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ABSTRACT

A new numerical method is developed for the solution of
steady state, viscous, incompressible flow between two rotating
spheres, The Navier-Stokes equations are approximated by a
triple sequence of linear problems, each of which has a diagonally
dominant coefficient matrix. Examples are given for Reynolds
numbers in the range 10 < R < 104 and for various angular velo-
city combinations. For appropriate choices of smoothing parameters,

the method is exceptionally fast.






1. Introduction

Fluid motions inside rotating containers are of wide interest,
as in the studies of gyroscopes, centrifuges, and atmospheric and
oceanic circulations (see, e.qg., refs.[1],{2],[4]-[11],[13], and the
references contained therein). In this paper we will s‘tudy numerically
the steady, nonlinear motion of a viscous, incompressible fluid
within a spherical annulus. It will be assumed that the boundary
spheres rotate coaxially and that the fluid motion is rotationally
symmetric. Analytically such problems have been studied by means
of linearization [4],[10],[11], by means of asymptotics [13], and
under the assumption that the annulus gap is narrow |4],[10]. Only
recently have numerical studies been undertaken on related problems
81, [91.

In XYZ space, then, let S1 and SZ be concentric sphercs
which are centered at the origin, which have ﬂrospective radii r']
and I, with rZ > r1 , and which both rotate about tﬁe Z axis.
By the assumption of rotational symmetry, it follows that the motion

necd be studied only in the plane annular section ABCD, denoted by

I, in I'igure 1.



[N

Pige. 1

L T o— \
1 \
—— O } lﬁ. l B -
/
//
/
//
~
.




i (x,z) is in I and has "polar" coordinates (r,6) defined

by

r sin 6

X
1l

N
i

r cos 6,

and if u, v, w are the velocity components of the fluid at (x,z),
where u is in the direction of increasing r, v is in the direction
of increasing 6, and w is perpendicular to the meridional plane,
then the dimensionless, steady state Navier—Stokes equationS of

motion are ([4],[8])

(1.1) D% -M

2 R
{1.2) D§7,+“"Z
r sin 6
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(1.5) u

i

(zpe)/(r2 sin 6)

i

(1.6) v —(z//r)/(r‘ sin 6)

(1.7) w = Q/(r sin 6).

We assume that S. has angular velocity o

1 1 and SZ has angular

velocity w,, SO that the following boundary conditions ([4],[8]) are

to be satisfied:

{1.8) gb:z//r:O, on arcs AD and BC
(1.9) g =0 =M=0, on CD

'wlrlz sin'Z 6, on AD

"

(1L.10) Q
oozrg sinz‘ 6, on BC,
In the next two sections we will show how to extend a numer-
ical method developed for cavity flow problems of arbitrary Reynolds
number [3] to the boundary value problem defined by (1.1)=(1.3),

(1.8)-(1.10).




2. Difference Equation Approximations

Fundamental to the method to be developed is the approximation
of differential equations (1.1)-(1.3) by difference equations which
are associated with diagonally dominant linear algebraic systems.
This will be accomplished by using a combination of central, forward,
and backward difference approximations for derivatives [3] as follows.

System (1.1)~{1.3) can be rewritten as

(2.1) rz‘ (sin 8) 1//” + (sin O - (cos 0) 'z//() = I\/Irz‘ sin 0

! Vo0

2
i - (si s v - NGO -
(2.2) r (sin 0) er +(sin O)Q .+ (R(//r cos 0) 0, R?//()ur 0

00

2 2 2
. > 0 » . . — » a M
(2.3) r (sin ) Mrr + (sin @) MGQ + [R(sin 6) g[/r sin 0 cos 0] o

