for quantum simulation by

using simulation operations that lie outside the physics-based approach. In particu-

lar, Tab. 3.6 reports that CFLOBDDs can simulate 4096-qubit instances of Grover’s

Algorithm in 910 seconds, whereas the Quasimodo paper Sistla et al. (2023) reports

that Quasimodo, when instantiated with CFLOBDDs, exceeds a 15-minute time-

out threshold on 16-qubit instances. This substantial performance difference is due to

(1) Quasimodo carrying out a left-to-right simulation that generates the successive

state vectors produced by the Grover circuit, whereas the results reported in Tab. 3.6

were obtained via the technique of repeated squaring of the (representation of) the

unitary matrix for the Grover diffusion operator, as discussed in §2.3.1 and §3.8.2.6

and at the end of §3.9.2.2, and (2) the oracle, i.e., the gate encoding the hidden string,

is constructed using operations beyond the standard gate-application primitives of a
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quantum circuit.

Future Directions. The idea of hierarchy to capture repeated substructures for

efficient representations opens several directions for future research. One promising

direction for future research is the application of GCFLOBDDs to the domain of

network verification. BDDs and their variants have long been used to represent

network packets and capture network semantics through symbolic execution Yang and

Lam (2015). More recently, Network Decision Diagrams (NDDs) Li et al. (2025) have

been proposed as a hierarchical extension tailored specifically for network-verification

tasks, enabling redundancy elimination. GCFLOBDDs provide an opportunity to

further generalize these ideas of hierarchy and to explore their use for advancing

symbolic techniques in network analysis.

Although this thesis primarily focuses on applying CFLOBDDs to quantum

simulation and, to a lesser extent, to combinatorial circuits, these structures—along

with GCFLOBDDs—have the potential to extend well beyond the domains explored

here. One natural application is the representation of finite-state processes, where

BDDs have traditionally been employed. Another promising direction is their use

in model checking and probabilistic model checking, domains in which BDD-based

techniques are already well established.

Model-checking algorithms typically involve iterative computations until a

fixed point is reached. A similar pattern arises in Grover’s algorithm, where CFL-

OBDDs demonstrate strong performance (in particular, see the discussion of repeated

squaring toward the end of §3.9.2.2), suggesting their potential effectiveness in such

settings. This connection points to a promising role for CFLOBDDs in model-

checking tasks. However, as with BDDs, their effectiveness ultimately depends on

how well the structure of the underlying transition system can be exploited by the

representation.

Another research direction is the exploration of CFLOBDDs for linear-algebra
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computations. BDDs have previously been applied to a range of linear-algebra opera-

tions beyond matrix multiplication, including Singular Value Decomposition (SVD),

LU decomposition, and Cholesky decomposition. While we conducted preliminary in-

vestigations into adapting CFLOBDDs for this setting, the results were inconclusive.

Many of the algorithms required for these operations do not naturally exhibit the type

of regular structure that enables effective sharing within CFLOBDDs. One contribut-

ing factor lies in the differing computational paradigms of BDDs and CFLOBDDs.

Algorithms built on BDDs often follow a depth-first strategy, resolving computa-

tions incrementally along individual paths from the root to the leaves. In contrast,

CFLOBDD-based algorithms adopt a more breadth-oriented symbolic propagation,

aggregating information across levels before resolving it at the top-most level. This

mode of computation can limit opportunities for early simplification and thereby hin-

der scalability in linear-algebra workflows. Nevertheless, these observations do not

preclude the possibility of successfully applying hierarchical decision diagrams to lin-

ear algebra. Future work could investigate alternative algorithmic strategies better

aligned with the CFLOBDD computation model, as well as the use of GCFLOBDDs

with custom grammars to capture structure specific to linear-algebra problems. Such

efforts may reveal new pathways for leveraging hierarchy in large-scale symbolic nu-

merical computation.

In Chapter 7, we examined how the choice of grammar in GCFLOBDDs in-

fluences the efficiency of function representations. Our results indicate that selecting

an appropriate grammar can significantly improve performance. However, as the

complexity of the target function increases, identifying a suitable grammar becomes

increasingly challenging (similar to the difficulty in choosing the right variable order-

ing in BDDs). This observation naturally raises the question of whether grammars

can be inferred automatically for a given problem. Developing techniques to learn or

synthesize grammars that align with the structural properties of a function represents

an important direction for future research. Such methods could reduce the reliance

on manual design and enable GCFLOBDDs to be used more effectively in diverse
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application domains.

In Chapters 3 and 4, we demonstrated how CFLOBDDs and WCFLOBDDs

can be used to represent individual quantum states symbolically. In contrast, recent

work Chen et al. (2023); Abdulla et al. (2025) employs tree automata to represent sets

of quantum states, enabling the verification of quantum circuits over collections of

states rather than a single configuration. An interesting direction for future research is

to investigate whether CFLOBDDs can be extended with ideas from these automata-

based approaches to support the symbolic representation of state sets. Such a fusion

of approaches holds promise because the use of both hierarchical structure and linear

structure in CFLOBDDs has advantages over the use of a strict hierarchical structure

in tree automata, as was explored in our comparison of CFLOBDDs and TIDDs in

Chapter 6. Such an integration could potentially lead to more scalable verification

techniques for quantum circuits.
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Appendix A: Details of Notation for CFLOBDDs

and their Components

A few words are in order about the notation used in the pseudo-code:

• A Java-like semantics is assumed. For example, an object or field that is declared

to be of type InternalGrouping is really a pointer to a piece of heap-allocated

storage. A variable of type InternalGrouping is declared and initialized to a

new InternalGrouping object of level k by the declaration

InternalGrouping g = new InternalGrouping(k)

• Procedures can return multiple objects by returning tuples of objects, where

tupling is denoted by square brackets. For instance, if f is a procedure that

returns a pair of ints—and, in particular, if f(3) returns a pair consisting of

the values 4 and 5—then int variables a and b would be assigned 4 and 5 by

the following initialized declaration:

int×int [a,b] = f(3)

• The indices of array elements start at 1.

• Arrays are allocated with an initial length (which is allowed to be 0); however,

arrays are assumed to lengthen automatically to accommodate assignments at

index positions beyond the current length.

• We assume that a call on the constructor InternalGrouping(k) returns an

InternalGrouping in which the members have been initialized as follows:
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level = k

AConnection = NULL

AReturnTuple = NULL

numberOfBConnections = 0

BConnections = new array[0] of Grouping

BReturnTuples = new array[0] of ReturnTuple

numberOfExits = 0

Similarly, we assume that a call on the constructor CFLOBDD(g,vt) returns a

CFLOBDD in which the members have been initialized as follows:

grouping = g

valueTuple = vt

The class definitions of Fig. 3.2, as well as the algorithms for the core CFL-

OBDD operations make use of the following auxiliary classes:

• A ReturnTuple is a finite tuple of positive integers.

• A PairTuple is a sequence of ordered pairs.

• A TripleTuple is a sequence of ordered triples.

• A ValueTuple is a finite tuple of whatever values the multi-terminal CFLOBDD

is defined over.
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Appendix B: Lexicographic-Order Proposition of

CFLOBDDs

Proposition B.1. 3.1 (Lexicographic-Order Proposition). Let exC be the

sequence of exit vertices of proto-CFLOBDD C. Let exL be the sequence of exit

vertices reached by traversing C on each possible Boolean-variable-to-Boolean-value

assignment, generated in lexicographic order of assignments. Let s be the subse-

quence of exL that retains just the leftmost occurrences of members of exL (arranged

in order as they first appear in exL). Then exC = s.

Proof: We argue by induction over levels:

Base case: The proposition follows immediately for level-0 proto-CFLOBDDs.

Induction step: The induction hypothesis is that the proposition holds for every level-

k proto-CFLOBDD.

Let C be an arbitrary level-k+1 proto-CFLOBDD, with s and exC as defined

above. Without loss of generality, we will refer to the exit vertices by ordinal position;

i.e., we will consider exC to be the sequence [1, 2, . . . , |exC |]. Let CA denote the A-

connection of C, and let CBn denote C’s nth B-connection. Note that CA and each of

the CBn are level-k proto-CFLOBDDs, and hence, by the induction hypothesis, the

proposition holds for them.

We argue by contradiction: Suppose, for the sake of argument, that the propo-

sition does not hold for C, and that j is the leftmost exit vertex in exC for which the

proposition is violated (i.e., s(j) ̸= j). Let i be the exit vertex that appears in the

jth position of s (i.e., s(j) = i). It must be that j < i.
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Let αj and αi be the earliest assignments in lexicographic order (denoted by

≺) that lead to exit vertices j and i, respectively. Because i comes before j in s, it

must be that αi ≺ αj.

Let α1
j and α2

j denote the first and second halves of αj, respectively; let α1
i

and α2
i denote the first and second halves of αi, respectively. Let + denote the

concatentation of assignments (e.g., αj = α1
j + α2

j ).

There are two cases to consider.

Case 1 : α1
i = α1

j and α2
i ≺ α2

j .

Because α1
i = α1

j , the first halves of the matched path followed during the

interpretations of assignments αi and αj through CA are identical, and bring us to

some middle vertex, say m, of C; both paths then proceed through CBm . Let ei and

ej be the two exit vertices of CBm reached by following matched paths during the

interpretations of α2
i and α2

j , respectively. There are now two cases to consider:

Case 1.A: Suppose that ei < ej in CBm (see Fig. B.1a). In this case, the return

edges ei → i and ej → j “cross”. By Structural Invariant 2b, this can only happen if

• There is a matched path corresponding to some assignment β1 through CA that

leads to a middle vertex h, where h < m.

• There is a matched path from h corresponding to some assignment β2 through

CBh
(where CBh

could be CBm).

• There is a return edge from the exit vertex reached by β2 in CBh
to exit vertex

j of C.

In this case, by the induction hypothesis applied to CA, and the fact that h < m, it

must be the case that we can choose β1 so that β1 ≺ α1
j .

Consequently, β1 + β2 ≺ α1
j + α2

j , which contradicts the assumption that

αj = α1
j + α2

j is the least assignment in lexicographic order that leads to j.
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Case 1.B : Suppose that ej < ei in CBm (see Fig. B.1b). Because α2
i ≺ α2

j ,

the induction hypothesis applied to CBm implies that there must exist an assignment

γ ≺ α2
i ≺ α2

j that leads to ej. In this case, we have that α1
j +γ ≺ α1

j +α2
j , which again

contradicts the assumption that αj = α1
j +α2

j is the least assignment in lexicographic

order that leads to j.

Case 2 : α1
i ≺ α1

j .

Because α1
i ≺ α1

j , the first halves of the matched paths followed during the

interpretations of assignments αi and αj through CA bring us to two different middle

vertices of C, saym and n, respectively. The two paths then proceed through CBm and

CBn (where it could be the case that CBm = CBn), and return to i and j, respectively,

where j < i. Again, there are two cases to consider:

Case 2.A: Suppose that n < m (see Fig. B.1c.) The argument is similar to

Case 1.B above: By Structural Invariant 1, n < m means that the exit vertex reached

by α1
j in CA comes before the exit vertex reached by α1

i in CA. By the induction

hypothesis applied to CA, there must exist an assignment γ ≺ α1
i ≺ α1

j that leads to

the exit vertex reached by α1
j in CA. In this case, we have that γ+α2

j ≺ α1
j+α2

j , which

contradicts the assumption that αj = α1
j +α2

j is the least assignment in lexicographic

order that leads to j.

Case 2.B : Suppose that m < n (see Fig. B.1d.) The argument is similar to

Case 1.A above: By Structural Invariant 2, we can only have m < n and j < i if

• There is a matched path corresponding to some assignment β1 through CA that

leads to a middle vertex h, where h < m.

• There is a matched path from h corresponding to some assignment β2 through

CBh
(where CBh

could be CBm or CBn).

• There is a return edge from the exit vertex reached by β2 in CBh
to exit vertex

j of C.
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In this case, by the induction hypothesis applied to CA, and the fact that h < m < n,

it must be the case that we can choose β1 so that β1 ≺ α1
j .

Consequently, β1 + β2 ≺ α1
j + α2

j , which contradicts the assumption that

αj = α1
j + α2

j is the least assignment in lexicographic order that leads to j.

In each of the cases above, we are able to derive a contradiction to the as-

sumption that αj is the least assignment in lexicographic order that leads to j. Thus,

the supposition that the proposition does not hold for C cannot be true.
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Appendix C: Proof of the Canonicalness of

CFLOBDDs

To show that CFLOBDDs are a canonical representation of functions over

Boolean arguments, we must establish that three properties hold:

1. Every level-k CFLOBDD represents a decision tree with 22
k
leaves.

2. Every decision tree with 22
k
leaves is represented by some level-k CFLOBDD.

3. No decision tree with 22
k
leaves is represented by more than one level-k CFL-

OBDD (up to isomorphism).

As described earlier, following a matched path (of length O(2k)) from the level-

k entry vertex of a level-k CFLOBDD to a final value provides an interpretation of a

Boolean assignment on 2k variables. Thus, the CFLOBDD represents a decision tree

with 22
k
leaves (and Obligation 1 is satisfied).

To show that Obligation 2 holds, we describe a recursive procedure for con-

structing a level-k CFLOBDD from an arbitrary decision tree with 22
k
leaves (i.e., of

height 2k). In essence, the construction shows how such a decision tree can be folded

together to form a multi-terminal CFLOBDD.

The construction makes use of a set of auxiliary tables, one for each level, in

which a unique representative for each class of equal proto-CFLOBDDs that arises is

tabulated. We assume that the level-0 table is already seeded with a representative

fork grouping and a representative don’t-care grouping.

Construction 1. [Decision Tree to Multi-Terminal CFLOBDD]

1. The leaves of the decision tree are partitioned into some number of equivalence

classes e according to the values that label the leaves. The equivalence classes
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are numbered 1 to e according to the relative position of the first occurrence of

a value in a left-to-right sweep over the leaves of the decision tree.

For Boolean-valued CFLOBDDs, when the procedure is applied at topmost

level, there are at most two equivalence classes of leaves, for the values F and

T . However, in general, when the procedure is applied recursively, more than

two equivalence classes can arise.

For the general case of multi-terminal CFLOBDDs, the number of equivalence

classes corresponds to the number of different values that label leaves of the

decision tree.

2. (Base cases) If k = 0 and e = 1, construct a CFLOBDD consisting of the

representative don’t-care grouping, with a value tuple that binds the exit vertex

to the value that labels both leaves of the decision tree.

If k = 0 and e = 2, construct a CFLOBDD consisting of the representative

fork grouping, with a value tuple that binds the two exit vertices to the first and

second values, respectively, that label the leaves of the decision tree.

If either condition applies, return the CFLOBDD so constructed as the result

of this invocation; otherwise, continue on to the next step.

3. Construct—via recursive applications of the procedure—22
k−1

level-k–1 multi-

terminal CFLOBDDs for the 22
k−1

decision trees of height 2k−1 in the lower

half of the decision tree.

These are then partitioned into some number e′ of equivalence classes of equal

multi-terminal CFLOBDDs; a representative of each class is retained, and the

others discarded. Each of the 22
k−1

“leaves” of the upper half of the decision tree

is labeled with the appropriate equivalence-class representative for the subtree of

the lower half that begins there. These representatives serve as the “values” on

the leaves of the upper half of the decision tree when the construction process is

applied recursively to the upper half in step 4.
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The equivalence-class representatives are also numbered 1 to e′ according to

the relative position of their first occurrence in a left-to-right sweep over the

leaves of the upper half of the decision tree.

4. Construct—via a recursive application of the procedure—a level-k–1 multi-

terminal CFLOBDD for the upper half of the decision tree.

5. Construct a level-k multi-terminal proto-CFLOBDD from the level-k–1 multi-

terminal CFLOBDDs created in steps 3 and 4. The level-k grouping is con-

structed as follows:

(a) The A-connection points to the proto-CFLOBDD of the object constructed

in step 4.

(b) The middle vertices correspond to the equivalence classes formed in step 3,

in the order 1 . . . e′.

(c) The A-connection return tuple is the identity map back to the middle ver-

tices (i.e., the tuple [1..e′]).

(d) The B-connections point to the proto-CFLOBDDs of the e′ equivalence-

class representatives constructed in step 3, in the order 1 . . . e′.

(e) The exit vertices correspond to the initial equivalence classes described in

step 1, in the order 1 . . . e.

