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Abstract

The Structured Program Analysis Refinement Environment (SPARE) [9] is a tool for rapid prototyp-
ing of program analysis algorithms through high-level specifications. An analysis algorithm is specified
through denotational specifications. This report provides the formal semantics for the specification
language. The specification language is based on the notation of lambda-calculus and the conventions used
for writing denotational specifications for semantics of programming languages. Language features have

been specially designed to express analysis algorithms in a clear and concise fashion.

The semantics is presented using a formalism based on Natural Semantics [5]. The semantics
specification consists of a set of logical inference rules and facilitates the derivation of proofs for the

correctness of translations for SPARE as well as the correctness of analysis algorithms specified in SPARE.
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1. Introduction

The Structured Program Analysis Refinement Environment (SPARE) [9] is a tool for rapid prototyp-
ing of program analysis algorithms through high-level specifications. An analysis algorithm is specified
through denotational specifications. The specification language is based on the notation of lambda-calculus
and the conventions used for writing denotational specifications for semantics of programming languages.
Language features have been specially designed to express analysis algorithms in a clear and concise
fashion. Unlike the abstract mathematical notation used to provide denotational semantics, the SPARE

language is an applicative language with an underlying evaluation model.

A specification consists of domain declarations and functions defined over these domains. There are
two kinds of functions. Semantic functions define the analysis corresponding to various syntactic objects in

the language. Auxiliary functions provide a way to abstract operations used in the specifications.

Every specification is required to be sufficiently typed to allow complete static type checking of
operations. All functions must be defined statically. The specification language is described in [9].

The semantics is presented using a formalism similar to that of Natural Semantics [5]. Natural
Semantics has its origin in Plotkin’s structural semantics [6] but uses a natural deduction [7} approach
rather than an operational approach. Natural Semantics has been used to provide formal semantics for ML
[1,4]. Natural Semantics specifications can be used to prove the correctness of translations {2] or used as
executable specifications [3].

The formal specification in this report is entirely for descriptive purposes. The notation has been
designed for clarity and conciseness rather than for execution. The goal is to express the semantics in a for-
malism that would facilitate the derivation of correctness proofs for translations for the SPARE language as
well as correctmess proofs for the analysis algorithms expressed in the SPARE language. There is no claim
made as to the completeness of the specification. We have formalized the language definition to an extent

that is deemed sufficient for the derivation of correctness proofs mentioned above.

1.1. The structure of the specification

The semantic description is divided into two parts, corresponding to the two phases in the use of the
SPARE system. First, the specifications are constructed using the SPARE editor. The editor is syntax-
directed and performs static type checking. The output of the editor is a translation that associates functions
with productions in the abstract syntax of the language for which the analysis specification is written. The
first part of the semantic description deals with staric semantics and specifies the rules followed by the edi-

tor.
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The second phase consists of evaluation of functions obtained in the first phase using an interpreter
supplied by SPARE. The second part of the semantic description deals with dynamic semantics and
specifies the evaluation rules.

2. Notation

For readability, we will use a variation of the concrete syntax (Appendix 1) rather than an abstract
syntax representation. Some of the terminal symbols have been omitted from the syntax when they do not
affect readability. We will also use the same name to denote a nonterminal (in typewriter font)as
well as the syntactic category (in italics) that it belongs to. Hence each nonterminal name in Appendix 1 is
also the name of a syntactic category. Multiple occurrences of the same non-terminal in a production will

be distinguished with subscripts.
Both static and dynamic semantic descriptions consist of a set of rules of the form

conclusion

The conclusion is a sentence (called a judgment) of the form

C |— phrase= C’

where C (called a context) and C’ are semantic objects. phrase is usually a syntactic object. The judgment

should be read as - "The phrase phrase implies C’ in the context of C". The operator implies is overloaded.

The hypothesis is either empty, in which case the conclusion is an axiom, or it consists of a list of
conditions - ¢4, ¢z, * * *, ¢y The conclusion is a theorem if and only if all the conditions ¢; can be derived as

theorems. A condition c; is either a judgment or a predicate in first-order logic.

A judgment is defined for each nonterminal in the syntax. Corresponding to each production for a
nonterminal, a rule is provided with a judgment for the right hand side of the production as the conclusion.
The rules for a judgment numbered N will be numbered with the prefix "N.". The context for the conclusion
is the same as the context in the judgment for the nonterminal. For convenience, we will use ellipses (- - +)
to denote components of the context in a rule if those components are not used in the rule. If some of the

components are missing and ellipses are not used, the missing components are assumed to be empty sets.

All variables that occur within a rule must be bound to the same value. Positions of variables whose

values are not relevant to the rule are marked by a ’_’.

An object (or a class of objects) O with arity k will be denoted by O® while O* denotes an object
from a k-ary product domain.
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{E}ij, i-1 <jdenotes alistE, -- -, E, where E, is E with all the unbound subscripts occurring within it

bound to i. If j = i1 then the list is empty.

If A is a set then Py,(A) denotes the set of all finite subsets of A. If A and B are sets then A=>4, B
denotes the set of finite maps from A to B. Finite maps can be explicitly denoted by
{ay > by, -0, 8 byl
{} denotes the empty map. Dom f and Ran f denote the domain and range respectively of a finite map f. If

f, and f, are finite maps then f, / f, denotes a finite map with domain Dom f; U Dom f; such that

fi(a) if a € Dom f,
1112(8) ={1(a) otherwise

k
The / operator can be generalized to more than two maps. \_f denotes the finite map fi/ - - - /(f2/fy).
f=1

For a union domain BuC, the injection functions are denoted by inB:B—-BuC and
inC : C -» B uw C. When clear from context, these injection functions will be omitted. If o e B C, the

boolean predicates isB(c) and isC(o) are used to test for the component to which a belongs.

For an element of a product domain a € B x C, the components of « can be selected in two ways:
- Named selection : e.g. Bof o, Cof a

- Positional selection : e.g. al1 and a2

Optional objects in syntactic phrases are enclosed in square brackets. Corresponding to these
optional objects, a rule may have square brackets over semantic objects and/or predicates. Such a rule
stands for several rule instances in which the optional objects (syntactic and semantic) are all present or all

absent.

Some of the semantic objects are defined to be isomorphic to (or derived from) syntactic categories.
The same names are used in the rules to denote both the syntactic and semantic objects isomorphic to them.
The coercion from the syntactic object to the corresponding object is indicated by a change of font (from

typewriter font to sans-serif).

3. Static Semantics

The collection of rules in this section allows the derivation of a judgment of the form
DE, | specification = (SD, FD)
as a theorem for all "valid" specifications. DE; is a semantic object that incorporates information about
pre-defined objects in the language. SD maps a class of semantic objects called ASNode to a class of
semantic objects called TypeCorExpr. TypeCorExpr is derived from the syntactic category of expres-
sion by resolving overloaded operators. These semantic objects are defined in the next section. The goal

of static semantics is to provide the rules necessary to associate abstract syntax nodes with semantic
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functions and to ensure that the expressions used in semantic function definitions are type correct.

3.1. Semantic Domains

Str
NonVar
VarName
€ Bound
n € ProdVar
x € ConName
8 € DomName
¢ € FuncName
e e TypeCorExpr
ColDescr
CurName
AnyType
v e  StrictOpt
x € CollectOpt
C € ColDescr
£ e StrSet
V e VarSet
D e DomNameSet
@ € Order
ArgTest
CacheTest
TT e TermTest
TO e TermOpt
FIl. e FixInfo
(Bn--.8Jor® e DomName"
x, &) e CompDom™

String

Nonterminal variables (identifiers)
Variable names (identifiers)
Integers

Production variables (identifiers)
Domain constructor names
Domain names (identifiers)
Function names (identifiers)
Derived from expression
Isomorphic to

collect-option

{$}

{r}

{Z}u{}
{2}u{}
ColDescr U {}
Pn(Str)

P (VarName)
Pun(DomName)
Pyn(Str x Str)

VarSet

(@)

ArgTest U Cachelest U {}
TermTest x bound

(FuncName x TermOpt) U {}

\ ConName™ x DomName"
50




ASNode =  NonVar x ProdVar x
FuncName
EnumDom = StrSet x Order
o € DomStruct = EnumDom u CompDom
Tt e Type =  DomName U DomStruct U
AnyType
DE € DomainEnv = DomName = 5, DomStruct
CE € CollectEnv =  DomName => g, Type
FE €  FuncEnv = FuncName => s, DomStruct
VE e VarEnv = (VarName U CurName) =>4, Type
FD e  FuncDefn =  FuncName =>g, TypeCorExpr
FA e  FuncAur = FuncName =g,
DomNameSet x
StrictOpt* x
CollectOpt* x
ColSet
SD e SemEgn =  ASNode =5,
TypeCorExbr

$, Z, Z and T denote distinguished semantic objects.
The domain ConName contains the following elements:

ConName = {integer, boolean, syntactic, label}
v {lifted, topped, powerset, list, store, cache}

v U {function®} © U {product®} o ({union®}
Pt 52 52

Each element in ConName has an arity k as follows:
Arity 0:
, integer, boolean, syntactic, label
Arity I:
lifted, topped, powerset, list
Arity 2:
store, cache

function®, product™ and union®™ denote domain constructor names of arity k.



The semantic domain TypeCorExpr is derived from expression using the following

modifications to the syntax description in Appendix 1:

constant = integer-literal
boolean-literal
string-literal

I

|

| nil
| bottom Type
I

I

top Type
bottom[] Type
unary-prefix-op = minus | not | head | tail | null
| unary-plus
UnarY'plus e ( +gg( Type ) I ( +s{°rg Type )
binary-infix-op = andforjinj<=|"|-||&

I (+Type)|(=Type)

expression i= constant
| varnable

| collect-expression
| fix-test-expression

collect-expression :=  collect-descriptor expression

fix-test-expression = fixtest FuncName TermTest
bounded Type expression

lambda-expression = lambda [ strict-descriptor ]
[ collect-descriptor |
identifier . expression




-

strict-descriptor u=  strict Type, Type,
collect-descriptor = collect ColDescr Type
expression-union = expression (@ Type) expression

fixed-point-expression fix function-name . expression

Since TypeCorExpr is identical to expression except for the above modifications, we will pro-
vide explicit coercion rules for only those inference rules that are affected by the above modifications.
When an element in expression is implicitly coerced in inference rules, it is assumed that any embed-
ded components of the element affected by the above modifications are coerced according to the explicit

coercion rules.

