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Abstract

We call an integer semi-smooth with respect to  and y if each of its prime factors is
< y, and all but one are < z. Such numbers are useful in various factoring algorithms,
including the quadratic sieve. Let G(a, 3) be the asymptotic probability that a random
integer n is semi-smooth with respect to n* and n®. We present numerical methods
for computing G, tables of G, and estimates for the error incurred by this asymptotic

approximation.

*Computer Sciences Department, University of Wisconsin-Madison, 1210 W. Dayton St., Madison, WI
53706. E-mail: bach@cs.wisc.edu. Supported in part by NSF Grants DCR-8552596 and CCR-9208639.

tDepartment of Electrical Engineering and Computer Science, University of Wisconsin—Milwaukee, P.O.

Box 784, Milwaukee, WI 53201. E-mail: peralta@cs.uwm.edu. Supported in part by NSF Grant CCR-9207204.






1 Introduction

Many number-theoretic algorithms, such as the quadratic sieve factoring method [13], rely on
auxiliary numbers whose prime factors lie within prescribed bounds. In practice, one often
uses so-called “large prime” versions of these algorithms, in which the auxiliary numbers are
composed of one moderately large prime factor, and a number of smaller ones. In analyzing
these, it is useful to know the asymptotic probability that a random number has this form. In
this paper, we show how to compute this probability quickly and accurately, and assess the
accuracy of our asymptotic approximations.

Following Knuth and Trabb Pardo [4], we let n; be the ith largest prime factor of an integer
n > 1. If ¢ is greater than the number of prime factors, we define n; to be 1. Note that the n;
are not necessarily distinct.

We will say that n is semi-smooth with respect to y and 2z if ny < y and ny < z. That

is, all the prime factors of n are bounded by z, with the possible exception of a prime factor

bounded by y. We let

\Il(xayﬁz) - #{n S r:m S y’n2 S Z}

This generalizes de Bruijn’s function [2]

U(z,y)=#{n <z:m <y}
We will prove that for every a, 8 satisfying 0 < a < § < 1,

G(e, B) = lim ¥(z,2", 2%)/z (1.1)

—+00

exists. This should be thought of as the asymptotic joint distribution of the relative lengths
of ny and ny. Thus, the function o(u,v) = G(1/u,1/v) can be considered a two-dimensional
analog of Dickman’s well-known rho function.

The function G satisfies some interesting recurrence relations. In Section 3, we use these
to show the limit in (1.1) exists, and to estimate the rate of convergence. In Section 4 we
discuss methods for computing G numerically, and tabulate the results in Section 5. Finally,

Section 6 discusses the accuracy of our asymptotic approximations.
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2 Background

The Dickman rho function is defined for real £ > 0 by the relation

1, ifo<e <1,
= 2.1
p() 1 f2 1 p(t)dt, otherwise. @1

We also let F(a) = p(1/e).
Norton [11] surveys some useful properties of the rho function, which we summarize here.
First, 0 < p(z) <1, and
§(2) = —plz — 1)/ (2.2)

when z > 1. This implies that p is non-increasing, and |p(z)| < 1. In fact, the rho function
decreases very rapidly for large z; we have p(z) < 1/z!.

The differential-delay equation (2.2) implies that p is piecewise analytic. More precisely,
there is an analytic function pj agreeing with p(z) when k-1 < 2 <k, for k = 1,2,3,....
We have, for example, p; = 1, and p, = 1 — log z. It can also be shown that p belongs to the
class C* on the interval [k, 00).

Let 7(z) denote the number of primes < z, and let li(z) = [ dt/logt (the Cauchy principal

value is intended here). We will use the prime number theorem, in the form

T

m(z) = li(z) + O( ); (2.3)

log® z
this relation holds for any ¢ > 0. We write ¢(z) for the error term, so that «(z) = li(z) + ¢(z).

Schoenfeld proved, assuming the Riemann hypothesis, that

()] < (V7 log )/ (8r) (2.4)

provided z > 2,657. (See (6.18) of [16].)

The prime number theorem implies

L Cleglogz 4+ 0(1) (2.5)
p<z
and
1
= 0(1). 2.6
5o = O 20



Let 0 < o < 1. Results of de Bruijn imply that if 0 < o < 7 and t* > 2, we have

¥(1,7) = tF(3) + Ol ). (2.7)

(To prove this, combine (1.4) and (5.3) of [2] with (2.3) above, taking ¢ = 4.)

In results such as the above, an unadorned “O” symbol indicates an absolute constant.

3 Recurrence Relations for Smoothness Distributions

Many of the useful properties of asymptotic smoothness distributions can be derived from
a simple heuristic model, which we call random bisection. The idea is that asymptotically,
the relative lengths of the prime factors of a random number can be obtained by choosing a
random A uniformly from (0,1) — this gives the relative length of the first factor — and then
proceeding recursively with the smaller interval (0,1 — X). (This was previously applied to
prime factorizations in [1].)

To illustrate, we derive a recurrence for F'(), the asymptotic probability that none of n’s
prime factors exceed n®. This is the probability that all lengths chosen by random bisection

are < a; conditioning on the first length A, we should have
a

F(e) :/an(l )\

This is equivalent to (2.1), as the substitutions ¢t = (1 — \)/a and z = 1/a show.

)dA. (3.1)

Using a similar argument, one can deduce that Fy(), the asymptotic probability that
ny < n%, should satisfy

« (8%

Fya) = [ Ba(+2)ar+ [ F(=2)ax. (3.2)
VARl AL S

0

(Compare with (3.8) and (3.11) of [4].)
Now, we let G(«, ) denote the asymptotic probability that ny < n® and n; < nf. Again
by conditioning on the first length A, we conclude that G, if it exists, should satisfy

o « B B @
= — =) . .
Gle.B) = [ G55, oD+ [ F(25)dn (3.3)
We will prove this rigorously below, using a different relation for G that is not as easy to
motivate:
a dA
Gloy ) = F(a) + [ P(-2)%. (3.4



We can, however, give it a probabilistic interpretation. We condition on the largest length A
produced by random bisection. Either A < « (which accounts for the term F'(a)), or it lies

between o and 3. The second event contributes a term
B
[ Prlie) < alry = NaF ().

(Here A1y > A(z) > ... are the lengths produced by random bisection, in sorted order.) The

distribution of A(1y is absolutely continuous; from (2.2), we get

A dA
dﬁTA)ZZ,F%ii:ix)ixn
Because (3.4) holds for arbitrary o < f, a standard theorem of analysis (see [17], p. 360)

implies that we can take

A
—5

a
PriAy < aldy = X = F(-25)/F (5 (3.5)
So far we have relied on heuristic arguments. We now prove (3.4) and (3.3).