. 20 Lo i
Rzpe (sin 6) Mr_R{r [ercos 6 - _ sin 0]

o
2M

¥ 22 05 6 - i .
. [zprrcos 6 -y, sin 6]}

In an r—-0 plane, as shown in Figure 2, let the points (r, ),
(r+Ar,0), (r, 0+A0), (r=-A1,0), (r,0~-A0) be numbered 0,1,2,3,4,
respectively. Then the differential operators on the left-hand-sides
of (2.1)=-(2.3) will be approximated by differencc operators Ll' L‘A'
L3, respectively, by making the following substitutions, where

z//i, ‘Qi’ and Mi’ i=0,1,2,3,4, are the function values of ¥, (),
and M, respectively, at the point numbered i. At (r,8), in each

of (2.1) - (2.3), set



'(()1_21//04_1!/3 ?/’2"3%1/04‘?//4
(2.4 9, = 2 + Voo * 2
(Ar) (A ©)
Ql-*ZQO +Q3 ' QZ—ZQO+Q4
(2.5) Q= 5 . 8299 = >
(AT) (AO)
M, - 2M_. + M M, -2M_+ M
(2. 6) Mrr _ ] 0 3 , Me@ _ 0 4
(&) (AO)
In (2.1) set
(2P
. 0 "4
(2.7) z//e = MAG .
In (2.2) set
- hos Y2t
: Ve T aar Yo " 2ne
and then choose QG and ‘Qr as follows:
Q. -0 Y, =P
NPT 1~ Y3 %
(2.9) SZG = /,\.MG , if [R MZAr cos 4> 0
Q.- Y= ~
R O SR S W - T }
(2.10) &7.() = o , if [R AL cos 0|< 0
Ql —QO
(2.11) Q. =" A7 v if [P A 0




(2. 12) O ==, if y, -y, > 0.

In (2.3) use approximations (2. 8) for v, and 2/19 and then set

M_ - M Yy, = P
2 0 . '3 1

(2.13) I\/IQ = o . if [R AT cos 6]> 0
MO.—M»‘L 1//1—(//

(2.14) M() ST if [R il cos 0]< 0
M, - M,

(2.15) I\/Ir:: AT if zpz-‘p4<0
My - M,

o LC = T ' if ) - > .
(Z 16) MI" AT 1 4/2 (/}4 0

One thereby obtains at (r, 8) the following difference

approximations Ll' LZ.’ L% for the left-hand-sides of (2.1) — (2.3):

2 | . _

(2.17) Ll i//O ~ 71 (sin H) d/rr + (sin 6) ‘/}99 (cos 0) ://O ,

where

218 Lo - {—Zré_sjn 9 _2sin6 cos 9] . [ﬁ‘ sino]
. 1Yo * Yo (a2 (0 6)2 X: 1L (an2

. 2 . .
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Valner? ) Tl ang Jtralwe? T ae )7



. 2, . .
(2.19) LS ~r (sin 0)§2 4+ {(sin () f\zO(Rz//r - cos ) - R‘//(§)'x*'

2°0 T 06
where, if [R 2hT cos G;J__ 0 and <//2 zp45_0, then
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2r 2] 2 sin O 1 1 3
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200N T L (an? 2 | 08)? AT
, _2 E
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i e ————— e () > - -—
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(2.20b) L0, =0, [— a_sin® 2808 (p—i—2-cos0) 13
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if ‘R ““""ZM - Ccos 6}< 0 and ¢/2 Ty < 0, then
2 . Yy, = P
2 2] 1 1
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and finally,

. 2, .2 2 .
(2.21) L3MO r (sin 6>Mrr + (sin 9)1\/[99 + MQ [R(sin O)z//r

-sin 0 cos 6] - R(//eMr sin 6,

b s
where, if [R ZL\rm - COS 9]2 0 and z,bz - ://4 > 0, then
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Y, =¥ in? ® sin”
2 4 sin © r Ssin QJ

nl- : Bl 2 M, |
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in?% v~ Y 1
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The difference approximationsof (2.1) - (2.3) which will be

used in the special way to be described in the next section are then

1\/IorZ sin 6

i
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3. The Numerical Method

For fixed grid sizes Ar and A6, let A®, B¥, C, D be the

T il
ot i o a ,
points (rl, 5 + AB), (rZ, > + A BG), (rZ,O), (rl,O), respectively, as

shown in Figure 3. On and within rectangle A*B*CD, construct

and number in the usual way [3] the set of interior grid points Rh

and the set of boundary grid points Sh'

In general, we will aim at constructing On Rh + S, a triple

h

sequence of discrete functions

(3.1) -w(o), zp(l), 'z//(z), 1,0(3),

(3.2) Q(O),Q(l),ﬂ(z),QB), ceos

(3.3) MY, MY, MY, MY, seee

with the properties that, for some integral value k, and for given

positive tolerances s €50 E

3
Goay % - B <

.5y % % <)

(.60  m® -

uniformly on Rh + Sh' Each of the discrete functions in sequences

(3.1) = (3.3) will be called an outer iterate. For j =1,2,...., each

w(]) will be a solution of (2.23), each .Q,(J) will be a solution of
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(2.24), and each hd“) will be a solution of a special form of (2.25).

