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Abstract

In this paper a particle-type model is applied to the study of
evolving swirling fluids. Of basic importance is a natural, self-
reorganizing property of the system. High-speed digital computation
is essential for the resolution of associated initial-value problems.
Examples are described which incorporate local, molecular-type forces
and Tong-range, gravitational forces. Moon-like and planetary-1like
bodies thus evolve in a natural way. Extensive computer examples are

given.



1. Introduction

In this paper we will initiate a new type of modeling for swirling
fluid phenomena. Both local, molecular type, forces and long-range,
gravitational, forces will be included in a fashion which is qualitatively
similar to the way in which they actually occur. Self-gravitational
interaction will yield a natural, self reorganization property in which
heavier particles relocate centrally. Molecular type interactions will
yield conservation of mass, will provide a mechanism for generating
various pressure distributions, and will also contribute to the system's
self-reorganization property. Much of the interest at present will fo-

cus on the process of solidification and the natural evolution of plan-

etary type bodies.



2. Basic Mathematical Definitions and Formulas

For positive time step At , let tk = kat, k =0,1,2 ... . For
i=1,2,3,...,N, Tet particle Pi have mass ms and at time tk
> . - _
Tet Pi be located at Pik " (Xi,k’yi,k) , have velocity ik T
) .

Let position, velocity and acceleration be related by the "leap-frog"

. - _
(Vi,k,x’vi,k,y) , and have acceleration I (ai,k,x’ai,kﬂy

formulas ([2], p. 107):

> > _At—>
(2.1) Vi Viot T %40

-5

:‘>‘ Y poed
(2.2) Vikiy T Viken + (At) 3 K , k=1,2,...
> > > _
(2-3) Y'_i,k_"-] - Y‘_i’k‘l' (At) V‘i,k+1/2 ) k - 031,2,..-
If ?i K is the force acting on Pi at time tk , where
_—) -
Fi,k = (Fi,k,x’Fi,k,y) , then we assume that force and acceleration

are related by
(2.4) F., =m

Once an exact structure is given to Fi,k » the motion of each particle
will be determined recursively and explicitly by (2.1)-(2.4) from pre-
scribed initial data.

In the present paper, we will want F} K to incorporate both local,

E]

molecular type components and long-range, gravitational type components,



and this will be implemented as follows. At time tk s let rij K

be the distance between Pi and Pj . Let Gij (coefficient of mo-
lecular-type attraction), Hij (coefficient of molecular-type repul-
sion), Bij (exponent of molecular-type attraction), 045 (exponent
of molecular-type repulsion) and G?j (gravitational constant) be con-

stants determined by Pi and Pj , subject to the constraints (see [5]):

* E £ -
Gijfﬁ, Hijfp’ aijiﬁijfz’ GijED . Then the force (Fi,k,x’Fi,k,y) ex
erted on P1 by Pj is defined by
G H 6. T (mm,)( )
(2.5) : N St AL DU AR e i RAhn BY SN
ot i,k,X B-o Qs 2 Y‘..
iy, Uy 13,k
ij.k ij.k ?
- . )
PP TS B EL I I B LAt W S AL
ks B 5 i v, 2 i3k
r.. .. i,k J
ij,k ij,k

The total force ( ) on P, due to allthe other (N-1)

Pk i k,y :
particles is given by

L Fikox 3
1

¥
J

(2.7) Fi,k,x =

S | e -

N
F. = ) F, .
i,K,Y 351 1,k,y
J#i
The formulation (2.1)-(2.7) is explicit and economical though non-

conservative. Conservation of energy and momenta can be achieved [2],

but only through an implicit, less economical approach. Throughout,



the time step to be used in (2.1)-(2.3) will always be At = 1O°4

and
a comprehensive FORTRAN program for implementation of (2.1)-(2.7) is
given in the Appendix of [4]. It should be noted, in addition, that
the way in which (2.1)-(2.7) will be applied lends itself directly to

parallel computation also.



3. Basic Physical Assumptions and Definitions

We will consider a system of 239 particles, so that N = 239. This
parameter was determined solely by economic constraints. Next, we fix

the parameters a.. = 6, Bij = 4 , which were shown to be viable in

iJ
previous computations [3] with relatively smaller particle sets. Un-
less indicated otherwise, initial particle positionswill always be
those shown in Figure 1 and listed precisely in the Xos Yg columns
of Table I. These positions were generated in such a fashion that
the configuration is approximately circular and is, for zero initial
velocities and constant masses, relatively stable [2].