Theorem 3.1 If0 < a< <1, then

U(z, 2", 2%) = 2F(a) + :z:/ F(—)

Therefore, the limit

exists, and satisfies (3.4).

Proof. The basic idea of the proof is to carefully repeat the conditioning argument for (3.4),

employing a uniform estimate for the ¥ function and the prime number theorem.

We have

U(z, 2P, 2*) = Z #{n<z:n =p}+ Z #{n <z :ny =p,ny <z} (3.6)
plz® o< pLeh
For the first sum, we have

S #n<zing=p}=#{n<z:m <2*}=2F(a) + O(——).

p<ae alogz



The second sum requires more work. We first observe that

S #{n<zim=pn<z*}= Y #{m<e/pim <2}

zo<p<LzP zx<p<Loh

= Y #{m<a/pimi < (g/p)TrErrmE ) (3.7)

zo<p<LP

When z¢ < p < 2P,
a a "
< < .
l—a 1—logp/logz — 1-p

0<ac<

The estimate (2.7) applies, so

> #{m<a/p:imi < (afp) TR )
za<pLah

_ T a 1 z/p

:C0‘<p$l‘ﬁ p l - ]'Og p/ ]'Og z @ 1’“<Psxﬁ

Applying (2.5) and (2.6), we get

5 oy T a log(a™) =z
U(z,z”, z%) _:L'F(a)+xa<§<xﬁpF(l_logp/logm)—}—O(———-————-a wlogx)' (3.8)
Using Stieltjes integration, we have
1 a o 1 —logt/logz, dn(t)
-F =/ . 3.9
xa};‘xﬁp (l—logp/logx) @ d o ) t (39

If we integrate by parts, substitute 7 (¢) = li(¢) + €(¢), and recombine the terms involving li(¢),

we obtain

o 1 —logt/logz drm(t o 1 —logt/logz, dt
[ e L L)

oo o o o4 tlogt
1 —logt/logz, e(t)=? @ d 1 1—logt/logz
plpt st oy Ay 8 L os BT g (3.0)

We now show the error terms in (3.10) are small. Using |p| < 1 and (2.3) (with ¢ = 1), we

obtain

).

After differentiating the quotient and estimating each resulting term separately, we get

/; %(lp(l-—logt/logx))e(t)dtzo(/w dt )= O 1 )

t et z= tlog®t alogz

[p(l -~ logt/log:c)e(t)

o t] =0

Jae alog?
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This shows that

1— log t/loga: dt log(a™)z
U(z, 2" +/ )tlogt +0( alogz )

Making the substitution A = logt/logz, we obtain the first statement of the theorem. The
second follows from dividing by z and letting z — co. m

The novelty in the above theorem is a careful estimate of the error term. Knuth and Trabb
Pardo gave (3.4) for the special case 8 = 2a. Weaker statements of Theorem 3.1 (that is,
without error estimates) appear in [5] and [9]. We also remark that a more careful argument

shows that the theorem holds for § = 1. We now prove (3.3), which we believe to be new.

Theorem 3.2 We have

(87

1-X

G(a,ﬂ)z/oaG(-l—f—)\—,Tg—X)d/\-{—/jF( )\,

Proof. If 0 < v < 1, we have

F) = [ FEp)ic

Now substitute ( = A/(1 — v) and v = a/(1 — v), and rearrange terms to obtain

«

P2y = [ P )dA + vF (=

1—v -V

)-

If we divide this by v, integrate over o < v < f3, reverse the order of integration, and substitute

= (1 — Ay, we get

/aﬁF(lilv v /d)‘/— 1‘-#))5%4,/0?]?(1-0‘_”)([,,,

If we add F(a) = 5 F(a/(1 - X))dX to both sides and apply (3.4), we get

Ge, +/ lfzx v
zfadx[/%p( a VI 4 p—2 )]+/ﬁ (—2Vdy
o s oo w T aEn L T
:/()C'G(I{‘-X,l—?—/\)dw " FE5)an .



4 Numerical Methods

Several authors have discussed computing smoothness distributions such as the Dickman rho
function. We briefly discuss this work, and then present our numerical methods for the semi-

smoothness distribution G.

Implicit in the random bisection idea is the notion that smoothness distributions can be
computed by Monte Carlo methods. This was done for the rho function by Chamayou [3],
albeit with a different probabilistic model than ours. Although one could also approximate G

by simulation, we have not done this because the probabilities of current interest are so small.

It is also possible to combine a recurrence relation with numerical integration. This was
done by van de Lune and Wattel [8] and Knuth and Trabb Pardo [4]. For example, replacing
the integral in (2.1) with an appropriate quadrature rule gives a linear equation that can be
solved to obtain an approximation to p(z). Either of the relations (3.3) and (3.4) can be used
in this way to compute G. In practice, however, we were dissatisfied with the performance of
the resulting methods. Use of the recurrence relation (3.3) involves computing values of G in
a two-dimensional region, and interpolating the values on a line of integration. The relation
(3.4) is more useful, as it only relies on values of F' (i.e. p); however, one needs an accurate

table of this function before numerical integration is feasible.

The fastest method we have so far found is based on the algorithm of Patterson and Rumsey

[12] for the rho function. Since their method is apparently still unpublished, we explain it in

detail.

Patterson and Rumsey’s algorithm is based on the idea that the rho function is piecewise

analytic. Recall that there is an analytic function pi(z) that agrees with p(z), when z €

[k — 1,k]. The algorithm precomputes the Taylor series
plk—&) = pilk =€) = 3¢
=0

for each py around z = k and stores the coefficients; to evaluate p it first decides which py is

to be used and then evaluates the corresponding Taylor series.

The function p; is identically 1. The Taylor series for p; around z = 2 can be easily
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computed from po(z) = 1 — log(z). We have

Z

p(2—¢)=1-log2 — log(l-ﬁ/?)—l—logQ—i—Z o0 (4.1)

valid for 0 < ¢ < 1.

Now, suppose we know the Taylor series for pg_;, so that

plk—1—¢ Zc(" Ve
holds when 0 < ¢ < 1. Using (2.2), we have

Pk—¢) = —2(1=¢/k) 7 p(k—1-¢)

LN+ S ek

J=0

. (k) pim1
= - (3 é‘ )

z~ir—-ﬂ?r~lr—*

where the last equality is obtained by differentiating py(z) = 32, ) (k — z)¢ and evaluating
at . =k — £.

