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Consider the boundary value problem ey" = (y° - t Jy'y -1 € £ < 0,

y(-1) = A, y(0) = B. Depending on the choice of

~

A &and B, one can insure
the existence of "turning points™, t: y(;,E)2 -t = 0. However, due to the
noplinear nature of the problem, one does not know the position or number of
such turning points. In the case when A > 0 = B Kedem, Parter and
Steuerwalt gave a development of this problem based on an abstract bifurcation
analysis which in turn was based on "degree theory". In this paper we give a
complete analysis of the problem based entirely on a-priori estimates. and the

"shooting®™ method.
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A COMPLETE ANALYSIS OF A MODEL NONLINEAR SINGULAR PERTURBATION PROBLEM
HAVING A CONTINUQUS LOCUS OF SINGULAR POINTS *
Nancy Kopell(1) and Seymour V. Parter(Z)
1. Introduction
The nonlinear boundary value problem
L 2 2 T
ey"(t,e) = [y (t,e) = t7]1y'(t,2) (1.1)
y(-1,e) = A, y(0,e} =B, (1.2)

€ > 0, was introduced by Howes and Parter [2] as a model problem having a continuous

2 = 0, The main

locus of potential "turning points", i.;. points ; at which yz(;,e) - ;
questions raised by {1.1), (1.2) cencern the multiplicity of solutions for a-given A
and B, and the asymptotic behavior of these solutions as € * 0.

In [2], Howes and Parter showed that, if 0 < B < A < 1, the only possible constant
limiting solution; are  YyE A, YEB and y = 1//5. A further analysis was carried gut by
Kedem, stéuerwalt and Parter [3], who studied the case A > B = 0. This work was motivated
by a conjecture of Sutton [5], who has made computational experiments based on the methods
of [2]. Her conjecture was: Suppose 0 < B < 1//3 < A < 1. Then for € sufficiently
small, there exist at least three solutions, having A, B and 1//3 respectively as
limiting values for t € (~1,06). (Howes [1] has since given a proof of the conjecture.)

In [3] it was shown that there is always at least one solution to (1.1), (1.2). If
A= 1, B= 0, the number of solutions tends to <« as € + 0: in addition to the

solution y = =-t, for each positive integer j and € = €(j) sufficiently small, there

are at least two distinct solutions which cross y = -t exactly j times in (-1,0). The
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limiting behaviour of these solutions is described by step functions. For A # 1, B = 0,
necessary and sufficient conditions for existence of solutions were derived in terms of the
solution to an associated set of algebraic equations. The main techniques involved a
theorem of Rabinowitz [4] and some asymptotic estimates on the solutions of (1.1). The
restriction B = 0 was necessary mainly in order to use Rabinowitz's result.

In this paper, we extend the results of [3] by removing the restriction B = 0. In
order to do this, we use completely different methods. [3] was based on an abstract
bifurcation ;nalysis which, in turn, was based on degree theory; this paper gives a
complete analysis based entirely on a—-priori estimates and the "shooting" method. In
Section 2, the asymptotic behaviour of solutions is analyzed for the regiomns |yl < |t]
and |yl > [t]l. It is shown that the asymptotic limits of the crossing points of yl(t,£)
with y = & t can be explicitly computed. Section 3 is used to derive an associated
algebraic system, satisfied (in the limit) by the intersection of solutions with y = %t;
it also proves the .existence of a unique solution to this a}gebraic system. In Section 4,
we return to the question: for given A and B, how many solutions are there to (1.1),
(1.2)? The answer is given implicitly in terms of the solutions of the algebraic system.

For most A, B and & sufficiently small the number of solutions to (1.1), (1.2) is

finite and can (with some work) be explicitly calculated. This number tends to ® as
A+1, B+ 0, and € + 0. If A, B, the number of "crossings" 3j, and the behaviour
near t =-1 and t =0 is specified, the analysis of Section 4 yields existence and
"uniqueness" theorems - provided € is sufficiently small. The methods of analysis enables
one to get a complete picture of the variation in the solutions as A and B are changed.

Since =~-y(t,£) is a solution of (1.1) whenever y(t,e} is, we may restrict ourselves

m

to the case B < A. (For A =2E, y A is the only solution.) The case B < A < 0 is
relatively easy to handle, and will be discussed in an appendix. Thus, our main effort is
concerned with the case B < A, A > 0. Our major tools are those'developed in Section 2,
using extensions of the asymptotic estimates of [3] and backwards shooting methods starting

at t = 0. (The backward integration is used for a technical reason: in this direction,

jt can be proved that solutions continue to exist for all t.)
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2. Local Results
The first proposition is an algebraic result which will be useful in establishing

facts about (1.1). The constant T satisfies -1 < t < 0.

Proposition 2.1: Let z(w) = -13— w3 - Ezw. Then

i) =z(w) is an increasing function of w for w > —E.

ii) I1f y > -t and ¢ > 0, there is a unique solution w > -t to

z{w) = 2(;) + Ca

Proof: i) z(w) is a cubic with critical points at w = tt. The point w = -t >0 is a
local minimum, so z(w) is increasing for w > -t.
ii) By i), ; > -t ==> z(;) > z(-t). Hence for c > 0, the horizontal line

z = z(;) + ¢ 1is above the local minimum, and so it intersects the graph of z(w) at a

unique value w > -t. (See Figure 2.1.) |

' > w
t
Fiqure 2.1
. 1 2 = . N - -
The cubic z = - w - t'w, t < 0. The horizontal line is z = z(y) -~ K, y

3
and K given. The desired solution to =z(w) = z(y) - K is the

intersection of the horizontal line with the darker portion of the cubic,

w)"z-



Let y(t,e) be a solution to (1.1).

The next two lemmas describe the limiting forms of the trajectories when the initial

conditions are in regions I and II respectively. (See Figure 2.2.)

y
A

11

II

Fi e 2.2

The regions (I): y » lt|, t < 0 and (11): |yl <€ {t], £t < 0. 1In
region I, solutions (integrated backward) have derivatives whose absolute
value decreases exponentially; in region II, the derivatives increase

at an exponential rate.