3.2. Pre-defined objects

All inferences in the system are made in the context of an initial environment that describes the pre-
defined objects.

The primitive domain names are mapped to domain constructors as follows:
DEjp = {integer +-» integer, boolean — boolean,

syntactic — syntactic, label — label}

For convenience, we use the same names to denote both the domain names as well as the corresponding

domain constructor names.

3.3. Domain declaration section

The domain declaration section is used to associate names with explicit domain definitions. The rules

in this section are used to infer a judgment of the form:
(J1). DEy }— domain-declaration-section=> DFE’
Rule 1.1:

DEg = DEy, {DEy |~ domain-declaration=> DE;};(

k
DEjn | {domain—declaration;;}; = DEg

The list of declarations is to be processed sequentially. Each declaration is processed in an environ-

ment that includes the declarations occurring before it.



(J2). DE }— domain-declaration=> DE’

Rule 2.1:

Cy, Cz, DE |— domain~definition=> 6,6 |— [ ordering-option ]= ¢’

k
DE |~ {domain-name}, =domain-definition [ ordering-option ]

= {domain-name; — o’}f /DE

The conditions C; and C, preclude multiple definitions:
C, = {domain-name; ¢ Dom DE}:‘
Cz2=Vi, j:1.k. i=]vdomain-name; # domain-name,

A domain name is not defined until the end of the definition and cannot be used inside the definition

recursively.
J3). 0 - [ ordering-option |=> ¢

The domain structure is updated to include the explicit ordering (if any) specified for the domain.
The option to specify the ordering through external functions [9] will not be formalized here.

Rule 3.1:
Ao - =0
Null ordering option.

Rule 3.2:

isEnumDom(s), 6 = (L, _), {{ |~ order—tuple = 0)1}:(

K
G |— ordered by {order—tuple;}f = inEnumDom(C, \_jox)
1

Explicit ordering can be specified for enumeration domains only.
Rule 3.3:

{string-literal; ¢}

€ |— <string-literaly,string—literal,>=> {(string-literal,, string-literal,)}

The ordering is specified as a list of tuples <a , b> where a and b are string literals specified in the
enumeration domain declaration. The tuple establishes the order a <b. It is sufficient to provide all the
"immediately less than" relations in the required ordering. The ordering through transitivity is implicitly

established. There are no checks made to verify that the ordering establishes a partial order in the domain.
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(J4). DE — domain-definition=> ¢
The domain structure is obtained from the definition.

PRIMITIVE DOMAINS:

Rule 4.1:
DE | boolean => inCompDom(boolean)
Rule 4.2;
DE }— integer = inCompDom(integer)
Rule 4.3:
DE | syntactic => inCompDom(syntactic)
Rule 4.4

DE | label => inCompDom(label)

ENUMERATION DOMAIN:

Rule 4.5:

[
DE {string»—literaldf => inEnumDom(,_j {string-literal}, {})
=1

The ordering is assumed to be flat unless the declaration has an explicit ordering specified.

LIFTED DOMAIN:

Rule 4.6:
domain—-name ¢ Dom DE
DE |— lifted domain—name = inCompDomf(lifted, domain-name)
TOPPED DOMAIN:
Rule 4.7:

domain—name € Dom DE
DE |- topped domain—name => inCompDom(topped, domain-name)
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PRODUCT DOMAIN:
Rule 4.8:
{domain-name, € Dom DE}lk
DE | domain-name;{ * domain-namej, =
inCompDom(product®, {domain—name,}f)
UNION DOMAIN:
Rule 4.9:
{domain-name; ¢ Dom DE}i‘
DE |— domain-name; { + domain-name]; =
inCompDom{union®, {domain~namei}f )
POWERSET DOMAIN:
Rule 4.10:

domain-name € Dom DE
DE |— powerset of domain-name => inCompDom(powerset, domain—-name)

LIST DOMAIN:
Rule 4.11:
domain--name € Dom DE
DE |- list of domain—-name => inCompDomflist, domain-name)
STORE DOMAIN:
Rule 4.12:

{domain-name; € Dom DE}I2

DE |— store domain—namey --> domain-namep =>
inCompDom(store, (domain-name,,domain-name,))

FUNCTION DOMAIN:

Rule 4.13:

DE {— function {domain—name,}f = inCompDom(function®, ({domain—name;}f ))

The editor/compiler must ensure that the domain names used in a function declaration are eventually
declared in the domain declaration section. The rules given above can be extended to include this require-

ment. However, for simplicity, we will leave it stated informally.
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3.4. Auxiliary functions

Auxiliary functions are used to abstract operations used in expressions. The rules in this section are

used to infer the following kind of judgment:
(J5). DE — aux—function~section=> (FE, FD)

Function names are mapped to function type descriptors in FE and to type checked expressions that
form the body of the functions in FD.

Rule 5.1:
FEo={}, {(DE, FE;4) |—aux—~function;=> (FE;, FD;)}:

k
DE |- {aux-functiom}f = (FEg, (UFD)
i=1

The list of auxiliary functions are processed sequentially.
(J6). (DE, FE) l—aux~function=> (FE’, FD)

Rule 6.1:

Cy, (DE, {}) I~ function-type-declaration=> (o, ¥ %%,

(DE, FE, ¥, x*, inDomStruct(c)) |— expression=> 1
(DE, FE) |~ function-name : function—type-declaration
is expression ;=> ({function-name} — o}/FE, {function-name — expression})

The condition C precludes re-definition of names.

C, = function-name ¢ (Dom DE u Dom FE)

The rules for function-type-declaration is in Section 3.6. The function type declaration pro-
vides the domain structure (functionality), the strictness descriptor and the collect option descriptor for the
function. The collect option cannot be used in an auxiliary function type declaration. This restriction is

enforced syntactically. The rules for expression are in Section 3.8.

The expression is processed to ensure that it is type compatible with the function type declaration.
The function name is not defined until the end of the expression. Recursive functions can be defined using

the fixed point expressions.

3.5. Semantic function declarations

The semantic function declaration section associates function names with syntactic objects and

declares their functionality. The judgment to be inferred is of the form:
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(J7). (DE, FE) }— semantic~func~decl—section=> (FA, FE’, CE)

FA maps function names to syntactic domain names, strictness description and collect information (if
the collect option is used). The function environment FE’ is FE augmented with the mapping between
semantic function names and their function type descriptors. CE maps the syntactic domain name to the
type of the collect domain.

Rule 7.1:

FEo=FE, CEy=CE,
{(DE, FE,, CEy1) |- semantic-func-decl;=> (FA, FE; CE)};

k
(DE, FE) |— {semantic~func»—decl|}r = (\IUFA, FEx, CEy)
=1

The semantic function declarations are processed sequentially.
(J8). (DE, FE, CE) }— semantic—func-decl = (FA, FE’, CE’)

Rule 8.1:
Cq, Cp, C3, DE |— [collect-~option]=> (D, 1),
(DE, D) }— function-type—declaration=> (g, ¥, x¥)
(DE, FE, CE) }— function-name [ [domain-name]] :
function-type—declaration [collect—option];=>
({function-name — ({domain-name}, y, x*, [collect-option])},
{function-name > o}/FE, {domain-name r>1})

C, = DE(domain—-name) = syntactic
C, = function—name ¢ (Dom DE U Dom FE)

C, = (domain-name ¢ Dom CE) v (DE |— CE(domain-name) ¢ t=> )

The condition C, ensures that the semantic function is associated with a syntactic domain. The condi-
tion C, precludes re-definition of the identifier used for the function name. The condition C, ensures that
collect options on multiple functions associated with the same syntactic object specify collection of values
from type compatible domains. The judgment for type compatibility used in C, is defined in Section 3.8.1.
The external option has been left out since the static semantics is not affected by its use.

J9). DE | [collect~option]=> (D, 1)

The collect option is processed to provide the domain name from which the value for collection is to

be obtained as well as the type of the value that will be collected.
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Rule 9.1:
DE I~ = ({}, inAnyType(T))
Rule 9.2:
DE }— selected-domain=> (D, )
DE }— selected-domain => (D, inDomName(3))
Rule 9.3

DE |- selected-domain=> (D, 8)
DE |— powerset of selected-domain = (D, InDomStruct(powerset, 8))

(J10). DE |— selected-domain=> (D, §)

Rule 10.1:

domain-name € DE
DE }— domain-name => ({domain-name}, domain—name)

Rule 10.2:

domain-name e DE, DE(domain-name) = (product®,8"), 1 < integer < k
DE |— domain-name * integer=> ({domain-name}, §linteger)

3.6. Function type declaration

The rules in this section are used to derive function descriptors from function type declarations. The

Judgment to be inferred is of the form:
(J11). (DE,D) }— function-type-declaration=> (o, y*, 1)

D is a singleton set containing a domain name from possible use of the collect option. If the collect

option was not used or the function type declaration was for an auxiliary function, then D is empty.
Rule 11.1:

Cy, Ca, { D |— [strict] domain-name; = (i, %}, »

D b~ domain-nameg. => (Wiksty Xket)

(DE, D) |— {[strict] domain—-name|}r --> domain-namey, =

(inCompDom(function(""“,{domain~~name|}it+1 ) {\m}iyrl , {un}f + )

C, = {domain-name, € Dom DE}f "

C, =3i:1.k+1. domain-name, e D

The condition C; ensures that the argument domains are defined. The condition C, ensures that the

the domain name in the collect option is the name of one of the argument domains (or the result domain).
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The editor/compiler must ensure that multiple occurrences of the same domain name are distinguished with
suitable suffixes [9]. We will not formalize this condition but assume that multiple occurrences have
already been distinguished.

(J12). D p— [strict] domain-name = (v, %)

This judgment is used to mark positions of arguments that are designated to be strict and/or specified
in the collect option.