Therefore, for ¢ > 0, we have
*) 1—1 (L 1)
W= -—J—— 4.2
c Dy (4.2)

This determines all coeflicients c,(k) except for the constant term c((,k) . Now use (2.1) and

substitute t = k — £ to obtain

)

kel = kolh) = [[ - )i =3
0 :

which implies
(k)

®_ 1 G L3
k~1j§j+1' (43)

The relations (4.1), (4.2), and (4.3) define the Taylor series of p; for all k£ > 2, and in
practice it suffices to use O(m) terms of each series to get precision m. (This is because
the radius of convergence of each Taylor series is at least 2.) This routine requires storage
for the coefficients c,( ), and a precomputation of O(m?k) arithmetic operations, to evaluate

p(z) for z < k to m bits of accuracy. (Asymptotically, one could use the FFT to reduce the
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precomputation to O(mklogm).) Empirically, we have found that 55 coeflicients are sufficient

to compute p to IEEE standard double precision (about 10~'7) in the range 0 < z < 20.)
Our method for computing G uses (3.4), together with term-by-term integration of the

Taylor series for pieces of the rho function. Rather than use (3.4) directly, it is more convenient

to work with o(u,v) = G(1/u,1/v), which satisfies

o(u,0) = plu) + [ ol — /)

(To prove this, make the substitutions @ = 1/u, f = 1/v, and A = 1/t in (3.4).) We define

Tuyo,w) = [ plow ~ wft) 7,

t
so that
o(u,v) = p(u) + J(u,v,u).
We now show how to compute J(u,v,w). Let £ = [w—w/u], and define £(t) by w—w/t =

k—¢&(1).

If £(t) € [0,1] for v <t < u, we can proceed as follows:

J(u,v,w) = / p(k —E&(1)) (k)/

:ic(k)/w/” (77+k—~w)‘dn‘

=0 w/fu n

(Here we have substituted n = w/t.) If Hi(u,v,w) = Jefy L”—Mdn, then writing (np + k& —

wfu

w)'/n as (n+k —w)"t + (n+k —w)~I(k — w)/y gives

log(u/v), if ¢ = 0;
Hilw,0,w) = { (w/utk—w)' 1(w/”+k W'y (k — w)H;—1(u,v,w), otherwise. (44)
Thus, in this case
J(u,v,w) = ic,(-k)Hi(u,v,w) (4.5)

1=0
where the H;’s can be computed via (4.4). If £(¢) € [0,1], we must split the integral. Note
that when t = w/(w — k +1), we have £(¢) = 1, that is, w—w/t = k — 1. In this case, we have

w/(w—k+1) dt u dt
Ju,v,w:/ w— t~——+/ —w/t
o) = [T G [ olw-wF
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The second integral can be computed via (4.5) and the first integral is computed recursively.

Note that we can decide whether the integral must be split by comparing v to w/(w—k+1).

The integral is split iff v < w/(w — k 4+ 1). The number of times the integral must be split is

no more than u/v.

5 Tables

In this section we give tables of the asymptotic semi-smoothness distribution, computed with

the methods of Section 4. We used 60 terms in the expansion for p(z) and 20 terms in the

expansion given by (4.5). As a check on our computations we used an independent computation

of G(a,2a) (using (3.2) and numerical integration), as well as Table 1 in [4]. This table includes

values of G(a,a) = p(a™!), as well as values of G(a,2c). Our results agree with [4] to six

significant figures.

Table 1 shows o(u,v) = G(%, %) for u,v in the range 2 < u < 20 and 2 < v < 10.

=3

2

8

3.068528e-01

2.246518e-01

4.860839e-02

9.639901e-02

2.465561e-02

4.910926e-03

3.079212e-02

6.144568e-03

1.849280e-03

3.5647247e-04

8.511187e-03

1.092267e-03

3.127192¢-04

1.051674e-04

1.964970e-05

2.184024e-03

1.596965e-04

3.754974e-05

1.317947e-05

4.778139¢e-06

8.745670e-07

5.297043e-04

2.058327e-05

3.662652e-06

1.179057e-06

4.696284e-07

1.796314e-07

3.232069¢-08

W Wi~ |{O o iw ] wiN

1.221795e-04

2.418992e-06

3.087157e-07

8.573660e-08

3.319264e-08

1.439810e-08

5.732620e-09

1.016248e-09

[
o

2.684198e-05

2.63399%e-07

2.352672e-08

5.382861e-09

1.915717e-09

8.358%03e-10

3.855071e-10

1.583472e-10

2.770172e-11

-
-

5.627512e-06

2.679280e-08

1.637888e-09

3.019323e-10

9.556196e-11

3.985501e-11

1.890085e-11

9.128686e-12

3.844123e-12

[
[+

1.128672e-06

2.559021e-09

1.05722%e-10

1.544758e-11

4.254912e-12

1.647475e-12

7.654740e-13

3.859215e-13

1.932249e-13

b
w

2.170148e-07

2.304231e-10

6.373298e-12

7.303377e-13

1.725544¢-13

6.086492e-14

2.698020e-14

1.355061e-14

7.158754e-15

[y
'S

4.009759e-08

1.962928e-11

3.60648%e-13

3.218087e-14

6.459110e-15

2.048898e-15

8.518898e-16

4.157376e-16

2.213880¢-16

[
ot

7.134198e-09

1.587081e-12

1.923443e-14

1.329397e-15

2.252007e-16

6.367265e-17

2.454356e-17

1.145796e-17

6.005714e-18

oy
(=]

1.224713e-09

1.221450e-13

9.701521e-16

5.171612e-17

7.360498e-18

1.843517e-18

6.534072e-19

2.887008e-19

1.487795e-19

[
=

2.032238e-10

8.971949e-15

4.641835e-17

1.8901399e-18

2.266007e-19

5.005962e-20

1.621962e-20

6.731238e-21

3.286696e-21

[
=

3.265002e-11

6.304945e-16

2.112631e-18

6.627200e-20

6.595739%-21

1.281259e-21

3.779199e-22

1.465048e-22

6.821566e-23

-
0

5.086646¢-12

4.248307e-17

9.169125e-20

2.195713e-21

1.820808e-22

3.103008e-23

8.307233e-24

2.996162e-24

1.323455e-24

N
o

7.695283e-13

2.750199e-18

3.803595e-21

6.932224e-23

4.779992e-24

7.133404e-25

1.729532e-25

5.786581e-26

2.415504e-26

Table 1: Values of o(u,v) = G(1/u,1/v) for 2 <u <20 ;2 < v <10.
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Of particular interest nowadays are values of G(a, 8) for (a, 3) near (1/12,1/7.5). This is
so because recent implementations of the multiple polynomial quadratic sieve are designed to
factor 100-digit cryptographic integers (i.e. products of two large primes), using auxiliary 60-
digit numbers which are semi-smooth with respect to bounds near 10® and 10°. It is believed
that these auxiliary numbers are semi-smooth with the same probability as random numbers,
so that the bulk of the algorithm’s work can be viewed as a search for semi-smooth numbers
among what are essentially random 60-digit numbers. Thus the probability of a “hit” is given
by ¥(106°,108,10°), which is approximately G(1/12,1/7.5) (for details, see [6]). Most other
factoring algorithms also allow for a “large prime” variation (see [9, 10]). Semi-smoothness

tables should be of aid in choosing optimal parameters for these algorithms as well.