Lemma 2.1. Suppose that lim y(E,c) = ;, with ; > -t. Suppose also that

_ €%0
lim - ey'(t,e) = KX > 0. Then
e+0 - -
i) lim y(t,e) = a for =~a < t < t, where a is the solution > -t to
€+0
1 -3 3 -2 -
3 (y -—a) -t {(y -a) =-K, (2.1)
and
-3 3
ii) lim € &nly'(-a,e)| = -a%% + §~ - 33_ . (2.2)
E+0
Proof: We first show that y(t,e) tends to a limit for Y < t < E, some Y < t. (See
Fiqure 2.3.) This follows from the direct integration of (1.1): We get:
1 I 2 2 -
yl(t,e) = [exp(— Py f (y - s )ds)]y'(t,e) . (2.3)
t
We claim that, for any 8 sufficiently small, 1lim y'(z - §,e) = 0. For ; > -E; let

. EF0



0<8<y+ t. Then

t t
2 2 -2 ~ 2 ~2 - 2. _«%
] 0 -shas> [ - (t-8Nas =8y - (-8 =7F.
-8 t-6
v
N
a
7
A >t
t
Fi e 2.3
The limiting form of a trajectory with initial (E;;) in region I, and

lim - ey'(t,e) = K > 0.
€+0

- 3 _ _ k
Thus J|y'(t - §,e)]| < e /Ely'(t,e)l, so y'(t - §,€) is exponentially small. Now suppose

; = t. We shall show that we can replace the initial conditions g,‘; by ts, y(te)

(i.e. a point on the same solution) with some te +t as € *+ 0 and 1lim y(ts) > ;; the

previous argument will then hold. First, we may assume that

such that y'(ts,e) = -K/2¢ and |y'l > K/2e for t (te,gl.

interval [t - 6,t] for which ly*(t,e)| > K/2e; it is then

chosen along the trajectory such that lim t= E, lim ; > ;.)

e+0 e+0
t
1 € — 1 2
3o yE )y (te) = expl- o [ (¥ -
ts
Either y2 - 52 is unbounded for t (tE,E) as € + 0, in
above), or else y2 - 52 € 0(1)e In the latter case, since

t
| (¥% - sP)as = € n2

tE

£+0

€ -— € -
t <t, t >+t as € + 0

(If not, there is an
clear that E,y(g) may be

Next, we see from (2.3) that
Sz)ds} .

which case we are through (as




ve must have Ite - t] > ofe). Finally

€
t

s — — —
y(t ,e) = y(t,e) + f y'(t,€)dt > y(t,e) + -g—é- ]tE - t] .
t

Hence, 1lim y(te,e) > ;.
€20
2

As long as y*© - t2

> 0, ly'(t)] decreases (integrating backwards), so y'{t,e)
remains small and y approaches a constant. Since this is true for any small §, y must
approach a constant for vy < t < E, some Y. In order to see what that constant is, we

integrate (1.1) from t =t to ¢t

]
[ad
!
(=]

.
]
=3
[
=}

- - € 2 2
ely'(t - §,e) - y'(t,8)] == [ y'(s)(y° - s)as . (2.4)

t-6

The R.H.S. of (2.4) may be rewritten:

= 3(s E)‘E 2 B z‘
—Y-?——]_ + s y(s,s)]__ -2 ]  sy(s,e)ds . (2.5)
t~8 t~4 -6

By hypothesis, and by the previous calculation, the limit of the L.H.S. is K. The R.H.S.

approaches

a3 _ =3 - -

—-—5—1’— + t°[y - a] + 0(8) . (2.6)
Since (2.5) is valid for all § sufficiently small, we conclude that a must satisfy
(2.1)s (Note that a is the solution to z(w) = z(;) + X, which exists by Proposition
2.1.) Furthermore, it is now clear that Y may be taken to be =-a.

ii) To establish (2.2), we again integrate (1.1) from t =t to t = -a; this time,

we first divide by y'. We get

€ fnly'(-a,e)| - € fnly'(t,e)] = - | (y2 - sz)ds . (2.7)
-a

Since y(t,e) + a and ¢ lnly'(z,e)l + 0, the limiting form of (2.7) is (2.2). |



Lenma 2.2. Suppose that lim y(z,e) = ;, with I;} < :E]. suppose also that

_ €+0
1im - € fnly'(t,e)] = L > 0. Then
€+0 - _ _
i) lim y(t,e) =y for -b < t <t, where b is the unique solution ? iyl of
€+0
-3 3
-2 t -2 b
yE-5+y b-3-=-L. (2.8)
ii) Hte + -b as € + 0 such that y(te,e) = ~t€.
N I T _
iii) lim ey' (t_,€) = —-—E—Y« - B (b-y) . (2.9)

e+0

Proof: i) Once again, we integrate (1.1) to get (2.3). Since, by hypothesis, y'(z,a) is
exponentially small, y'(t,e) is exponentially small for all t > =b, where b satisfies

t
[ - shas =1 (2.10)
-b
(See Figure 2.4.) We can use (2.10) to solve for b: Equation (2.10), when integrated,

yields (2.8). Note that (2.8) may be written as

§—§2b=—(—1?i—§2(-€) + L. (2.11)
By the same arguments as in Proposition 2.1, with ; and -t interchanged, there is a
unique solution b to (2.11) for Db> ;.
ii) For any 6 > 0 sufficiently small, (2.3) shows that y'{(-b — §,€) either grows
exponentially large in €, or else ate, with =-b - & < te < =-b, such that
y(ts,e) = -te' (See Figure 2.3.) Since the exponential growth also implies the existence
of such a te' and since this is true for all 5§ > 0, assertion ii) is proved.
i1ii) The growth of y implies that y'(t,e) must stop being exponentially small in
€, i.e. 3;; > te' with E; + b as € + 0, such that y'(?é,e) = -g£g, Note that,
since y'(t,e) + 0 for 'EE <t<E, iif} y(t,e) = y for ’t’a <t <t. To establish (2.9),
we now use equations (2.4) and (2.5), with Tt -6 and t replaced by t€ and Ee

respectively. |
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S
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Y
b| T >t
— >t |
t y
2.4a 2.4b

Figures 2.4a, 2.4b

The limiting form of trajectories with initial E, in region II, and

lim -~ € &nly'(t,e)] = L > 0. Figure 2.4a is for > 0; Figure 2.4b

er -
is gor v < 0.

The last lemma of this section describes the initial segment of the trajectory of

(1.1) if y(0,e) = B < 0.

Lemma 2.3. Suppose lim y(0,e) =B < 0, and lim - €y'(0,e) = K > 0. Then

e+0 €40
i) lim y(t,e) = a for =lal <t <0 , where a is the real solution to
€0
-;_(a3- B3) = K ’ (2-12)
and
. - 2 3
ii) lim € &nly*(-lal,e)] = - < la}” . (2.13)
€+0 3

Proof: This lemma is essentially the same as Lemma 2.1, with T = 0; +there is an added

difficulty that the trajectory may cross through the region |yl < lt], so y' may not

change in a monotone fashion. (See Figure 2.5.) Hence we cannot immediately use the

previous argument that y(t,e) approaches a limit for t near t = 0.



AN /N
a
? S
a
_ Y
Yy
2.52a 2.5b

Figures 2.5a, 2.5b

The limiting form of trajectories for initial condition y(0,€) = B < 0,
and lim - ey'(0,e) = K > 0. In Figure 2.5a, K is small enough that
£
1lim y(g,e) <0 for t near 0. If the limiting form is as in Figure 2.5b,

N
fgr0 € > 0 the trajectories pass through |yl < [tl.