The entire configuration will be set into counterclockwise rota-

tion as follows. In terms of the angular velocity parameter 6 and

a perturbation parameter ¢ , let

. m-i m
.0l Lz000 &

(3.1) V. = +

. = +
"I,O,X — 1,0,}’ -

where the choices of the signs will be made as follows. Choose the
signs before the absolute value terms in (3.1) by setting € =0 and

using the rule

(X1,O’yi,0) e Quadrant T = v; o <0, vy 4 o >0
(X1,0°y1,0) ¢ Quadrant IT = v; o <0, Vi,0,y <0
(x; go¥5 o) € Quadrant IIT = vy g >0, vy 5 <0
(Xi,O’yi,O) ¢ Quadrant IV = v, 5 >0, vy 4, > 0.
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As will be discussed later, the signs before the ¢ +terms will be
determined at random.

Still another parameter which will be important will be a distance
parameter D which will determine whether the long range forces or
the short range forces predominate. We will choose D>1 and will use

the "switching" rule

= * =
(3.2) Pij.k < D > Gij =0
(3.3) rij.k >D = Gij = Hij =0.

Further, as in [3], we will fix Gij = H.. = 5 whenever (3.2) is valid.

iJ
ij and Hij
but G?j is, as yet, still arbitrary whenever (3.3) is valid.

Thus, once D 1is assigned, G are completely determined,
In the assignment of particle masses, let us first consider the
chemical composition of Earth, as shown in Table II. The proportionate
total mass for each element is shown in the right-most column. If
one regroups all the elements in Table II as shown in Table III, then
one observes that, in order, the total masses of groups I-V decrease,
while the individual particle masses increase. It is this observation
which is incorporated qualitatively into our model as follows. We will
consider five groups, consisting of 2, 4, 12, 26, and 197 particles,
respectively, with individual particle masses of 10000, 8000, 6000,
4000, and 2000 units, respectively. The actual assignment of a mass

to each particle will be implemented later by a random process.



TABLE I1 - CHEMICAL CCMPOSITION OF EARTH

Element Relg%iz§og§mber Elémeggizh%#omiq Product
Hydrogen 40000,0 1.008 40320
Heliunm 3100,0 4,003 12409
Carbon 3.5 12,01 42
Nitrogen 6,6 14,008 92
Oxygen 21.5 16,000 344
- eon 8,6 20,183 174
Sodium 0.04 22,997 1
| Magnesium 0.91 24,31 22
Aluminum 0.09 26,98 2
Silicon 1.0 28,09 28
. Phogphorous 0.01 30,07 0
Sulfur 0.37 32.06 12
irgon 0.15 39,948 6
Caleium 0.05 40,08 2
Iron 0.6 55,85 34
Nickel 0.03 58,71 2

PABLE III - REGROUPING OF EARTH'S ELEMENTS

Group Elements Total Products
I Hydrogen, Helium 52729
i1 Carbon throusgh Oxygen 478
I11 Neon through Aluminum 199
IV Silicon through Calecium 48
v Iron, NHickel 36

13
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Next, while in rotation we will require a rule for determining the
physical state of each particle. Such matters can be exceedingly complex
[1] so that, for the present, we will use the following intuitive notions.
Consider four particles P], PZ’ P3, P4 , each of the same mass, located
at (0,1), (-0.87, 0.5), (0.87,0.5), (0,0) , respectively. If each particle
is assigned [ velocity, then the three particles P], P2, P4 form a
three particle bond [2], since, by (2.5)-(2.7), the local force on any
one due to the other two is zero. Similarly, P], P3, P4 form a three
particle bond. We will then call Py, P,, Py and P, solid particles.