Tables 2.a, 2.b, and 2.c give values of G(«, ) for @ and 8 in the current range of interest

for factorization algorithms.
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8.6

6.8

8.7

8.8

8.9

7.0

7.1

7.2

10.0

1.246194e-09

1.148345e-09

1.059326e-09

9.781358e-10

9.039084e-10

8.358903e-10

7.734239%e-10

7.159343e-10

10.1

9.267054e-10

8.537368e-10

7.874246e-10

7.270088e-10

6.718311e-10

6.213195e-10

5.749760e-10

5.323650e-10

10.2

6.880222e-10

6.336660e-10

5.843225e-10

5.394142e-10

4.984417e-10

4.609719e-10

4.266273e-10

3.950788e-10

10.3

5.100216e-10

4.695735e-10

4.328958e-10

3.995504e-10

3.691589e-10

3.413934e-10

3.159687e-10

2.926361e-10

10.4

3.775021e-10

3.474354e-10

3.202012e-10

2.954679e-10

2.729489%e-10

2.523964e-10

2.335950e-10

2.163571e-10

10.5

2.790060e-10

2.566795e-10

2.364786e-10

2.181523e-10

2.014841e-10

1.862869e-10

1.723981e-10

1.596764e-10

10.6

2.058151e-10

1.893533e-10

1.743849e-10

1.608201e-10

1.484955e-10

1.372698e-10

1.270207e-10

1.176418e-10

10.7

1.517608e-10

1.39487%e-10

1.284081e-10

1.183780e-10

1.092743e-10

1.009909e-10

9.343555e-11

B.652838e-11

10.8

1,.116975e-10

1.026120e-10

9.441888e-11

8.70099%4e-11

8.029241e-11

7.418630e-11

6.862242e-11

6.354074e-11

10.9

8.210206e-11

7.538299e-11

6.933052e-11

6.386329e-11

5.891146e-11

5.441493e-11

5.032176e-11

4.658693e-11

11.0

6.027060e-11

5.530850e-11

5.083987e-11

4.680950e-11

4.316292e-11

3.985501e-11

3.684682e-11

3.410465e-11

11.1

4.418869e-11

4.052478e-11

3.723173¢-11

3.426355e-11

3.158083e-11

2.914976e-11

2.694117e-11

2.492983e-11

11.2

3.235813e-11

2.965652e-11

2.723108e-11

2.50472%-11

2.307562e-11

2.129072e-11

1.967079e-11

1.819697e-11

11.3

2.366654e-11

2.167641e-11

1.989173e-11

1.828661e-11

1.683893e-11

1.552874e-11

1.434274e-11

1.326385e-11

11.4

1.728927e-11

1.582466e-11

1.451272e-11

1.333407e-11

1.227216e-11

1.131282e-11

1.044389e-11

9.654871e-12

11.5

1.261597e-11

1.153912e-11

1.057562e-11

9.710955e-12

8.932758e-12

8.230457e-12

7.594978e-12

7.018507e-12

11.6

9.195530e-12

8.404539%e-12

7.697601e-12

7.063874e-12

6.494131e-12

5.980486e-12

5.5616181e-12

5.095402e-12

11.7

6.695078e-12

6.114598e-12

5.596390e-12

5.13235%e-12

4.715623e-12

4.340310e-12

4.001392e-12

3.694546e-12

11.8

4.869302e-12

4.443704e-12

4.064192e-12

3.724732e-12

3.420196e-12

3.146216e-12

2.899054e-12

2.675502e-12

11.9

3.537687e-12

3.225930e-12

2.948249e-12

2.700148e-12

2.477808e-12

2.277986e-12

2.087906e-12

1.935188e-12

12.0

2.567571e-12

2.339412e-12

2.136422e-12

1.955256e-12

1.793077e-12

1.647475e-12

1.516392e-12

1.398063e-12

12.1

1.861591e-12

1.694763e-12

1.546509e-12

1.414340e-12

1.296150e-12

1.190152¢-12

1.094821e-12

1.008850e-12

12.2

1.348382e-12

1.226509e-12

.118327e-12

1.021990e-12

9.359358e-13

8.588391e-13

7.895711e-13

7.271670e-13

12.3

9.757011e-13

8.867465e-13

078763e-13

7.377195e-13

6.751189e-13

6.190934e-13

5.688083e-13

5.235512e-13

12.4

7.053473e-13

6.404771e-13

830270e-13

5.319809e-13

4.864819e-13

4.458048e-13

4.093328e-13

3.765403e-13

12.5

5.094235e-13

4.621580e-13

.203471e-13

3.832384e-13

3.501982e-13

3.206906e-13

2.942606e-13

2.705207e-13

12.6

3.675798e-13

3.331711e-13

.027684e-13

2.758151e-13

2.518429e-13

2.304565e-13

2.113203e-13

1.941490e-13

12.7

2.649890e-13

2.399613e-13

.178729e-13

1.883127e-13

1.809348e-13

1.654477e-13

1.516045e-13

1.391951e-13

12.8

1.908595e-13

1.726707e-13

.566366e-13

1.424536e-13

1.298668e-13

1.186614e-13

1.086558e-13

9.969541e-14

12.9

1.373459e-13

1.241384e-13

.125089e-13

1.022337e-13

9.312478e-14

8.502423e-14

7.779842e-14

7.133403e-14

13.0

9.875063e-14

8.916813e-14

.074041e-14

7.330244e-14

6.671602e-14

6.086492e-14

5.565107e-14

5.099132e-14

13.1

7.094006e-14

6.399341e-14

.789102e-14

5.251137e-14

4.775285e-14

4.353010e-14

3.977114e-14

3.641506e-14

13.2

5.081859e-14

4.588690e-14

147188e-14

3.758416e-14

3.414909e-14

3.110405e-14

2.839627e-14

2.598114e-14

13.3

3.651739e-14

3.287573e-14

\968411e-14

2.687688e-14

2.439922e-14

2.220523e-14