Let a be defined as in (2.12), and let & > 0 be arbitrarily small. We first claim
that y(t,e) cannot remain bounded away from y = a for =6 € £t <0 and all g, §
sufficiently small. For, integrating (1.1) from t =0 to t = ty (=6 < t, < 0), we get

0
L] ] — ] 2 2
ely'(t,,e) - y'(0,e)] = - [ y'(s)(y” - s)ds . (2.14)

T,

By hypothesis, =lim ey'(0,e) = K> 0. If y stays bounded away from a, the R.H.S. of
>
(2.14) will be stii[c):tly less than X + 0(8). Thus {y'(t,,e)} > X/e Ffor some K >0 and
§ sufficiently small. Since this is true of all t*‘ such that -8 < t, <0, ¥ changes
by 0(1/e), and cannot stay bounded away from a for any finite value of t; this
contradicts the assumption that a is an upper bound for y.
Also, y cannot become strictly larger than a, i.e. bounded away from a from

above for any t < 0 with t sufficiently small. For, if y hits y = a, let Kta(a)

be the value of t when y = a. Then from (2.12} and (2.14) we have that

O




lim Ey'(ta,e) = p: For all t such that =-la] <t <0, ly'| decreases (as (1.1) is
e+0
integrated backwards), and, as in Lemma 2.1, y{(t,e) approaches a as € + 0.

ii) same as the proof in Lemma 2.1. |

Corollary 2.1. Suppose lim - €y'(0,e) = K » 0, and lim % lim y(8,e) =0 or ®. Then
€20 §+0 £+0
y(t,e) exists for all t <€ 0. Furthermore, if the solution hits y = -t at t < 0, and

lim € &n y'(t,e) # 0 at the crossing (if that crossing is horizontal) or

€+0

lim ey'(t,g) # 0 (if the crossing is vertical), then y(t,e) crosses Yy = -t an
e+0 .

infinite number of times.

Proof: If B > 0, we apply Lemmas 2.1 and 2.2 alternately, starting with Lemma 2.1 (since

; > t = 0). These lemmas explicitly calculate the limiting values of the successive

crossing points. (If X = 0, there may be only one crossing point, e.g. if

06, the hypothesis on lim l’lim v(8,e) forces the behaviour
€0 >0
near t = 0 to be either horizontal or vertical; we can then apply Lemmas 2.1 and 2.2.

y'(0,e) = 0 ¥e.) If B

If B < 0, the above hypothesis again rules out solutions y(t,e) for which y = -t is

F

the limiting solution for =1 < t < 0. We can start with Lemma 2.3 and then apply Lemmas

2.2 and 2.1 alternately. The uniqueness of the point g(g) is clear from thse lemmas. |

-10-



3. An Algebraic System

We have seen that, in the limit as € + 0, almost all of the solutions to (1.1) are a
succession of horizontal and vertical segments; the length of each segment can be
explicitly computed given 1lim y(0,e) and 1lim ey'(0,€).

€40 e+0
We shall consider a system of algebraic equations which are satisfied in the limit by

the successive points t; at which y(t,e) crosses the line y = -t. Much of what is in

0. Here we show that

this section was already done in [3] under the condition that B
those results still hold for B # 0. The first lemma and theorem apply to a solution

yl(t,e) if 1lim y(t,e} 2 0 for t < 0.
€+0

Lemma 3.1. Let ti_1(s) > ti(a) > ti+1(e) be three successive points at which a solution

y(t,e) crosses y = -t. If ti—1' i t denote the limits of these points as

i+t
€ + 0, then

2

£ = 2 2
i

1
3 B F BBt S (3.1

Proof: There are two possible cases, as shown in Figures 3.1a, 3.1b. Each case can be
b
done by the methods of Section 2. For the case of 3.1a, let § > 0 be any sufficiently

small number, and use (2.4) with t-68 and t replaced by ti - § and ti + 8. Since

y(ti + §,e) + —ti_ and y(ti - d,e) » ~t by using (2.5) and letting & > 0 we get

1 i+1’

(3.1).

For the case of 3.1b, we use (2.7), with -~a and T replaced by t;,q and t;_ 4.

By previous computations, the L.H.S. tends to zero as € * 0. Also, for t€y,4 <t < t; 4,

y{t,e) » ti. Evaluating the R.H.S. and setting it equal to zero, we again get (3.1). |
We shall now prove an existence and uniqueness theorem for (3.1), regarded as a system

of equations for a set of points {ti}. We shall denote by t; and tj the right and

left endpoints of the set.

Theorem 3.1. There is a unique solution 0 »2 t0 > t1 > eso0 > tj to (3.1) with

< i - -
t0 0, tj < t, given (3.2)

-1




L
>

~

41 i

Successive crossings of y =

€ + 0.

¥

TSI

Fi e 3.1

-t by limits of solutions to (1.1) as

Proof: Equation (3.1) gives rise to a mapping of finite sequences of numbers between tj
: = eee ==
and 0, namely For any sequence Tj tj < Tj—1 < et TO to, let
1 2 2 1/2
= L -
Fom) = =03 00+ T Tam ¥ il (3.3)
for i = 1,2,ees,3, and Fy = tgr Fj = tj' It is clear that any fixed point of this map

is a solution to (3.1) and (3.2). We

shall show that {Fi} has a unique fixed point.

Consider two such sequences T = {Ti} and 0 = {oi}. Then
2 2 1. 2 2 2 2
Flo) = Fylm) =3 10050 = Tigg) * (05440500 7 i Tymg) * (05 = T 1 3e4)
i = eserd = 1o = - = + . i
for i 1, e J 1 Let ¢i ci Ti' wi Ui Ti Also, write Wi’ ¢i for
Fi(c) + Fi(T) and Fi(o) - Fi(r). Equation (3.4) may then be written as
W, =, +tw e+t +lu ) (3.5)
39 T3 (Fapq T Wi 0054y ¥ 3 (W g F 5 Wby v *
i= 1,-00,]‘ - 1o Also, ¢j = 0, ¢0 = 0,

The coefficients of {¢i} in (3.

which insure that {Fi} maps any two

~

Wi,

5) are not constant, but we will get bounds on them

sequences closer to one another. We divide (3.5) by

and write the resulting system as

~

¢

= L¢ ° (3-6)

Notice that the matrix L has non-zero entries only just above and just below the

-12=



diagonal. We first-obtain a bound on these coefficients, and then show this implies the

th

desired result. Let ay denote the entry in the i row, (i + 1)th

column; bi is in

the ith row, (i - 1)th columne.

Lemma 3.2. Iail + lbil < 1.