(f) The B-connection return tuples connect the exit vertices of the highest-

level groupings of the equivalence-class representatives retained from step 3

to the exit vertices created in step 5e. In each of the equivalence-class

representatives retained from step 3, the value tuple associates each exit

vertex x with some value v, where 1 ≤ v ≤ e; x is now connected to the

exit vertex created in step 5e that is associated with the same value v.

(g) Consult a table of all previously constructed level-k groupings to determine

whether the grouping constructed by steps 5a–5f duplicate a previously con-

structed grouping. If so, discard the present grouping and switch to the
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previously constructed one; if not, enter the present grouping into the ta-

ble.

6. Return a multi-terminal CFLOBDD created from the proto-CFLOBDD con-

structed in step 5 by attaching a value tuple that connects (in order) the exit

vertices of the proto-CFLOBDD to the e values from step 1.

□

Fig. C.1a shows the decision tree for the function λx0x1x2x3.(x0 ⊕ x1)∨ (x0 ∧

x1 ∧ x2). Fig. C.1b shows the state of things after step 3 of Construction 1. Note

that even though the level-1 CFLOBDDs for the first three leaves of the top half of

the decision tree have equal proto-CFLOBDDs,1 the leftmost proto-CFLOBDD maps

its exit vertex to F , whereas the exit vertex is mapped to T in the second and third

proto-CFLOBDDs. Thus, in this case, the recursive call for the upper half of the

decision tree (step 4) involves three equivalence classes of values.

It is not hard to see that the structures created by Construction 1 obey the

structural invariants that are required of CFLOBDDs:

• Structural Invariant 1 holds because the A-connection return tuple created in

step 5c of Construction 1 is the identity map.

• Structural Invariant 2 holds because in steps 1 and 3 of Construction 1, the

equivalence classes are numbered in increasing order according to the relative

position of a value’s first occurrence in a left-to-right sweep. In particular, this

order is preserved in the exit vertices of each grouping constructed during an

invocation of Construction 1 (cf. step 5f), which ensures that the “compact

extension” property of Structural Invariant 2b holds at each level of recursion

in Construction 1.

1The equality of the proto-CFLOBDDs is detected in step 5g.
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(b) Hybrid of decision tree for
x0 and x1, and CFLOBDDs for
x2 and x3. The solid, dashed,
and dashed-double-dotted
edges from the four vertices
labeled 1, 2, 2, and 3,
respectively, correspond to the
solid, dashed, and
dashed-double-dotted
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(c) CFLOBDD (repeated from Fig. 3.3). For clarity, some of the level-0
groupings have been duplicated.

Figure C.1: Representations of the Boolean function λx0x1x2x3.(x0⊕x1)∨(x0∧x1∧x2).
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• Structural Invariant 3 holds because Construction 1 reuses the representa-

tive don’t-care grouping and the representative fork grouping in step 2, and

checks for the construction of duplicate groupings—and hence duplicate proto-

CFLOBDDs—in step 5g.

• Structural Invariant 4 holds because of steps 3, 5d, and 5f. On recursive calls to

Construction 1, step 3 partitions the CFLOBDDs constructed for the lower half

of the decision tree into equivalence classes of CFLOBDD values (i.e., taking into

account both the proto-CFLOBDDs and the value tuples associated with their

exit vertices). Therefore, in steps 5d and 5f, duplicate B-connection/return-

tuple pairs can never arise.

• Structural Invariant 5 holds because step 6 uses the proto-CFLOBDD con-

structed in step 5.

• Structural Invariant 6 holds because step 1 of Construction 1 constructs equiv-

alence classes of values (ordered in increasing order according to the relative

position of a value’s first occurrence in a left-to-right sweep over the leaves of

the decision tree).

Moreover, Construction 1 preserves interpretation under assignments: Suppose

that CT is the level-k CFLOBDD constructed by Construction 1 for decision tree T ;

it is easy to show by induction on k that for every assignment α on the 2k Boolean

variables x0, . . . , x2k−1, the value obtained from CT by following the corresponding

matched path from the entry vertex of CT ’s highest-level grouping is the same as the

value obtained for α from T . (The first half of α is used to follow a path through

the A-connection of CT , which was constructed from the top half of T . The second

half of α is used to follow a path through one of the B-connections of CT , which was

constructed from an equivalence class of bottom-half subtrees of T ; that equivalence

class includes the subtree rooted at the vertex of T that is reached by following the

first half of α.) Thus, every decision tree with 22
k
leaves is represented by some level-k
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CFLOBDD in which meaning (interpretation under assignments) has been preserved;

consequently, Obligation 2 is satisfied.

We now come to Obligation 3 (no decision tree with 22
k
leaves is represented

by more than one level-k CFLOBDD). The way we prove this property is to define an

unfolding process, called Unfold , that starts with a multi-terminal CFLOBDD and

works in the opposite direction to Construction 1 to construct a decision tree; that

is, Unfold (recursively) unfolds the A-connection, and then (recursively) unfolds each

of the B-connections. For instance, for the example shown in Fig. C.1, Unfold would

proceed from Fig. C.1c, to Fig. C.1b, and then to the decision tree for the function

λx0x1x2x3.(x0 ⊕ x1) ∨ (x0 ∧ x1 ∧ x2) shown in Fig. C.1a.

Unfold also preserves interpretation under assignments: Suppose that TC is

the decision tree constructed by Unfold for level-k CFLOBDD C; it is easy to show by

induction on k that for every assignment α on the 2k Boolean variables x0, . . . , x2k−1,

the value obtained from C by following the corresponding matched path from the

entry vertex of C’s highest-level grouping is the same as the value obtained for α

from TC . (The first half of α is used to follow a path through the A-connection of C,

which Unfold unfolds into the top half of TC . The second half of α is used to follow a

path through one of the B-connections of C, which Unfold unfolds into one or more

instances of bottom-half subtrees of TC ; that set of bottom-half subtrees includes the

subtree rooted at the vertex of T that is reached by following the first half of α.)

Obligation 3 is satisfied if we can show that, for every CFLOBDD C, Con-

struction 1 applied to the decision tree produced by Unfold(C) yields a CFLOBDD

that is isomorphic to C. To establish that this property holds, we will define two

kinds of traces :

• A Fold trace records the steps of Construction 1:

– At step 1 of Construction 1, the decision tree is appended to the trace.
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Figure C.2: (a) Decision tree for λx0x1.x0; (b) fully expanded form of the CFLOBDD;
(c) CFLOBDD.

Trace for entire tree
Tree The lower-half trees Hybrid Upper-half tree CFLOBDD

F TF T

1 1 1 2 2 2
1(F) 2(T)

1 2

1 2 1 2

F T

x
0

x
1

Figure C.3: The Fold trace generated by the application of Construction 1 to the
decision tree shown in Fig. C.2a to create the CFLOBDD shown in Fig. C.2c.

– At the end of step 2 (if either of the conditions listed in step 2 holds), the

level-0 CFLOBDD being returned is appended to the trace (and Construc-

tion 1 returns).

– During step 3, the trace is extended according to the actions carried out

by the folding process as it is applied recursively to each of the lower-half

decision trees. (For purposes of settling Obligation 3, we will assume that

the lower-half decision trees are processed by Construction 1 in left-to-right
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Trace for entire CFLOBDD
CFLOBDD A-connection Hybrid Traces for the B-connections Tree

F T

x
0

x
1

1 2 1 2

1(F) 2(T)

1 2
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F TF T

Figure C.4: The Unfold trace generated by the application of Unfold to the
CFLOBDD shown in Fig. C.2c to create the decision tree shown in Fig. C.2a.

order.)

– At the end of step 3, a hybrid decision-tree/CFLOBDD object (à la

Fig. C.1b) is appended to the trace.

– During step 4, the trace is extended according to the actions carried out

by the folding process as it is applied recursively to the upper half of the

decision tree.

– At the end of step 6, the CFLOBDD being returned is appended to the

trace.

For instance, Fig. C.3 shows the Fold trace generated by the application of

Construction 1 to the decision tree shown in Fig. C.2a to create the CFLOBDD

shown in Fig. C.2c.

• An Unfold trace records the steps of Unfold(C):

– CFLOBDD C is appended to the trace.

– If C is a level-0 CFLOBDD, then a binary tree of height 1—with the leaves

labeled according to C’s value tuple—is appended to the trace (and the
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Unfold algorithm returns).

– The trace is extended according to the actions carried out by Unfold as it

is applied recursively to the A-connection of C.

– A hybrid decision-tree/CFLOBDD object (à la Fig. C.1b) is appended to

the trace.

– The trace is extended according to the actions carried out by Unfold as

it is applied recursively to instances of B-connections of C. (For purposes

of settling Obligation 3, we will assume that Unfold processes a separate

instance of a B-connection for each leaf of the hybrid object’s upper-half

decision tree, and that the B-connections are processed in right-to-left

order of the upper-half decision tree’s leaves.)

– Finally, the decision tree returned by Unfold is appended to the trace.

For instance, Fig. C.4 shows the Unfold trace generated by the application of

Unfold to the CFLOBDD shown in Fig. C.2c to create the decision tree shown

in Fig. C.2a.

Note how the Unfold trace shown in Fig. C.4 is the reversal of the Fold trace

shown in Fig. C.3. We now argue that this property holds generally. (Technically, the

argument given below in Proposition C.1 shows that each element of an Unfold trace

is isomorphic to the corresponding object in the Fold trace, which suffices to imply

that that Obligation 3 is satisfied, in the sense that a decision tree is represented by

exactly one isomorphism class of CFLOBDDs.)

Proposition C.1. Suppose that C is a multi-terminal CFLOBDD, and that

Unfold(C) results in Unfold trace UT and decision tree T0. Let C ′ be the multi-

terminal CFLOBDD produced by applying Construction 1 to T0, and FT be the

Fold trace produced during this process. Then

(i) FT is the reversal of UT .
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(ii) C and C ′ are isomorphic.

Proof: Because C ′ appears at the end of FT , and C appears at the beginning of UT ,

clause (i) implies (ii). We show clause (i) by the following inductive argument:

Base case: The proposition is trivially true of level-0 CFLOBDDs. Given any

pair of values v1 and v2 (such as F and T ), there are exactly four possible level-0

CFLOBDDs: two constructed using a don’t-care grouping—one in which the exit

vertex is mapped to v1, and one in which it is mapped to v2—and two constructed

using a fork grouping—one in which the two exit vertices are mapped to v1 and v2,

respectively, and one in which they are mapped to v2 and v1, respectively. These

unfold to the four decision trees that have 22
0
= 2 leaves and leaf-labels drawn

from {v1, v2}, and the application of Construction 1 to these decision trees yields

the same level-0 CFLOBDD that we started with. (See step 2 of Construction 1.)

Consequently, the Fold trace FT and the Unfold trace UT are reversals of each other.

Induction step: The induction hypothesis is that the proposition holds for every

level-k multi-terminal CFLOBDD. We need to argue that the proposition extends to

level-k+1 multi-terminal CFLOBDDs.

First, note that the induction hypothesis implies that each decision tree with

22
k
leaves is represented by exactly one level-k CFLOBDD isomorphism class. We

will refer to this as the corollary to the induction hypothesis .

Unfold trace UT can be divided into five segments:

(u1) C itself

(u2) the Unfold trace for C’s A-connection

(u3) a hybrid decision-tree/CFLOBDD object (call this object D)
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(u4) the Unfold trace for C’s B-connections

(u5) T0.

Fold trace FT can also be divided into five segments:

(f1) T0

(f2) the Fold trace for T0’s lower-half trees

(f3) a hybrid decision-tree/CFLOBDD object (call this object D′)

(f4) the Fold trace for T0’s upper-half

(f5) C ′.

Because both (f1) and (u5) are T0, (u5) is obviously equal to (f1). Our goal, therefore,

is to show that

• (u2) is the reversal of (f4);

• (u3) is equal to (f3);

• (u4) is the reversal of (f2); and

• (u1) is equal to (f5).

(u3) is equal to (f3) Consider the hybrid decision-tree/CFLOBDD object D ob-

tained after Unfold has finished unfolding C’s A-connection.2 The upper part

of D (the decision-tree part) came from the recursive invocation of Unfold ,

which produced a decision tree for the first half of the Boolean variables, in

2The A-connection is actually a proto-CFLOBDD, whereas Unfold works on multi-terminal CFL-
OBDDs. However, the A-connection return tuple (with the indices of the middle vertices as the value
space) serves as the value tuple whenever we wish to consider the A-connection as a multi-terminal
CFLOBDD.
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which each leaf is labeled with the index of a middle vertex from the level-k+1

grouping of C (e.g., see Fig. C.1b).

As a consequence of Prop. 3.1, together with the fact that Unfold preserves

interpretation under assignments, the relative position of the first occurrence

of a label in a left-to-right sweep over the leaves of this decision tree reflects

the order of the level-k+1 grouping’s middle vertices.3 However, each middle

vertex has an associated B-connection, and by Structural Invariants 2, 4, and 6,

the middle vertices can be thought of as representatives for a set of pairwise

non-equal CFLOBDDs (that themselves represent lower-half decision trees).

Fold trace FT also has a hybrid decision-tree/CFLOBDD object, namely D′.

The crucial point is that the action of partitioning T0’s lower-half CFLOBDDs

that is carried out in step 3 of Construction 1 also results in a labeling of each

leaf of the upper-half’s decision tree with a representative of an equivalence

class of CFLOBDDs that represent the lower half of the decision tree starting

at that point.

By the corollary to the induction hypothesis, the 22
k
bottom-half trees of T0

are represented uniquely (up to isomorphism) by the respective CFLOBDDs

in D′. Similarly, by the corollary to the induction hypothesis, the 22
k
CFL-

OBDDs used as labels in D represent uniquely (up to isomorphism) the re-

spective bottom-half trees of T0. Thus, the labelings on D and D′ must be

isomorphic.

(u2) is the reversal of (f4); (u4) is the reversal of (f2) Given the observation

that D and D′ are isomorphic, these properties follow in a straightforward

fashion from the inductive hypothesis (applied to the A-connection and the

B-connections of C).

3This step is where the argument would break down if we attempt to apply the same argument
to Fig. 3.6a: In that case, the labels on the leaves of D, in left-to-right order, would be 2 and
1—whereas the sequence of middle vertices in Fig. 3.6a is [1,2].
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(u1) is equal to (f5) Because (u2) is the reversal of (f4) and (u4) is the reversal

of (f2), we know that the level-k proto-CFLOBDDs out of which the level-k+1

grouping of C ′ is constructed are isomorphic to the respective level-k proto-

CFLOBDDs that make up the A-connection and B-connections of C.

We already argued that steps 5 and 6 of Construction 1 lead to CFLOBDDs

that obey the six structural invariants required of CFLOBDDs. Moreover, there

is only one way for Construction 1 to construct the level-k+1 grouping of C ′ so

that Structural Invariants 2, 3, and 4 are satisfied. Therefore, C is isomorphic

to C ′.

Consequently, FT is the reversal of UT , as was to be shown.

In summary, we have now shown that Obligations 1, 2, and 3 are all satisifed.

These properties imply that, for a given ordering of Boolean variables, if two level-k

CFLOBDDs C1 and C2 represent the same decision tree with 22
k
leaves, then C1 and

C2 are isomorphic—i.e., CFLOBDDs are a canonical representation of functions over

Boolean arguments:

Theorem 3.2. (Canonicity). If C1 and C2 are level-k CFLOBDDs for the same

Boolean function over 2k Boolean variables, and C1 and C2 use the same variable

ordering, then C1 and C2 are isomorphic.
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Appendix D: Pair Product Canonicity Proof for

CFLOBDDs

We prove that the grouping g constructed during a call on

PairProduct meets Structural Invariant 4—and hence it is permissible to call

RepresentativeGrouping(g) in line [38] of Alg. 13.

In particular, suppose that (i) B1 and B′
1 are B-connections of a grouping

g1 (with associated return tuples rt1 and rt′1, respectively), (ii) B2 and B′
2 are B-

connections of a grouping g2 (with associated return tuples rt2 and rt′2, respectively),

and (iii) at least one of the following two conditions hold:

1. ⟨B1, rt1⟩ ̸= ⟨B′
1, rt

′
1⟩

2. ⟨B2, rt2⟩ ̸= ⟨B′
2, rt

′
2⟩

In addition, suppose that the recursive calls on PairProduct produce

[D, pt] = PairProduct(B1, B2) and [D′, pt′] = PairProduct(B′
1, B

′
2),

Let rt and rt′ be the return tuples that the outer calls on PairProduct in line [22]

of Alg. 13 create for D and D′: pt, rt1, and rt2 are used to create rt; pt′, rt′1, and rt′2

are used to create rt′.