2.025627e-14

1.851972e-14

13.4

2.616777e-14

2.353427e-14

.122892e-14

1.920352e-14

1.741789%e-14

1.583838e-14

1.443675e-14

1.318913e-14

13.5

1.873623e-14

1.683332e-14

1.370934e-14

1.242348e-14

1.128729e-14

1.028009e-14

9.38447%e-15

13.6

1.340451e-14

1.203060e-14

.083071e-14

9.778933e-15

8.853711e-15

8.037056e-15

7.313879%e-15

6.671477e-15

13.7

9.582477e-15

8.581293e-15

.726672e-15

6.969640e-15

6.304439e-15

5.717927e-15

5.199095e-15

4.738683e-15

13.8

6.844897e-15

6.130384e-15

.507841e-15

4.963387e-15

4.485510e-15

4.064618e-15

3.692684e-15

3.362968e-15

13.9

4.885653e-15

4.370984e-15

.923091e-15

3.531829e-15

3.188794e-15

2.886990e-15

2.620574e-15

2.384639¢-15

14.0

3.484569e-15

3.114135e-15

.792145e-15

2.511190e-15

2.26513%e-15

2.048898e-15

1.858213e-15

1.689517e-15

14.1

2.483420e-15

2.217004e-15

985703e-15

1.784111e-15

1.607762e-15

1.452946e-15

1.316570e-15

1.196046e-15

14.2

1.768601e-15

1.677140e-15

411112e-15

1.266576e-15

1.140280e-15

1.029526e-15

9.320671e-16

8.460245e-16

14.3

1.258611e-15

1.121121e-15

.002037e-15

8.984871e-16

8.081063e-16

7.289341e-16

6.593398e-16

5.979608e-16

14.4

8.950331e-16

7.963744e-16

.110243e¢-186

6.368943e-16

5.722643e-16

5.157112e-16

4.660524e-16

4.223008e-16

14.5

6.360275e-16

5.652855e-16

.041593e-16

4.511301e-16

4.049488e-16

3.645830e-16

3.281758e-16

2.980127e-16

14.6

4.516534e-16

4.009662e-16

572211e-16

3.193147e-16

2.863404e-16

2.575501e-16

2.323233e-16

2.101433e-16

14.7

3.205018e-16

2.842107e-16

-529275e-16

2.258511e-186

2.023243e-16

1.818052e-16

1.638451e-16

1.480704e-16

14.8

2.272766e-16

2.013118e-16

.789566e-16

1.596303e-16

1.428565e-16

1.282431e-16

1.154658e-16

1.042551e-16

14.9

1.610575e-16

1.424941e-16

1
8
5
4
3
2
1
1
8
5
4
2
2
1 516948e-14
1
7
5
3
2
1
1
1
7
5
3
2
1
1

.265307e-16

1.127460e-16

1.007956e-18

9.039584e-17

8.131245e-17

7.335097e-17

15.0

1.140545e-16

1.007922e-16

8.840112e-17

7.957629e-17

7.106841e-17

6.367265e-17

5.721994e-17

5.157011e-17

Table 2.a: Values of o(u,v) = G(1/u,1/v) for 10 <u <15;6.5<v < 7.2

12




7.3

7.4

7.5

7.8

7.7

7.8

7.9

8.0

10.0

6.629167e-10

6.139272e-10

5.685742e-10

5.265113e-10

4.874315e-10

4.510619e-10

4.171594e-10

3.855071e-10

10.1

4.931048e-10

4.568599e-10

4.233348e-10

3.922682e-10

3.634286e-10

3.366108e-10

3.116318e-10

2.883286e-10

10.2

3.660381e-10

3.392518e-10

3.144972e-10

2.915775e-10

2.703184e-10

2.505657e-10

2.321818e-10

2.150445e-10

10.3

2.711779¢-10

2.514035e-10

2.331448e-10

2.162540e-10

2.006000e-10

1.860670e-10

1.725519e-10

1.599628e-10

10.4

2.005187e-10

1.859363e-10

1.724835e-10

1.600491e-10

1.485349e-10

1.378539e-10

1.279288e-10

1.186910e-10

10.5

1.479985e-10

1.372563e-10

1.273550e-10

1.182110e-10

1.097508e-10

1.018093e-10

9.462841e-11

8.785696e-11

10.6

1.090406e-10

1.011356e-10

9.385589e-11

8.713880e-11

8.092818e-11

7.517828e-11

6.984289e-11

6.488462e-11

10.7

8.019970e-11

7.438860%e-11

6.904200e-11

6.411281e-11

5.955985e-11

5.534666e-11

5.144101e-11

4.781425e-11

10.8

5.888904e-11

5.462171e-11

5.069884e-11

4.708542e-11

4.375060e-11

4.066718e-11

3.781112e-11

3.516107e-11

10.9

4.317132e-11

4.004081e-11

3.716555e-11

3.45193%e-11

3.207932¢-11

2.982505e-11

2.773868e-11

2,580431e-11

11.0

3.159921e-11

2.93049%e-11

2.719972e-11

2.526388e-11

2.348031e-11

2.183392e-11

2.031136e-11

1.890085e-11

111

2.309387e-11

2.141423e-11

1.987430e-11

1.845952e-11

1.715715e-11

1.5695593e-11

1.484596e-11

1.381847e-11

11.2

1.685293e-11

1.562446e-11

1.449917e-11

1.346625e-11

1.251619e-11

1.164066e-11

1.083228e-11

1.008457e-11

11.3

1.228089e-11

1.138329e-11

1.056181e-11

9.808424e-12

9.116065e-12

8.478541e-12

7.890398e-12

7.346819¢-12

11.4

8.936693e-12

8.281479e-12

7.682380e-12

7.133414e-12

6.62934%e-12

6.165592e-12

5.738103e-12

5.343317e-12

11.5

6.494290e-12

6.016476e-12

5.579976e-12

5.180354e-12

4.813731e-12

4.476707e-12

4.166292e-12

3.879851e-12

11.6

4.713129e-12

4.365016e-12

4.047290e-12

3.756664e-12

3.490265e-12

3.245577e-12

3.020392e-12