1 1 1 1
Proof: = — - ;1 b, = —x— . - . s : .
Proo ai [wi_1 + > wi+1] bl [wl+1 + > wi_1] Both ay and bl are > 0
3Wi 3w
An elementary cdlculation shows that
1
a; + bi = - [wi+1 + wi_1] o (3.7)
2wi
Now
1 2 1 14,2 1 2 1 1. 2
0 <97 (Typq = Tiq) = (3- Dt (3- Pt (3 - Dt
Hence
1 2 2 1 2 2
- + - °
3 Ui * ToarTimr * Timad 27 Ty ¥ 20509 Ti 7 ti-1?

This may be rewritten as

ST LI S (3.8)
Inequality (3.8) also applies to ¢, and hence
v | >3 Iy * W]

It follows that the R.H.S. of (3.7) is < 1. |

We return to Theorem 3.1. L is a tri-diagonal matrix whose entries satisfy
lail + Ibil ¢ 1. 1t follows (6] that if [A] » 1, then L - AI 1is nonsingular, sé all
the eigenvalues of I are < 1 in absolute value. From this it can be shown that {Fi}
has a unique fixéd point. In fact, a direct iterative scheme is convergent to this unique
fixed point. |

We now deal with solutions which cross y = +t as well, i.e. when B < 0. We have

seen that there is a unique turning point B(€), and we shall be concerned now with

solutions for which B Z 1lim B(g) < 0. Lemma 2.3 implies that for t < 0 sufficiently

e+0
near t = 0, lim y(t,e) = B.
€0
f.erma 3.3. Suppose lim y(t,e) = 8 < 0 for B <t < 0. Let t1(e),...,tj(e),... denote

e+0
the crossings of y{t,e} by y=-t, and t1,t2,,..,tj,... their limiting values. Then

-13-




1 2 2
i) t 3 (g - Btz + t2) . (3.9)

Furthermore, if B < B, then
: _ 1.2
ii) B = 3 t1 . (3.10)
Proof: i) Use equation (2.4) with t-6 and t replaced by t, - § and t, + §, with
§ small. The argument of Lemma 2.1 then produces (3.9).

ii) Use equation (2.7), with ~a and t replaced by t, and 0. The hypothesis

B < B implies that lim € 2&nly'(0,e)| + 0, so the L.H.S. + 0. The R.H.S., set equal to
€+0
zero, yields (3.10). |

The following is the analogue of Theorem 3.1. Its use will be different depending on

whether B < 8 or B =8, with (3.10) holding if B < B and not, in general, otherwise.

(See Figure 3.2.)

AN 4

3.2a 3.2b

Figures 3.2a, 3.2b

Crossings of y =+t and y = -t by a limit of solutions if B < 0 and

B < 0. For Figure 3.2a, B and t,; are related by "382 = ti. For
2

Figure 3.2b, t1 > 362.
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Theorem 3.2. 1) Let tj be given. Then there is a unique solution

058> t, >ty > 0> kg £0 (3.1), i = 2,eee,3 =1, and (3.9), (3.10).

1i) Let tj and B be given. Then there is a unique solution. 0 >8> t1 > eee tj

to (3.1), i =2,ess,3 -1 and (3.9).

Proof: The proof is almost ijdentical to that of Theorem 3.1, so we shall just indicate the

differences.

i) Let 1 denote a sequence B> 11 > T2 > eee > Tj, 0 a seguence

sos ° g i 2 i
Y > 9, > 9, > > Oj Fi(I), i » 2 is as before, but

1/2
1 2 2
-3 [8° -8y, + 1

i

F1(T)

W=
-

FO(T)

-~ ~

¢i, Wi' ¢i' wi are as before. Then (3.5) still holds for i » 2. For i = 0,1, we have

-~ ~ _1

w0¢0 =3 Why o (3.11)
;v$=—1-(w-lv1)¢ +1—(w—lW)¢ (3.12)
194 53 Y2 T2 %fY2 T3 Yo 2 2770 * °

To show that Iai] + lhil < 1 for all i, it suffices to show this for i =1 and

4=0. For 1=0, by=0 and lajl =W/30 = 1/3 < 1. For 1=1,

1
LGyl + loyl = 18l = YD

IF1(1)I + |F1(c)l

+ = -
tajl + Ib |
As in the previous theorem, it can be shown that |F1(T)l > % ltz - B] and similarly for
F1(c), which implies that Iail + |bi| < 1.
ii) Let
1/2
. 1 2 2
F (1) = -3 [6* - 81 + 1,1} .

Fi(T)' i > 1 as before .

The relevant equations are (3.5), i 2 2, (3.12). The proof that la1| < 1 is done by

the usual methods. |
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4. Existence and Uniqueness of Solutions

The solution to the boundary value problem {(1.1), (1.2) is not unigue, as shown by
examples in {[1], [3]. However, as we shall see, any two solutions are qualitatively
different: they can be distinguished by the number of points at which the solutions cross

y = it, and the behavior of the solutions at the boundary.
From the estimates of Section 2, it follows that the behavior near each boundary is
characterized by lim ey'(z,s), where t = -1 or 0; if this limit is non-zero, the initial
- +
segment of the solitgon at that boundary approaches a vertical line whose length goes to
zero with this limit. If lim y‘(z,e) = 0, the initial segment is (in the 1limit) horizontal.
[5G 4

We shall divide the anzlysis into four cases, depending on whether the behavior at
t=~1 and t = 0 is vertical or horizontal. In each case we ask the question: for
given A and B, how many solutions are there to (1.1), (1.2) in the limit as € * 072
The answer is given implicitly in terms of the solutions to (3.1), but in a form such that
it could be explicitly computed. The analysis provides a complete picture of how the
solutions change as A and B are varied, and also how the boundary value A changes

as B and y'(0,e) are varied.

We first discuss solutions which, in the limit as € * 0, have a vertical segment

(shock layer) at both t = -1 and t = 0. (See Figure 4.1.) We also assume that, if
B < 0, then B = 0. For each odd j we consider the solution to (3.1) with t4 = 0

cand to4 = -1. (For this bundary behaviour, the number of strictly interior crossing

J+
points must be odd.)  Let Aj‘ j » 1 be the open interval (—t;, ~tg+2), where tg
denotes the ith point of the solution to (3.1) having 3j + 2 points tg K o0 < tg+1 = 1,

(If the 3j is understood, we may sometimes suppress the superscript.) Similarly, let Bj
be the open interval (~m,-t3). By "strictly interior" points of intersection with
y = -t, we mean those ti(e) for which =1 < lim ti(e) < 0.

€+0
Remark: For fixed € small, the actual number of interior points of intersection may be
greater than the limiting number of "strictly interior" such points. That is, we might
have to(e) <0, to(e) +0 as €+ 0 or tj+1(s) > -1, lim t, 1(E:) = =1+ The above

+
, e+0
method of counting was adopted because it eliminates the division into further special

-{f-






cases that would be needed if those other points of crossing were counted as well, and
simplifies the description of the collection of all solutions.