Numerical convergence to the tolerances given by (3.4) - (3.6) will

k-+1) (k+1)

yield the desired approximate solution 1//( ) (k1)

’ M a

Specifically, the algorithm proceeds as [ollows.

Step 1 Given Ar and A®, construct Rh and Sh on rectangle

A*B¥CD.

Observe that by (1. 8) - (1.10) and by the symmetry of the prob-

lem, one knows

v, Q, M, on base CD;

v Y on A"D and B*C.

The problem then is to find M on the set theoretic difference

(R1 US,.)-CD, and to find ¢ and (O on the set theoretic diffcrence

t h

[RhLJsh]—UA*D)—+(DC» + (B*C)]. In the steps which follow, 1,
) and M are generated numerically only on those grid points where

they are not already known.

Step 2. Set 1//(0) =0, Q(O) =0, M

Step 3. At each point of Rh of the form (r1 + AT, iN0), § =1,2,...,

T
27\“5 , write down the equation

(k) B o
(k) (x4 2Ar, iNO)

(3.7) wk(ﬁ4—AnjAm - "
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At each point of Rh of the form (1r2 - A1, jAO), i=l1,2,e4.,
" . ,
WZAQ , write down the equation
k
(X) zp( )(rZ - 2Ar, jA6)
(3.8) 1 (rZ - Ar, jAB) = P .

At the remaining points of Rh' write down (2. 23) in the form

k) _ o (k=1) 2
(3.9) le,lzo = MO r sin 6.

At each point of Sh of the form (r, + jAr, §+A8), i=1,2,...,

1
r. = Ar-r

& Ar"—m . write down (3.9) with the symmetry substitution

(k)

(3.100 3" (k)

+jAr,"§"+/.\€)) == +jAr,‘7ZI—/_\9).

1 1

Solve system (3.7) - (3.10) by SOR (successive overrelaxation)

with overrelaxation factor rz// and convergence tolerance a.,. Call

1
the solution 17/(]() and define gb(k“) by the smoothing formula

(k) (k=1) |

(3.1)  y = py ey

1-py , 0<p< 1.

Step 4. At each point of Rh’ write down (2.24) in the form

(k) _
(3.12) Ly =0

with the values of -w(k) generated in Step 3 used for the coefficients

of Lz. At each point of S, of the form (r, + jAr, Ly ABY, =1,

h 1
r_—Ar—-r
2, 2 1 write down (3.12) with the symmetry sub-

o 7
Ar
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stitution

® e viar, Tiaey =a® e +jar, T 0.

(3.13) Q 1 ' 1 “Z‘

Solve system (3.12) - (3.13) by SOR with JrQ and tolerance 0(2.

(k)

Call the solution ﬁ(k) and define @ by

(k) (k-1) N

- (k
0 =10 (k)

(I =)0 , O0<ji< I,

Step 5. At each point of A™D of the form (r,,jA0), j=1,2,...,

ll
7

—?:Ké , write down

K
(3.14) a2y )(rl + A, 3A8)

(AT)?

.

At each point of B"C of the form (I'Z,]/_\@), j 21,2000, 27\_65 ,

write down

(3.15) T AL N L .
(An)*

Define M(k) at the above points in A*D and B*C by smoothing

(3.14) -~ (3.15) in the form

(1- c")l) 1\71“{), 0< O < 1.

(k-1) . l

(3.16) M = 6 M

Step 6. At each point of R write down (2,25) in the form

hl
) ng) Qik) - ol¥) Q;k) —gzik)
(3.17) ..M = R [ ) r cos 6 - (—W> sin 9]
3770 r Ar AO

k-1 k k (k k ‘
+ L( )r cos 6 - (_______.,._ sin ("] :
Ar AG

r
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where the known values generated in Step 5 are inserted, and where

the coefficients of 1. are determined by using w(k)

3 . At each point

of S of the form (r, + AT, =+ A0), J =1,2,0.., 2 1 ,
h 1 2 Ar
write down (3.17) with the symmetry substitution
k k ’ .
(3.18) l\/I( )(rl + jAr, ‘g‘ + AB) = - I\/I( )(rl + jir, —g— A0y .