To explore the change of state to fluid particles, we now change only

the initial velocity of P] to (0,v) , where v>0 , and seek the smallest
value of v for which P] relocates monotonically upward, in accordance
with (2.1)-(2.7), so that the given bonds are broken and new ones formed

by the triplet P], PZ’ P, and by the triplet PZ’ P,. P, . In this

3 3 4

fashion, the speed v assigned to P1 has enabled the particles to

change their bonds easily, which we call a fluid state, and, in particular,
a liquid state. For D = 2.1, so that (3.2) is valid, these values of

v are given in Table IV in the "v-liquid" column for the different masses
to be considered. (0f course, these results are also valid for any

D>2.1). However, it will be more convenient to identify a particle as
being a liquid particle by its temperature, which is defined as follows
[2]. The instantaneous temperature T% K of Pi at tk is defined

5

by its kinetic energy, that is

(3.4) T% =
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TABLE IV - Change of State Velocities and Temperatures

my v-Tiquid v-gas . temp-Tliquid temp-gas
10000 100 170 11370 30200
8000 90 160 8190 22600
6000 78 140 4640 12500
4000 65 110 1160 5300
2000 50 80 710 2130
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Since these numbers can be relatively large due to the magnitudes me
the normalized instantaneous temperature T? K of Pi at tk is de-

fined by

- 4
T?,k = Ti,k/10 .

The temperature Ti K of Pi at t, is defined by [2]:

]

(3.5 Ty
where M s a positive integer, and where (3.5) is an average over

M time steps, thus corresponding to the fact that temperature is a
quantity which is measured over a finite, positive time period. Compu-
tations have shown that it is reasonable in the examples which follow
to choose M = 500 , so that we will use

k

(3.6) T., =

ik - 500 5

)
j=k-500 '°J
The temperatures at which each particle changes state from solid to
Tiquid are listed in the "temp-Tiquid" column of Table IV.

The critical velocities and temperatures of gas particles, as shown
in Table IV, were determined more simply by consideringonly three par-

ticles P P2, P3 , located at (0,0.87), (-0.5,0), (0.5,0), respectively,

'ID
with initial velocities (0O,v), (0,0), (0,0) , respectively, and by

determining the positive parameter v for which {P]PZ} = IP]Pgl >L .
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The results shown are for D = 2.3 . Intuitively, when |P1P21 >D,
all molecular-type forces are zero, by (2.3), so that P; moves "freely",
which is characteristic of gas particles.

Note that "temperature", as defined above, is a phenomenon of a
particles "local" velocity, that is, its velocity relative to neighboring
particles. Thus, when a particle is rotating within a large system,
the gross system velocities should have no effect on the particle's
temperature and must be subtracted out before the temperature calcu-
latijon is performed. The velocity of the centroid of the system and of
the average angular velocity of the system are utilized for this pur-
pose in the following way to determine the temperature of Pi at tk
as Pi rotates within the system. First, at time tk , let the mass
center of the system be (ik, &k) and let the average linear velocity,

(vX k’vy k) , of the system be defined by

(3.6) v . - AT R
' ®,k Z m > y,k z m
i i
where the summations of (3.6) are taken over all particles of the system.

' 1+ 1 * * T * * -
Then P.'s position (Xi,k’yi,k) and velocity (Vi,k,x’ Vi,k,y) rela

tive to the mass center are defined by
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Next, out of v? K and vﬁ K,y we wish to take the angular rotation

LRAS-] LA ]

of the system, which is done as follows. Introduce the normal and

tangent velocity components, v? K

3 5

Pi at tk , by the usual formulas

and vﬁ K.t ® respectively, of

= * * )
(3.9) VEon T By Yk T Yk LRy

== - * *
(3100 v¥ s v Yt Yy XELkRy
where

1

(3.11) R, = [(x* k)2 + (.V’.';Qk)zj/z

Since, in general, 8 Vt/R » we define the average angutlar velocity,

6 , of the system by

. (m. —
- &.m. R.
(3.12) 6 = 164m,) = L1 ! ,

) my ) my

where the summations are taken over all the particles of the system.
Finally, the speeds v? K e used in (3.4) to calculate the temperature

by (3.6), are given by
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As a Tast physical consideration, we will allow for radiation of
heat into and out of the system. At any time, a particle Pi whose
distance from the mass center is greater than d* wunits (d* = 7 un-
less otherwise indicated) is called an outer particle. An outer par-
ticle will be called a light-side particle, that is, it faces a sun,
if i,k 3,9k . Otherwise, it is called a dark-side particle. Light-
side particles will receive radiant heat while dark-side particles will

emanate radiant heat. This is implemented as follows. Every k* steps,

outer particle velocities are reset by the rule

light-side particle: v, , - 1.001 Vv,

(3-']4) N 1,k +1,k
dark-side particle: v. , - 0.9955 v. .

i,k i,k

In practice k* will be fixed so that a dark-side particle will Tose

about 30% of its kinetic energy during its initial half-revolution as

a dark side particle, which conforms with some estimates of radiant

heat Toss on the dark side of Earth. For & =1, k¥ = 200 , approxi-

mately, so that for 6 =4, k¥ = 50 , while for 8 =5, k* = 40 » which

will be utilized in the examples which follow.
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4, Examples

Before describing in detail the more interesting computer examples
run, we will summarize the preliminary considerations and calculations
related to the selection of the parameters 8, e, D, k* and &%y .