Theorem 4.1. i) There is a solution to (1.1), (1.2) having a boundary layer at each end,
j strictly interior points of intersection with y = -t and no strictly interior points
of intersection with y = t if A€ Aj, B € Bj and € is sufficiently small. Such a
solution is unigue. Its limiting behavior as € + 0 is a step function: a series of
horizontal qnd vertical lines crossing y = -t at the points tz. A necessary condition

for such a solution is A € cf Aj, B€ cf Bj' where "cf" denotes "closure of".

Yy
A

h o
(nd

Figgre 4.1

B solution to (1.1) with boundary layers at both ends and three interior

turning points.

ii) The {Aj} and {Bj} are nested intervals, i.e. A1 D A3 o) A5 D eee;
51 3333353 ves,

3ii) For each A # 1, (resp. B > 0), there are finitely many j for which A€ Aj
(resp. Be€ Bj).
Proof: 1) The necessity of the condition A € cl Aj, Be ck Bj follows immediately from
the results of Sections 2 and 3. For, by Section 2, the limiting form of a solution is a
sequence of horizontal and vertical lines, and, by Section 3, the intersections of these
lines with y = -t are the points tg. The hypothesis R € cf Aj' Be cf Bj requires that A

and B lie on the closure of the vertical segments at t = -1 and t = 0 respectively, for the
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limiting solution to (1.1) corresponding to the solution to (3.1) with tj+1 ==1, t5 = 0;
if this hypothesis is not satisfied, the limiting solution cannot be the correct one.
To establish the existence and uniqueness of solutions, consider the solutions
y(t,e) to (1.1) satisfying
y(0,e} = B, y'(0,e) = -K/€e . (4.1)
By the estimates of Section 2, there is a unique Kj # 0 such that the solution with

K = K. has the desired limiting value as € * 0. (Kj is chosen so that

.

lim y(t,e) = —t: for t near 0; this uses BE€ Bj' The rest of the limiting behavior
¥

legows automatically from the results of Section 3.) We shall show that if A€ Aj there
is a unique Kj(a) sucn that Kj(s) + Kj as € + 0, and the solution through
y(0,€) = B with slope y'(0,g) = -Kj(s)/e satisfies vy{(~1,€) = A. (This "local”
uniqueness suffices to insure uniqueness of solutions with boundary layers at both ends
and j - 1 intersections with y = -t, since, by Section 3, any such solution must have
the limiting behavior described in the theorem.)

Consider the solutions to (1.1), (4.1), with [K - Kj! < 8§, § arbitrarily small. The
next two lemmas are monotonicity results. The first one concerns the limiting values of
the solution, and could be phrased as a statement about equations (3.1). (See Lemma 4.2.)

Lemma 4.1. Let tj(e,K) be the value of t where the solution y(t,e,K} to (1.1), (4.1)

hits y = -t for the jth time. (By definition, lim t, 1(e,K) = =1.) Then for ¢

er0 ¥
sufficiently small,
at,
lima-k-l (e,K) <0 , v (4.2)

e+0

so 1lim t (e,K) is a monotone decreasing function of K.
€0
Proof: The monotonicity follows from the estimates in Section 2. For, using the cubic of

Proposition 2.1, it can be seen from Lemma 2.1 that increasing K or increasing B has

the effect of increasing <lim t, (€,K) and ~lim € £n|y'(t1,€,K)|, in a transversal way:

e+0 1 e+0
a d .
= lim t1(€,K) < 0; EE lim € £n|y'(t1,E,K)| <0 .
€0 €+0
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Similarly, from Lemma 2.2, increasing 1lim |t1(e,K)l, lim e 2n|y'(t1,s,x)|| increases
€+0 €+0

lim |t _(e,X)| and 1lim €|y'(t2,€,K)l- Continuing, alternating Lemmas 2.1 and 2.2, we
€+0 €+0
_ find that (4.2) holds. |

We now return to the proof of Theorem 4.1. Lemma 4.1 implies that for K < Kj (resp.

K > Kj), tj+1(s,K) > tj+1(c,Kj) (resp. tj+1(e,K) < tj+1(s,Kj)) for all € sufficiently
small. Thus, for €, 6 small, y(-1,e,K) is arbitrarily close to the upper limit of Aj
for K < Kj and the lower limit of Aj for K > Kj (see Figure 4.2). As we will see,
y(-1,€,X) 1is not monotone for [K = Kj! < 8, any fixed 6, for all e sufficiently
small. However, we shall show that there is a smaller, e-dependent interval in X such
that y(-1,£,K) 1is a monotone function of K on this interval, and the image of this
interval tends to Aj as € + 0. Furthermore, as K passes the boundaries of this
interval, the size of the "vertical" segment at t = -1 tends to zero, so the limiting

behavior changes from vertical to horizontal. This suffices to prove the uniqueness of the

solution with béundary layers at both ends, and j (strictly) interior turning points.

B

t >t

-] 7
Figure 4.2

The limiting form of nearby solutions to (1.1) with the same value of

B and different values of y'(0,e) = -K/e, (j = 1). For K = Kj'

the limiting solution has a vertical segment at t = =-1. For K < Kj
(resp. X > Kj) the limiting solution has a horizontal segment near

the upper (resp. lower) endpoint of Aj.

L



By Lemma 4.1, for each € sufficiently small, tj+1(€,K) is a monotone function of

K near K so di Kj1(€) such that tj+1(€'Kj1(E)) = -1. By definition of tj+1(s,K),

j*
Y(tj+1(€,K):€:K) = "‘tj+1(slx) . (4.3)

pifferentiating (4.3) with respect to Kj and evaluating at K = Kj1(e), we get

%% (-1,E,Kj1(€)) = -[1 + y'(*1,€ij1(€))] Efgil (€,Kj1) - (4.4)
Now y'(tj+1}s,K),E,K) is ¢ 0 and O(1/e). Furthermore, by Lemma 4.1,

dtj+1(e,x)/dx < 0. Hence (3/8&)y(—1,z,Kj1(E)) <0 and 0(1/¢), and there is an
interval Kj_(s) < K < Kj+(s) such that (3/3K)y(-1,€,K) < 0.

Tt remains to be shown that the above interval may be chosen so that the image under
the map K + y(-1,&,K) tends to Aj as € + 0, and that outside this interval, the limit
behavior near t = -1 is horizontal.