The question that we need to answer is whether it is ever possible for both

D = D′ and rt = rt′ to hold. This question is of concern because the hypothesized

condition would violate Structural Invariant 4: if the condition were to hold, then the

first entry of the pair returned by PairProduct would not be a well-formed proto-

CFLOBDD. The following proposition shows that, in fact, this situation cannot ever

occur:
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Proposition D.1. The first entry of the pair returned by PairProduct is always a

well-formed proto-CFLOBDD.

Proof: We argue by induction:

Base case: When g1 and g2 are level-0 groupings, there are four cases to consider. In

each case, it is immediate from lines [2]–[5] of Alg. 12 that the first entry of the pair

returned by PairProduct is a well-formed proto-CFLOBDD.

Induction step: The induction hypothesis is that the first entry of the pair re-

turned by PairProduct is a well-formed proto-CFLOBDD whenever the arguments

to PairProduct are level-k proto-CFLOBDDs.

Let g1 and g2 be two arbitrary well-formed level-k+1 proto-CFLOBDDs. We

argue by contradiction: suppose, for the sake of argument, that D, D′, rt, and rt′ are

as defined above, and that both D = D′ and rt = rt′ hold.

• By the inductive hypothesis, we know that D and D′ are each well-formed level-

k proto-CFLOBDDs. In particular, we can think of D and rt as corresponding

to a decision tree T0, labeled with the exit vertices of g to which the decision

tree’s leaves are mapped. However, because of the search that is carried out in

lines [24]–[36] of PairProduct (Alg. 13), each exit vertex of g corresponds to a

unique pair, ⟨c1, c2⟩, where c1 and c2 are exit vertices of g1 and g2, respectively.

Thus, a leaf in T0 can be thought of as being labeled with a pair ⟨c1, c2⟩.

Furthermore, because D = D′ and rt = rt′, D′ and rt′ also correspond to

decision tree T0.

• When T0 is considered to be the decision tree associated with D and rt, we

can read off (a) the decision tree that corresponds to B1 with exit vertices of g1

labeling the leaves (call this tree T1), and (b) the decision tree that corresponds
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to B2 with exit vertices of g2 labeling the leaves (T2). Similarly, when T0 is

considered to be the decision tree associated with D′ and rt′, we can read off

(c) the decision tree that corresponds to B′
1 with exit vertices of g1 labeling the

leaves (T ′
1), and (d) the decision tree that corresponds to B′

2 with exit vertices

of g2 labeling the leaves (T ′
2). (We use the first entry of each ⟨c1, c2⟩ pair for B1

and B′
1, and the second entry of each ⟨c1, c2⟩ pair for B2 and B′

2.) This process

gives us four trees, T1, T
′
1, T2, and T ′

2, where—from the supposition that D = D′

and rt = rt′—we must have T1 = T ′
1 and T2 = T ′

2.

• By assumption, g1 and g2 are well-formed proto-CFLOBDDs; thus, by Struc-

tural Invariant 2, all return tuples for the B-connections of g1 and g2 must

represent 1-to-1 maps. Moreover, B1, B2, B′
1, and B′

2 are also well-formed

proto-CFLOBDDs, which means that, in g1, B1 together with rt1 must be the

unique representative of occurrences of T1 in g1’s decision tree, while B′
1 together

with rt′1 must be the unique representative of occurrences of T ′
1. Similarly, in g2,

B2 together with rt2 must be the unique representative of occurrences of T2 in

g2’s decision tree, while B′
2 together with rt′2 must be the unique representative

of occurrences of T ′
2.

Therefore, in g1, we have

– B1 = B′
1 and rt1 = rt′1,

while in g2, we have

– B2 = B′
2 and rt2 = rt′2.

However, these conditions are a violation of Structural Invariant 4, which, in

turn, contradicts the assumption that g1 and g2 are well-formed level-k+1 proto-

CFLOBDDs. Consequently, the assumption that D = D′ and rt = rt′ cannot

be true.
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Algorithm 48: TernaryApplyAndReduce

Input: CFLOBDDs n1, n2, n3, Op op
Output: CFLOBDD n = op(n1, n2, n3)

1 begin
2 assert(n1.grouping.level == n2.grouping.level && n2.grouping.level

== n3.grouping.level);
// Perform triple cross product

3 Grouping×TripleTuple [g,tt] = TripleProduct(n1.grouping,
n2.grouping, n3.grouping);
// Create tuple of "leaf" values

4 ValueTuple deducedValueTuple = [op(n1.valueTuple[i1],
n2.ValueTuple[i2], n3.ValueTuple[i3]) : [i1,i2,i3]∈ tt];
// Collapse duplicate leaf values, folding to the left

5 Tuple×Tuple [inducedValueTuple,inducedReturnTuple] =
CollapseClassesLeftmost(deducedValueTuple);
// Perform corresponding reduction on g, folding g’s exit

vertices w.r.t. inducedReductionTuple

6 Grouping g’ = Reduce(g, inducedReductionTuple);
7 return RepresentativeCFLOBDD(g’, inducedValueTuple);

8 end

Appendix E: Additional Operations on

CFLOBDDs

E.1 Ternary Operations on CFLOBDDs

This section discusses how ternary operations (i.e., three-argument operations)

on CFLOBDDs are performed. Algs. 48 and 49 present the two algorithms needed

to implement ternary operations on multi-terminal CFLOBDDs. As in §3.6.3, we

assume that the CFLOBDD or Grouping arguments of the operations described below

are objects whose highest-level groupings are all at the same level.

• The operation TernaryApplyAndReduce given

in Alg. 48 is very much like the operation
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BinaryApplyAndReduce of Alg. 11, except that it starts with a call on

TripleProduct instead of PairProduct (line [3]).

• The operation TripleProduct, which is given in Alg. 49, is very much like

the operation PairProduct of Alg. 12, except that TripleProduct has a third

Grouping argument, and performs a three-way—rather than two-way—cross

product of the three Grouping arguments: g1, g2, and g3. TripleProduct

returns the proto-CFLOBDD g formed in this way, as well as a descriptor of

the exit vertices of g in terms of triples of exit vertices of the highest-level

groupings of g1, g2, and g3.

(By an argument similar to the one given for PairProduct, it is possible

to show that the grouping g constructed during a call on TripleProduct is

always a well-formed proto-CFLOBDD—and hence it is permissible to call

RepresentativeGrouping(g) in line [55] of Alg. 49.)

• TernaryApplyAndReduce then uses the triples describing the exit vertices to

determine the tuple of leaf values that should be associated with the exit vertices

(i.e., a tentative value tuple) (line [4]).

• Finally, TernaryApplyAndReduce proceeds in the same manner as

BinaryApplyAndReduce:

– Two tuples that describe the collapsing of duplicate leaf values—assuming

folding to the left—are created via a call to CollapseClassesLeftmost

(line [5]).

– The corresponding reduction is performed on Grouping g, by call-

ing Reduce to fold g’s exit vertices with respect to variable

inducedReductionTuple (one of the tuples returned by the call on

CollapseClassesLeftmost) (line [6]).
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Lastly, in the case of Boolean-valued CFLOBDDs, there are 256 possible

ternary operations, corresponding to the 256 possible three-argument truth tables

(2 × 2 × 2 matrices with Boolean entries). All 256 possible ternary operations

are special cases of TernaryApplyAndReduce; these can be performed by passing

TernaryApplyAndReduce an appropriate value for argument op (i.e., some 2× 2× 2

Boolean matrix.

One of the 256 ternary operations is the operation called ITE Brace et al.

(1991) (for “If-Then-Else”), which is defined as follows:

ITE(a, b, c) = (a ∧ b) ∨ (¬a ∧ c).

Appendix §F shows how the ternary ITE operation can be used to implement all 16

of the binary operations on Boolean-valued CFLOBDDs Brace et al. (1991).

E.2 Restrict

We now discuss the restriction operation. Given a value v to which variable

xi is to be bound (e.g., by giving either the assignment [xi 7→ T ] or the assignment

[xi 7→ F ]), the Restrict operation applies the assignment to the CFLOBDD that

represents a function f , and returns the CFLOBDD that represents f |xi=v. Algs. 51

and 52 gives pseudo-code for the algorithm. At each level, the algorithm checks

if index i belongs to the A-Connection or B-Connections at every level, and calls

Restrict recursively, as appropriate, on lower levels with an adjusted index value i.

The rest of the groupings are kept as is, except that some groupings are eliminated,

and the positions of the remaining ones shifts (Alg. 52, lines [3] and [15]).

E.3 Existential Quantification

For a CFLOBDD that represents a Boolean function f , existential quantifica-

tion with respect to the Boolean variable at index i yields f |xi==T ∨ f |xi==F . This
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operation can be implemented using two calls to Restrict, followed by a final call on

BinaryApplyAndReduce to perform the “or.”
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Truth Table Defining Expression Definition Using ITE
b

F T

a
F
T

F F
F F

λa, b.F λa, b.F

b
F T

a
F
T

F F
F T

λa, b.a ∧ b λa, b.ITE(a, b, F )

b
F T

a
F
T

F F
T F

λa, b.a ∧ ¬b λa, b.ITE(a,¬b, F )

b
F T

a
F
T

F F
T T

λa, b.a λa, b.a

b
F T

a
F
T

F T
F F

λa, b.¬a ∧ b λa, b.ITE(a, F, b)

b
F T

a
F
T

F T
F T

λa, b.b λa, b.b

b
F T

a
F
T

F T
T F

λa, b.a⊕ b λa, b.ITE(a,¬b, b)

b
F T

a
F
T

F T
T T

λa, b.a ∨ b λa, b.ITE(a, T, b)

b
F T

a
F
T

T F
F F

λa, b.¬(a ∨ b) λa, b.ITE(a, F,¬b)

b
F T

a
F
T

T F
F T

λa, b.¬(a⊕ b) λa, b.ITE(a, b,¬b)

b
F T

a
F
T

T F
T F

λa, b.¬b λa, b.ITE(b, F, T )

b
F T

a
F
T

T F
T T
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Algorithm 49: TripleProduct

Input: Groupings g1, g2, g3
Output: Grouping g: product of g1, g2, g3; TripleTuple ttAns: tuple of

triples of exit vertices
1 begin
2 if g1, g2, g3 are all no-distinction proto-CFLOBDDs then
3 return [g1, [[1,1,1]]];
4 end
5 if g1 and g2 no-distinction proto-CFLOBDDs then
6 return [g3, [[1,1,k]: k ∈ [1..g3.numberOfExits]];
7 end
8 if g1 and g3 no-distinction proto-CFLOBDDs then
9 return [g2, [[1,k,1]: k ∈ [1..g2.numberOfExits]];

10 end
11 if g2 and g3 no-distinction proto-CFLOBDDs then
12 return [g1, [[k,1,1]: k ∈ [1..g1.numberOfExits]];
13 end
14 if g1 is a no-distinction proto-CFLOBDD then
15 Grouping×PairTuple [g,pt] = PairProduct(g2,g3);
16 return [g,[[1,j,k]: [j,k]∈ pt]];

17 end
18 if g2 is a no-distinction proto-CFLOBDD then
19 Grouping×PairTuple [g,pt] = PairProduct(g1,g3);
20 return [g,[[j,1,k]: [j,k]∈ pt]];

21 end
22 if g3 is a no-distinction proto-CFLOBDD then
23 Grouping×PairTuple [g,pt] = PairProduct(g1,g2);
24 return [g,[[j,k,1]: [j,k]∈ pt]];

25 end
26 if g1,g2,g3 are all fork groupings then
27 return [g1, [[1,1,1],[2,2,2]];
28 end

// Combine the A-Connections

29 Grouping×TripleTuple [gA, ttA] = TripleProduct(g1.AConnection,
g2.AConnection, g3.AConnection);

30 InternalGrouping g = new InternalGrouping(g1.level);
31 g.AConnection = gA;
32 g.AReturnTuple = [1..|ttA|]; // Represents the middle vertices

33 g.numberOfBConnections = |ttA|;
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Algorithm 50: TripleProduct Contd.

35

// Combine the B-connections, but only for triples in ttA

// Descriptor of triples of exit vertices

36 Tuple ttAns = [];
// Create a B-Connection for each middle vertex

37 for j ← 1 to |ttA| do
38 Grouping×TripleTuple [gB,ttB] =

TripleProduct(g1.BConnections[ttA(j)(1)],
g2.BConnections[ttA(j)(2)], g3.BConnections[ttA(j)(3)])];

39 g.BConnections[j] = gB;
40 g.BReturnTuples[j] = [];
41 for i← 1 to |ttB| do
42 c1 = g1.BReturnTuples[ttA(j)(1)](ttB(i)(1));
43 c2 = g2.BReturnTuples[ttA(j)(1)](ttB(i)(2));
44 c3 = g3.BReturnTuples[ttA(j)(1)](ttB(i)(3));

// Not a new exit vertex of g

45 if [c1,c2,c3] ∈ ttAns then
46 index = the k such that ttAns(k) == [c1,c2,c3];
47 g.BReturnTuples[j] = g.BReturnTuples[j] || index;
48 else
49 g.numberOfExits = g.numberOfExits + 1;
50 g.BReturnTuples[j] = g.BReturnTuples[j] ||

g.numberOfExits;
51 ttAns = ttAns || [c1,c2,c3];
52 end

53 end

54 end
55 return [RepresentativeGrouping(g), ttAns];

56 end

Algorithm 51: RestrictCFLOBDD

Input: CFLOBDD c representing f , int i – index, bool v – T/F
Output: CFLOBDD c’ representing f ′ = f |xi=v

1 begin
2 Grouping×ReturnTuple [g, rt] = RestrictGrouping(c.grouping, i, v);
3 return RepresentativeCFLOBDD(g, [g.valueTuple[rt[i]] | i ∈ [1..|rt|]);
4 end
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Algorithm 52: RestrictGrouping

Input: Grouping g, int i, bool v
Output: Grouping×ReturnTuple [g’, grt]

1 begin
2 if g == ForkGrouping then
3 return [DontCareGrouping, (v == False) ? [1] : [2]];
4 end
5 if g == DontCareGrouping || g ==

NoDistinctionProtoCFLOBDD(g.level) then
6 return [g, [1]];
7 end
8 InternalGrouping g’ = new InternalGrouping(g.level);
9 if i < 2∗∗(g.level-1) then // i falls in AConnection range

10 Grouping×ReturnTuple [aa, apt] =
RestrictGrouping(g.AConnection, i, v);

11 g’.AConnection = aa;
12 g’.AReturnTuple = [1..|apt|];
13 g’.numberOfBConnections = |apt|;
14 for j ← 1 to |apt| do
15 g’.BConnections[j] = g.BConnections[apt[j]];

// Fill g’.BReturnTuples[j] from

g.BReturnTuples[apt[j]]; populate grt

// Keep track of number of exits of g’

16 end

17 else // i falls in BConnections range

18 for j ← 1 to g.numberOfBConnections do
19 Grouping×ReturnTuple [bb, bpt] =

RestrictGrouping(g.BConnections[j], i-(1 << (g.level-1)), v);
20 g’.BConnections[j] = bb;

// Fill g’.BReturnTuples[j] from bpt; populate grt

// Keep track of number of exits of g’

21 end
22 g’.AConnection = g.AConnection;
23 g’.AReturnTuples = [1..|distinct g’.BConnections|];
24 g’.numberOfBConnections = |distinct g’.BConnections|;
25 end
26 g’.numberOfExits = number of exits tracked so far;
27 return [RepresentativeGrouping(g’), grt];

28 end

375



Appendix F: Boolean Operations via ITE

The ternary operation ITE Brace et al. (1991) (for “If-Then-Else”), is defined

as follows:

ITE(a, b, c) = (a ∧ b) ∨ (¬a ∧ c).