Rule 12.1:

domain-name ¢ D
D | [strict] domain—name => ([Z], {})

Rule 12.2:

domain-name € D
D p— [strict] domain-name=> ([T], {E})

3.7. Semantic function definitions

Semantic functions are defined through a list of semantic equations. A semantic equation declares
the function for a single production in the syntax for the syntactic object with which the function is associ-

ated. The rules in this section are used to infer a judgment of the form:
(J13). (DE, FE, FA, CE) |— semantic—func-defn-section=> SD
Rule 13.1:
SDo = {}, {(DE, FE, FA, SD,_; CE) |— semantic-equation = SDj};

(DE, FE, FA, CE) |~ {semantic-equation}; = SDq

The semantic function definitions are processed sequentially.
(J14). (DE, FE, FA, SD, CE) |— semantic-equation=> SD’

Rule 14.1:

C,. C,, FA(function—name) = (D, y*, x*, C), DE |— production=> (%, D),
8 € D, VE={$ +> inDomName(8)}, v = inDomStruct(FE(function-name)),
(DE, FE, VE,CE, C, ', ¥*, ¥ 7) |— expression=p 1
((DE, FE, FA, SD) |- function-name [ [ {production )]] = expression;
=> {(8, =, function—-name) — expression}/SD

C, = function~name ¢ Dom FE

C, = (8, n, function-name) ¢ Dom SD




-15-

The condition C, ensures that the semantic function has been declared in the semantic function
declaration section. The condition C, ensures that there are no multiple definitions for the same production.
D’ contains the names of syntactic objects listed in the production. The expression that forms the body of

the semantic function can use only these syntactic object names.
(J15). DE | production=> (m, D)
Rule 15.1:
{syntactic-domain-name; € Dom DE}: ,

{DE(syntactic-domain-name;) = syntactic}f

k
DE | production—name {syntactic-domain-name}, =

k

(production—-name, {_j{syntactic-domain-namej})
1=1

3.8. Expressions

This section provides the rules for static type checking of expressions. The rules can be used to infer

a judgment of the form:
(J16). (DE, FE, VE, CE, F, C, D, v, %%, 1) }— expression = 7’

The rules ensure that the type of the expression 1 is equivalent to the expected type . 7 is determined
from the context in which the expression occurs. Name equivalence is used for all domains except function

domains. Structural equivalence is used for function domains. In addition, a cache domain is equivalent to

all store domains that are structurally equivalent to it.
The following coercion rules must be used for all expressions:

Coercion rule:

DE |~ t=> (function®, 8), Fi= (¢, (TT, B))
(DE, Fl, ---) b~ expression=> fixtest ¢ TT B iInDomName(8) expression

This rule is used when the expression is the body of a fixed-point expression after the As correspond-
ing to the arguments to the function have been stripped. The fixtest prefix is inserted so that during evalua-
tion the termination tests can be made before the expression is evaluated. We will assume that the body of a
fixed point expression is in a normal form where all the As corresponding to the arguments of the function
are to the left of the body.



-16-

Coercion rule:

DE |~ t=> (function"), §), y*l1=E
(DE, VE,CE, C, ¢*, - - - ) |~ expression=> collect C CE(VE($)) expression

This rule is used when the expression forms the body of a semantic function and its value is to be

collected.

If both coercion rules apply, then the collect coercion must be applied first.

3.8.1. Type equivalence

To formalize the type equivalence rules, we use the following variant form of a judgment:
UJ17). DEf—t1 o= 15

The rules ensure that if 1, and 1. are equivalent types, then 13 is equivalent to both t, and T2.

Rule 17.1:

DE |~ 8 < 8 = inDomName(8)

The domains are name equivalent.

Rule 17.2:

DE |— inDomName(DE(3,)) <> inDomName(DE(8,)) = T
DE6ieb=>1

Two domains are type equivalent if their structures are type equivalent. Rules are provided below for
structure equivalences of function and cache domains. As the structure equivalence of other domains are

not defined, the structural equivalence is used for only function and cache domains.

Rule 17.3:
DE | inDomStruct{(DE(8)) <> inDomStruct(c) = t
DEjf—-db6eo0o=>1
Rule 174:
DE }|— inDomName(8) <> inDomStruct(c) => 1
DEl—o0ced=>1
Rule 17.5:

o = {function!",§), DE }— inDomName(8) «> inDomName(8') =
DEfSeoo=1

Constant function domains are compatible with their range domains.
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Rule 17.6:

T2 T
DE }— inAnyType(l') ¢»Tt=> 7t

Rule 17.7:

T2
DE |— t & inAnyType(I') => 1

" is used to denote a type that is compatible with any type. However, as all expressions in the
language must be statically typed with unique types, the above rules specify that I" is compatible with all
types except itself. Hence in type compatibility checks at least one of the types must always be uniquely

determined.
Rule 17.8:

{o= (\‘um:tion“",iix")},2 , 8% =38}
DE }— oy & 0z = inDomStruct(c1)

Function domains are equivalent if their functionalities are the same.

Rule 17.9:

o1 = (cache,8?), o, = (store,3), 87 = 83
DE | 04 ¢ 05 = inDomStruct(c,)

Rule 17.10:

o2 = (cache,83), oy = (store,57), 82 = 62
DE | o1 ¢ 02 = inDomStruct(cy)

A cache domain is equivalent to any store domain with the same structure.
The following auxiliary judgments are used in type rules for expressions.
(JI18). DE f— 1y e 1o=> 13

The rules ensure that if T is a domain obtained by using lifted and topped domain constructors (zero
Or more times) on 1y, then v is equivalent to the domain 1.

Rule 18.1:

DE - 1y e To=> _
DE - 1y & To=> T4
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Rule 18.2:
DE |~ inDomStruct(DE(8)) < inDomStruct(DE(8;)) = _
DE |~ 8; « 8, => inDomName(d)
Rule 18.3:
DE |— inDomStruct{DE()) «- inDomStruct(c) = _
DE |— 8 « o => inDomName(d)
Rule 18.4:
DE |— inDomStruct(c) « inDomStruct(DE(8)) = __
DE |— ¢ « 8 => inDomStruct(c)
Rule 18.5:
o1 = (lifted,d), DE — inDomName(8) < inDomStruct(cz) = _
DE |— o4 ¢» 02 => inDomStruct(c)
Rule 18.6:

o4 = (topped,$), DE |— inDomName(8) ¢ inDomStruct(co) => _

DE |~ 04 & 02=> inDomStruct(cy)

J19). DEp~t=> 0o
o is the domain structure of 1.

Rule 19.1:
DE}l-o=o0
Rule 19.2:

8 e Dom DE, DE(d) =0
DE|—-6=>0

3.8.2. Constants

Rule 16.3:

DE |— t & inCompDom(integer) = v
(DE, 1, ) |— integer-literal = 7

Rule 16.4:

DE |— 1 & inCompDom(boolean) = 1’
(DE, T, --*) }— boolean~literal= T




Rule 16.5:

Rule 16.6:

Rule 16.7:

Coercion rule:

Rule 16.8:

Coercion rule:

Rule 16.9:

Coercion rule:
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DE |— 1 => o, isEnumDom(c), string-literal € StrSet of &

(DE,t, -+-) }— string-literal=> 1

DE |~ t= o, isCompDom(c), ConName of ¢ = list
(DE, T, -+ ) }—nil=> 1

Tl
{t, -+ ) p~ bottom => 1

(t, - -+ ) | bottom => bottom T

T
(t, -~*) - top=>1

(t, ) —top=>top~<

|— 1 « (powerset, §)
(v, -+ ) — bottom[]=> =

(***) | bottom[] = bottom inDomName(5)

bottom and top must occur in only those contexts in which the expected type can be uniquely deter-

mined.

3.8.3. Variables

Rule 16.10:

$ € Dom VE, DE |— VE($) & t=> 7
(DE,VE,1, -} |~ 85=> T

As § is defined in VE for only semantic function definitions (Rule 14.1), this rule ensures that $ is

used in expressions that define semantic functions.
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Rule 16.11:

identifier ¢ Dom VE, DE |— VE(identifier) ¢» t=> v
(DE, VE, 1, ) }— identifier= 1

Rule 16.12:

identifier € Dom FE, DE |— FE(identifier) & t=> v, y*={J* x*={}*
(DE, FE, v, xk, 1, ') }— identifier= 1

Named functions can appear in only those contexts in which a function with no strict and/or collect
options specified is expected. Named functions can be used in other contexts by introducing lambda bind-

ings surrounding them.

Rule 16.13:

syntactic-domain—name € D, DE }— inCompDom(syntactic) &> 1= 7
(DE,D,t, ---) b~ [[ syntactic—domain—name ]]=> 1

Rule 16.14:

function~name ¢ Dom FE, syntactic-domain-name € D,
syntactic-domain—name € DomNameSet of FA{function—name),
DE |— FE(function—name) < t=> ¥, w* = {J¥, x* = {}*
(DE, FE, D, ¥, ¥, 1, - -+ ) }— function-name[ [syntactic-domain-name] ]
= T

3.8.4. Primitive expressions
SET CONSTRUCTION:

Rule 16.15:
DE |— 1=> (powerset,d),
{(DE, inDomName(d), - - - ) |— expression=> T, T # I‘}f

(DE, T, -+ ) }— {{expression;}f 1=

Set construction can only occur in places where the type can be inferred from the context as a power-
set domain (possibly through explicit type casting). The type of each expression in the set construction
must be uniquely determinable and must be compatible with the base domain of the expected powerset

domain.
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PRODUCT CONSTRUCTION:

Rule 16.16:
DE |— t= (producti™,§"),
{(DE, inDomName(8"Li), - - - ) }— expression = T, T # r'}f

(DE, z, ---) ({expressiom}f )=

The product construction can only occur in places where the type can be inferred from the context as
a product domain. The type of each expression in the product construction must be uniquely determinable

and must be compatible with the corresponding component domain of the expected product domain.
UNARY PREFIX OPERATIONS:

Rule 16.17:
(DE, inAnyType(T), - - - ) |— expression=> T,
DE | 1, ¢« inCompDom(integer) => 13, DE |— 1) &3 13=> <
(DE, 14, - * ) — minus expression=> 1

Rule 16.18:
(DE, inAnyType(I'), - - ) — expression=> T,
DE }— 12 « inCompDom(boolean) => 13, DE |~ 1y &> ta=> T
(DE, 1y, - -+ ) - not expression=> 1T