To see this, we note that the monotonicity persists as long as (8 /oK)y(~1,€,K) < 0.
Also, the conditions y = y(t,e,K), (3/9K)y(t,e,K) = 0 define the envelope of the
trajectories v{t,€,K) paraneterized by K. Thus, monotonicity persists until a curve

y(t,e,K) touches the envelope at t = =1. From the variational equation of (1.1) around

y(t,e,K,

31), it can be seen that (3/8K)y(t,e,K)| . <0 for {t = 1] < o(Ye). Since

the width of the boundary layer is o(e), it followsjlhat the curves y(t,e,K) for
nearby K intersect near the top and bottom of Aj for € small. (Geometrically, the
envelope of the limiting functions (as € + 0) is a pair of curves through the "corners”
separating the horizontal and vertical segments. For € > 0, the envelope is a pair of
curves converging to the limiting pair.) Outside the interval Kj_(e) < K< Kj+(€), and
for |X - Kjl sufficiently small, the size of the "boundary layer jump"

lim 1lim |y(-1,€,K(g)) - y(t,e,K(e))]| is zero.

t~1 €+0
Having proven i), we now turn to the proof of ii). We first show that

D Dout. 3 j+2 j.
Bj Bj+2 It suffices to prove that t1 > €]
Lemma 4.2. Suppose E1 <ty Let {E;}, {ti} be the solution to (3.1) with t5 = =1,

t1 = 21 or ty, respectively. Then for each i, ti < ti.
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Proof: H! X {resp. KX} such that the solution to (1.1) satisfying y(0,g) = 0,

y'(0,e) = -¢/K (resp. =£/K) crosses y = ~t, in the limit as € * 0, at E1 (respe.

t1); if 21 < t1, then K > K. We know from Lemma 4.1 that the successive crossing

points are, in the limit, monotone functions of K, and from Section 3 that these crossing

points approach solutions of (3.1).

We now return to the proof of ii). It follows immediately that t3+2 > ti Vj. For if
j+1 3+3 .. . Y _ 343 -
not, we woq;d have tj+1 ? tj+1' for some Jj; but, by hypothesis, tj+1 1 and tj+1 > =1

. A similar argument shows that Aj D Aj+2’ That is, the point =1 and the next

i+ j+
nearest points tq 1 or tJ ! determine a solution to (3.1). As in Lemma 4.2,

3+2
3+1 3+3 +1 +3
tj > tj+2 and tj+2 < tj+4, so Aj o) Aj+2.

In order to prove iii), first consider B > 0. Since ti is monotone in j, it

suffices to know that t? +0 as 3§ + @, since B will then eventually be outside Bj

for large enough Jj. This, in turn follows by considering solutions to (1.1) which, in the

limit as € *+ 0, crosses y = -t for the first time at ti. It is then clear that if
ti is bounded away from 0, we could not have the required tgil = =1, (Indeed, we
i+
would have t2 s -=,)
J+1
- " . 3+1 +1 .
A similar argument holds for A # 1: i.e. tﬁ + -1, tﬁ+2 + -1, so any A ¥ 1 must

eventually fall outside Aj for sufficiently large 3j. ]
Note that this argument does not rule out a countable number of "limiting solutions"
for A =1, B < 0. However, the bound on € is necessary to insure the existence of a
real solution with 3j strictly interior crossings with y = -t may go to zero as Jj * %
Néxt, we deal with ;olutions (other than the constant solutions) which, in the limit
as € + 0, have horizontal segments near both t = -1 and t = 0.
Theorem 4.2. Suppose B ? 0. For each odd j > 3, consider the solution to (3.1) with
tj = -A (if A < 1) or tj+1
(if B =0). (See Figures 4.3a and 4.3b.)

= -A (if A > 1), and t1 =-B (if B > 0) or tg = ~B

i) There is a unigue solution to (1.1), (1.2) which approaches horizontal segments

at t =0 and t = -1, and which has j strictly interior turning points if the

following is satisfied; if A < 1, then tj+1 <=-1; if A > 1, then -1 < tj < 0. Also
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(tz)2 > 3132. A necessary condition for such a solution is tj+1 < -1 if A <1 and

2 2
b .
(tz) 3B

Y

Y A

/N i
N

) \
t >t

- 7 t -1 t
Loty & Y 3 2 )

4.3a 4.3b

Figures 4.3a, 4.3b

Solutions to {1.1) with j = 3 and "horizontal" segments neaxr t = =1

and t = 0. Figure 4.3a shows A < 1; Figure 4.3b has A > 7.

. 2 . 2 .
ii) If for some j, (£]) < 382, then (pg"z) <382, If A<1 and tg+1 > -1,

2 | - 3 _ 442 _
then t1.% > 1. 1If A>? and ] ¢ (-1,0), then tj+2¢ (=1,0).

ijii) If A #¥ 1 or B> 0, there are only finitely many solutions to (1.1), (1.2).
Proof: 1) We first establ;ish the necessity of the conditions in i). As in Theorem 4.1,
the conditions come from the requirement that the 1imiting solutions intersect y = -t
exactly at the {ti}, where '{ti} is the solution to (3.1) with the boundary conditions

given in i).

The condition (1:2)2 > 3132 requires that there be no negative solution to the i =1

equa;:‘ion of (3.1) (with t, = -B, t, given by the appropriate solution to (3.1))e
BEquivalently, there is no "next point"‘ to the right of t, which is st ill < 0. (For the
limiting solution to (1.1), (1.2) must have =B as the first poihnt of intersection with
y=-t if B> 0; for B =10 the condition is vacuous.) Similarly, the condition on
tj+1 (if A < 1) demands that t = -A be the last {limiting) point of intersection

before t = -1; if A > 1, the condition on tj requires that t = -;A be the first

point of intersection for t < -1.
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We now go to the existence and uniqueness of the solutions. Using Lemmas (2.1) and

2

(2.2), we see that (tz)2 > 3B implies d1! Lj # 0 such that the solution to (1.1) with

"I.\/E
e

y(0,e) = B, y'(0,e) = - (4.4)

and L = Lj has a limiting behavior whose first vertical strip is through tg. (1t
follows that the limiting behavior of this y(t,e,Lj) is a series of horizontal and
vertical strips cutting y = -t through all the {ti}.) We shall show that for each €
sufficiently small, ! L.(e) such that IL.(e) + L. as € + 0, and the solution through
Io1_(e) /e J J
y(0,€) = B, y'(0,€) = -e J satisfies y(-1,£) = A. As in Theorem 4.1, we need a

monotonicity result.

Lemma 4.3. Let ti(e,L) be the value of t where the solution y(t,e,L) satisfying

(4.4) hits y = =t for the ith time. (By definition, 1lim t ,(e,L.) = ~-A if A < 1, and
3 J
€+0 dti
tj+1(€,Lj) = A if A » 1.) Then, for 1L near Lj and i > 1, iis EE— (e,L.) < C.

Proof: As in Lemma 4.2, we use Lemmas 2.1 and 2.2 alternately to see that increasing L
increases -t; for each i > 1. |

We return to the proof of Theorem 4.2, Lemma 4.3 implies that for L < Lj (resp.
L > Lj), ti(a,L) > ti(e,Lj) (resp. ti(s,L) < ti(E,Lj)) for all €& sufficiently small.