Fig. E.1 shows how the ternary ITE operation can be used to implement all 16 of the

binary operations on Boolean-valued CFLOBDDs Brace et al. (1991).
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Appendix G: Kronecker Product with CFLOBDDs

This section presents and discusses pseudo-code for the variant of Kronecker

product sketched in §3.6.5.1. Given CFLOBDDs for matrices W and V , with the

interleaved-variable orderings x ▷◁ y and w ▷◁ z, respectively, the goal is to create a

CFLOBDD for W ⊗V with variable ordering (x||w) ▷◁ (y||z).1

Algorithm 53: Kronecker Product

Input: CFLOBDDs n1, n2 with variable ordering of n1: x ▷◁ y and n2:
w ▷◁ z

Output: CFLOBDD n = n1 ⊗ n2 with variable ordering of n:
(x||w) ▷◁ (y||z)

1 begin
// Create a CFLOBDD of size level(n1) + 1 with n1 as the

AConnection

2 CFLOBDD g1 =
RepresentativeCFLOBDD(ShiftToAConnection(n1.grouping),
n1.valueTuple);
// Create a CFLOBDD of size level(n2) + 1 with n2 as the

BConnection

3 CFLOBDD g2 =
RepresentativeCFLOBDD(ShiftToBConnection(n2.grouping),
n2.valueTuple);

4 CFLOBDD n = BinaryApplyAndReduce(g1, g2, (op)Times);
5 return n;

6 end

Fig. 3.11a shows a level-k CFLOBDD for some array W , where W ’s value

tuple is [w0, w1, w2]; Fig. 3.11b shows a level-k CFLOBDD for some array V , where

V ’s value tuple is [v0, v1, v2]. (W and V could have been embedded into level-k+1

CFLOBDDs; for the sake of clarity, we have not depicted such structures.) Fig. 3.11c

shows the level-k+1 CFLOBDD that would be constructed by Alg. 53 before any

1▷◁ denotes the interleaving of two sequences of variables; || denotes concatenation.
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Algorithm 54: ShiftToAConnection

Input: Grouping g
Output: Grouping g’ such that AConnection of g’ = g

1 begin
2 InternalGrouping g’ = new InternalGrouping(g.level + 1);
3 g’.AConnection = g;
4 g’.AReturnTuple = [1..|g.numberOfExits|];
5 g’.numberOfBConnections = |g.numberOfExits|;
6 for j ← 1 to g.numberOfExits do
7 g’.BConnection[j] = NoDistinctionProtoCFLOBDD(g.level);
8 g’.BReturnTuples[j] = [j];

9 end
10 g’.numberOfExits = |g.numberOfExits|;
11 return RepresentativeGrouping(g’);

12 end

Algorithm 55: ShiftToBConnection

Input: Grouping g
Output: Grouping g’ such that BConnection of g’ = g

1 begin
2 InternalGrouping g’ = new InternalGrouping(g.level + 1);
3 g’.AConnection = NoDistinctionProtoCFLOBDD(g.level);
4 g’.AReturnTuple = [1];
5 g’.numberOfBConnections = 1;
6 g’.BConnection[1] = g;
7 g’.numberOfExits = |g.numberOfExits|;
8 return RepresentativeGrouping(g’);

9 end
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collapsing of the value tuple via Reduce in the call to BinaryApplyAndReduce in

line [4].

Under the variable order (x||w) ▷◁ (y||z), as we work through the CFLOBDD

shown in Fig. 3.11c for a given assignment, the values of the first 2k Boolean variables

lead us to a middle vertex of the level-k+1 grouping. This path will be continued

according to the values of the next 2k variables. Call these two paths pA and pB,

respectively. Under the interleaved-variable ordering, pA takes us to a particular block

of the matrix that Fig. 3.11c represents, and pB takes us to a particular element of

that block.

The path pA uses the 2k variables in x ▷◁ y, and thus can also be thought of as

taking us to an exit vertex ew that in matrixW is associated with some terminal value

wi. The path pB uses the 2k variables in w ▷◁ z, and thus can be thought of as taking

us to an exit vertex ev that in matrix V is associated with some terminal value vj. In

the CFLOBDD shown in Fig. 3.11c, the terminal value at the end of the path pA||pB
is wivj. This value is exactly what is required of the matrix W ⊗V . After Reduce

is called on Fig. 3.11c, by the canonicity property, the multi-terminal CFLOBDD

that results must be the unique representation of W ⊗V under the variable ordering

(x||w) ▷◁ (y||z).
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1 0

(a) CFLOBDD representation of
Column1Matrix2

1 0

Level log(n)+1

proto-CFLOBDD

from Column1Matrixn/2

Level log(n)+1

proto-CFLOBDD

from NoDistinctionn/2

(b) CFLOBDD representation of
Column1Matrixn

Figure H.1: (a) Base case; (b) the recursive structure for general n.

Appendix H: Efficient Construction of

Column1Matrixn with CFLOBDDs

Column1Matrixn is a square matrix of size 2n × 2n in which the first column

is filled with 1s, and all other entries are 0.

Column1Matrixn =


1 0 · · · 0
1 0 · · · 0
...

...
. . .

...
1 0 · · · 0


2n×2n
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Algorithm 56: Column1Matrix

1 Algorithm ColumnMatrixCFLOBDD(l)
Input: int l - level of the CFLOBDD = (log n) + 1, where 2n = the

number of variables
Output: CFLOBDD c representing Column1Matrixn

2 begin
3 Grouping g = Column1MatrixGrouping(l);
4 return RepresentativeCFLOBDD(g, [1,0]);

5 end

6 end
1 SubRoutine ColumnMatrixGrouping(l)

Input: int l - level of the CFLOBDD = (log n) + 1, where 2n = the
number of variables

Output: Grouping g representing proto - Column1Matrixn
2 begin
3 InternalGrouping g = new InternalGrouping(l);
4 if l == 1 then
5 g.AConnection = ForkGrouping;
6 g.AReturnTuples = [1,2];
7 g.numberOfBConnections = 2;
8 g.BConnection[1] = DontCareGrouping;
9 g.ReturnTuples[1] = [1];

10 g.BConnection[2] = DontCareGrouping;
11 g.BReturnTuples[2] = [2];

12 else
13 Grouping g’ = ColumnMatrixGrouping(l-1);
14 g.AConnection = g’;
15 g.AReturnTuples = [1,2];
16 g.numberOfBConnections = 2;
17 g.BConnection[1] = g’;
18 g.BReturnTuples[1] = [1,2];
19 g.BConnection[2] = NoDistinctionProtoCFLOBDD(l-1);
20 g.BReturnTuples[2] = [2];

21 end
22 g.numberOfExits = 2;
23 return RepresentativeGrouping(g);

24 end

25 end
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Column1Matrixn can be recursively defined in terms of the matrices

Column1Matrixn/2 (of size 2n/2 × 2n/2) and On/2 (the all-zero matrix of size

2n × 2n).

Column1Matrixn =




Column1Matrixn/2 On/2 · · · On/2

Column1Matrixn/2 On/2 · · · On/2

...
...

. . .
...

Column1Matrixn/2 On/2 · · · On/2


2n×2n

= Column1Matrixn/2⊗Column1Matrixn/2 n > 1[
1 0

1 0

]
n = 1

Base Case. The CFLOBDD representation for the base case of n = 1,

Column1Matrix1, is shown in Fig. H.1a. The base-case matrix requires two Boolean

variables x0 and y0: x0 specifies the row, and y0 specifies the column; hence, the

CFLOBDD that represents Column1Matrix1 has two levels, 0 and 1. The rows of

Column1Matrix1 are identical, so the A-Connection grouping at level 1 (for x0) is a

DontCareGrouping. In contrast, the columns of Column1Matrix1 are not identical, so

the B-Connection grouping at level 1 (for y0) is a ForkGrouping. See Fig. H.1a and

lines [5]–[11] of ColumnMatrixGrouping in Alg. 56. Note that the left exit vertex of

the level-1 proto-CFLOBDD represents the first-column entries of the matrix (which

are to have the value 1), and the right exit vertex represents the matrix entries that

are to have the value 0.

General Case (n > 1). The steps to create Column1Matrixn, for n > 1, are

shown in lines [13]–[20] of ColumnMatrixGrouping in Alg. 56. The number of levels

in the CFLOBDD that represents Column1Matrixn is log n + 2, to provide for the

needed 2n Boolean variables. (The leaves are at level 0, so the outermost level is l =

log n + 1.) The A-Connection of the level-l grouping represents a function involving
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the most-significant n
2
row and n

2
column variables. From the recursive definition

of Column1Matrixn = Column1Matrixn/2⊗Column1Matrixn/2, the function for the

first n
2
variables is obtained via a recursive call on Column1Matrixn with half of the

variables. Hence, the A-Connection grouping at level-l is a proto-CFLOBDD that

represents Column1Matrixn/2 (Fig. H.1b and line [14] in Alg. 56). The number of

exits of this proto-CFLOBDD is two (for which the invariant is maintained that

the left exit vertex of the level-l–1 proto-CFLOBDD is associated with 1, and the

right exit vertex is associated with 0). The grouping at level l therefore has two

B-Connection groupings, the first one being a second use of the proto-CFLOBDD

for Column1Matrixn/2 (Fig. H.1b and line [17] in Alg. 56). The second B-Connection

grouping at level-l is a proto-CFLOBDD for NoDistinctionn/2, representing On/2.

This recursive structure is shown in Fig. H.1b.

At top level, the level-l grouping has two exit vertices—the first maps to the

value 1 and the second maps to 0.
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Appendix I: Algorithm for Constructing the

CNOT Matrix using CFLOBDDs

Pseudo-code for the algorithm for constructing the CFLOBDD that represents

the Controlled-NOT matrix is given in Algs. 57–61. The algorithm for the special-case

construction of CNOTn discussed in §3.8.1.5 is given in Alg. 62.
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Algorithm 57: Controlled-NOT matrix

1 Algorithm CNOTCFLOBDD(n, i, j)
Input: int n, where 2n = #Variables of the CFLOBDD, int i -

control-bit; int j - controlled-bit
Output: CFLOBDD c representing CNOT(n, i, j)

2 begin
3 Grouping g = CNOTGrouping(log n+ 1, i, j);
4 return RepresentativeCFLOBDD(g, [1,0]);

5 end

6 end
1 SubRoutine CNOTGrouping(l, i, j)

Input: int l - grouping level, int i - control-bit; int j - controlled-bit
Output: Grouping g representing CNOT(l, i, j) with n = 2l bits

2 begin
3 if l == 2 then // Base Case

4 InternalGrouping g = new InternalGrouping(2);
5 InternalGrouping g’ = new InternalGrouping(1); // Level 1

6 g’.AConnection = ForkGrouping;
7 g’.AReturnTuple = [1,2];
8 g’.numberOfBConnections = 2;
9 g’.BConnection[1] = ForkGrouping;

10 g’.BReturnTuples[1] = [1,2];
11 g’.BConnection[2] = ForkGrouping;
12 g’.BReturnTuples[2] = [2,3];
13 g’.numberOfExits = 3;
14 g.AConnection = g’;
15 g.AReturnTuple = [1,2,3];
16 g.numberOfBConnections = 3;
17 g.BConnection[1] = IdentityMatrixGrouping(1);
18 g.BReturnTuples[1] = [1,2];
19 g.BConnection[2] = NoDistinctionProtoCFLOBDD(1);
20 g.BReturnTuples[2] = [2];
21 g.BConnection[3] = IdentityMatrixGrouping(1);
22 g.BReturnTuples[3] = [2,1];
23 g.numberOfExits = 2;
24 return RepresentativeGrouping(g);

25 end
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Algorithm 58: CNOT contd.

26

27

28 if i and j fall in A-connection range then // Case 1

29 InternalGrouping g = new InternalGrouping(l + 1);
30 g.AConnection = CNOTGrouping(l-1, i, j);
31 g.AReturnTuple = [1,2];
32 g.numberOfBConnections = 2;
33 g.BConnection[1] = IdentityMatrixGrouping(g.level - 1);
34 g.BReturnTuples[1] = [1,2];
35 g.BConnection[2] = NoDistinctionProtoCFLOBDD(g.level - 1);
36 g.BReturnTuples[2] = [2];
37 g.numberOfExits = 2;
38 return RepresentativeGrouping(g);

39 end
40 if i and j fall in B-connection range then // Case 2

41 InternalGrouping g = new InternalGrouping(l + 1);
42 g.AConnection = IdentityMatrixGrouping(g.level - 1);
43 g.AReturnTuple = [1,2];
44 g.numberOfBConnections = 2;
45 g.BConnection[1] = CNOTGrouping(l-1, i’, j’);

// i′ = i− 2l−1, j′ = j − 2l−1

46 g.BReturnTuples[1] = [1,2];
47 g.BConnection[2] = NoDistinctionProtoCFLOBDD(g.level - 1);
48 g.BReturnTuples[2] = [2];
49 g.numberOfExits = 2;
50 return RepresentativeGrouping(g);

51 end
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Algorithm 59: CNOT contd.

52

53

54 if i in A-connection range and j in B-connection range then
// Case 3

55 InternalGrouping g = new InternalGrouping(l + 1);
56 g.AConnection = CNOTGrouping(l-1, i, -1);
57 g.AReturnTuple = [1,2,3];
58 g.numberOfBConnections = 3;
59 g.BConnection[1] = IdentityMatrixGrouping(g.level-1);
60 g.BReturnTuples[1] = [1,2];
61 g.BConnection[2] = NoDistinctionProtoCFLOBDD(g.level - 1);
62 g.BReturnTuples[2] = [2];
63 g.BConnection[3] = CNOTGrouping(l-1, -1, j’);

// j′ = j − 2l−1

64 g.BReturnTuples[3] = [2,1];
65 g.numberOfExits = 2;
66 return RepresentativeGrouping(g);

67 end
68 if i in A-connection range but j is not in this range then // Case

4

69 InternalGrouping g = new InternalGrouping(l + 1);
70 g.AConnection = CNOTGrouping(l-1, i, -1);
71 g.AReturnTuple = [1,2,3];
72 g.numberOfBConnections = 3;
73 g.BConnection[1] = IdentityMatrixGrouping(g.level-1);
74 g.BReturnTuples[1] = [1,2];
75 g.BConnection[2] = NoDistinctionProtoCFLOBDD(g.level - 1);
76 g.BReturnTuples[2] = [2];
77 g.BConnection[3] = IdentityMatrixGrouping(g.level-1);
78 g.BReturnTuples[3] = [3,2] ;
79 g.numberOfExits = 3;
80 return RepresentativeGrouping(g);

81 end
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Algorithm 60: CNOT contd.

82

83

84 if i in B-connection range but j is not in this range then // Case

5

85 InternalGrouping g = new InternalGrouping(l + 1);
86 g.AConnection = IdentityMatrixGrouping(g.level-1);
87 g.AReturnTuple = [1,2];
88 g.numberOfBConnections = 2;
89 g.BConnection[1] = CNOTGrouping(l-1, i’, -1); // i′ = i− 2l−1

90 g.BReturnTuples[1] = [1,2,3];
91 g.BConnection[2] = NoDistinctionProtoCFLOBDD(g.level - 1);
92 g.BReturnTuples[2] = [2];
93 g.numberOfExits = 3;
94 return RepresentativeGrouping(g);

95 end
96 if j in A-connection range but i is not in this range then // Case

6

97 InternalGrouping g = new InternalGrouping(l + 1);
98 g.AConnection = CNOTGrouping(l-1, -1, j);
99 g.AReturnTuple = [1,2];

100 g.numberOfBConnections = 2;
101 g.BConnection[1] = NoDistinctionProtoCFLOBDD(g.level-1);
102 g.BReturnTuples[1] = [1,2];
103 g.BConnection[2] = IdentityMatrixGrouping(g.level - 1);
104 g.BReturnTuples[2] = [1];
105 g.numberOfExits = 2;
106 return RepresentativeGrouping(g);

107 end
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Algorithm 61: CNOT contd.