Rule 16.19:
(DE, inAnyType(T), - - - ) |- expression=> 1y,
DE |~ 12 = (list,8), DE {— 1y & inDomName(8) = 1
(DE, 1y, --*) |— head expression=> 1

Rule 16.20:

(DE, %y, - -*) | expression=> 15, DE |~ = (list,_)
(DE, 1y, -+ +) | tail expression=> 1

Rule 16.21:
(DE, inAnyType(T'), - - ) }— expression=> 15, DE |— 1, => (list,_),
DE }— 1y ¢ inCompDom{boolean) = t,
(DE, 14, - - - ) }— null expression=> 1,

Rule 16.22:

(DE, inAnyType(T'), - -+ ) }— expression=> Ty,
DE }— t,=> (powerset,d), DE |— 1; ¢ inDomName(8) => 1
(DE, 1y, - -*) |~ + expression=> 1
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Coercion rule:

(DE,t, ***) I~ + expression=> (4T ) expression

Rule 16.23:
(DE, inAnyType(I'), - -+ ) }— expression=> Tp,
DE |- 1= (store, (_, 8,)), DE |— 1y ¢ inDomName(8,) = 1
(DE, 1y, -**) 4+ expression=>1

Coercion rule:

(DE, 1, --+) |— + expression=> (+gore T) expression

BINARY INFIX OPERATIONS:

Rule 16.24:
(DE, inAnyType(T'), - -+ ) |— expression=> T, DE }— 13 => (product®,s"),
DE |- 1y ¢ inDomName(8*linteger-literal) = t

{DE, 14, - --) |— expression * integer-literal=>1
Rule 16.25:
(DE, inAnyType(T'), -+ ) |— expression=> Tp, DE }— 15 => (union®,5),
3i. 8li = domain-name, DE }— 1, < inCompDom(boolean) = 1
(DE, 14, -+ ) |— expression is domain-name=> T
Rule 16.26:

{(DE, inAnyType(T'), - -+ ) }— expression=> 'tl}lz, DE |— 11 ¢3 1o => 13,
DE |~ 3 ¢ inCompDom(boolean) = 14, DE I— 1, & 1= 15
(DE, 7, --+) |~ expression; and expressiony=> Ts

Rule 16.27:

2
{(DE, inAnyType(I'), * -+ ) — expression = , DE -1 &= 1,
DE |— 13 ¢ inCompDom(boolean) => 14, DE |— 1, & 1= 15
(DE, 7, - -+ ) |- expression; or expressions=> Ts

Rule 16.28:

{(DE, inAnyType(T'), - - -) }— expression;=> 1:1}12 , DE |— 2= (powerset,5),

DE |— 11 & inDomName(8) = _, DE }— t & inCompDom(boolean) = 14
(DE, T, - --) |~ expression; in expressiony=> T4
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Rule 16.29:

{(DE, inAnyType(I’), * -+ ) }— expression=> 't|}12, DE - 11 & 1= 13,
DE |— 13=> (powerset,_), DE |— 1 < InCompDom(boolean) => 14

(DE, T, - -+ ) |- expressiony <= expressiony=> T4
Rule 16.30:
{(DE, 1, -+ ) |— expression;=> ’r[}lz, DE - 1y & o= T3,
DE |~ 13=> 6, ConName of o # function®
(DE,1, - - ) |— expression; + expression; = T3

The join over function expressions is defined in Rule 16.5.

Coercion rule:

(DE, 1, - -*) | expression; + expression; =

expressiong (+ 1) expressiony

Rule 16.31:

{(DE, 1, -+*) | expression = 11}12, DEF 1 1h= 1, DE 1= 0,

ConName of ¢ = powerset
(DE,t, ---) |— expression; * expression,=> Ty

Rule 16.32:

{(DE,t, --*) |— expression;=> 1,}12, DE }— 1y ¢+313= T3, DE }— 13= o,

ConName of ¢ = powerset
(DE, 7, '+ *) |~ expression — expressiony = Tg

Rule 16.33:
(DE, inAnyType(T'), - - ) - expression;=> 1y,
(DE, 1) }— expressions=> 1,
DE |~ 1= (list,8), DE |~ 1y ¢» inDomName(8) = 1,
(DE,1, ' -+ ) }— expression, :: expressiony; => T,
Rule 16.34:

{(DE,t, -+ -) |~ expression = 'r|}12, DE |- 11 © 1= 13, DE I~ 13=> o,

ConName of ¢ = list
(DE, 1, -+ ) |I— expression; & expressions=> T3
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Rule 16.35:

{(DE, inAnyType(T'), -+ - ) }— expression=> ’r|}12, DE — 1, & 1= T3,
DE | 13 = o, ConName of ¢ # function,

DE |— 1 ¢ inCompDom(boalean) = 1,
(DE, t, -+ -) }— expressiony= expressiony=> Ty

The equality operator is not defined for function and syntactic domains.

Coercion rule:

(‘) | expression; = expressiony; = expression; (=13 ) expressiony
BINARY PREFIX OPERATIONS:
Rule 16.36:
{(DE, 1, ---) |— expression;= 'ti}lz, DE |— 1y ¢ Ta = 13,
DE |— 13 « inCompDom(integer) = 1,
(DE, 1, - -) | add expression; expressiony=> T4
Rule 16.37:
{DE,t, --+) |~ expression = Tl}lz, DE — 11 e Ta=> T3,
DE |~ t3 « InCompDom(integer) = 1,
(DE, 1, - ) }— sub expression, expressiony=> 14
Rule 16.38:
{(DE, 1, ---) | expressioni=> T‘}lz, DE |— 11 & 2= T3,
DE {— 13 & inCompDom{integer) = 14
(DE,t, - - ) }— mult expression; expressiony=> T,
Rule 16.39:
{(DE, 1, ---) |— expression=> 'r|}12, DE 11 & Ta=> T3,
DE -~ 13 « inCompDom(integer) => 14
{DE, 1, - -+ ) |— div expression; expressiong = T4
UNARY POSTFIX OPERATIONS:
Rule 16.40:

(DE, inAnyType(I'), ++-) |~ variable = T4,
DE |— 1y ¢ inCompDom(syntactic) = _,
DE }— 1 ¢ inCompDom(label) => 15
(DE, T, -~ ) I~ variable’label = 13
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Rule 16.41:

$ € Dom VE, VE($) =1y, 71 € Dom CE, CE(1)) =1, DE — Tt 1= 13
(DE, VE,CE, 1, - -+ ) |~ $’cache=> 13

Rule 16.42:
identifier e Dom VE, VE(identifier) = t;, T, € Dom CE,
CE(t) =1, DE-Tteo = 15
(DE, VE, CE, 7, -+ ) }— identifier'cache => 13
Rule 16.43:

syntactic-domain-name e D, syntactic-domain-name € Dom CE,
CE(syntactic—-domain-name) =15, DE |~ T ¢» To=> T3
(DE,CE,D, 1, - ') }— [syntactic~domain-name]'cache = T,

MIXFIX OPERATIONS:

Rule 16.44:
(DE, inAnyType(T), + - ) b~ expressions = 1y, DE |— 11 => (store,(34, 8,)),
(DE, inDomName(8,)) |— expressiong=> _, DE }— T ¢ inDomName(8,) = 13
(DE, T, ---) |— expression; [ expressiona]=> 13

Rule 16.45:
(DE, t, -+ -) I~ expression; = 1y, DE | t; = (store,(8;, _)),
(DE, inDomName(8), * - - ) |— expressiong=> _,
(DE, inDomName(85), * -+ ) }— expression, => T
(DE, T, --+) |~ expression; [ expressiong/expressions = 1,
Rule 16.46:

(DE, 1, - -) }— expression;=> 1y, DE |— 1, => (store,(8,, &)),
(DE, inAnyType(T'), - - -} |— expressions = 1, DE |— 1 = (powerset,8s),
VE’ = {identifier — inDomName(83)}/VE,
(DE, VE" inDomName(81), - - - ) |— expressions=> _,
(DE, VE’, mDomName(8;), * ++ ) }— expressiong=> _
(DE, VE, 1, **-) |— expression, [ foreach identifier in expressiony do

expressiong/expressiong]= Ty
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3.8.5. Lambda expression

Rule 16.47:
DE |— t=> (function®, (5,, - - - , ), k 2 2, VE’ = {identifier - inDomName(5,)}/VE,
Fl - identifier=> FI, ¥ = InCompDom(function®", (85, - - -, &))

(DE, VE', FI, (w2, - - -, w*k), (x42, - -+, x"4k), ¥, - *) |— expression=> 1
(DE, VE, Fl, %, x* 1, ---) |— lambda identifier . expression=>1

A lambda expression must occur in only those places where the type can be inferred from context.
The expected type must be a function. Fl is used to gather lambda variable names for possible use in a

fixed-point termination test inside the expression.

Coercion rule:

it =3, [x"1 =E], T= inDomName(8,)
(+-+) b~ lambda identifier . expression=>
lambda strict T T [collect C CE(VE($))] identifier . expression

(J20). Fl |~ identifier=> FI'

Rule 20.1:

(Fl={) v (FI=(_, (0T, ) A ~isArgTes(T))
Fl ~ identifier=> Fi

The lambda expression is not part of a fixed point expression or the termination is not on argument

values. There is no need to collect the lambda variable.

Rule 20.2:

Fl= (0, (TT, B)), isArgTest(T))
Fl I~ identifier=> (¢, (inArgTest(TT U {identifier}), B)

3.8.6. Function application

Rule 16.3:
(DE, inAnyType(I), - - - ) |~ expression;= 14,
DE |— ;= (function™, (&;, - -+, &)), k=2,
(DE, inDomName(8,), - - ) |— expressiony=> _,
DE }— 1 & inCompDom(function®", (85, - - -, &)) = 13
(DE, 1, -+ ) |— expression; expressiony=> 13

Function is curried once.
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3.8.7. Expression composition

Rule 16.4:
{(DE, inAnyType(I'), +- ) }— expression = 'r|}12,
DE |— 1, = (function®, (8;, - - -, &)), DE }— 12 => (function™,(&’y, - - -, &%),
k=2, n22 DE }— 1 ¢ inCompDom(function®™", (85, - - -, &) = 14,
DE |— inDomName(8,) «> inDomStruct{(function®™", (&5, -+ -, &) => _
(DE,t, *--) }— expression,.expressions=> T4

Both expressions must evaluate to functions. The type of the value returned by a single application of

the second expression must be equivalent to the type of the first argument of the first function.