Also, by hypothesis, lim y(-1,¢,L) = -lim t_(€,L) (resp. =lim t_ _(€¢,L)) for A < 1

€+0 e+0 erg -
(resp. A » 1). Hence, for fixed & small, and all € sufficiently small,

y(-—1,e,Lj -68) <nc« y(—1,e,Lj + 8) .
To finish i) it suffices to show that for |L - le < §, 3y/3L > 0. This is somewhat
easier than the analogous proof for Theorem 4.1, since the monotonicity holds for
L - le < 8§, where 6 may be chosen independently of €. (See Figure 4.4.) By
definition of ti(e,L), we‘have
y(ti(s,L),e,L) = —ti(a,L) .
Differentiating this with respect to L yields

at,

3y - - i
3L (ti(C,L),E,L) [t + y'(ti(E:L):elL] aL °
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v

Figure 4.4

The limiting forms of solutions to (1.1) with the same B but different

~L/€
oL/

y'(0,e,1.) = - (nearby L).

By Lemma 4.2, 'dti/dL < 0. Also, for €, § sufficiently small, y’(ti(E,L),E,L) is

dt,
exponentially small, so (G/BL)y(ti(E,L),E,L) & - Ezi < 0. Furthermore, as € + 0,

y(ti(a,L),e,L) + lim y(~-1,£,L). Hence we may also conclude that (3/3L)y(-1,e,L) < 0.
€+0 . 2 5 s 4 2 2
ii) To show that (tg) < 3B ==> (tg ) < 3B”, it suffices to show that

" .
|tg 2| < |t;|' This follows from the arguments in the proof of Theorem 4.1, ii). The

assertion for A < 1 follows from the fact that the first point to the left of tj in the

solution to (3.1) with tj = =B, t4 = -B becomes closer to tj as j increases.

Similarly, if A > 1, the assertion claimed in ii) follows from the fact that the first
point to the right of tj+1 in the solution to (3.1) with tj+1 =-h, tg = ~-B is closer

to t as Jj increases.

j+1
iii) This follows immediately from ii). |
The two combinations left to be done (for B » 0 or, if B < 0, B = 0) of horizontal

and vertical limiting behavior near t = 0, t = -1 are proved by the methods of the two

previous theorems. Hence, we shall merely state the results. Theorem 4.3 concerns
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solutions which, in the limit, are horizontal near t =0 and vertiéal at t = -1.
Theorem 4.4 concerns the revérse combination.

Theorem 4.3. Suppose B > 0. For each odd 3j » 3, consider the solution {tg+1} to
(3.1) with tj+1 = -1, ty = ~B. Let Cj(B) be the interval (-tj,—tj+2).

i) There is a unique solution to (1.1), (1.2) having a boundary layer at t = -1, no
boundary layer at t = 0, and Jj strictly interior turning points, if A € Cj(B) and
(tz)2 > 3B2. A necessary condition for such a solution is A € cf Cj(B), (t2)2 ? 3B2.

ii) If A% 1 or B> 0, there are at most finitely many j for which there is
such a solution. |
Theorem 4.4. Suppose B>0 or, if B < 0, B = 0. For each odd j » 3, consider the
solution ftz} to (3.1) with &4 = -A, t;5 = 0. Let Dj(A) be the interval (==,~t,).
Then

i) There is a solution to (1.1}, (1.2) with a boundary layer at t = 0, no boundary
layer at t = -1 and Jj strictly interior crossings with y = -t if B € Dj(A) and
¢ -1 (for A< 1) or =1 <t, <0 (for A>1). A neceséary condition for such a

3

solution is B € cf Dj(A), tj+1~ < -1 (for A< 1) or =-1XK ty < 0 for A > 1.

41

ii) If A# 1 or B> 0, there are at most finitely many 3j for which there is

such a solution. ]
The techniques of Section 3 used in Theorems 4.3 and 4.4 work only for j » 3. There
are solutions for 3 = 1, and these cases may be done by going back to the results of

Section 2 from which those of Section 3 were derived:

Proposition 4.1. Suppose 0 < B < 1: . Let 53 = % - B2, and y1(t,s) the solution to
Y3 .
(1.1) with y1(0,s) = B, y;(o,s) = ~1. Let CH(B) be the open, first vertical segment of

the limiting solutions of y(t,e) as € * 0. (See Figure 4.5.) Then if A € C1(B),
there is a unique solution to (1.1), (1.2) with a boundary layer at t = -1, no boundary

layer at t =0, and intersegting y = -t exactly once. Furthermore, if y(t,e) is this
-L (&) /€ - - 1
solution, then y'(0,€) = e . where L1(€) + L1 as € + 0, If B> — there is
Y3

no such soluticn. |
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v

-1 tl
Figure 4.5

A limiting solution for the case j = 1, Theorem 4.3.

Proposition 4.2. Suppose A > 1: , B < A. Then there is a unique solution to (1.1), (1.2}
Y3
with a boundary layer at t = 0, no boundary layer at t = -1, having exactly one (resp.

no) strictly interior point of intersection with y = -t if A < 1 (resp. "A > 1), and

no interior points of intersection with y = t. (See Figure 4.6.) Furthermore, if y(t,e)

is this solution, then ¥'(0) = °K1(E)/E, where K1(a) *> K1 = (A3 - B3)/3. If A< l: ‘
V3
there is no such solution. 1

y
N
-1t >t
1 TB
Fiqure 4.6

A limiting solution for the case j = 1, Theorem 4.4.
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The four previous theorems deal with solutions to (1.1) for which there are no
strictly interior crossing péints with y=¢, d.e. B> 0, or B< 0 and B = 0. We
now indicate how those theorems must be modified if B < 0 and B <.0. The next theorem
refers to solutions which, in the limit as ¢ =+ 0, have a vertical segment at t = 0; the
final one deals with solutions that approach a horizontal line near t = 0.

Theorem 4.5. Suppose B < 0. Consider the solution {B,ti} to (3.1), (3.9), (3.10)
with ¢t. ;= ~1 if the limiting behavior near t = -1 is vertical, or tj = =A (resp.

j+

t = -A) if the limiting behavior near t = -1 is horizontal and A < 1 (resp.

j+1
A 2> 1). Let Zs be the interval (‘tj,~tj+2) if the limiting solution is vertical

near t = -1, Let Es = {(~=,B8). If the limiting solution is horizontal near t =0, let
D;(a) = (==,8). Then

i) Theorems 4.1 i) and 4.4 i) continue to hold if Aj' B and Dj(A) are replaced

3

by Z‘, Bj and Ej(A), and the word "odd" changed to "even".

j

ii ZDZ D-— eo o _C—C—.'OU.

ii) 2 4 A6 ' B2 B4 B6

iii) For each A # 1, there are finitely many j for which A€ 4. ]

J
Theorem 4.6. Suppose B < 0. Consider the solution {B,tz} to (3.1), (3.9) with B =B

and tj+1 or tj given as in Theorem 4.5. Let Z& be as in Theorem 4.5. Then

i) Theorems 4.2, 4.3 1) continue to hold if Aj is replaced by E}, (t2)2 > 382
replaced by (t1)2 > 3B2, and "odd” is replaced by "even".