108

109

110 if j in B-connection range but i is not in this range then // Case

7

111 InternalGrouping g = new InternalGrouping(l + 1);
112 g.AConnection = IdentityMatrixGrouping(g.level-1);
113 g.AReturnTuple = [1,2];
114 g.numberOfBConnections = 2;
115 g.BConnection[1] = CNOTGrouping(l-1, -1, j’);

// j′ = j − 2l−1

116 g.BReturnTuples[1] = [1,2];
117 g.BConnection[2] = NoDistinctionProtoCFLOBDD(g.level - 1);
118 g.BReturnTuples[2] = [1];
119 g.numberOfExits = 2;
120 return RepresentativeGrouping(g);

121 end

122 end

123 end
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Algorithm 62: Algorithm for constructing CNOTn

1 Algorithm CNOTInterleavedMatrixCFLOBDD(l)
Input: int l - level of the CFLOBDD = log 2n+ 1, where 2n =

number of bits
Output: The CFLOBDD that represents CNOTn

2 begin
3 Grouping g = CNOTInterleavedMatrixGrouping(l);
4 return RepresentativeCFLOBDD(g, [1,0]);

5 end

6 end
1 SubRoutine CNOTInterleavedMatrixGrouping(l)

Input: int l - level of the CFLOBDD = log n, where 2n = number of
bits

Output: Grouping g representing the proto-CFLOBDD for CNOTn

2 begin
3 InternalGrouping g = new InternalGrouping(l);
4 if l == 2 then
5 return CNOTGrouping(2, 1, 2); // The base case is CNOT2
6 else
7 Grouping g’ = CNOTInterleavedMatrixGrouping(l-1);
8 g.AConnection = g’;
9 g.AReturnTuple = [1,2];

10 g.numberOfBConnections = 2;
11 g.BConnection[1] = g’;
12 g.BReturnTuples[1] = [1,2];
13 g.BConnection[2] = NoDistinctionProtoCFLOBDD(l-1);
14 g.BReturnTuples[2] = [2];

15 end
16 g.numberOfExits = 2;
17 return RepresentativeGrouping(g);

18 end

19 end
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Appendix J: Construction of Additional Quantum

Gates

In this section, we discuss the construction of two quantum gates: the Con-

trolled Phase gate and the Swap gate.

J.1 Controlled-Phase Gate

A Controlled-Phase gate (CP) for two qubits with angle θ has the following

matrix:

CP(θ) =


00 01 10 11

00 1 0 0 0
01 0 1 0 0
10 0 0 1 0
11 0 0 0 eiθ


More generally, the controlled-phase gate with control qubit i and controlled qubit

j adds the phase angle θ to the jth qubit when both qubits have the value 1. The

construction of the CFLOBDD that represents a CP gate’s matrix for n qubits is

similar to the construction of the CFLOBDD for the CNOT matrix. We do not give

pseudo-code, but Figs. J.1 and J.2 depict the different cases of the construction of the

proto-CFLOBDD for CP. The CFLOBDD for a CP gate attaches the three terminal

values [1, 0, eiθ].

Role
Significance of exit vertex
1 2 3

Proto- CP(n, i, j) on-path off-path phase-path
CFLOBDD CP(n, i,■) on-path off-path phase-path

CP(n,■, j) on-path off-path phase-path
ID called from middle vertex 1 on-path off-path N/A
ID called from middle vertex 3 phase-path off-path N/A

CFLOBDD Top level 1 0 eiθ

(J.1)
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ID ND

CP
(𝑛, 𝑖, 𝑗)

CP
(
𝑛
2
, 𝑖, 𝑗)

(a) Case 1: Both i and j fall
in A.

ID

ND

CP
(𝑛, 𝑖, 𝑗)

CP
(
𝑛
2 , 𝑖

!, 𝑗!)

(b) Case 2: Both i and j
fall in B.

ID ND

CP
(𝑛, 𝑖, 𝑗) CP

(
𝑛
2
, 𝑖, ∎)

CP
(
𝑛
2 ,∎, 𝑗

!)

(c) Case 3: i in A and j in
B.

ID ND

CP
(𝑛, 𝑖, ∎)

CP
(
𝑛
2 , 𝑖, ∎)

(d) Case 4: i in A and j
not in current grouping’s
range.

ID

ND

(e) Case 5: i in B and j not
in current grouping’s range.

NDID

CP
(𝑛, ∎, 𝑗) CP

(
𝑛
2 ,∎, 𝑗)

(f) Case 6: j in A and i
not in current grouping’s
range.

Figure J.1: The different cases of the CP construction. The text in each grouping
denotes the function represented by the grouping. ID denotes
IdentityMatrixGrouping, and ND denotes a NoDistinctionProtoCFLOBDD (used
here for an all-zero matrix). CP takes 4 arguments: n for the number of bits in this
proto-CFLOBDD; i for the control-bit, j for the controlled-bit, where 0 ≤ i < j < n;
and θ (which is only used at top level in the CFLOBDD’s value tuple). i′ and j′

denote bit indices adjusted to the index range of the current level: i′ = i− n/2;
j′ = j − n/2. A black square indicates that a particular index is outside the
grouping’s index range. Figure (h) shows the base case at level 1; the same
proto-CFLOBDD is used for both CP (n, 1,■) and CP (n,■, 1). Continued
in Fig. J.2

CP takes 4 arguments: n for the number of bits in this proto-CFLOBDD; i

for the control-bit, j for the controlled-bit, where 0 ≤ i < j < n; and the phase θ.

The key to understanding Figs. J.1 and J.2 is that the construction maintains the
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ID

ND

CP
(𝑛, ∎, 𝑗)

CP
(
𝑛
2 ,∎, 𝑗′)

(a) Case 7: j in B and i not
in current grouping’s range.

(b) Base case: the same
proto-CFLOBDD is used for both
CP (n, 1,■) (to interpret the
control-bit) and CP (n,■, 1) (to
interpret the controlled-bit).

Figure J.2: The different cases of the CP construction. Continued from Fig. J.1.

invariant shown in Eqn. (J.1) on the exit vertices of the different kinds of groupings.

Here, “on-path” means that the exit occurs on a matched-path that can be

continued to the top-level terminal value 1; “off-path” means that it will only be

used to reach the top-level terminal value 0; and “phase-path” means that the exit

occurs on a matched-path that can be continued by IdentityMatrixGroupings to

the top-level terminal values θ and 0.

J.2 Swap Gate

A Swap gate is a matrix that swaps two bits (or variables). The Swap matrix

for 2 bits (i.e., for 2 input variables and 2 output variables) is

393



SwapGate =


00 01 10 11

00 1 0 0 0
01 0 0 1 0
10 0 1 0 0
11 0 0 0 1

 (J.2)

A matrix entry is 1 in exactly the positions where swapping the bits of the row index

yields the bits of the column index. The matrix can be divided into four quadrants

that have different values:[
1 0
0 0

]
,

[
0 0
1 0

]
,

[
0 1
0 0

]
, and

[
0 0
0 1

]
.

This observation comes in handy in the construction of the generalized Swap matrix

for higher numbers of bits n.

The construction of the Swap matrix is similar to the construction of the

CNOT matrix. Again, we do not give pseudo-code, but give a graphical depiction of

the different cases of the construction. The CFLOBDD for a Swap gate always has

[1, 0] as the value tuple for the terminal values. Figs. J.3, J.4, J.5, J.6 and J.7 depict

the different cases involved in the construction of the proto-CFLOBDD for Swap,

given n and the bits i and j to swap (where i < j). The construction also uses an

additional parameter, called “State,” which takes the values {0..4}. State is initially

0, and remains 0 until the Boolean variable corresponding to bit i is encountered. At

this point, the construction creates representations of sub-matrices, where State takes

the values 1, 2, 3, and 4, corresponding to the different 2× 2 sub-matrices discussed

above. This situation is depicted in the base case shown in Fig. J.6d. These states are

propagated further through the proto-CFLOBDD (see Fig. J.4a, Fig. J.4b, Fig. J.5c,

Fig. J.5d, Fig. J.6b, and Fig. J.6c) until the base cases that interpret the controlled-bit

are encountered (see Fig. J.7a, Fig. J.7b, Fig. J.7c, and Fig. J.7d).

The key to understanding Figs. J.3, J.4, J.5, J.6 and J.7 is that the construction

maintains the invariant shown in Eqn. (J.3) on the exit vertices of the different kinds

of groupings. (“On-path” means that the exit occurs on a matched-path that can be
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continued to the top-level terminal value 1; “off-path” means that it will only be used

to reach the top-level terminal value 0; and “cd-bit” abbreviates “controlled-bit.”)

Role
Significance of exit vertex

1 2 3 4 5
Proto- SWAP(n, i, j) on-path off-path N/A N/A N/A

CFLOBDD SWAP(n, i,■), cd-bit = n
2
-1 State=1 State=2 State=3 State=4 off-path

SWAP(n, i,■), cd-bit ̸= n
2
-1 State=1 off-path State=2 State=3 State=4

SWAP(n,■, j), State=1 on-path off-path N/A N/A N/A
SWAP(n,■, j), State=2 off-path on-path N/A N/A N/A
SWAP(n,■, j), State=3 off-path on-path N/A N/A N/A
SWAP(n,■, j), State=4 off-path on-path N/A N/A N/A
ID, called from State=1 State =1 off-path N/A N/A N/A
ID, called from State=2 State =2 off-path N/A N/A N/A
ID, called from State=3 State =3 off-path N/A N/A N/A
ID, called from State=4 State =4 off-path N/A N/A N/A

CFLOBDD Top level 1 0 N/A N/A N/A
(J.3)
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ID ND

State - 0

State - 0

(a) Case 1: Both i and j fall in A

ID

ND

State - 0

State - 0

(b) Case 2: Both i and j fall in B

State - 0

State - 0

State - 1 State - 2 State - 3 State - 4

ND

(c) Case 3(a): i in A and j in B;
controlled-bit = n/2-1

State - 0

State - 0

State - 1 State - 2 State - 3 State - 4

ND

(d) Case 3(b): i in A and j in B;
controlled-bit ̸= n/2-1

Figure J.3: The different cases of the SWAP matrix construction. The text in each
grouping denotes the function represented by the grouping. ID denotes
IdentityMatrixGrouping, and ND denotes a NoDistinctionProtoCFLOBDD (used
here for an all-zero matrix). SWAP takes 4 arguments: n for the number of bits
(number of variables will be 2n) in this proto-CFLOBDD; i for the control-bit, j for
the controlled-bit, and State ∈ {0, 1, 2, 3, 4} to indicate the current mode of the
construction. i′ and j′ denote bit indices adjusted to the index range of the current
level: i′ = i− n/2; j′ = j − n/2. A black square indicates that a particular index is
outside the grouping’s index range.
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State - 0

State - 0

NDID

(a) Case 4(a): i in A and j not in
current range;
controlled-bit = n/2-1

State - 0

State - 0

NDID

SWAP
(𝑛, 𝑖, ∎)

(b) Case 4(b): i in A and j not in
current range;
controlled-bit ̸= n/2-1

ID

ND

State - 0

State - 0

(c) Case 5(a): i in B and j not in
current range;
control-bit = n-1

ID

ND

State - 0

State - 0

(d) Case 5(b): i in B and j not in
current range;
control-bit ̸= n-1

Figure J.4: The different cases of the SWAP matrix construction, continued.
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NDID

State - 1

State - 1

(a) Case 6(a): j in A and i not in
current range;
State = 1

IDND

State – 2/3/4

State – 2/3/4

(b) Case 6(b): j in A and i not in
current range;
State = 2, 3, or 4

ID

ND

State - 1

State - 1

(c) Case 7(a): j in B and i not in
current range;
State = 1

ID

ND

State - 1

State - 1

(d) Case 7(b): j in B and i not in
current range;
State = 2, 3, or 4

Figure J.5: The different cases of the SWAP matrix construction, continued.
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State – 0

State – 1

State – 0

State – 2 State – 3 State – 4

(a) Base Case: SWAP(2, 0, 1) at level 2 (see
Eqn. (J.2))

State – 0

State – 0

ID

SWAP
(2,0, ∎)

(b) Base Case: SWAP(2, 0,■) at level 2

ID

ND

State - 0

State - 0

(c) Base Case: SWAP(2, 1,■) at level 2

State - 0

(d) Base Case: SWAP(1, 0,■) at level 1;
interprets control-bit (State = 0)

Figure J.6: Base cases for the construction of the SWAP matrix. There are three
base cases at level 2 with 2 bits (i.e., 4 Boolean variables) and five base cases at
level 1 with 1 bit (i.e., 2 Boolean variables).
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State - 1

(a) Base Case: SWAP(1,■, 0) at
level 1; interprets controlled-bit
(State = 1)

State – 2

(b) Base Case: SWAP(1,■, 0) at
level 1; interprets controlled-bit
(State = 2)

State – 3

(c) Base Case: SWAP(1,■, 0) at
level 1; interprets controlled-bit
(State = 3)

State – 4

(d) Base Case: SWAP(1,■, 0) at
level 1; interprets controlled-bit
(State = 4)

Figure J.7: Base cases for the construction of the SWAP matrix, continued.
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Appendix K: Time Complexity of Reduce

In this section, we give a bound on the time complexity of the call on Reduce

(Alg. 14) in line [5] of BinaryApplyAndReduce (Alg. 11). Let C be the level-l proto-

CFLOBDD on which Reduce is invoked, and C ′ be the level-l proto-CFLOBDD that

is returned. The accounting is somewhat subtle because of three factors

• hash-consing of groupings

• function caching of calls to Reduce and other functions

• for C ′ = Reduce(C, red) (where red is some reduction tuple), for their respective

top-level groupings, g′ and g, it is always the case that |g′| ≤ |g|, yet |C ′| and

|C| have no fixed relationship: |C ′| < |C|, |C ′| = |C| and |C ′| > |C| are all

possible.1

The size measure | · | counts vertices and edges (and, for proto-CFLOBDDs,

groupings—with no double-counting of shared groupings due to hash-consing).

In this section, we show that the time complexity of Reduce is bounded by

O(|C| × |C ′|), where when counting the time for operations, we consider the cost of

function-caching operations (lookup and update) to be O(1).

We illustrate the point about there being no fixed relationship between C ′

and C with the following example, which shows that when Reduce is called on a

proto-CFLOBDD, it can lead to both (i) less sharing of proto-CFLOBDDs in the

resultant proto-CFLOBDD, and (ii) more sharing of proto-CFLOBDDs than in the

input proto-CFLOBDD.

1 We refer to the property that |g′| ≤ |g| as the local-reduction property, in contradistinction to
the absence of a global-reduction property for |C ′| and |C|.
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(a) Example C (b) Example C ′

Figure K.1: C ′ = Reduce(C, [1, 2, 3, 3, 3, 3, 3, 3]). The colors of the edges to proto-
CFLOBDDs in C ′ correspond to the edges to the originating proto-CFLOBDDs in
C.

Example K.1. Consider the level-2 proto-CFLOBDD C shown in Fig. K.1a, which

has four middle vertices (p, q, r, s) and eight exit vertices (a, b, c, d, e, f , g, h).

The A-connection of C (CA) is a proto-CFLOBDD at level 1. CA partitions the

strings {0, 1}2 into P1 = [{00}, {01}, {10}, {11}], i.e., CA has four exit vertices and

thus C has four middle vertices and four B-connections (CB1, CB2, CB3, CB4). CB1

partitions the strings {0, 1}2 into P2 = [{00}, {01, 10}, {11}] and its exit vertices

are connected to the exit vertices of C in the order (a, b, c). CB2 and CB4 both

equal CB1, but for CB2 and CB4 the three exit vertices are connected to the exit

vertices of C in the orders (b, d, e), and (g, a, h), respectively. Finally, CB3 equals

CA, but for CB3 the four exit vertices are connected to C’s exit vertices in the order

(b, d, e, f). Consequently, C partitions the strings {0, 1}4 into [{0000, 1101, 1110},

{0001, 0010, 0100, 1000},{0011},{0101, 0110, 1001},{0111, 1010},{1011},{1100},{1111}].

Let C ′ = Reduce(C, [1, 2, 3, 3, 3, 3, 3, 3]), i.e., the vertices c, d, e, f, g, h

are all mapped to exit vertex c. C ′ is shown in Fig. K.1b. C ′

has only three exit vertices (a′, b′, c′). Consider how C is “re-
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duced” to C ′, which partitions the strings {0, 1}4 into [{0000,1101,1110},

{0001,0010,0100,1000},{0011,0101,0110,1001,0111,1010,1011,1100,1111}].

• CB1’s exit vertices are mapped to (a, b, c), which leads to the call

Reduce(CB1, [1, 2, 3]) and thus CB1 does not change; that is, the first B-

connection of C ′, C ′
B1, is equal to CB1. Its exit vertices are connected to the

exit vertices (a′, b′, c′) of C ′. (As we will see below, C ′
B1 is also equal to C ′

A,

the A-connection of C ′.)

• CB2’s exit vertices are mapped to (b, c, c), which leads to the call

Reduce(CB2, [1, 2, 2]). Therefore, the second and third exit vertices are folded

together, and this collapse affects the structure of the level-0 groupings as well,

thereby creating a new proto-CFLOBDD, C ′
B2, which partitions the strings

{0, 1}2 into [{00}, {01, 10, 11}]. The exit vertices of C ′
B2 are mapped to exit

vertices (b′, c′) of C ′.