Initially, the parameter choices were 6 =1, D = 2.1, € = 0,

I

k* = 200 and G?j = 0 , with a mass distribution generated at ran-
dom. The resulting motion of the system was that of a solid body which,
over 80000 times steps, showed small expansions on the light-side and
small contractions on the dark-side. However, before parameter mod-
ifications could be introduced which would result in a rotating fluid
body, economic constraints forced a change in & . With & =1, one
complete revolution of the system required,approximately, 50000 time
steps, which was considered to be exorbitant. Studies were then made
with 6 = 4, 5, 10, 20, 40 and with, respectively, k* = 50, 40, 20, 10, 5 .
The choices 6 = 10, 20, 40 were relatively unstable over long periods,
while & = 4, 5 were reasonable. To affect a change of state from
solid to fluid, e was varied next. With & = 4, 5 , computer examples
with ¢ =1, 5, 10, 20, 40 showed that e = 10, 20 yielded fluid

type motions, while ¢ = 40 yielded instability. However, ¢ = 10, 20
showed exceptionally slow motions of the heavier particles toward the
core, so that, next, with 6 =4, 5 and ¢ = 10, 20 , further examples
were run with D = 2.3, 2.5, 3.1 . The resulting motions of the heavy
particles toward the core for D = 2.5 and 3.1 were exceptionally

rapid, being very similar to results obtained in [2], while the resulting
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motion for D = 2.3 were relatively slow. A1l the above considerations
led to the parameter choices 6 = 4, €=10, D =2.3 and k* = 50 .

The initial positions, velocities, and temperatures for the first two
examples to be described next were generated in the manner prescribed

in Section 3 and, for completeness, are given in Table I.

il

Example 1. In this example, let Gﬁj

particle configuration given in Table 1 at time t

0 . Figure 2 shows the initial
0 The relative

mass of each particle is indicated by the relative size of the circle
which represents that particle. For emphasis, only the smallest circles,
which represent masses of 2000 units, are unshaded. Figures 3-5 show

the evolution of the system at times t and t

5500° 18500 38500 °

By tSSOO » two particles have escaped from the system; by t18500 ,

forty four have escaped; by t38500 , eighty seven have escaped. There-
after, no additional particles leave the system. Figures 3-5 reveal

a gradual restratification of the particles with the heavier ones relo-
cating centrally and the Tighter ones to the outside. Noting that this
effect results in the absence of gravitation, since G?j =0, leads

to the deduction that the short range forces do have important global
effects. Figure 6 shows a typical set of escaping particles at t]8500
and, here, too, the heaviest particles are at the core of this subsystem.

Example 2. Let all the parameters and initial data be the same as in

3 » thus introducing

Example 1 with the single exception that Gﬁj = 107
self-gravitation. Figure 7 shows the system at tSSOO and reveals a

greater cohesiveness than that shown in Figure 3. Figure 8(b) shows
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38500 (Example 1)
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the system at time tl]OOO and allows a direct comparison with the

case G?j = 0, shown in (a). Again, the greater cohesiveness is easily
apparent. By the time t15000 , many of the light, outer particles

have begun to Teave the system, but have been pulled back quickly by
gravitation. Finally, at t18000 even the present system subdivides,
but this time it is,essentially, into two relatively large subunits,

as shown in Figure 9.

Before proceeding to Example 3, note that Examples 1 and 2, above,
demonstrate quite clearly the well known fact that heavy particles and
systems of such particles on the periphery of a rotating fluid system
will often have sufficient momentum to escape the system. Since this
is always valid, we will turn next to an example in which relatively
heavy particles are not located near the system's outer boundary. That
is, we will start with a system from which some of the particles which

will escape are considered to have already escaped.