2.812763e-12

11.7

3.416045e-12

3.162668e-12

2.931618e-12

2.720460e-12

2.527071e-12

2.349592e-12

2.186392e-12

2.036035e-12

11.8

2.472795e-12

2.288545e-12

2.120683e-12

1.967410e-12

1.827154e-12

1.698546¢-12

1.580381e-12

1.471602e-12

11.9

1.787785e-12

1.653928e-12

1.532088e-12

1.420935e-12

1.319310e-12

1.226203e-12

1.140726e-12

1.062103e-12

12.0

1.290974e-12

1.193818e-12

1.105464e-12

1.024931e-12

9.513655e-13

8.840223e-13

8.222492¢-13

7.654740e-13

i2.1

9.311211e-13

8.606675e-13

7.966554e-13

7.383615e-13

6.851571e-13

6.364939e-13

5.918925e-13

5.509324e-13

12.2

6.707994¢-13

6.197558e-13

5.734215¢-13

5.312639e-13

4.928203e-13

4.576878e-13

4.255141e-13

3.959910e-13

12.3

4.827113e-13

4.457637e-13

4.122555e-13

3.817951e-13

3.540423e-13

3.287013e-13

3.055137e-13

2.842535e-13

12.4

3.469771e-13

3.202566e-13

2.960458e-13

2.740568e-13

2.540398e-13

2.357778e-13

2.190815e-13

2.037854e-13

12.5

2.491393e-13

2.298323e-13

2.123547e-13

1.964951e-13

1.820705e-13

1.689218e-13

1.569104e-13

1.459152e-13

12.6

1.786987e-13

1.647605e-13

1.521546e€-13

1.407260e-13

1.303406e-13

1.208818e-13

1.122484e-13

1.043518e-13

12.7

1.280403e-13

1.179868e-13

1.089026e-13

1.006743e-13

9.320352e-14

8.640519e-14

8.020518e-14

7.453891e-14

12.8

9.164885e-14

8.440355¢-14

7.786293e-14

7.194382e-14

6.657441e-14

6.169246e-14

5.724389e-14

5.31815%9e-14

12.9

6.553456e-14

6.031756e-14

5.561233e-14

5.135805¢e-14

4.750225e-14

4.399951e-14

4.081037e-14

3.790053e-14

13.0

4.681497e-14

4.306165e-14

3.967965e-14

3.662456e-14

3.385806e-14

3.134703e-14

2.906274e-14

2.698020e-14

131

3.3410008e-14

3.071207e-14

2.828325¢-14

2.609117e-14

2.410792e-14

2.230936¢-14

2.067458e-14

1.918539%e-14

13.2

2.382080e-14

2.188300e-14

2.014017e-14

1.856864e-14

1.71480%e-14

1.586093e-14

1.469196e-14

1.362798e-14

13.3

1.696790e-14

1.557726e-14

1.432771e-14

1.320201e-14

1.218534e-14

1.126494e-14

1.042976e-14

9.670215e-15

13.4

1.207534e-14

1.107819e-14

1.018305e-14

9.377356e-15

8.650353e-15

7.992758e-15

7.396551e-15

6.854781e-15

13.5

8.585723e-15

7.871309e-15

7.230573e-15

6.654396e-15

6.134953e-15

5.665510e-15

5.240249e-15

4.854135¢-15

13.6

6.099114e-15

5.587681e-15

5.129423e-15

4.717714e-15

4.346876e-15

4.012023e-15

3.708943e-15

3.433990e-15

13.7

4.32887be-15

3.963046e-15

3.635562¢-15

3.341612e-15

3.077079%e-15

2.838423e-15

2 622596e-15

2.42695%¢-15

13.8

3.069782e-15

2.808313e-15

2.574471e-15

2.364766e-15

2.176216e-15

2.00625%e-15

1.852689e-15

1.713601e-15

13.9

2.175053e-15

1.988322¢-15

1.821477e-15

1.671993e-15

1.537708e-15

1.416770e-15

1.307587e-15

1.208781e-15

14.0

1.539811e-15

1.406559e-15

1.287611e-15

1.181137e-15

1.085576e-15

9.995880e-16

9.220233e-16

8.518898¢-16

4.1

1.089195e-15

9.941800e-16

9.094449%e-16

8.336662e-16

7.657148e-16

7.046246e-16

6.495656¢-16

5.998231e-16

14.2

7.698198e-16

7.021225e-16

6.418066e-16

5.87915%e-16

5.396351e-16

4.962673e-16

4.572145¢-16

4.219621e-16

14.3

5.436545e-16

4.954578e-16

4.525570e-16

4.142617e-16

3.799838e-16

3.492210e-16

3.215428e-16

2.96578%e-16

14.4

3.836294e-16

3.493423e-16

3.188517e-16

2.916595e-16

2.673420e-16

2.455373e-16

2.259357e-16

2.082713e-16

14.5

2.704858e-16

2.461224e-16

2.244685¢-16

2.051750e-16

1.879366e-16

1.724933e-16

1.5686222e-16

1.461324e-16

14.6

1.905782e-16

1.732651e-16

1.578984e-16

1.442195e-16

1.320088e-16

1.210792e-16

1.112708¢-16

1.024465¢-16

14.7

1.341696e-16

1.218808e-16

1.109841e-16

1.012932e-16

9.265023e-17

8.492093e-17

7.799053e-17

7.176069e-17

14.8

9.438591e-17

8.566991e-17

7.794857e-17

7.108809e-17

6.497507e-17

5.951309e-17

5.461987e-17

5.022500e-17

14.9

6.634935e-17

6.017191e-17

5.470470e-17

4.985155e-17

4.553110e-17

4.167420e-17

3.822192e-17

3.512384e-17

15.0

4.660648e-17

4.223145e-17

3.836313e-17

3.493252e-17

3.188123e-17

2.915975e-17

2.672588e-17

2.454356e-17

Table 2.b: Values of o(u,v) = G(1/u,1/v) for 10 <u <15 ;7.3 <o < 8.0.
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u v
8.1 8.2 8.3 8.4 8.5 8.8 8.7 8.8