• CB3’s exit vertices are mapped to (b, c, c, c), which leads to the call

Reduce(CB3, [1, 2, 2, 2]). Thus, the exit vertices of CB3 are collapsed to only two

exit vertices, and the resulting proto-CFLOBDD partitions the strings {0, 1}2

into [{00}, {01, 10, 11}], which are mapped to the exit vertices (b′, c′). This re-

sult is identical to the result from Reduce(CB2, [1, 2, 2]), and thus C ′ has only

one copy of C ′
B2 with its exit vertices mapped to exit vertices (b′, c′) of C ′.

• CB4’s exit vertices are mapped to (c, a, c), which leads to the call

Reduce(CB4, [1, 2, 1])—folding together the first and third exit vertices. This

call creates yet another new proto-CFLOBDD, C ′
B3, which partitions the strings

{0, 1}2 into [{00, 11}, {01, 10}]. The exit vertices of C ′
B3 are mapped to exit ver-

tices (c′, a′) of C ′.

• Because the calls Reduce(CB2, [1, 2, 2]) and Reduce(CB3, [1, 2, 2, 2]) produce the

same proto-CFLOBDD with the same return edges in C ′—and because the calls
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on Reduce arose in the B-connection of the same grouping in C—middle vertices

(q, r) of C are folded together. This collapsing is propagated to the A-connection

of C by the call Reduce(CA, [1, 2, 2, 3]). The resulting proto-CFLOBDD has

three exit vertices that partition the strings {0, 1}2 into [{00}, {01, 10}, {11}].
This proto-CFLOBDD is identical to C ′

B1—although their exit vertices are

mapped to different vertices of C ′: the exit vertices of C ′
B1 are connected to

exit vertices (a′, b′, c′) of C ′, whereas the exit vertices of C ′
A are connected to

middle vertices (p′, q′, r′) of C ′.

We see from this example that a call C ′ = Reduce(C, red) can cause entirely

new proto-CFLOBDDs to be created in C ′; proto-CFLOBDDs that occur in C to

occur in entirely different places in C ′; proto-CFLOBDDs that occur in C to not

occur in C ′; and two or more proto-CFLOBDDs with identical sets of return edges

to be combined into just a single occurrence when they arise in the B-connection of

the same enclosing grouping. This example highlights the challenges for establishing

a bound on the time complexity of Reduce—namely, both expansion and compaction

of proto-CFLOBDDs can occur.

Because of the effects illustrated in Ex. K.1, the cost-bound argument we give is

slightly indirect. At a high-level, it is structured as follows: we establish a relationship

between Reduce(C, red) and that of a certain call on PairProduct (Thm. K.1). This

approach is beneficial because we already know a time bound on PairProduct in

terms of the product of the sizes of PairProduct’s arguments (which is expressed

more precisely in footnote 11). Thm. K.3 uses that bound to give an asymptotic

bound on the time to perform Reduce(C, red) in terms of the product of the sizes of

its input and output CFLOBDDs.

Theorem K.1. Let C and C ′ be two proto-CFLOBDDs such that C ′ =

Reduce(C, red) for some reduction tuple red. Then C = PairProduct(C,C ′).2

2To reduce clutter, we ignore the tuple of pairs of exit vertices that is returned by PairProduct
(Alg. 12), except for two places in Thm. K.3.
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Proof: We know that each proto-CFLOBDD at level k with m exit vertices partitions

the space of strings {0, 1}2k into m groups (see §3.5). We make use of the properties

of Reduce and PairProduct with respect to such partitions:

1. For every proto-CFLOBDDX and reduction tuple red, Reduce(X, red) produces

a coarser partition of the exit languages of X defined by the mapping of red to

X’s exit vertices.

2. For every pair of proto-CFLOBDDs X and Y , PairProduct(X, Y ) produces the

coarsest partition that refines both of the partitions corresponding to X and Y .

In particular, we consider the two-statement sequence

C ′ = Reduce(C, red); (K.1)

C̃ = PairProduct(C,C ′); (K.2)

C ′ created in Eqn. (K.1) represents a coarser partition of the strings in {0, 1}n than

C’s partition. Because C ′ represents a coarser partition than C, the proto-CFLOBDD

C̃ created in Eqn. (K.1) represents the same partition as C, and thus C̃ and C are

equal by canonicity. □

In essence, Thm. K.1 shows that PairProduct(C,C ′) “undoes” all of the actions

taken during Reduce(C, red).

Example K.2. Consider the result C̃ = PairProduct(C, C ′) for C and C ′ from

Ex. K.1. PairProduct(C, C ′) is first called on the A-connections of the respective

outermost groupings, followed by calls on B-connections.

• PairProduct(CA, C
′
A) produces a proto-CFLOBDD whose exit vertices repre-

sent the coarsest partition of {0, 1}2 that refines both of the partitions cor-

responding to the exit vertices of CA and C ′
A (i.e., [{00}, {01}, {10}, {11}]

and [{00}, {01, 10}, {11}], respectively). Hence, the new proto-CFLOBDD
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C̃A is constructed such that the exit vertices of C̃A represent the partition

[{00}, {01}, {10}, {11}]. PairProduct also returns a tuple of index-pairs indi-

cating the B-connections on which PairProduct needs to be called. In this case,

the returned tuple is [[1, 1], [2, 2], [3, 2], [4, 3]]. Mapping this result to the mid-

dle vertices of C and C ′, we obtain [[p, p′], [q, q′], [r, q′], [s, r′]]. These pairs are

processed left-to-right, generating calls to PairProduct on B-connections.

• PairProduct(CB1, C ′
B1) (corresponding to the pair [p, p′]) creates proto-

CFLOBDD C̃B1 with three exit vertices corresponding to the partition

[{00}, {01, 10}, {11}], returning the tuple [[1, 1], [2, 2], [3, 3]]. Mapping this re-

sult to the exit vertices of C and C ′, the initial (as-yet incomplete) sequence of

exit vertices of C̃ would be [[a, a′], [b, b′], [c, c′]].

• PairProduct(CB2, C ′
B2) (corresponding to the pair [q, q′]) creates proto-

CFLOBDD C̃B2 with three exit vertices corresponding to the partition

[{00}, {01, 10}, {11}] (the same as C̃B1), returning the tuple [[1, 1], [2, 2], [3, 2]].

Mapping this result to the exit vertices of C and C ′, the exit vertices of C̃ would

be extended to be [[a, a′], [b, b′], [c, c′], [d, c′], [e, c′]], and the exit vertices of C̃B2

would be connected to [b, b′], [d, c′], and [e, c′].

• PairProduct(CB3, C ′
B2) (corresponding to the pair [r, q′]) creates proto-

CFLOBDD C̃B3 with four exit vertices corresponding to the par-

tition [{00}, {01}, {10}, {11}] (the same as C̃A), returning the tuple

[[1, 1], [2, 2], [3, 2], [4, 2]]. Mapping this result to the exit vertices of C and C ′, the

exit vertices of C̃ would be extended to be [[a, a′], [b, b′], [c, c′], [d, c′], [e, c′], [f, c′]],

and the exit vertices of C̃B3 would be connected to [b, b′], [d, c′], [e, c′], and [f, c′].

• PairProduct(CB4, C ′
B3) (corresponding to the pair [s, r′]) creates proto-

CFLOBDD C̃B4 with three exit vertices corresponding to the parti-

tion [{00}, {01, 10}, {11}] (again, the same as C̃B1), returning the tu-

ple [[1, 1], [2, 2], [3, 1]]. Mapping this result to the exit vertices of C
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and C ′, the final sequence of exit vertices of C̃ would be set to

[[a, a′], [b, b′], [c, c′], [d, c′], [e, c′], [f, c′], [g, c′], [h, c′]], and the exit vertices of C̃B4

would be connected to [g, c′], [a, a′], and [h, c′].

C̃ has eight exit vertices, four middle vertices, and each of the A-connections

and B-connections of C̃ and C are connected to isomorphic proto-CFLOBDDs.

Consequently, C̃ = C up to isomorphism. Because hash-consing enforces that

the members of each isomorphism class have a unique representation in memory,

PairProduct(C,C ′) would return a pointer to C.

Lemma K.2. (Local-Reduction Property). Let C and C ′ be two proto-CFLOBDDs

such that C ′ = Reduce(C, red) for some reduction tuple red, and let g and g′ be their

respective outermost groupings. Then |g′| ≤ |g|.

Proof: The size of a grouping is equal to the number of entry, middle, and exit

vertices, plus the number of A-connection and B-connection edges and return edges.

Because g′ is obtained by reducing g with respect to red, the number of exit vertices

in g′ can be no more than the number in g. Moreover, Reduce can never cause there

to be more B-connections in g′ than in g, but it can cause some B-connections of g

to be folded together in g′; thus, the number of middle vertices in g′ can be no more

than the number in g. Similarly, for the A-connection of g′ and all the B-connections

of g′, the number of return edges can be no more than the number of return edges in

the corresponding A-/B-connections in g. Consequently, |g′| ≤ |g|. □

Example K.3. Consider the proto-CFLOBDDs C and C ′ from Fig. K.1. The size

of the level-2 grouping g equals 1 (entry-vertex) + 4 (middle vertices) + (1 + 3) (1st

B-connection) + (1 + 3)(2nd B-connection) + (1 + 4) (3rd B-connection) + (1 +

3)(4th B-connection) + 8 (exit vertices) = 30.

The size of g′ equals 1 (entry-vertex) + 3 (middle vertices) + (1 + 3) (1st

B-connection) + (1 + 2)(2nd B-connection) + (1 + 2) (3rd B-connection) + 3 (exit

vertices) = 17.
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Thus, |g′| ≤ |g|, whereas 68 = |C ′| > |C| = 66.

We now turn to the question of bounding the time complexity of Reduce.

Whereas Thm. K.1 showed that PairProduct(C,C ′) “undoes” all of the actions taken

during Reduce(C, red), Thm. K.3 shows that for every action in Reduce(C, red), there

is an action of at least the same cost in PairProduct(C,C ′). Consequently, the

time to perform Reduce(C) is bounded by the time that it would take to perform

PairProduct(C,C ′), which is O(|C| × |C ′|).

Theorem K.3. Let C and C ′ be two proto-CFLOBDDs such that C ′ =

Reduce(C, red) for some reduction tuple red. Let Cost(Reduce(C)) and

Cost(PP (C,C ′)) denote the costs of Reduce(C, red) and PairProduct(C,C ′), respec-

tively. Then Cost(Reduce(C)) ≤ Cost(PP (C,C ′)).

Proof: The proof is by induction on the level k of proto-CFLOBDDs C and C ′.

Base case: (k = 0) Consider the following table,

C red C ′ = Reduce(C, red) PairProduct(C,C ′)
ForkGouping [1, 1] DontCareGrouping [ForkGrouping, ([1, 1], [2, 1])]

DontCareGrouping [1] DontCareGrouping [DontCareGrouping, ([1, 1])]
ForkGouping [1, 2] ForkGouping [ForkGouping, ([1, 1], [2, 2])]

DontCareGrouping −− ForkGouping Not Applicable

The last line in the table cannot arise because there is no reduction tuple that can

be used to reduce a DontCareGrouping to a Fork Grouping. In each of the other

three cases in the table, PairProduct(C,C ′) returns a tuple that has C as the first

component.

Moreover, the results produced by Reduce(C) and PairProduct(C,C ′) are

of constant size, and could be implemented by table lookup. The return value from

PairProduct(C,C ′) is larger than the return value from Reduce(C, red), which justifies

saying that Cost(Reduce(C)) ≤ Cost(PP (C,C ′)).

Induction step:
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Induction Hypothesis: Assume that for all level-k proto-CFLOBDDs C ′
k and

Ck for which C ′
k = Reduce(Ck, red), for some reduction tuple red, Cost(Reduce(Ck)) ≤

Cost(PP (Ck, C
′
k)).

Consider two level-k+1 proto-CFLOBDDs, C ′
k+1 and Ck+1, such that C ′

k+1 =

Reduce(Ck+1, red). The proof breaks down into the following three cases:

(i) A-connections. PairProduct is first called recursively on Ck+1.A and C ′
k+1.A—

i.e., the level-k A-connections of Ck+1 and C ′
k+1, respectively. By the construc-

tion of C ′
k+1 from Ck+1, we know that C ′

k+1.A = Reduce(Ck+1.A, redA) for some

reduction tuple redA. Thus, by the induction hypothesis,

Cost(Reduce(Ck+1.A)) ≤ Cost(PP (Ck+1.A, C
′
k+1.A)). (K.3)

(ii) B-connections. The return value from the call on PairProduct(Ck+1.A, C
′
k+1.A)

considered in the previous case is actually a tuple [C̃k+1.A,midVertexPairs].

By the construction of C ′
k+1 from Ck+1, we know that C ′

k+1.A =

Reduce(Ck+1.A, redA) for some reduction tuple redA, and thus by Thm. K.1,

C̃k+1.A = Ck+1.A.

For every (i, j) ∈ midVertexPairs, PairProduct is called recursively on

Ck+1.B[i] and C ′
k+1.B[j], which are level-k proto-CFLOBDDs. To be able

to invoke the induction hypothesis, we must establish that C ′
k+1.B[j] =

Reduce(Ck+1.B[i], redB[i]), for some redB[i].

We now consider the meaning of the pairs (i, j) ∈ midVertexPairs from the

standpoint of the language partitions used in Thm. K.1. Because Ck+1 repre-

sents a finer partition of the strings in {0, 1}2k+1
than C ′

k+1, the ith exit vertex

of Ck+1.A represents a finer partition of the strings in {0, 1}2k than the jth

exit vertex of C ′
k+1.A. Thus, in general, there can be multiple exit vertices

i1, i2, . . . , ip of Ck+1.A whose language partitions were combined to create the

language partition of the jth exit vertex of C ′
k+1.A.
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Because these vertices are exit vertices of A-connections, we can

equivalently refer to the set {i1, i2, . . . , ip} of middle vertices of Ck+1

and the jth middle vertex of C ′
k+1. The reason this combining

of languages took place during Reduce(Ck+1, red) can only be because

there were calls on Reduce(Ck+1.B[i1], red1), Reduce(Ck+1.B[i2], red2), . . .,

Reduce(Ck+1.B[ip], redp), for which the results were all equal to C ′
k+1.B[j]. (The

fifth bullet point of Ex. K.1 illustrates how calls to Reduce on two different B-

connections in the same grouping yield the same result, which folds together

two middle vertices of the grouping—thereby unioning their language partitions

in the proto-CFLOBDD returned by Reduce.) Consequently, by the induction

hypothesis,

Cost(Reduce(Ck+1.B[i1])) ≤ Cost(PP (Ck+1.B[i1], C
′
k+1.B[j]))

Cost(Reduce(Ck+1.B[i2])) ≤ Cost(PP (Ck+1.B[i2], C
′
k+1.B[j]))

. . .

Cost(Reduce(Ck+1.B[ip])) ≤ Cost(PP (Ck+1.B[ip], C
′
k+1.B[j]))

(K.4)

Let eA denote the number of exit vertices of Ck+1.A (which is also the number of

middle vertices of Ck+1). These inequalities can be expressed more succinctly by

observing that for each index i, 1 ≤ i ≤ eA on the left-hand side (corresponding

to an A-connection language-partition of Ck+1.A), there is a unique j to use

on the right-hand side of the inequality. (Index j corresponds to the coarsened

A-connection language-partition of C ′
k+1.A.) Let reductum denote this index

map: i.e., j = reductum(i). We can now rewrite Eqn. (K.4) as

Cost(Reduce(Ck+1.B[i])) ≤ Cost(PP (Ck+1.B[i], C ′
k+1.B[reductum(i)])) (K.5)

(iii) Overall cost. Let g′ and g denote the outermost groupings (at level k + 1)

of C ′
k+1 and Ck+1, respectively. Reduce and PairProduct each make a call on

RepresentativeGrouping at the end of their computations to hash-cons the

outermost grouping that has been constructed. The time complexity of a call on

410



RepresentativeGrouping is dominated by the cost of computing the grouping’s

hash value, and thus the costs in Reduce and PairProduct are linear in |g′| and

|g|, respectively. By Lem. K.2, we know that |g′| ≤ |g|, and thus the cost of

the call on RepresentativeGrouping in Reduce is no more than the cost of the

call in PairProduct.