Solve (3,17) - (3.18) by SOR with rM and tolerance ”‘3' Call

the solution 1\7[<k) and define M(k) on the same point set by

(k) _ (k-1) _ - (k) 5
M _621\/1 + (1 62)1\/1 ,o_<_v.2~<_1.

Step 7. Do steps 3-6 for k -1,2,..., until (3.4) - (3.6) are valid.

Check the residuals and read out w(k+l), Q(k+1), M(k+l)

as the
solution of the problem,

For a complete FORTRAN program of the method of this section,

see Schubert [13].
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4, Examples

Out of the large variety of examples which were run on the UNIVAC
1108 at the University of Wisconsin, Table 1 summarizes a typical cross
section of problems with r = 0.5 and r, = 1, whose solutions reflect

variations of R, (Dl’ and mz. As indicated in the table, graphs of level
3 curves are given in Figures 4-20. Refined grid calculations are pre-
sented in Figures 20 and 21. Convergence for the solutions shown in
Figures 4-19 were each obtained in under 30 seconds, while the results
shown in Figures 20-21 were obtained in under 7 minutes., TFor R> 400,
convergence could not be obtained without modifying the numerical method

0) (0) (0)

as follows: in place of setting 1//( =0 =M = 0 in Step 2, input

the numerical solution obtained for R = 400.

Physically, for w |7 0 and @ 5 = 1, the flows for R = 10 and
R = 100 agree completely with those produced by Pearson [8]. How-
ever, as shown in Figures 6-11, the development of the recirculation
zone near the equator as R increases is of a Somewhat different
character than that produced by Pearson in that various level curves
for ¢ need not be simply connected. Indeed, such a breakup is also
evident in the central portions of Figures 7-11. The refined calcula-
tions for Figures 20-21 verified this phenomenon. Tigures 12-17 show
the variation in flow when . and (.1)2 are approximately cqual for

1

various values of R. For 031 =1 and (DZ = 0, one should note the
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sharp flow concentrations in the equatorial region, as shown in Figure
18, and the relatively large increase in the values of y when Wy
is increased to 10, as shown in Figure 19,

Finally, it should be noted that the above results should be
considered to be only qualitative. Calculations with much finer grids
are necessary for highly reliable quantitative results. Such refined
calculations should also reveal the degree of sensitivity of the method
near the singular line 6 = 0. If the method is ultrasensitive near this
line, then it need only be modified by transposing all initial data given
on g=0 to O =6, where &> 0, and then by applying the method
on the resulting truncated region. Our limited calculations do not

indicate such an ultrasensitivity,
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Pig. 4 oo Pig, 5
Level W ourves,rultiplied by 104, Level'$tcurves,fultiplied}m'ld%
for R=10,1,= O, wy = 1, for R=100, w;,= 0, wi=1.

fig. 7 L 4
Level V/cugv@gymultiqlieﬁ by 104, “levesl Y curvesmultipliel by 10,
for R=400,wi= 0,w =1, for R=1000,w = ¢, w;= 1
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4 Pig. 9

Devel v curves , wultiplied by 107, Teved W curves, multiolied by 107,

for R:=2000,w, = 0O,w, =1,

#ig. 10 o 4
fevel’yzcurves, multiplied by 107,
for R=5000,w; = O,n,=1,

for R=3(00, w =0, w,=1.

‘2 P

Fig. 11 4
Level W curves, multiplied by L0,
for R:lOOOO,Iﬁ’lzo,vfgsl.
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Level % curves, rultiplied by 10, LevelVY curves, multiplied by 10,
for R= 100, W= 1,‘0\”2 = 1,2, for R= 100, Wt 1, W, = l.1l.