10.0 3.559109e-10 3.281966e-10 3.022081e-10 2.778045e-10 2.548590e-10 2.332569e-10 2.128945e-10 1.936777e-10
10.1 2.665554e-10 2.461817e-10 2.270902e-10 2.091754e-10 1.923426e-10 1.765058e-10 1.615875e-10 1.475175e-10
10.2 1.990444e-10 1.840836e-10 1.700744e-10 1.56937%e-10 1.446031e-10 1.330059e-10 1.220884e-10 1.117983e-10
10.3 1.482180e-10 1.372441e-10 1.269756e-10 1.173535e-10 1.083248e-10 9.984165e-11 9.186095e-11 8.434361e-11
10.4 1.100791e-10 1.020384e-10 9.452002e-11 8.747982e-11 8.087831e-11 7.467986e-11 6.885233e-11 6.336666e-11
10.5 8.154913e-11 7.566404e-11 7.016513e-11 6.501961e-11 6.019803e-11 5.567387e-11 5.142323e-11 4.742450e-11
10.6 6.026933e-11 5.5696654e-11 5.194899e-11 4.819228e-11 4.467449e-11 4.137593e-11 3.827882e-11 3.536713e-11
10.7 4.444092e-11 4.129832-11 3.836618e-11 3.562635e-11 3.306253e-11 3.066011e-11 2.840590e-11 2.628801e-11
10.8 3.269808e-11 3.040525e-11 2.826753e-11 2.627142e-11 2.440485e-11 2.265696e-11 2.101798e-11 1.947911e-11
10.9 2.400785e-11 2.233676e-11 2.077984e-11 1.932709e-11 1.796956e-11 1.669921e-11 1.550880e-11 1.439182¢-11
11.0 1.759189e-11 1.637518e-11 1.524245e-11 1.418625e-11 1.319996e-11 1.227763e-11 1.141391e-11 1.060401e-11
111 1.286570e-11 1.198074e-11 1.115745e-11 1.039034e-11 9.674496e-12 9.005535e-12 8.379505e-12 7.792856e-12
11.2 9.391755e-12 8.748736e-12 8.150961e-12 7.594375e-12 7.075353e-12 6.590651e-12 6.137358e-12 5.712856e-12
11.3 6.843541e-12 6.376785e-12 5.943188e-12 5.539757e-12 5.163816e-12 4.812975e-12 4.485086e-12 4.178225e-12
11.4 4.978084e-12 4.639609e-12 4.325411e-12 4.033282e-12 3.761250e-12 3.507553e-12 3.270612e-12 3.049011e-12
11.5 3.615057e-12 3.369848e-12 3.142394e-12 2.931068e-12 2.734419e-12 2.551148e-12 2.380100e-12 2.220228e-12
11.6 2.620974e-12 2.443504e-12 2.279006e-12 2.126282e-12 1.984265e-12 1.852002e-12 1.728640e-12 1.613416e-12
11.7 1.897256e-12 1.768837e-12 1.650085e-12 1.539810e-12 1.437356e-12 1.341995e-12 1.253113e-12 1.170149e-12
11.8 1.371278e-12 1.278585e-12 1.192794e-12 1.113260e-12 1.039405e-12 9.707175e-13 9.067393e-13 8.470602e-13
11.9 9.896459%e-13 9.227517e-13 8.60884%e-13 8.035708e-13 7.503876e-13 7.009596e-13 6.549516e-13 6.120635e-13
12.0 7.131931e-13 6.649626e-13 6.20389%e-13 5.791274e-13 5.408660e-13 5.053309e-13 4.722768e-13 4.414847e-13
121 5.132444e-13 4.785027e-13 4.464198e-13 4.167410e-13 3.892405e-13 3.637173e-13 3.399922e-13 3.179053e-13
12.2 3.688476e-13 3.438453e-13 3.207737e-13 2.994466e-13 2.796988e-13 2.613837e-13 2.443704e-13 2.285425e-13
12.3 2.647222e-13 2.467455e-13 2.301694e-13 2.148578e-13 2.006902e-13 1.875596e-13 1.7563706e-13 1.640384e-13
12.4 1.897444e-13 1.768308e-13 1.649322e-13 1539494e-13 1.437944e-13 1.343893e-13 1.256646e-13 1.175586e-13
12.5 1.358300e-13 1.265619e-13 1.180286e-13 1.101579e-13 1.028856e-13 9.615510e-14 8.991579e-14 8.412278e-14
12.6 9.711449¢-14 9.046860e-14 B8.435430e-14 7.871886e-14 7.351568e-14 6.870345e-14 6.424551e-14 6.010922e-14
12.7 6.934988e-14 6.458855e-14 6.021138e-14 5.617999%e-14 5.246050e-14 4.902290e-14 4.584057e-14 4.288983e-14
12.8 4.946438e-14 4.605620e-14 4.292538e-14 4.004400e-14 3.738747e-14 3.493400e-14 3.266428e-14 3.056116e-14
12.9 3.523999e-14 3.280253e-14 3.056511e-14 2.850750e-14 2.661181e-14 2.486226e-14 2.324486e-14 2.174719e-14
13.0 2.50775%e-14 2.333587e-14 2.173831e-14 2.027022e-14 1.891864e-14 1.767214e-14 1.652058e-14 1.545499e-14
13.1 1.782597e-14 1.658246e-14 1.544275e-14 1.439618e-14 1.343336e-14 1.254603e-14 1.172685e-14 1.096934e-14
13.2 1.265748e-14 1.177043e-14 1.095804e-14 1.021260e-14 9.527310e-15 8.896194e-15 8.313958e-15 7.775915e-15
13.3 8.97795%e-15 8.345721e-15 7.767136e-15 7.236625e-15 6.749280e-15 6.300779e-15 5.887303e-15 5.505469¢e-15
13.4 6.361405e-15 5.91115%7e-15 5.499434e-15 5.122201e-15 4.775918e-15 4.457458e-15 4.164074e-15 3.893326e-15
13.5 4.502794e-15 4.182417e-15 3.889676e-15 3.62165%9e-15 3.375809e-15 3.149877e-15 2.941878e-15 2.75005%e-15
13.6 3.184000e-15 2.956220e-15 2.748249%e-15 2.557985¢e-15 2.383585e-15 2.223428e-15 2.076087e-15 1.940300e-15
13.7 2.249228e-15 2.087416e-15 1.939788e-15 1.804831e-15 1681217e-15 1.567781e-15 1.463494e-15 1.367451e-15
13.8 1.587345e-15 1.472488e-15 1.367780e-15 1.272131e-15 1.184586e-15 1.104306e-15 1.030553e-15 9.626763e-16
13.9 1.119164e-15 1.037702e-15 9.634961e-16 8.957608e-16 8.338098e-16 7.770408e-16 7.249241e-16 6.769927e-16
14.0 7.883298e-16 7.305993e-16 6.780515e-16 6.301222e-16 5.863181e-16 5.462069e-16 5.094088e-16 4.755891e-16
14.1 5.547795e-16 5.138995e-16 4.767183e-16 4.428306e-16 4.118824e-16 3.835637e-16 3.576023e-16 3.337586¢e-16
14.2 3.900657e-16 3.611406e-16 3.348530e-16 3.109121e-16 2.890641e-16 2.690867e-16 2.507853e-16 2.339884e-16
143 2.74009%e-16 2.535597e-16 2.349885e-16 2.180880e-16 2.026764e-16 1.885945e-16 1.757031e-16 1.638796¢-16
144 1.923145e-16 1.778672e-16 1.647576e-16 1.528364e-16 1.419735e-16 1.320550e-16 1.229815e-16 1.146654e-16
14.5 1.348592e-16 1.246607e-16 1.154136e-16 1.070112e-16 9.836033e-17 9.237976e-17 8.509835e-17 8.015367e-17
146 9.448833e-17 8.729448e-17 8.077690e-17 7.485915e-17 6.947473e-17 6.456560e-17 6.008102e-17 5.5907648e-17
14.7 6.614693e-17 6.107641e-17 5.648612e-17 5.232148e-17 4.853498e-17 4.508524e-17 4.193608e-17 3.905580e-17
14.8 4.626799e-17 4.269676e-17 3.946630e-17 3.653762e-17 3.387685e-17 3.145449e-17 2.924477e-17 2.722512e-17
14.9 3.233672e-17 2.982334e-17 2.755157e-17 2.549360e-17 2.362529e-17 2.192562e-17 2.037625e-17 1.896115e-17
15.0 2.258191e-17 2.081434e-17 1.921795e-17 1.777290e-17 1.646200e-17 1.527031e-17 1.418477e-17 1.319399e-17

Table 2.c: Values of o(u,v) = G(1/u,1/v) for 10 <u <15; 8.1 < v < 8.8.
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6 Error Analysis

In this section, we consider the question of how closely asymptotic distributions such as p and
o approximate actual smoothness probabilities. We will show, in a certain sense, that if p is
a good approximation to the smoothness distribution, then o is a good approximation to the
semi-smoothness distribution.