Finally, using Lem. K.2 and Eqns. (K.3) and (K.5), we obtain the desired

result:

Cost(Reduce(Ck+1)) = |g′|+
eA∑
i=1

Cost(Reduce(Ck+1.B[i])) + Cost(Reduce(Ck+1.A))

≤ |g|+
eA∑
i=1

Cost(Reduce(Ck+1.B[i])) + Cost(Reduce(Ck+1.A))

= |g|+
eA∑
i=1

Cost(PP (Ck+1.B[i], C ′
k+1.B[reductum(i)]))

+ Cost(PP (Ck+1.A, C
′
k+1.A))

= Cost(PP (Ck+1, C
′
k+1)).

□
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Appendix L: Constructing a Canonical

WCFLOBDD from a Decision Tree

The construction of a WCFLOBDD for a function f from the decision-tree

representation of f is a two-step process: (i) constructing a weighted decision tree

(WDT) from the decision tree for f , and (ii) constructing a WCFLOBDD from the

WDT for f .

The construction of a WDT from a decision tree has the same flavor as con-

structing a WBDD, as discussed in Vrudhula et al. (1996) and Zulehner and Wille

(2020).

Construction 2. [Decision Tree to WDT]

Given a decision tree T that represents a function f , perform the following

actions recursively, traversing T in post-order (i.e., performing actions just before

returning), thereby creating the WDT bottom-up.

1. If the current node n is a leaf node of T with terminal value v, create a new leaf

node n′ with terminal value v′, where

v′ =

{
1̄ if v ̸= 0̄

0̄ otherwise

Return the tuple ⟨v, n′⟩.

2. If n is an internal node of T , and tuples ⟨v1, n1⟩ and ⟨v2, n2⟩ are the tuples

returned from the recursive calls to the left child and right child, respectively,

create a new internal node n0 with (i) left child n1 and right child n2, and (ii)

edge weights (lw, rw) as follows:

(lw, rw) =

{
(1̄, v−1

1 · v2) when v1 ̸= 0̄

(0̄, 1̄) otherwise
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Let v0 be defined as follows:

v0 =

{
v1 when v1 ̸= 0̄

v2 otherwise

Return the tuple ⟨v0, n0⟩.

The result is a WDT ⟨v′, n′⟩, where v′ is the factor weight. □

Construction 3. [WDT to WCFLOBDD]

Definition L.1. A proto-Weighted Decision Tree (proto-WDT) is a WDT whose

“leaves” are either (i) all terminal values 0̄ or 1̄, or (ii) all proto-WDTs that are of

the same height and obey the edge-weight conditions of a WDT.

Just as inductive arguments about WCFLOBDDs have to be couched in terms

of proto-WCFLOBDDs, the main part of the construction below focuses on proto-

WDTs of a given WDT (T ), and shows how to construct a proto-WCFLOBDD from

a proto-WDT. That construction provides a way to construct a WCFLOBDD from a

WDT as a special case.

One property of WDTs that is different for proto-WDTs is the number of

equivalence classes of their leaves. Suppose that WDT T has 22
n
leaves. T has at

most two kinds of leaves, 0̄ and 1̄, and thus just one or two equivalence classes of

leaves. In contrast, suppose that T ′ is a proto-WDT of T of height 2k and 22
k
leaves.

T ′ can have between 1 and 22
k
equivalence classes of leaves.

For convenience, in the discussion below, when we refer to a proto-

WCFLOBDD w, we mean a proto-WCFLOBDD proper, together with a value tuple

v where |v| is equal to the number of exit vertices of the head-grouping of w.

The following recursive procedure describes how to convert a proto-WDT T ′ of

height 2k and 22
k
leaves into a level-k proto-WCFLOBDD whose value tuple consists

of an enumeration of the leaf equivalence classes e′ of T ′. The enumeration of the |e′|
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equivalence-class representatives respects the relative ordering of their first occurrences

in a left-to-right sweep over the leaves of T ′.

1. Base case (when k = 0): There are two cases, depending on whether the height-

1 proto-WDT has one leaf equivalence class, {v}, or two, {v1} and {v2}. In

the first case, create a DontCareGrouping (a level-0 proto-WCFLOBDD), and

attach [v] as the value tuple. In the second case, create a ForkGrouping (a

level-0 proto-WCFLOBDD), and then attach [v1, v2] as the value tuple. In both

cases, the left-edge and right-edge weights of the level-0 grouping are copied from

the weights of the left and right edges of the proto-WDT node.

2. For each of the 22
k−1

proto-WDTs of height 2k−1 in the lower half of T ′,

construct—via a recursive application of the construction—22
k−1

level-(k−1)

proto-WCFLOBDDs. The leaf values of the height-2k−1 proto-WDTs are carried

over from the leaf values of T ′.

These proto-WCFLOBDDs are then partitioned into some number e# ≥ 1

of equivalence classes of equal proto-WCFLOBDDs. A representative of each

class is retained, and the others discarded. Each of the 22
k−1

“leaves” of the

upper half of proto-WDT T ′ is labeled with the appropriate equivalence-class

representative (for the subtree of the lower half of T ′ that begins there). These

proto-WCFLOBDD-valued leaves serve as the leaf values of the upper half of

proto-WDT T ′ when the construction process is applied recursively to the upper

half in step 3.

The enumeration 1 . . . |e#| of the equivalence-class representatives respects the

relative ordering of their first occurrences in a left-to-right sweep over the leaves

of the upper half of T ′.

3. Construct—via a recursive application of the procedure—a level-(k–1) proto-

WCFLOBDD A′ for the proto-WDT consisting of the upper half of T ′ (with the

WCFLOBDDs constructed in step 2 as the leaf values).
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4. Construct a level-k proto-WCFLOBDD from the level-(k–1) proto-

WCFLOBDDs created in steps 2 and 3. The level-k grouping is constructed as

follows:

(a) The A-connection points to the level-(k–1) proto-WCFLOBDD of proto-

WCFLOBDD A′ constructed in step 3.

(b) The |e#| middle vertices correspond to the equivalence classes formed in

step 2 (in the enumeration order 1 . . . |e#| of step 2).

(c) The A-connection return tuple is the identity map back to the middle ver-

tices (i.e., the tuple [1..|e#|]).

(d) The B-connections point to the level-(k–1) proto-WCFLOBDDs of the |e#|

equivalence-class representatives constructed in step 2, in the enumeration

order 1 . . . |e#|.

(e) The exit vertices of the proto-WCFLOBDD correspond to the equivalence

classes e′ of the leaves of T ′, in the enumeration order 1 . . . |e′|.

(f) The B-connection return tuples connect (i) the exit vertices of the level-

(k−1) groupings of B-connections to (ii) the level-k grouping’s exit ver-

tices that were created in step 4e. The connections are made according to

matching leaf equivalence classes from T ′.

(g) Consult a table of all previously constructed level-k groupings to determine

whether the grouping constructed by steps 4a–4f duplicates a previously

constructed grouping. If so, discard the present grouping and switch to the

previously constructed one; if not, enter the present grouping into the table.

5. To create a proto-WCFLOBDD with value tuples from the proto-WCFLOBDD

(without value tuples) constructed in step 4, we use a value tuple consisting of

the leaf equivalence classes e′ of T ′, listed in enumeration order (i.e., in the

ordering of first occurrences in a left-to-right sweep over the leaves of T ′).
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To construct a WCFLOBDD for a WDT T , we merely consider T to be a

proto-WDT with each leaf labeled by 0̄ or 1̄. Note that the leaf equivalence classes

will be one of [0̄], [1̄], [0̄, 1̄], or [1̄, 0̄] (which becomes the value tuple of the constructed

WCFLOBDD). □
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Appendix M: Algorithms for WCFLOBDDs

M.1 Pointwise Multiplication

This section gives two of the algorithms used in pointwise multiplication for

WCFLOBDDs.

• Alg. 63 reduces a grouping based on return tuples or the value tuple, and as a

by-product ensures canonicity of the resulting WCFLOBDD.

• Alg. 65 determines the position for a B-connection in a grouping being con-

structed, reusing one if it is already present in the grouping.

M.2 Pointwise Addition

The pseudo-code for pointwise addition of two WCFLOBDDs is given

in Algs. 66, 67, and 68.

M.3 Kronecker Product

The pseudo-code for Kronecker Product on WCFLOBDDs is given as Algs. 69

and 70. (In Alg. 69, ▷◁ denotes the operation to interleave two variable orderings.)

M.4 Matrix Multiplication

Pseudo-code for the matrix-multiplication algorithm for WCFLOBDDs is

shown in Algs. 71, 72, 73, and 74.

M.5 Sampling

A WCFLOBDD with no non-negative edge weights can be considered to rep-

resent a discrete distribution over the set of assignments to the Boolean variables. An
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Algorithm 63: (WCFLOBDDs) Reduce

Input: Grouping g, ReductionTuple reductionTuple, ValueTuple
valueTuple

Output: Grouping g’ that is “reduced,” weight w (factor weight for g’)
1 begin

// Test whether any reduction actually needs to be carried

out

2 if reductionTuple == [1..|reductionTuple|] and each element in
valueTuple equals v ̸= 0̄ then

3 return [g, v];
4 end
5 if every element in valueTuple == 0̄ then return

[ConstantZeroProtoCFLOBDD(g.level), 0̄];
6 if g is fork grouping, reductionTuple = [1,2] and let valueTuple =

[v1, v2] then
7 if v1 == 0̄ then
8 ForkGrouping g’ = new ForkGrouping(0̄, 1̄); return [g’, v2];
9 else

10 ForkGrouping g’ = new ForkGrouping(1̄, v−1
1 v2); return [g’,

v1];

11 end

12 end
13 if g is fork grouping, reductionTuple = [1,1] and let valueTuple =

[v1, v2] then
14 if v1 == 0̄ then
15 DontCareGrouping g’ = new DontCareGrouping(0̄, 1̄); return

[g’, v2];

16 else
17 DontCareGrouping g’ = new DontCareGrouping(1̄, v−1

1 v2);
return [g’, v1];

18 end

19 end
20 InternalGrouping g’ = new InternalGrouping(g.level);
21 g’.numberOfExits = |{x : x ∈ reductionTuple}|;

assignment—or equivalently, the corresponding matched path—is considered to be an

elementary event. The probability of a matched path p is the weight of p divided by

the sum of the weights of all matched paths of the WCFLOBDD.
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Algorithm 64: (WCFLOBDDs) Reduce (continued from Alg. 63)

22

23 Tuple reductionTupleA = []; Tuple valueTupleA = [];
24 for i← 1 to g.numberOfBConnections do
25 Tuple deducedReturnClasses = [reductionTuple(v) : v ∈

g.BReturnTuples[i]];
26 Tuple×Tuple [inducedReturnTuple, inducedReductionTuple] =

CollapseClassesLeftmost(deducedReturnClasses);
27 Tuple inducedValueTuple = [deducedReturnClasses(i) : i ∈

[1..|deducedReturnClasses|]];
28 Grouping×Weight [h, wB] = Reduce(g.BConnection[i],

inducedReductionTuple, inducedValueTuple);
29 int position = InsertBConnection(g’, h, inducedReturnTuple);
30 reductionTupleA = reductionTupleA || position;
31 valueTupleA = valueTupleA || wB;

32 end
33 Tuple×Tuple [inducedReturnTuple, inducedReductionTuple] =

CollapseClassesLeftmost(reductionTupleA);
34 Tuple inducedValueTuple = [reductionTupleA(i) : i ∈

[1..|reductionTupleA|]];
35 Grouping×Weight [h’, w] = Reduce(g.AConnection,

inducedReductionTuple, inducedValueTuple);
36 g’.AConnection = h’;
37 g’.AReturnTuple = inducedReturnTuple;
38 return [RepresentativeGrouping(g’), w];

39 end

M.5.1 Weight Computation

To sample an assignment directly from the WCFLOBDD representation of the

function, we first need to compute the weight corresponding to every exit vertex. The

weight of an exit vertex e of a grouping g is the sum of the weights of all matched paths

through the proto-WCFLOBDD headed by g that lead to e. This information can

be computed recursively by (i) computing the weight of every middle vertex of g for

all matched paths from the entry vertex to middle vertices, and then (ii) computing

the weight of every exit vertex of g for all matched paths from the middle vertices to
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Algorithm 65: (WCFLOBDDs) InsertBConnection

Input: InternalGrouping g, Grouping h, ReturnTuple returnTuple
Output: int – Insert (h, ReturnTuple) as the next B-connection of g, if

they are a new combination; otherwise return the index of the
existing occurrence of (h, ReturnTuple)

1 begin
2 if there exists i ∈ [1..g.numberOfBConnections] such that

g.BConnections[i] == h && g.BReturnTuples[i] == returnTuple
then return i;

3 g.numberOfBConnections = g.numberOfBConnections + 1;
4 g.BConnections[g.numberOfBConnections] = h;
5 g.BReturnTuples[g.numberOfBConnections] = returnTuple;
6 return g.numberOfBConnections;

7 end

Algorithm 66: (WCFLOBDDs) Pointwise Addition

Input: WCFLOBDDs n1 = ⟨fw1, h1, vt1⟩, n2 = ⟨fw2, h2, vt2⟩
Output: CFLOBDD n = n1 + n2

1 begin
// Perform ‘‘weighted’’ cross product

2 Grouping×Tuple [g,pt] = WeightedPairProduct(h1,h2, fw1, fw2);
3 ValueTuple deducedValueTuple = [ c1 · vt1[i1] + c2 ·

vt2[i2] : [⟨(c1, i1), (c2, i2)⟩] ∈ pt ];
// Collapse duplicate leaf values, folding to the left

4 Tuple×Tuple [inducedReturnTuple,inducedReductionTuple] =
CollapseClassesLeftmost(deducedValueTuple) ;

5 Tuple inducedValueTuple = one of [1̄, 0̄], [0̄, 1̄], [1̄], [0̄] based on
inducedReturnTuple ;

6 Grouping×Weight [g’, fw] = Reduce(g, inducedReductionTuple,
deducedValueTuple) ;

7 WCFLOBDD n = RepresentativeCFLOBDD(fw, g’,
inducedValueTuple) ;

8 return n;

9 end

the exit vertices, (iii) combining this information to obtain the weight of every exit

vertex of g for matched paths from entry vertex to exit vertices of g.
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Algorithm 67: (WCFLOBDDs) WeightedPairProduct

Input: Groupings g1, g2; Weights p1, p2
Output: Grouping g: g1 + g2; Tuple ptAns: tuple of pairs of exit

vertices with corresponding weights
1 begin
2 if g1 is ConstantZeroCFLOBDD then return [ g2, [⟨(1̄, 1), (0̄, k)⟩ : k

∈ [1..g2.numberOfExits]] ;
3 if g2 is ConstantZeroCFLOBDD then return [ g1, [⟨(0̄, k), (1̄, 1)⟩ : k

∈ [1..g1.numberOfExits]] ;
4 if g1 == g2 then return [ g1, [⟨(1̄, k), (1̄, k)⟩ : k ∈

[1..g2.numberOfExits]] ;
// Similar for other base cases, with appropriate weights

and exit vertices pairings

5 if g1 and g2 are fork groupings then
6 ForkGrouping g = new ForkGrouping(1,1);
7 return [ g, [⟨(p1 · g1.lw, 1), (p2 · g2.lw, 1)⟩,

⟨(p1 · g1.rw, 2), (p2 · g2.rw, 2)⟩] ];
8 end

// Pair the A-connections

9 Grouping×Tuple [gA,ptA] = WeightedPairProduct(g1.AConnection,
g2.AConnection, p1, p2);

10 InternalGrouping g = new InternalGrouping(g1.level);
11 g.AConnection = gA ;
12 g.AReturnTuple = [1..|ptA|]; // Represents the middle vertices

13 g.numberOfBConnections = |ptA| ;

Consider a grouping g at level l with e exit vertices. Suppose that

g.AConnection has p exit vertices; suppose that g.BConnections[j] (where 1 ≤
j ≤ p) has kj exit vertices; and let g.BReturnTuples[j] be the return edges from

g.BConnections[j]’s exit vertices to g’s exit vertices. To compute Step (i), we recur-

sively call the weight-computation procedure for g.AConnection, which yields a vector

of weights vA of size 1× p. For Step (ii), the vectors obtained from recursive calls on

the weight-computation procedure for the p B-connections of g are used to create a

matrix MB of size p × e, in which the jth row is the vector of weights from the jth

middle vertex of g to g’s exit vertices. (The details are given in the next paragraph.)