3.8.8. Expression union

Rule 16.5:
{(DE, 1, -+ *) |~ expression;=> T|}12,DE = Ty 3 T => T,
DE |— 13 => (function®, _)
(DE, 1, -+ - ) |~ expression; + expressionp = T3
Coercion rule:
DE |— t=> (function®, (8, - - -, &)}
v = inCompDom(function®", (35, - - -, &))
(DE, 1, --*) |~ expression; + expressiong =>

expression (® 1 ) expression;

3.8.9. Conditional expression

Rule 16.6:
(DE, inCompDom(boolean), -+ ) — expression;=> _,

{(DE, <, -+ -) }— expression = 't;}:, DEFnen>my

(DE, t, - -+ ) }— expressiong --> expression;, expressiong=> T4

3.8.10. Fixed point expression

Rule 16.7:
T#I, |- termination-option function-name = Fl,
(DE, {function-name — T/VE,Fl, 1, ---) |— expression=> 14
(DE, VE, 1, ') }— fix terminat ion—opt ion function-name .

expression = Ty
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We will assume that the expression corresponding to the body of the fixed point expression is in a
normal form where all the As corresponding to the functionality of the expression must be grouped at the
beginning of the expression. We will not provide rules to transform expression to this form. The

editor/compiler must either enforce this convention or perform required transformations.

Coercion rule:

(‘') b fixterminat ion-option function-name . expression=>
fix function—-name . expression

A fixed point termination test will be inserted in the expression after all the lambda bindings (See
coercion rule at the beginning of Section 3.8). The termination information is captured in Fl. Hence the ter-
mination option is no longer required in the coerced expression. For example, the expression

fix argument f . L X. A y.expr
will be coerced to

fixf.AX. Ay. fixtest - - - expr
(J21). |- termination-option function-name => FI

Rule 21.1:

|~ function-name = {}

No termination criterion specified.

Rule 21.2:

}— bound-option=> B
| bound-option function-name => (function~name, ({}, B))

Only bounded termination specified.

Rule 21.3:

j— test-option=> TT
j— test-option function—name => (function-name, (TT, 1))

Only argument or cache fixed point specified.

Rule 21.4:

|— test—option=> TT, |- bound~option=> B
|— test—option bound-option function-name => (function-name, (TT, B))

Both bounded termination as well as argument or cache fixed point specified.
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(J22). }— bound-option=> B

Rule 22.1:

}— bounded ( integer—literal ) = integer-literal

(J23). | test—option=> TT
Rule 23.1:

|— argument => isArgTest({})

Rule 23.2:

|~ cache => isCacheTest{{D})

3.8.11. Let expression

Rule 16.3:
(DE, FE, VE, CE, D) |- {let-clausej}, = VE,
(DE, FE, VE',CE, D, - --) |— expression=> 14
(DE, FE, VE,CE, D, --+) | let {let——clausa}f In expression=> T4

The expression is processed in the environment VE’ created by the processing of the let clauses.
Rule 16.4:
VE, = VE, {{DE, FE, VE4, CE, D) |— let—clause => VE.}f

(DE, FE, VE, CE, D) |— {let-clause}, = VEi

The let clauses are processed sequentially. Each let clause is processed in an environment created by

any previous let clauses.
(J24). (DE, FE, VE, CE, D) |— let~clause = VF’

Rule 24.1:

(DE, FE, VE, CE, D, inAnyType(T')) |— expression=> 1
(DE, FE, VE, CE, D) |— identifier = expression=> {identifier —» t}/VE

The identifier is not defined until the end of the expression and cannot be used recursively in the

expression. The identifier masks any previous bindings of the same identifier.
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3.8.12. Typecast expression

Rule 16.2:

domain-name € Dom DE, DE |— inDomName(domain—name) & t=> 14,
(DE, Ty, -+ *) |— expression=> Tz
(DE, 1, - - ) |~ domain—name expression= Tp

The type of the expression is either the same as the specified domain name (redundant typecasting)

or the type casting can be done statically. Hence the expression is coerced as follows:

Coercion rule:

(+*+) — domain-name expression=> expression

Rule 16.3:
domain—-name € Dom DE, DE |— inDomName(domain-name) & t=> 7,
(DE, inAnyType(I'), - - ) b~ expression=> 15, DE |— 11 & Ta=> 13
(DE, T, - -+ ) }— domain—name expression=> T3

The expression is coerced to a lifted or topped domain. Again this is a static typecasting and the fol-

lowing type coercion is used:

Coercion rule:

(*+*) b~ domain-name expression=> expression

Rule 16.4:
domain-name ¢ Dom DE, DE }— inDomName(domain—-name) < T=> 1y,
DE |— ;= (union®,3),

(DE, inAnyType(T), - -+ ) |— expression=> &, Ji:l.k. 8li=$
(DE, T, - ) }— domain-name expression=> T

The expression is injected into a union domain. As the values from a union domain will be

represented by tagged elements in the dynamic semantics, the following coercion rule is used:

Coercion rule:

(+++) |~ domain-name expression=> & expression
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3.8.13. Parenthesized expression

Rule 16.5:

(DE,t, ) |— expression=> T,

(DE, t, - ) |~ (expression)= T4
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4. Dynamic Semantics
A "program” in SPARE is assumed to have the following syntax:

program ::= specification;
Interpret (nonterminal, instance,

function~name)

nonterminal and function-name are identifiers while instance is an integer. The collection of
rules that constitute the dynamic semantics allows the derivation of a judgment of the form

AST |- program=> v

as a theorem for all "valid programs”. AST is a semantic object that denotes an abstract syntax tree for a
program in the language for which the specifications are written. v is a semantic object that denotes the
information obtained by performing the analysis on the program represented by the abstract syntax tree.

These semantic objects are defined in the next section.

4.1. Semantic Domains

Several domains defined in Section 3.1 are used here and will not be redefined:

Int Integers
Bool Booleans
v € Instance Integers
Nodelnst =  NonVar x Instance
FX e FixInst = (Nodelnst U (}) x FuncName
M e InstMap = NonVar =g, Instance
AST e ASTree =  Nodelnst=> g,
ProdVar x InstMap
v € Value =  IntUBoolu Stru{L, T}xTypeuw

SetValue U TupleValue U UnionValue U
StoreValue \ Nodelnst
FuncComp w FuncUnion U
LambClosure U StrLambClosure
SetValue =  Py(Value)
TupleValue = Y Value® U nil
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UnionValue =  DomName x Value
StoreValue = Value =4, Value
FuncComp =  Value x Value
FuncUnion = Value x Value x Type
LambClosure = TypeCorExpr x VarName x VarStore x
InstMap x CollectInfo
StrLambClosure =  TypeCorExpr x VarName x VarStore
x InstMap
x Type x Type x CollectInfo
Cl e Collectinfo = (ColDescr x Type) w {}
VS € VarStore = (VarName U FuncName) = g, Value
AS ¢  ArgStore =  VarName =g, Value
CS e CacheStore = Nodelnst =, Value
FS e  FixStore = Fixlnst =>4,

(ArgStore L Nodelnst) x Bound

nil denotes the tuple with zero elements.

4.2, Standard operators

Most of the primitive operations in the SPARE language correspond to the standard operators com-
monly used in domain theory [8]. The following standard operators are assumed to have the usual

definitions:

Integer operators:

- (unary and binary), +, X, /

Boolean operators:

Ay V, ™
Set operators:
€, U N
List operators:
hd, tl, null, cons, append
Product operator:
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Lifted, topped and union domain inherit operations from their base/component domains. The follow-

ing rules define the standard operators mentioned above on such domains. The inherited operations are also

strict in lifted domains. The rules to ensure strictness are trivial and will not be provided here.

unary prefix operators
Rule 24.6:
v=(§, V), —-V=>wv
I‘— -V = (81 V1)
Rule 24.7:
islnt(v)
= — v = inlnt(-v)
Rule 24.8:
v=(5,V), I~ =V = v
=~ v=> vy
Rule 24.9:
isBool(v)
b~ -1 v=> inBool(—v)
Rule 24.10:
v=(§ V), - hdv = v
- hdv=> v,
Rule 24.11:
isTupleValue(v), v # nil
b~ hd v = inTupleValue(hd v)
Rule 24.12:
v=(5, V), —tIv= v
= thv= (8, vy)
Rule 24.13:
isTupleValue(v)
}— tl v=> inTupleValue(tl v)
Rule 24.14:

v=(5, V), I nullv = v,
B nullv=> v,
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Rule 24.15:;
isTupleValue(v)
t— null v= inBool(null v)
binary infix operators
Rule 24.16:
v=(3, V), - vii= v
—vii= v,
Rule 24.17:
isTupleValue(v)
b— vdi=> inTupleValue(vli)
Rule 24.18:
v=(3, V), - VvVis&=> v
- visd= vy
Rule 24.19:
v=(8,V)
}— vis 8 = inBool{d, = b)
Rule 24.20:
2
Vi=@ V)l = v Aavd = vg
F=viAave=> vy
Rule 24.21:
2
{isBool(v)};
b= Vi A Vo => inBool(vy A vy)
Rule 24.22:;
2
{Vi = (6| vi’)}l ' ['_ V1’ v Vg’ = V3
= vivva=> vy
Rule 24.23:

{isBool(w);

b= vy v vo = inBool(vy v vy)




Rule 24.24:

Rule 24.25:

Rule 24.26:

Rule 24.27:

Rule 24.28:

Rule 24.29:

Rule 24.30:

Rule 24.31:

Rule 24.32:
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Vo= (8, Vo), = vi € vi' = v
b= Vi€ va=> vy

isSetValue(vy)
= vie vo=> inBOOI(V1 € V2)

2 ’ ’
vi=@ v}, vicvy=vs

Fvicva=>vs

{isSetValue(v)}

= vy € va = InBool(vy € va)

2 ,
=@ vl Fviuv)=v,

- viuva=> (3, vs)

{isSetValue(v)}.