We first consider the question of whether zp(u) is a good approximation to U(z,z!/*).
This is of practical importance since asymptotic relations such as zp(u) ~ ¥(z,z/*) do not
guarantee that p(u) is a good approximation to the probability of 1/u-smoothness for any
numbers of practical interest.

For example, from results of Ramaswami [14] (cited as equations 3.7 and 3.8 of [11]) and

Knuth and Trabb Pardo [4], we know that

1y _ z(1 - )p(u - 1) z
¥(e, 2t = ap() + T2 4 0,
and therefore
\I;(m,xl/u) =1 p(u—-l) (1—7) ( 1 )
op(w) T @) loge | \pw)legla’

(Here v = 0.5772... is Euler’s constant.) The unknown part of the relative error is

1

oW ee?s

(6.1)

Taking the crude approximation p(u) ~ u™, we note that for (6.1) to be small, we need
log z > u*?. This is not likely to be attained in practical situations; for example, if u = 7.5
and z = 10%, we have (u™*log® z)~! = 191.5.

On the other hand, accurate tables of p(u) have been available for at least two decades,
going well beyond the values of u needed to evaluate current factoring methods. As far as we
know, no discrepancy has been observed between values of the rho function and smoothness
probabilities, in the range of interest to algorithm designers. For example, Table 3 below
exhibits smooth number counts found by Odlyzko (from [15]); as soon as the predicted count
of smooth numbers is moderately large, one finds reasonable agreement with the rho function.
(We note that Odlyzko only counted numbers whose prime power factors are small, a definition

more stringent than ours.)
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k | count | u= %é%l 10%p(u) | ratio
6 |0 8.305 0.001144 | 0.000
7 10 7.118 0.05981 | 0.000
8 |1 6.229 0.9810 1.019
9 |6 5.537 7.727 0.777
10| 27 4.983 37.18 0.726
11 | 110 4.530 126.6 0.869
12 | 326 4.152 336.0 0.970
13 | 691 3.833 739.3 0.935
14 | 1425 3.559 1416 1.006
15 | 2416 3.322 2425 0.996
16 | 3852 3.114 3816 1.009
17 | 5691 2.931 5616 1.013
18 | 7979 2.768 7823 1.020

Table 3: Counts of even 2*-smooth numbers in [105,10%® + 2 x 10°].

Therefore we will simply take as given that p is a good approximation to smoothness
probabilities; investigating this question further is beyond the scope of this paper. We pro-
ceed from this assumption to study the question of when o(u,v) is a good approximation to
U(z, 2V, 2% /2.

The following theorem states that if F' is a good approximation to the smoothness distri-
bution, then G is a good approximation to the semi-smoothness distribution. In this result,

a and f satisfy 0 < o < f < 1, and p(z) is extended to be 1 for negative numbers.

Theorem 6.1 Assume the Riemann hypothesis. Choose ¢; and ¢y so that

T(t,17)
c
PR ST
whenever 2~ <y < —1—_%—5 and t > z'%. Then if 2% > 2,657, we have
U(z,z”, z%)
AV X277 L«
a1 ) < 2Gla, B) <e(l+A)

where

8 1-f,  p(=2E) Jloga
]A|S47rG(a,ﬂ) 20( a )+(1——ﬂ)logx zo/?’
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Proof. From (3.6) and (3.7) we obtain

U(z,2%,2%) = U(z,e®) + 3. U(a/p,(z/p)Twerroe=). (6.3)
o< p<Lah

From the definition of ¢y, plus (3.9) and (6.3), we have

1 o

;1U(z, 2P, 2%) < zF(a)+z -F
2 U ) () xa;ps:z:ﬁp 1 —logp/log

™ (61 t

1 —logt/logc

Using (3.4) and (3.10), and writing A(t) = logt/log «, we have

o 1— M), dt

G U (z, 2", 2%) < zF(a) + a;/xa p( = )tlogt + zEi (e, B,2) + zEs(a, B, z)
= mG(a,ﬁ)+.’1:E1(a,,[7’,:c)+$Eg(a,ﬂ,a:) (64)
where
- z - B — o e(z®
B0, 8,0) = (-2 )" (LB Loy ds) (o)
and
g —
Bo,f,0) =~ [ (o2 ye(nya
o ZA ~
= [7 1o 2 4 ) atog g (6.6)
Schoenfeld’s bound (2.4) (which assumes the Riemann hypothesis) and (6.5) imply
2 < 222 (o Eypersrn o= paanerr) < 182 [ Bypmer] . (o)

Similarly, but using (2.2) and (6.6), we have

=¥ logt 1— (%) 1— (%)
B < [ ot o2

—1)/(logz — Iogt)} dt.

So far we have assumed that p(z) = 0 when z < 0. If we redefine p(z) to be 1 when z < 0,
the inequality above still holds, and we have made p monotonic. Using this new extension of

p, we find

2B &%)
|Ey| < ;?7;/ t=321ogt dt < -4—%1-9-5-3/ poizgy - AP1BL _apy (6.8)
T v el

s
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where A denotes the expression

1-8 l—a—3 1
Letting o
E,
A(aaﬁr’p) = -(-—él(—;:—,[ﬁ)’

(6.4), the inequalities (6.7) and (6.8), and a little algebra give the upper bound in the theorem.
The lower bound is proved by an entirely analogous argument starting with the estimate
U(t,t7) > ertF(y). =

Using Theorem 6.1, the extra relative error incurred by using the asymptotic two-dimensional
smoothness distribution can be explicitly estimated. For example, if z ~ 10, o = 11—2-, and
B = == then (6.2) gives |A| < 0.062.

We also remark that Theorem 6.1 can be improved slightly at some cost in readability.
For example, the first inequalities in (6.7) and (6.8) could be used directly (note that the first
integral in (6.8) can be expressed in closed form).

In a certain sense, Theorem 6.1 ascribes most of the error in the approximation
W(z,2%,2%) ~ 3G(c, B)

to the use of the rho function. Hildebrand [7] proved that if the Riemann hypothesis holds,
then

¥(z, %) = 2F(a) (1 + 0(-1-‘35-(—?‘-3)) , (6.9)

alogz
as ¢ — oo. However, Theorem 6.1 and equation (3.4) imply that

log =
zo/2 )’

A = O

which is asymptotically much smaller than the relative error in (6.9).
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