For Step (iii), the vector-matrix product vA×MB yields g’s weight vector, of size 1×e.
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Algorithm 68: (WCFLOBDDs) WeightedPairProduct (cont.)

14

// Pair the B-connections, but only for pairs in ptA

// Descriptor of pairings of exit vertices

15 Tuple ptAns = [];
// Create a B-connection for each middle vertex

16 for j ← 1 to |ptA| do
17 Grouping×Tuple [gB,ptB] =

WeightedPairProduct(g1.BConnections[ptA(j)(1)(2)],
g2.BConnections[ptA(j)(2)(2)], ptA(j)(1)(1), ptA(j)(2)(1));

18 g.BConnections[j] = gB;
// Now create g.BReturnTuples[j], and augment ptAns as

necessary

19 g.BReturnTuples[j] = [];
20 for i← 1 to |ptB| do
21 c1 = g1.BReturnTuples[ptA(j)(1)(2)](ptB(i)(1)(2)); // an

exit vertex of g1

22 c2 = g2.BReturnTuples[ptA(j)(2)(2)](ptB(i)(2)(2)); // an

exit vertex of g2

23 f1 = g1.BReturnTuples[ptA(j)(1)(2)](ptB(i)(1)(1)); // an

associated weight of g1

24 f2 = g2.BReturnTuples[ptA(j)(2)(2)](ptB(i)(2)(1)); // an

associated weight of g2

25 if ⟨(f1, c1), (f2, c2)⟩ ∈ ptAns then // Not a new exit

vertex of g

26 index = the k such that ptAns(k) == ⟨(f1, c1), (f2, c2)⟩;
27 g.BReturnTuples[j] = g.BReturnTuples[j] || index;
28 else // Identified a new exit vertex of g

29 g.numberOfExits = g.numberOfExits + 1;
30 g.BReturnTuples[j] = g.BReturnTuples[j] ||

g.numberOfExits;
31 ptAns = ptAns || ⟨(f1, c1), (f2, c2)⟩;
32 end

33 end

34 end
35 return [RepresentativeGrouping(g), ptAns];

36 end
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Algorithm 69: (WCFLOBDDs) Kronecker Product

Input: WCFLOBDDs n1 = ⟨fw1, g1, vt1⟩, n2 = ⟨fw2, g2, vt2⟩ with
variable ordering of n1: x ▷◁ y and n2: w ▷◁ z

Output: WCFLOBDD n = n1 ⊗ n2 with variable ordering of n:
(x||w) ▷◁ (y||z)

1 begin
2 if fw1 == 0̄ or fw2 == 0̄ then return

ConstantZeroProtoCFLOBDD(n1.level);
3 e = index of 0̄ in vt1 (-1 if no such occurrence);
4 e’ = index of 0̄ in vt2 (-1 if no such occurrence);
5 Grouping g = KroneckerProductOnGrouping(g1, g2, e, e’);
6 ValueTuple vt;
7 if e == -1 then vt = vt2;
8 if e == 1 then vt = [0̄, 1̄];
9 if e == 2 and vt2 == [1̄] then

10 vt = vt2 || [0̄];
11 else
12 vt = vt2;
13 end
14 return RepresentativeCFLOBDD(fw1 · fw2, g, vt);
15 end

At level-0, if the grouping is a ForkGrouping with left-edge and right-edge weights

(lw, rw), then the weight vector is [lw, rw]. If the grouping is DontCareGrouping, then

the weight vector is [lw+ rw].

Because the exit vertices of g.BConnections[j] are connected to g’s exit vertices

via g.BReturnTuples[j], the jth row of MB is the product of the weight vector for

g.BConnections[j] (of size 1× kj) and a “permutation matrix” PM g.BReturnTuples[j] (of

size kj × e). Each entry of PM is either 0 or 1; each row must have exactly one 1;

and each column must have at most one 1.

This definition can be stated equationally, where the expression in large brack-

ets represents MB.
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Algorithm 70: (WCFLOBDDs) KroneckerProductOnGrouping

Input: Groupings g1, g2; e (exit of g1 that leads to 0̄), e’ (exit of g2 that
leads to 0̄)

Output: Grouping g’ such that g’ = g1 ⊗ g2
1 begin
2 InternalGrouping g’ = new InternalGrouping(g.level + 1);
3 g’.AConnection = g1;
4 g’.AReturnTuple = [1..|g1.numberOfExits|];
5 g’.numberOfBConnections = |g1.numberOfExits|;
6 if e == -1 then
7 g’.BConnection[1] = g2;
8 g’.BReturnTuple[1] = [1..|g2.numberOfExits|];
9 g’.numberOfExits = |g2.numberOfExits|;

10 end
11 if e == 1 then
12 g’.BConnection[1] = ConstantZeroProtoCFLOBDD(g.level);
13 g’.BReturnTuple[1] = [1];
14 g’.BConnection[2] = g2;
15 if e’ == -1 then g’.BReturnTuple[2] = [2] ;
16 if e’ == 1 then g’.BReturnTuple[2] = [1,2] ;
17 else g’.BReturnTuple[2] = [2,1] ;
18 g’.numberOfExits = 2;

19 end
20 if e == 2 then
21 g’.BConnection[1] = g2;
22 g’.BReturnTuple[1] = [1..|g2.numberOfExits|];
23 g’.BConnection[2] = ConstantZeroProtoCFLOBDD(g.level);
24 if e’ == -1 then g’.BReturnTuple[2] = [2] ;
25 if e’ == 1 then g’.BReturnTuple[2] = [1] ;
26 else g’.BReturnTuple[2] = [2] ;
27 g’.numberOfExits = 2;

28 end
29 return RepresentativeGrouping(g’);

30 end

weightOfExit g1×e =


[lw, rw]1×2 if g = Fork

[lw + rw]1×1 if g = DontCare

W otherwise
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Algorithm 71: (WCFLOBDDs) Matrix Multiplication

Input: WCFLOBDDs n1 = ⟨fw1, g1, vt1⟩, n2 = ⟨fw2, g2, vt2⟩
Output: WCFLOBDD n = n1 × n2

1 begin
2 Grouping×MatMultTuple×Weight [g,m,w] =

MatrixMultOnGrouping(g1, g2);
3 ValueTuple v Tuple = [];
4 for i← 1 to |m| do
5 Value v = ⟨vt1, vt2⟩(m(i));
6 v Tuple = v Tuple || v;
7 end
8 Tuple×Tuple [inducedValueTuple, inducedReductionTuple] =

CollapseClassesLeftmost(v Tuple);
9 Grouping×Weight [g, fw] = Reduce(g, inducedReductionTuple,

v Tuple);
10 ValueTuple valueTuple = one of [0̄, 1̄], [1̄, 0̄], [0̄], [1̄] based on

inducedValueTuple ;
11 WCFLOBDD n = RepresentativeCFLOBDD(w · fw · fw1 · fw2, g,

valueTuple);
12 return n;

13 end

where, W is

W =

weightOfExit g.AConnection
1×p ×

...

weightOfExit
g.BConnections[j]
1×kj

×PM g.BReturnTuples[j]
kj×e

...


p× e
j ∈ {1..p}

Pseudo-code for the algorithm is given as Alg. 75.

M.5.2 Sampling

To sample an assignment from the probability distribution efficiently, we need

to perform the operation directly on the WCFLOBDD that represents the probability
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Algorithm 72: MatrixMultOnGrouping

Input: Groupings g1, g2
Output: Grouping×MatMultTuple×Weight [g,m,w] such that g = g1 ×

g2
1 begin
2 if g1.level == 1 then // Base Case: matrices of size 2× 2

// Construct a level 1 Grouping that reflects which

cells of the product hold equal entries in the

output MatMultTuple

3 end
4 if g1 or g2 is ConstantZeroProtoCFLOBDD then
5 return [ ConstantZeroProtoCFLOBDD(g1.level), [{[(0, 0), 0̄]}], 0̄ ];
6 end
7 if g1 is Identity-Proto-CFLOBDD then
8 m = [ {[(0, k), 1̄]} : k ∈ [1..g2.numberOfExits] ];
9 return [g2, m, 1̄];

10 end
11 if g2 is Identity-Proto-CFLOBDD then
12 m = [ {[(k, 0), 1̄]} : k ∈ [1..g1.numberOfExits] ];
13 return [g1, m, 1̄];

14 end
15 InternalGrouping g = new InternalGrouping(g1.level);
16 Grouping×MatMultTuple×Weight [aa,ma,wa] =

MatixMultOnGrouping(g1.AConnection, g2.AConnection);
17 g.AConnection = aa; g.AReturnTuple = [1..|ma|];
18 g.numberOfBConnections = |ma|;

// Continued in Alg. 73

distribution. Suppose that the WCFLOBDD has l levels. If the distribution were

given as a vector of weights, W = [w1, · · · , w22l
], then the probability of selecting the

pth matched path would be

Prob(p) =
wp

Σ22l

i=1wi

Because we do not have this information directly, instead of sampling one

matched path, we will sample a set of matched paths that lead to an exit vertex. At

top level, we will consider only those paths that lead to the terminal value 1̄. At every
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Algorithm 73: MatrixMultOnGrouping (cont.)

19

// Interpret ma to (symbolically) multiply and add

BConnections

20 MatMultTuple m = [];
21 Tuple valueTuple = [];
22 for i← 1 to |ma| do // Interpret ith BP in ma to create

g.BConnections[i]
// Set g.BConnections[i] to the (symbolic) weighted dot

product∑
((k1,k2),v)∈ma(i) v ∗ g1.BConnections[k1] ∗ g2.BConnections[k2]

23 CFLOBDD curr cflobdd = ConstantCFLOBDD(g1.level, [0BP]);
24 for ((k1, k2), v) ∈ ma(i) do
25 Grouping×MatMultTuple×Weight [bb,mb,wb] =

MatrixMultOnGrouping(g1.BConnections[k1],
g2.BConnections[k2]);

26 MatMultTuple mc = [];
27 Tuple inducedValueTuple = [];
28 for j ← 1 to |mb| do
29 BP bp = ⟨g1.BReturnTuples[k1],

g2.BReturnTuples[k2]⟩(mb(j));
30 mc = mc || bp; valueTuple B = valueTuple B || wb;
31 end
32 Tuple×Tuple [inducedMatMultTuple, inducedReductionTuple]

= CollapseClassesLeftmost(mc);
33 [bb, fw] = Reduce(bb, inducedReductionTuple, valueTuple B);
34 CFLOBDD n = RepresentativeCFLOBDD(fw, bb,

inducedMatMultTuple);
35 curr cflobdd = curr cflobdd + v ∗ n ; // Accumulate

symbolic sum

36 end
37 g.BConnection[i] = curr cflobdd.grouping;
38 g.BReturnTuples[i] = curr cflobdd.valueTuple;
39 m = m || curr cflobdd.valueTuple;
40 valueTuple = valueTuple || curr cflobdd.factor weight
41 end
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Algorithm 74: MatrixMultOnGrouping (cont.) from Alg. 73

19

20 g.numberOfExits = |m|;
21 Tuple×Tuple [inducedMatMultTuple, inducedReductionTuple] =

CollapseClassesLeftmost(m);
22 [g, fw] = Reduce(g, inducedReductionTuple, valueTuple);
23 return [RepresentativeGrouping(g), m, fw];

24 end

Algorithm 75: (WCFLOBDDs) ComputeWeights

Input: Grouping g
1 begin
2 if g.level == 0 then
3 if g == DontCareGrouping then
4 g.weightsOfExits = [g.lw + g.rw];
5 else // g == ForkGrouping

6 g.weightsOfExits = [g.lw, g.rw];
7 end

8 else
9 ComputeWeights(g.AConnection);

10 for i← 1 to g.numberOfBConnections do
11 ComputeWeights(g.BConnection[i]);
12 end
13 g.weightsOfExits = a 0̄-initialized array of length

|g.numberOfExits|;
14 for i← 1 to g.numberOfBConnections do
15 for j ← 1 to g.BConnection[i].numberOfExits do
16 k = BReturnTuples[i](j);
17 g.weightsOfExits[k] +=
18 g.AConnection.weightsOfExits[i] *

g.BConnection[i].weightsOfExits[j];

19 end

20 end

21 end

22 end

other grouping g, given an exit-vertex e, we will sample a path from all the matched

paths that lead to e.
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We take advantage of the structure of matched paths to break the

assignment/path-sampling problem down into a sequence of smaller assignment/path-

sampling problems that can be performed recursively. At each grouping g visited by

the algorithm, the goal is to sample a matched path based on the weight of the

matched path from the set of matched paths Pg,i (in the proto-WCFLOBDD headed

by g) that lead from g’s entry vertex to a specific exit vertex i of g.

Consider a grouping g and a given exit vertex i. For each middle vertex m of

g, the sum of weights of the matched paths from the entry vertex of g to i that passes

through m forms a distribution D on g’s middle vertices. To sample a matched path

from Pg,i, we (i) first sample the index (mindex) of a middle vertex of g according to

D, (ii) recursively sample on g.AConnection with respect to the exit vertex that leads

to mindex, (iii) recursively sample on g.BConnection[mindex] with respect to the exit

vertex that leads to i, (iv) concatenate the sampled paths to obtain the sampled path

of g.

Only those B-connections of g whose exit vertices are connected to i con-

tribute to the paths leading to i. Therefore, to sample a middle vertex, we need

to consider only those B-connection groupings that lead to i. For such an i-

connected B-connection grouping k, let (g.BReturnTuples[k])−1[i] denote the exit

vertex of g.BConnections[k] that leads to i; i.e., ⟨j, i⟩ ∈ g.BReturnTuples[k] ⇔
(g.BReturnTuples[k])−1[i] = j.

Given the sum of weights of all matched paths leading to exit vertex i as

weightsOfExits[i], we can sample mindex based on the following probability espression

(where g.A denotes g.AConnection, g.B[k] denotes g.BConnections[k], and g.BRT

denotes g.BReturnTuples):

Prob(mindex) =

weightsOfExit g.A[mindex]

×weightsOfExit g.B[mindex][(g.BRT[mindex])
−1[i]]

g.weightsOfExit[i]
(M.1)

Using this process, mindex is selected. The sampling procedure is called recursively on

g’s A-connection, which returns an assignment aA, and then on B-connection[mindex]
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Algorithm 76: Sample an Assignment from a WCFLOBDD

1 Algorithm SampleAssignment(n)
Input: WCFLOBDD n = ⟨fw, g, vt⟩
Output: Assignment sampled from n according to vt.

2 begin
3 i = the index of 1̄ in vt;
4 Assignment a = SampleOnGroupings(g, i);
5 return a;

6 end

7 end

of g, which returns an assignment aB. The sampled path/assignment of grouping g

is a = aA||aB.

At level-0 (the base case), if g is a DontCareGrouping, the assignment is

sampled from “0” and “1” in proportion to the edge weights (lw, rw). If g is a

ForkGrouping, the assignment “0” or “1” is chosen according to the specified index

i. Pseudo-code for the sampling algorithm is given as Algs. 76 and 77.
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Algorithm 77: Sample an Assignment from a WCFLOBDD

1 SubRoutine SampleOnGroupings(g, i)
Input: Grouping g, Exit index i
Output: Assignment for a path leading to exit i of g, sampled in

proportion to path weights
2 begin
3 if g.level == 0 then
4 if g==DontCareGrouping then

// random(w1,w2) returns 1 if w1 is chosen, else

w2

5 return random(g.lw, g.rw) ? “0” : “1”;

6 else // g==ForkGrouping, so i∈ [1, 2]
7 return (i == 1) ? “0” : “1”
8 end

9 end
10 Tuple WeightsOfPathsLeadingToI = [];
11 for j ← 1 to g.numberOfBConnections do // Build weight

info tuple from which to sample

12 if i ∈ g.BReturnTuples[j] then // if jth B-connection

leads to i
13 WeightsOfPathsLeadingToI = WeightsOfPathsLeadingToI

|| (g.AConnection.WeightsOfExits[j] *
g.BConnections[j].weightsOfExits[k]), where i =
BReturnTuples[j](k);

14 end

15 end
16 mindex ← Sample(WeightsOfPathsLeadingToI); // Sample

middle-vertex index mindex

17 Assignment a = SampleOnGroupings(g.AConnection, mindex) ||
SampleOnGroupings(g.BConnection[mindex], k), where i =
BReturnTuples[mindex](k);

18 return a;

19 end

20 end
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