= vy U Vo => inSetValue(vy U va)

2 ’
vi=@. v, v v = vy

= vinva=> (3, va)

{isSetValue(v)}

= vi N vo=> inSetValue(vy N v,)

2
V=@ V), v’ = v = vs

= vi—va=> (5, va)




Rule 24.33;

Rule 24.34:

Rule 24.35:

Rule 24.36:

Rule 24.37:

Rule 24.38:

Rule 24.39:

Rule 24.40:

Rule 24.41:
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{isSetValue(v)}

= vi = vo=> inSetValue(v, — vy)

{istna(v))
b= vi—va=> inlnt(vy — vo)

Vo= (8, vo'), b~ Cons(vy, vo') => v,
- Cons(vy, v) = (8,v3)

isTupleValue(v,)
|— Cons(vy, v2) = inTupleValue(Cons(vy, va))

tvi= (5, v)}., — Append(vy, v7) = v
= Append(vy, vo) = (8,v3)

{isTupleValue(v))}.

- Append(vy, vz) => inTupleValue(Append(v,, vy))

2 r
{V] = (Bv vll)}l ' }_ V1’ +Va = Va3

b= vi+ v = (§,v3)

{istnt(v)};
b= vi+va=> infnt(vy + vy)

2
=@ vl = v xve=> vy

b= vi x va=> (3,v3)
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Rule 24.42:

2

{islnr(vi)}

b vy X Vo= inlnt(vy X v3)
Rule 24.43:
2
{V| = (81 Vl’)}l ' |—_ V1, / Vg’ = V3
= vi/va= (8,v3)

Rule 24.44:

{istu(v))
b= vy /vo=> inlnt(vy / va)

4.3. Overloaded operators

The standard operators join (V), equal (=), bottom (Bottom) and top (Top) are defined with respect to
the partial ordering specified on the domains. The ordering is either implicitly induced by domain construc-
tors or explicitly defined in the specifications. The rules below constitute the definition of these operators
for domains in which the ordering is not specified through the external option [9]. When the external
option is used, external functions must be provided for these operations and the compiler/editor must
ensure that these functions are used at the appropriate places. We will not formalize the use of the external
option.

EQUAL OPERATOR
(J25). DE | vi= v,
Rule 25.1:

Vy=Vo

DE I'— Vi = V2

Identical denotations denote the same value.

Rule 25.2:

DE }— Bottom,=> v, DE }— v =;vs, DE |— v = v
DE = vi=wva

Both denote 1.
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Rule 25.3:

DE |— Top;= v, DE |~ v=,v,, DE }— v = v,
DE |- vi=v;

Both denote T.

Rule 25.4:

DE }— 1= (lifted, 8), T = inDomName(5), DE |— v, =¢ v»
DE |— vy = vz

Values from a lifted domain are equal if they are equal in the base domain.

Rule 25.5:
DE }— t=> (topped, 3), T = inDomName(3), DE |— vy =¢ V2
DE {— vy = v

Values from a topped domain are equal if they are equal in the base domain.

Rule 25.6:
DE }— t=> (product™, 5%,
Vi1 .. k. ti = inDomName(8*1i), DE }— vydi=y vodi
DE b= vy = vz

Values from a product domain are equal if each of the corresponding components are equal.

Rule 25.7:
DE }— 1= (list, 8), T = inDomName(3),
DE |— hd vy =¢ hd v5, DE |— tl vy =p tl v
DE }"" Vi =¢ Vo

Values from a list domain are equal if each of the corresponding elements of the list are equal.

Rule 25.8:
DE |— t= (store, (_, 3)), Dom vy = Dom v,,
Vv € Dom v;.DE }— v;(V) =5 va(V)
DE |~ vi= v,

Values from a store domain are equal if they are identical mappings.
Rule 25.9:

DE |~ t=> (union®, _), {DomName of vi= &}’

T = inDomName(8'), DE |— Value of vy = Value of v,
DE f— vi= v,




Values from a union domain are equal if they are from the same component domain and equal in that

domain.

Rule 25.10:
DE I'— T = (pOWSfSGt, 8), V\—H € V1.3\-’2 € V2.DE f""’ (’1 =g \-/2,
V{’z € V2.3\'r’1 € V1.DE b 61 =5 \—'2
DE |— vy = vz

Values from a powerset domain are equal if they have the same elements.
JOIN OPERATOR
(J26). DE l— Vi Vt Vo = V3

Rule 26.1:

DE | vy = vy
DE '— Vi Vr‘Vg» Vi

Join between same values.

Rule 26.2:
DE }— Bottom, = v, DE }— v; = v
DE vV, vo=> v,
Rule 26.3:
DE |— Bottom, => v, DE }— vo =V
DE - vq VTV2=> Vi
Join with L.
Rule 26.4:
DE |- Top,= v, DE |— vy =V
DE - v¢ V1V2=> V4
Rule 26.5:

DE |— Top,= v, DE |— vo = v
DE I‘—‘ Vi V1;V2=> Va

Join with T.
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Rule 26.6:

DE | t=> (lifted, ), DE }— v{ Vsva=> v
DE vy Vivo=> v

Join in a lifted domain.

Rule 26.7:
DE |— t= (topped, 8), DE |— vy Vsvo = v
DEp vy Vivo= v
Join in a topped domain.
Rule 26.8:

DE }— t=> (product®, 8%), T = inDomName(5*Li),
{DE — viliVovpli= v’l}f
DE |— vq V. vy => inTupleValue(v'y, - - -, V')

Join in a product domain.

Rule 26.9:

DE p— 1= (union®, ), {DomName of v, = 8’}12,

DE }— Value of v{ Vg Value of vo = V'
DE |— vy V. vo=> inUnionValue(, v')

Join in a union domain.

Rule 26.10:

DE |— t=> (powerset, )
DE |— vy V. vo= InSaValue(vy W vy)

Join in a powerset domain.

Rule 26.11:

DE —1t= (“St, 5), v=hd viVsvo,V = tl viV.vo
DE |— v; V. vo=> inTupleValue(Cons(v, v'}))

Join in a list domain.

Rule 26.12:
DE |- t=> (store, (_, §)),
v={V1 - Vo ] (Vi € (Dom vy —Dom v) A Vi =vy(Vy)) v
(V1 € (Dom vy — Dom vq) A Vo = vo(V')) v
(V'1 € (Dom vy U Dom v,) A DE |— v(V'y) V5 va(v'y) = V'3}

DE |— vy V. v, => inStoreValue(v)
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Join in a store domain. The join of two store domains A and B is a pointwise join of the two maps A/B
and B/A.

Rule 26.13:

DE-1= (L) V={ve (| (§ @) F-visva(§ o) - vasv
VeV.WeV. (o) V=V
DE | vy Vo vo = inStr(V))

Join in an enumeration domain with ordering specified by o.
Ordering relation for enumeration domains:

(J27). G @) F=vi<ve

Rule 27.1:
Vi =Vp
({_',, (0) l'—' Vi SV
The ordering is reflexive.
Rule 27.2:
(vivo)e ©
(C, (l)) I"—‘ Vi < Va2

The ordering is specified explicitly as a tuple.
Rule 27.3:

Vel o)l visva (G o) -v<v,
(g.(l))l'—'V1SV2

The ordering is transitive.
BOTTOM OPERATOR:
(J28). DE — Bottom ;= v

Rule 28.1:

DE p— t=> (lifted, )
DE }— Bottom .= (L, 1)

1 of a lifted domain.
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Rule 28.2:

DE + t=> (topped, 8), DE |— Bottom 5=> v
DE |— Bottom ;= v

L1 of a topped domain,

Rule 28.3:
DE }— = (product®, &), {xi = inDomName(3Li), DE |— Bottom = v\

DE |— Bottom . => inTupleValue({vi; )

1 of a product domain.

Rule 28.4:

DE |— = (powerset, )
DE |— Bottom ;=> inSetValue({})

L of a powerset domain.

Rule 28.5:

DE |— 1=> (store, )
DE |— Bottom , = inStoreValue({})

1L of a store domain.

Rule 28.6:

DE - 1= (§, @),3ve & Vve (o) - vsV
DE |— Bottom, => inStr(v)

L of an enumeration domain.
TOP OPERATOR:
(J29). DE |— Top,= v

Rule 29.1:

DE }— t=> (iifted, 8), DE |— Top s=> v
DE |- Top.=v

T of a lifted domain.

Rule 29.2:

DE |— t=> (topped, _)
DE | Top .= (T,71)
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T of a topped domain.

Rule 29.3:
DE }— 1= (product®, 8), {ti = inDomName(8Li), DE |— Topy=> v},

DE |~ Top . = inTupleValue({vi}; )

T of a product domain.

Rule 29.4:

DEj—t=> ({ o), IveLVWe L({ o) VsV
DE |— Top,=> inStr(v)

T of an enumeration domain.

4.4. Meaning of a SPARE “program”
The meaning of a SPARE "program” is obtained by deriving the following judgment:
(J30). AST |— program=> v

Rule 30.1:
DE; ;4 }—- specification=> (8D, FD), AST(nonterminal,instance) = (x, IM, SD),
VS8 ={$ +» inNodelnst(nonterminal, instance)},

(VS, IM, 8D, FD, AST) |— SD(nonterminal, =, function-name) => v
(DEj, AST) |~ specification;

Interpret(nonterminal,instance,function—name)=> v

A SPARE "program" consists of a specification and a call to the pre-defined function Interpret
[9]. The "program" is executed(or interpreted) in the context of an abstract syntax tree for a program in the
target language (i.e. the language in which the programs to be analyzed are written). The specification is
first "evaluated" using the static semantic rules. The dynamic semantics provides the rules necessary to

evaluate the expression which defines the analysis on the program represented by the abstract syntax tree.

4.5. Meaning of expressions
(J31). (CS, VS, IM, 8D, FD, FS, AST) |— e¢= (v, CS’)

The above judgment is used to provide the meaning of elements from TypeCorExpr. As these ele-
ments are obtained through elaboration of the specifications using the rules in the static semantics, they

contain only type consistent operations.

As CS is used in only a couple of rules, CS and CS’ are omitted from most of the rules. The conven-

tion for restoring them is as follows:
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A rule of the form

Cike=> vy, Cy b= e v,
Che=>v

must be assumed to represent the full form

(CSo, Cy) |— €= (v4, CS4), - - -, (CSpy, Cp) b= £=> (vn, CSy)
(CSp, C) —e=> (v, CSy)

Other predicates (if any) are left unaltered. This convention is to be followed for all judgments that use CS.