Example 3. In this example, consider all the parameters to be the

same as those in Example 2 except that the masses of thirteen pairs of
particles will be interchanged in the fashion shown in Figure 10. The
resulting mass distributionat time to is shown in Figure 11. The
initial spin up motion is shown at t5500 and t11500 in Figures 12 and
13. The velocity fields at these times are given in Figures 14 and 15.
The motion of the system from t]8500 to t17]500 is shown in Figures
16(a)-(i). By the time tigs00 ° @ large concentration of the heavier

particles has already formed, as is seen in Quadrant II of Figure 16(a).
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Note, incidentally, that one of the lightest particles has been captured
within this heavy concentration and that it never escapes. By the time
t27500 , as shown in Figure 16(b), a second smaller concentration of

the heavier particles, each with mass 4000 units, has formed. Also,
only particles of mass 2000 units now form an outer boundary of the
system. Figures 16(b)-(f) reveal the gravitational motion of the two
relatively heavy mass concentrations towards each other, but these never
do join, as will be analyzed later. The ease with which the boundary
of the system changes shape, as evidenced in Figures 16(c)-(i), clearly
indicates the fluid nature of the system, but, the onset of solidifi-
cation is suggested by the general elliptic shape of the system at
t111500 and t14]500 , and the almost circular shape at t]7]500 .

The process of solidification is shown in Figures 17(a)-(i), in which
the system is again shown at the exact time steps as those of Figures
16(a)-(i), but with the physical state of each particle, as determined
from Table IV, indicated in the following fashion. Each particle which
is solid has been enclosed by a hexagon. Each particle which is gaseous
has been enclosed by a triangle. Al1l other particles are liquid. At
t18500 one sees in Figure 17(a) that the particles of mass 6000, 8000,
and 10000 are all solid, that particles of mass 4000 are about half
solid and half liquid, and that most of the particles of mass 2000 are
liquid, with some few being solid and some few being gaseous. This
preponderance of liquid particles prevails through t81500 and accounts

for the highly fluid motion of the system up to this time. However,
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at t81500 » one sees that solidification has set into the area between
the two relatively heavy mass centers, which, of course, accounts for the
cessation of their motion towards each other. This increase of solid-
ification is seen in Figures 17(g)-(i) and accounts for a highly fluid
behavior at the outer boundaries of the system, but not in the interior.
At t”]500 , as seen in Figure 17(i), large sections of the boundary
seem to have solidified,thus suggesting the beginning of crustal formation.
Unfortunately, the contraction of the system and the decrease in system
angular velocity by this time resulted in such a slow net solidifica-
tion rate that the amount of computation required to continue to complete
solidification became economically unfeasible. This decrease in system
angular velocity is shown in Figure 18, where each unit on the hori-
zontal axis corresponds to 10000 times steps. The oscillatory nature
of the decay is clear from the figure. Note also, that whereas the
system completed a revolution in about 15000 times steps at the earlier
times, it required about 34000 time steps at the later times. It was
for this reason that the time steps shown in Figures 16(a)-(i) were
staggered in the indicated fashion.

It is of special importance to note that our definition and treat-
ment of solidification actually corresponds to rigid motions of sets of

solid particles.
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5. Conclusions and Remarks

Example 3 of Section 4 1is indicative of the large variety of re-
sults whichcan be obtained simply by varying input parameters and/or
initial data. With regard to Example 3, in particular, we hypothesize
that it approximates the development of a moon-Tike body, primarily be-
cause, like the Earth's moon, its geometric center and its mass center
are distinctly different. Indeed, a subsystem which escaped at the
time when the earth had cooled to a molten state might reasonably have
the initial data prescribed in Example 3. We hypothesize further that
to simulate the development of Earth, itself, Example 3 should be rerun
with the following necessary modifications: (a) use masses 4000, 3500,
3000, 2500, 2000 instead of 10000, 8000, 6000, 4000, 2000, respectively,
to ensure that the initial particle states are all either gas or Tiquid;
(b) use a "shadow-region" approach [2] to define the system's boundary
at each time step and involve all and only boundary particles in radi-
ative heat transfer; and (c) increase the damping factor in (3.13) so
that solidification occurs more slowly, thus allowing the formation of
a circular core. Should these modifications prove to be relatively

successful, then further refinement could be obtained by introducing

chemical reactions into the model.
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