ii) As in Theorem 4.5.

iii) As in Theorem 4.5. }
Remarks: 1. For each of the four combinations of horizontal and vertical behavior near
the endpoints (6 cases for B < 0) there is a slight difference between necessary and
sufficient conditions; the necessary conditions involve certain closed intervals, while the
sufficient conditions hold on the interior of those intervals. The difference is due to
the fact that for each fixed € > 0, there is a region around certain values of A and

B for which the number of solutions is not necessarily the same as the number of limiting

solutions as € + 0; the size of each such region goes to 0 with €.
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To see why this is so, it is useful to consider (1.1) as an initial value problem,

i

with B y(0,e) and y'(0,e) specified. As an example, we shall consider B fixed,

B € B1, B B3 (i.e. B < 5: and close to ), and increase |y'(0,e)| from 0.
. 3
For y' =0, y(t,e) 2 B. If y'(0,€) = -t €, and L is now decreased from «, there

e

1/3 - Bz) for which 1lim y £ B. For fixed € small,
€30

y(-1,e,L) stays o(1) from y =B for L > 519 As 1 passes Li’ y(-1,e,L) moves

#

is a last value of L (namely E1
rapidly up. (By “"rapid", we mean that a change of order ©0(1) in y(-1,e,L) is produced
by a o(1) change in L.) This increase continues until y(-1,e,L) hits some point close
to the upper endpoint of 01(B), and y(-1,e,L) starts to decrease. Since the upper
limit is not exactly the boundary of C1(B) for fixed €, the number of solutions to
(1.1), (1.2) for A very close to this boundary may be two more or less than the number
of limiting solutions.

After L passes n a decrease in L leads to a slow decrease in y(-1,&,L}. (By

1l
nslow", we mean that a change of O(1) in y(-1,£,L) is produced by an 0(1) change in

L.) (See Figure 4.7.) The decrease continues until _I. reaches a value = L. where the

3
—L3/a
solution to (1.1) with y(0,e,L) = B, y*'(0,g,L) = ~e has a limiting behavior with a

vertical segment at t = -1 and three strictly interior turning points. It then undergoes
a rapid increase in y(-1,e,L) for L ® EB and, as before, stops at a value of y near
the upper endpoint of C3(B). This alternation of rapid increases and slow declines in
y(~1,¢,L) continues a finife number of times for I € [0,]. (Indeed, for B close
enough to L , the first rise near L = E1 is the only such rise; the number of rises
can be compuied by solving (3.1) with t5 =0, tq = B, and finding the last j such

that t2j > =1.) The rapid rises correspond to solutions which are approximately vertical

pear t = -1; the slow declines correspond to solutions which are close to horizontal

near t = -1.
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-1 -1
4.7a 4.7b
Figqures 4.7a, 4.7b
N : . _ . -L/€ .
The limiting forms of solutions with y(0,e) = B, y'(0,e) = ~e , with

varying L. The arrow indicates motion as I is decreased; the double
arrow indicates rapid. Figure 4.7a: L = 31; Figure 4.7b: Eg <L < f}.
Thereafter, as |y'| increases, we consider ¥'(0,e) = -K/e. Increasing K (see
Figure 4.8a) at first increases y(-1,£,K) slowly (slow and rapid have the same meaning as

for y{-1,£,L)). The slow increase ends when y(-1,£,K) reaches a point near the upper

value of 4,, at K = K ; for X near K., there is then a rapid decrease in

y(-1,€,K), (see Figure 4.8b) which ends near the bottom of Al‘ For larger X, the
value of y(-1,g,K) thereaffer increases with K, and is unbounded. If B € Aj'

B f Aj+2 for some j, there would be a finite sequence of slow increases and rapid
declines in y(-1,£,K) before the final monotone increase. Once again, near every value
of A for which (3/3K)y(-1,e,K) = 0, the asymptotic count of sclutions to (1.1), (1.2)
may be off by two.

2. Consider (1.1), {1.2) now as a boundary value problem, with A and B as
variables. For example, suppose we fix B and € > 0 with € << 1. BAs we vary A, the
number of solutions changes by two (either up or down) as certain critical values of A

are passed; these points correspond to changes in the sign of (3/9K)y(-1,¢,K) or
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(3/3L)y(~1,e,L) and have becn computed in the limit as € + 0. The d isappearance (or
appearance) of two solutions is accomplished by a bifurcation: two solwitions coalesce and

1
then disappear. The prototype example is B < — , A variable. As A decreases past

’3
1: « the left boundary layer of the solution which is asymptotically = A (for
Y3
-1 <€ t < 0) tends to zero in length, and the solution coalesces with armother solution
which is asymptotically = l: (for =1 < £t < 0). (See Figure 4.9.) For A < l: and €
V3 V3

small enough, neither of these solutions exists.

Y
\\\ A A\
1/V3 /73
’(-- > B N B
} N
X -1 .
-1
4.8a ) 4.8b

Figures 4.8a, 4.8b

The limiting forms of solutions with y(0,e) = B, y'(0,e) = =K /e, with
varying X. The arrows indicate motion of y(~1,£,K) as K Ddncreases.

Figure 4.8a: K < Ky: Figure 4.8b: X = K1.

3. The methods of this paper can also be used to get a complete anzlysis of solutions

for t » 0.
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1//3

Figure 4.9
A pair of solutions to (1.1), (1.2) with B < 1//3. As B crosses

1//3 (in the limit as € + 0). the solutions coalesce and disappear.
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Appendix: The case B < A < 0.
Proposition A. Suppose B ¢ A < 0. Then there is a unique solution to (1.1), (1.2). The
limiting behavior of the solution for -1 < t < 0 1is as follows:
1 . 1
if B < - — <A, lim y(t,g) = = == «

/3 €+0 Y3

if B<A<-‘L‘, lim y(t,e) = A ,

6 £+0
1 .
if - -— < B <A, lim y(t,e) = B .
3 €+0
(See Figure A.1.)
Y
AN
>t
-1/73 ‘
f
i
dae o o - - g
Figure A.1

The limiting forms of solutions for the three different cases of

Proposition A.

Proof: It follows from the estimates of Section 2 that, in each case, the above constant
is the only possible limiting behavior. To show that there is a unique solution
corresponding to these boundary conditions, we may use the arguments of Theorem 4.1 and

Theorem 4.2. Alternatively, we may apply the maximum principle to the difference of
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two solutions. If y,, y, are solutions, then w = Yy T Y, satisfies
ew = (y2 - £ - [yly, + y)w=0
Y.l Y2Y2 Y1 v
Ww(=1) = w(0) =0 .
i ! + ?
Since [yz(y2 y2)] 0 we see that

w = 0. |
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