4.5.1. Constants

Rule 31.1:
(- --) b integer-literal = inlnt(integer—titeral)
Rule 31.2:
(***) I boolean-literal = inBool(boolean—literal)
Rule 31.3:
(*- ") | string-literal = inStr(string—literal)
Rule 31.4:
() b nil=> inTupleValue(nil)
Rule 31.5:
() }— bottom T = Bottom,
Rule 31.6:

() |~ topt= Top;

4.5.2. Variables

Rule 31.7:

$ e Dom VS
(VS, --+) = $= VS($)




$ is included in the initial environment VS for the evaluation of semantic functions.

Rule 31.8:

identifier € Dom VS
(VS, - ) |~ identifier = VS(identifier)

Rule 31.9:

identifier € Dom FD, (FD, AST) |— FD(identifier) = v
(FD, AST, - --) |— identifier=> v

identifier is a function name.

Rule 31.10:

(IM, - --) t— [ syntactic-domain—-name ] =
inNodelnst(syntactic-domain-name, IM(syntactic-domain—-name))

The current instance of the syntactic object is obtained from IM.

Rule 31.11:

IM(syntactic-domain—-name) =\, AST(syntactic-domain-name, 1) = (=, IM’),
VS’ = {$ > inNodelnst(syntactic-domain—name, 1)},
(VS’, IM’, SD, AST, - --) |— SD(syntactic-domain—name, =, function-name) = v
(VS, IM, SD, AST, - --) | function—name [ syntactic-domain—name = v

IM provides the instance of the syntactic object to be evaluated. AST provides the production for this

instance of the syntactic object. The function is evaluated in the new variable environment VS’

SET CONSTRUCTION:
Rule 31.12:
{(---) I~ expression;=> v,}f
(«) {{gxprgssiom};‘ } = inSetValue({vy, -, vi})
PRODUCT CONSTRUCTION:
Rule 31.13:

{(--+) | expression, = Vx}f

() ({expression.}f ) => inTupleValue(v,, - - -, v)
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UNARY PREFIX OPERATIONS:

Rule 31.14:

(---) — expression=> v, = ~v=> V’
(--*) — minus expression = Vv’

Rule 31.15:
(:++) |~ expression=> v, | —~v=> Vv
(*+*) |— not expression = Vv
Rule 31.16:
(---) |~ expression=> v, |~ hd v=> Vv
(+++) — head expression => v’
Rule 31.17:
(--) |~ expression=p> v, j=tlv= v
(-++) }— tail expression => v’
Rule 31.18:
(---) = expression=> v, |~ nullv=> Vv’
(***) b null expression = v’
Rule 31.19:
(---) |— expression=> v
(** ) b= (+set T ) expression = V. v
Rule 31.20:

(+--) I expression => v, V' ={vy | 3v; € Domv, v(vz) = v}
(***) b= (+swore T ) €Xpression = V. v/

The notation V. v denotes the value vi V. v, V, - - - V. v, where v is the finite set {vq, v, * -

BINARY INFIX OPERATIONS:

Rule 31.21:

(- ) b~ expression = v, |— vlinteger-literal = v’
(- -) | expression " integer—literal = v’

Rule 31.22:

{---) | expression = v, }— v is domain~-name => Vv’
(--*) |— expression is domain—name = v’

» Vil



Rule 31.23:

Rule 31.24:

Rule 31.25:

Rule 31.26:

Rule 31.27:

Rule 31.28:

Rule 31.29:

Rule 31.30:

Rule 31.31:

{(---) | expression; = v,}lz, Fviava= Vv

(" - ) | expression; and expression, => Vv’

{(---) }— expression; = v.}lz, = vivve= Vv

(- - ) |— expression; or expression, => v’

{(-- ) I expression;=> v|}12, b~ vie va=> Vv
(---) | expression, in expression; = v

. 2
{(---) b expression;=> v}, - vigva= V

(- ) p— expression; <= expressiony = v’

{(+++) |~ expression;=> V|}12
(++ ) I— expression; (+t) expressiony = vy V; v,

{{---) | expression, = v.}lz, F—~vinve= Vv

(--+) }— expression; * expression, => Vv’

{(*-+) I expression = v;}lz, b~ vi—va=>V

() | expression; — expressiony => v’

{(--*) |~ expression; = vdlz, }— Cons(vy, va) = Vv’

() |— expression, :: expression, => Vv’

{(*-*) |~ expression;= v,}lz, b Append(vy, vo) = Vv’

(+*+) |~ expression; & expression, = Vv’
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Rule 31.32:

{(+++) |— expression = Vx}lz

(---) b~ expressiony (=1 ) expression, = InBool(vy =, v,)

The equality operation may be redefined on domains that have explicit specification of ordering. We

will assume that the implementation uses the definition provided by the ordering in such cases.
BINARY PREFIX OPERATIONS:
Rule 31.33:

. 2 ,
{(+--) b expression = v}, = vi+Vva=> v

(- -) I~ add expression, expression, => v’

Rule 31.34:
{(+--) I~ expression => v,}lz, F—vi—va=>V
(- ) | sub expression, expressiony = v’
Rule 31.35:
{(--*) — expression = v;}lz, - vixva= VvV
(- ) I~ mult expression; expression, = v’
Rule 31.36:
{(+-*) I expression, = vl}lz, Fvi/va= Vv
(- +) | div expression; expression, = v’
UNARY POSTFIX OPERATIONS:
Rule 31.37;

(+-*) | variable => v
(*-+) |~ variable’label = v

The label domain is mapped to the domain of Nodelnst.

Rule 31.38:

(CS, - --) | variable => (v, CS’), ve Dom CS’, CS'(v) =V’
(CS, - ) | variable’cache = (v/, CS’)
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MIXFIX OPERATIONS:

Rule 31.39:

{(- ") I expression;=> v,}lz, vo ¢ Dom v,

(---) | expression,[ expression, ] = Bottom,

Rule 31.40:

{(+-+) | expression;=> v|}12, v, € Dom v,

() I~ expression,[ expression, ] => v;(vp)

Rule 31.41:

{(+++) |~ expression;=> VI}13

(- ) I~ expression, expressiony/expressions ] = {v3 > vo}iv

Rule 31.42:
{(VS, -+ ) |— expression;=> vl}lz,

v={vy > v3 | 3V € v, {({identifier — V'}YVS, ---) |— expression; = v,}; }

(VS, - --) |— expression,[ foreach identifier in expression, do
expressionz/expressiony ] = vivy

The multiple update consists of a sequence of single updates with the identifier successively bound to

each element of the set that expression, evaluates to.

4.5.3. Lambda expression

Rule 31.43:

(VS, IM, - -) |~ lambda [collect C 1] identifier . expression =>
inLambClosure(expression, identifier, VS, IM, [(c, 1)])

A lambda expression evaluates to a closure.

Rule 31.44:

(VS, IM, - - -) }— lambda strict T; T [collect C 1] identifier . expression =>
inStrLambClosure(expression, identifier, VS, IM, 14, 1o, [(c, T)])

Closure for a strict lambda expression. 1, is the type of the argument and 1, is the type of the expres-

sion.
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4.5.4. Function application
Rule 31.45:

{(+-+) I~ expression; => v|}12 v (00) = apply (vq, v2) => v
(---) |~ expression, expressions=> v

The Apply function is defined in Section 4.4.14.

4.5.5. Expression composition
Rule 31.46:

{(--+) }— expression, = Vl}lz

(- -) I expression; . expression, = inFuncComp(v,, vy)

4.5.6. Expression union
Rule 31.47:

{(-++) }— expression; = V|}12

(--+) |— expression { ® 1) expression, = inFuncUnion(vy, vz, 1)

4.5.7. Conditional expression

Rule 31.48:

(---) }— expression; = true, (- - ) }— expression; => v,
(') I— expression, --> exprassion; , expressions => vp

Rule 31.49:

(--*) I~ expression, = false, (- - - ) |— expressions => v
(- -+ ) I expression; --> expression, , expressiong => v

4.5.8. Fixed point expression

Rule 31.50:

{{function—name > expression}/FD, - - - ) |— expression => v
(FD, ---) | fix function-name . expression => v
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4.5.9. Let expression
Rule 31.51:
(vVS, -+ ) {Iet—clausq}f = V&, (VS’, -+ ) |— expression = v

(VS, ) let{let~c|ause.}f in expression = v

The body of the let expression is evaluated in an environment augmented by the let clauses.

Rule 31.52:
VSo=VS, {(VSp1, - -) I~ letclause, = VS

(VS, - --) b~ {let-clause}, = VS

The let clauses are evaluated sequentially. Each let clause is evaluated in an environment augmented

by the previous (if any) let clauses.
(J32). (CS, FS, VS, IM, 8D, FD, AST) |— let-clause = (VS’, CS’)

Rule 32.1:

(VS, ---) — expression = v
(VS, - --) }— identifier = expression => {identifier — v}/VS

4.5.10. Typecast expression

Rule 31.2:

(---) |~ expression=> v
{---) |~ domain-name expression = inUnionValue(domain-name, v)

4.5.11. Parenthesized expression

Rule 31.3:

{---) |— expression=> v
(- ) I (expression) => v

4.5.12. Collect expression

Rule 31.4:

(GS, VS, ::-) |- expression=> (v, CS"),v |— C=> v/, VS($) ¢ Dom CS’
(CS, VS, -+ -) |~ collect C t expression = (v, {VS($) ~s» V}/CS)

The cache is being updated for the first time for the instance of the syntactic object for which the

semantic function is currently being evaluated.
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Rule 31.5:

(CS, VS, ---) |— expression=> (v, CS"),v |— C=> Vv, VS($) € Dom CS’
(CS, VS, ) | collect C T expression = (v, {VS($) — v’ V, CS'(VS($))}/CS’)

The cache is updated for the instance of the syntactic object for which the semantic function is
currently being evaluated. The value to be collected is "joined" with the previous value in the cache associ-

ated with this instance of the syntactic object.
J33). v—C= v

The value to be collected is derived from the result value in accordance with the collect option
specification for the function.

Rule 33.1:

v }— selected—~domain = v’
v }— selected—domain => Vv’

This strange rule arises from the overloading of the }— operator.
Rule 33.2:

v |— selected—-domain = v’
v |— powerset of selected—domain => inSetValue({v'})

The value to be collected is the set containing either the result value or one of its components.
(J34). v | selected—domain = v

Rule 34.1:

v }— domain—name = v

Rule 34.2:

v |~ domain-name integer=> vlinteger

The value to be collected is derived from a component of the result value.

4.5.13. Fixed point test expression

Fixed point expressions are modified during static evaluation of the specification to include fixed
point checks. The check is inserted at the beginning of the expression that forms the body of the fixed point
expression after all the As corresponding to the arguments of the function have been stripped.
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Rule 31.3:

B<0, TT={},(--*) | expression = v
(FS,,VS, - --) | fixtest ¢ TT B T expression = v)

Termination option was not used in the fixed point expression. No checks need to be made.

Rule 31.4:

FX = (VS($), 0), FX ¢ Dom FS, ((FX ~»> ({}. B)I/FS, VS, - - -) |— expression => v
(FS,,VS, --+) | fixtest d TT B T expression => v)

The fixed point expression is being evaluated for the first time. No checks need to be made.

FS contains information from the previous evaluation. As there may be more than one instance of the
same fixed point function "active” at any point, the various instances are identified by the tuple containing
the node instance for which the fixed point evaluation is being carried out and the function name used for
the fixed point expression.

Rule 31.5:

FX = (VS($), ¢), FX € Dom FS, Bound of FS(FX)=f',B=0
(FS, VS, -+ ) | fixtest o TT B t expression => Top;

The bound on the number of iterations in the fixed point evaluation is reached.

Rule 31.6:

FX = (VS($), ¢), FX € Dom FS, isArgTest(TT), FS(FX) = (AS, p"), B"> 0,
Vx e TT. VS(x) = AS(x)
(FS, VS, ) | fixtest o TT B T expression => Bottom,

Fixed point termination on argument values was specified for this expression. TT contains the set of
lambda variables that have been bound to the arguments of the function. The arguments to the current

evaluation are the same as the arguments to the previous evaluation.

Rule 31.7:
FX = (VS($), ¢), FX € Dom FS, isArgTes(T), FS(FX) = (AS, §'), B’ > 0,
Ix € TT. VS(x) = AS(x)

({FX > ({x — VS(x) | x e TT}, p'~1)/FS, VS, - - -) |- expression = v
(FS, VS, «++) | fixtest ¢ TT f © expression => v

Fixed point termination on argument values was specified for this expression. The arguments to the

current evaluation is different from the arguments to the previous evaluation,
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Rule 31.8:
FX = (VS($), 0), FX € Dom FS, isCacheTest(TT),
FS(FX) = (v, B'), B’ > 0, CS(VS($)) = v
(CS,FS, VS, ---) | fixtest ¢ TT B T expression = Bottom,

Fixed point termination on the cache value was specified for this expression. The current cache

value is the same as the cache value during the previous evaluation.

Rule 31.9:
FX = (VS($), 9), FX € Dom FS, isCacheTest(TT), FS(FX) = (v, B’), B’ > 0,
—(CS(VS($)) =¢ v), (CS, {FX > (CS(VS($)), B’-1)/FS, VS, - --) }— expression = v’
(CS,FS, VS, ) |~ fixtest o TT B t expression = v’)

Fixed point termination on the cache value was specified for this expression. The current cache

value is different from the cache value during the previous evaluation.

4.5.14. Definition of “apply”
(J32). (CS, VS, IM, SD, FD, AST) |— apply (v4, vo) = (v, CS’)

Rule 32.1:
v,y = Bottom,, 1 = (function®, (3,, - - - , &)),
v = inDomComp(function®", (8, - - -, &))
(- ) I apply (vy, vo) = Bottom,

1 function applied on any argument returns L.

Rule 32.2:
v1 = Top,, 1= (function®, (84, - - -, &),
v = inDomComp(function®™", (35, - - - , 8))
(*+ ) I~ apply (v4, v2) = Topy

T function applied on any argument returns T .

Rule 32.3:
isLambClosure(vy), v, = (g, o, VS’, IM’, Cl),
({oe > v VS, IM, «-+) = e=> v, (CS, VS, vp) |~ Cl=> CS’
(CS, VS, IM, - --) |— apply (v4, v2) = (v,CS")

Application of a lambda closure on an argument. The expression in the closure is evaluated with the
lambda variable bound to the argument. The environment for evaluation is obtained from the closure. The
cache is updated if the collection option specified this argument. The rules for the cache update are pro-
vided below.
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Rule 32.4:
isStrLambClosure(vy), v4 = (g, o, VS’, IM’, =, T, Cl), v, = Bottom,,
(CS, VS, v,) |— Cl= C¥
(CS, VS, IM, - --) b apply (v4, v2) = (Bottomy, CS’)

Application of a lambda closure on an argument. The expression is specified to be strict on this argu-

ment. The argument is L.

Rule 32.5:
isStrLambClosure(v4), vi = (g, o, VS’, IM’, 1, T,Cl), —(v, =; Bottom,),
{{oe > VNS, IV, --+) —e=> v, (CS, VS, vp) |— Cl=> CS’
(CS, VS, IM, - -) — apply (v4, v2) = (v, CS’)

Application of a lambda closure on an argument. The expression is specified to be strict on this argu-

ment. The argument is not 1.

Rule 32.6:
isFuncComp(vy}, vy = (V'y, V2), (- - - ) |— apply (V'2, va) = v3,
(*-) b= apply (V1, va) = V4
(*+ ) = apply (v, va) = V4

Application of a function composition on an argument.

Rule 32.7:
isFuncUnion(vy), vi=(V'1,V'2,7), (- * ) |— apply (V'2, Vo) = v3,
(+:) = apply (Vi1, va) = V4, = va Vevg=> v
(=) = apply (v1, vo) = v

Application of a function union on an argument.
(J33). (CS,VS,v) |~ Cl= C%’
The rules for updating the cache are similar to the ones for collect expressions (Section 4.4.12).

Rule 33.1:

(CS,VS,v) - {}= CS

Collection not specified for this argument.

Rule 33.2:

Vv }— C=> v/, V§($) ¢ Dom CS’
(CS, VS, v) — (C, 1) = {VS($) — V}/CS
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Value collected for the first time for the current syntactic object. The first judgment in the hypothesis
is defined as J33 in Section 4.4.12.

Rule 33.3:

v |~ C=> v/, VS($) € Dom CS’
(CS, VS, v) - (G, 1) => {VS($) = v V. CS(VS($)))/CS

The value to be collected is "joined” with the previous value in the cache.
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Appendix 1. Syntax used for formal semantics description

specification

domain-declaration-section

domain-declaration

domain-definition

primitive-domain

enumeration-domain

lifted-domain

topped-domain

product-domain

domain-declaration-section
aux-function-section

semantic-func-deci-section
semantic-func-defn-section

. . k
{ domain~declaration; ; },

. k
{ domain-name, };

= domain-definition [ ordering-option ]

primitive-domain
enumeration-domain
lifted-domain
topped-domain
product-domain
union-domain
powerset-domain
list-domain
store-domain
function-domain

boolean | integer | syntactic | label
{ string-literal, }f

lifted domain-name

topped domain-name

. . k
domain-name { * domain-name, };
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union-domain = domain-name { + domain-name, }i‘
powerset-domain = powerset of domain-name
list-domain @= list of domain-name
store-domain ;= store domain-name; --> domain—-name,
function-domain = function { domain-name, }1k
ordering-option :=  ordered by ordering
ordering = order-enumeration
| order-name

order-enumeration z=  ({order-tuple }f )
order-tuple = < string-literal; , string-literal, >
aux-function-section 2= { aux-function, )f
aux-function = function-name : function-type-declaration is

expression ;

semantic-func-decl-section

{ semantic-func—decl; }f
semantic-func-decl i= function-name "[[" domain-name "]]" :
function-type-declaration

[ collect-option |

[ external-option | ;

function-type-declaration U= {{strict]domain—name,}f --> domain-namey,,

collect-option = collect collect-domain



collect-domain

selected-domain

semantic-func-defn-section

semantic-equation

production

expression

constant

variable
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[ powerset of | selected-domain
domain-name [ " integer |

. . k
{ semantic-equation; }1

function-name "[[" { production ) "}J" =
expression

. . . k
production-name { syntactic-domain-name; },

constant

variable
primitive-expression
lambda-expression
function-application
expression-composition
expression-union
conditional-expression
fixed-point-expression
let-expression
typecast-expression

( expression )

integer-literal
boolean-literal
string-literal
nil

bottom

top

$
identifier
"[[" Syntacﬁc-domain_name u]]u




primitive-expression

set-construction

product-construction

pre-defined-operation

unary-prefix-operation

binary-infix-operation

binary-prefix-operation

unary-postfix-operation

mix-fix-operation

store-expression

lambda-expression
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function-name "[[" syntactic-domain-name "]]"
pre-defined-operation

set-construction
product-construction

R k
{ { expression; }; }

. k
({ expression; }; )
unary-prefix-operation
binary-infix-operation
binary-prefix-operation
unary-postfix-operation
mixfix-operation
unary-prefix-op expression
expression " integer-literal
expression is domain-name
expression, binary-infix-op expression,
binary-prefix-op expression, expression,
variable * unary-postfix-op
expression "[" store-expression ""
expression
expression, / expression;
foreach identifier in expression, do

expression, / expressions

lambda identifier . expression



function-application

expression-composition

expression-union

conditional-expression

fixed-point-expression

termination-option

test-option

bound-option

let-expression

let-clause

typecast-expression

unary-prefix-op

binary-infix-op

binary-prefix-op

unary-postfix-op
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expression, expression,

expression; . expression;

expression; + expressiony

expression, --> expression, , expressions

fix termination-option
function-name . expression

[ test-option ] [ bound-option ]

argument

cache

bounded ( integer-literal )

let { let—clause; }f in expression
identifier = expression
domain-name expression

minus | not | head | tail | null | +
and |or|in|<=|+]*|-|:|&[=
add | sub | mult | div

label | cache
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