Mg, 14 4 Pige 15 A
Level vy curves, multiplies by 107, Level V¥ curves, multipli
ul : Sy tiplied by 10
for /= 100, Wy = 1910"2= 1,01, for R =400, 'w’l = l,’w’? =1,2,

9
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Level ¥ curves, multiplied by 10 , Level ¥ curves, multiplie! by 107,
for 3 % QSOO,ur‘lr 19‘11}"2 =1,02, for R =lOOOO,'w’l= 1, 'w; = 1,01,

] ) 4 I“igo 19
Level V¥ curves, -wultiplied by 107, wevel V curves, multiplied by 104,

Fig. 18

for R=100,w, = 1,Ww,= O, for R=100, wr= 10,20= 0
' h a - °
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rige. 20 4
nevel 1} curves, multinslied by 10, for R = 3000,
.(A/r-‘l - O " /LUJ‘)_ = l o



Fig. 21
Level (1 curves for R =3000,
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APTENDIX

Ao Bchubert®s Fortran Program for #low between RAotating 3pheres

NN AL =
5 Re AV IL399) RAD s DR, DTHDGRELFINI

DETERMINE NDwe UF GRID POINTS IN EACH OF RAplAL AND AnadLAR

C
PARAMETER NRMAAS 2L yNTHMAX=4) e e
.
ReEAlL MEANRMAXGNTHGAK ) (MU, MUY
C - .
CUmMMIN/BAZBUNRMAA sNTAMAX ;4900 AAINQMAX G NTHHAAIZNR/ AR/ NTH/ NI H
BINRT A/ NRML g IRMZ  NTHAL (NTHAI2/REL/REL(IN/BLOCI/RS 4D INRITAK)
® STHANTHMAX) o CTADINT AMAX) o STADANTHMAR) sRANRMARY  COTTHANTHAARY .
¢ /FUN/PSTUINRMAX G THMAK o4 ) o JME CNRAAK G NTHMAK 4 ) 9 M/ RE/RE/ILUC2/0KSQ,
*OOR2yDTH2/1VARZIVAR
U e . L S .
DIMENSIDN RAD(IZ) W21, DELTALZ2) PS03y pCTHUNTHMAXL) pCUONRMAA WNTHITAKX )
¥ONSOR(INHALPHALI ) s ANGYELCARMAXR o NTHMAX)
¢ e e e e e e et e s s
DATA HALFPI/Z1e52707963373R0OC0DGY/Uaul 745329257 3MAKO0RsMAROUT
¥oln0), 7%/
JATA 18URL0/ 1836 aINLSLY _ e et
C
G - JRMAT (L1 2ELeb )
98 FIORMAT(PITERMIVATED v OR MAXe UUTER JTERATIONS?)
97 FURMATI®OMAX. D5Jdr ITERATIUNS FUR PSI9)
P86 FURMAT(9O0MAK. 595 ITerRaTIONS FUR OMED)
95 FORMATL®IMAKe SV I1TERATIUNS FOR ™0 . . . .
94 FORMATIPOCONVERGENCE, TOTal SOR ITERATIONS =¢ 3(/)
73 FORMATUPEIRIII=® 46l 3% "RE2)5" FHal 3K *OMEGA(L)=Y FYal,3x
P YOMEGAL2)=Y FYej 3% "0OR=e FaedadX "DTIHETAS® F/edadX °REYROLWD HNus
® =¢ Fyaid))
72 FORMATULIAD 8X '34J0T4InNG? 7X TRELAX? BX °SUK TOLe® H4Xx SOUIER UL
e ¥ /ANy 2X CPSIY Fde4,13X FGe3,2E1902/ 1K POMLGAY FdedplIX Fhaed,
FO2E1H402/5K 1HM FBe4aF7aMoFlledslilHde2)
F1 FORMATLIOOUTER [TER.t (5,84 P51 ¢ Jpwwed? 54 050 [TERATIOND =0[%)
7d FORMATIYOINITIAL VYALUES TAKEN FRum OUTPUT FROM  cCARLIER (ASE) .
89 FURMATU(POINITIAL VALUES®/)
88 FORMATI(IYA ° OMEGA ®& JQewyt 5% °3JdrR [TERATIONS =° [9)
B/ ForMAT(23x ® M ® 10@wQ® SXx "SOR_ITERATIONS =° [5) - -
Bo FORMATILIX 11E1lseg)
83 FURMATI(Y SOR 1TEike? 15)
89 FORMAT(PUCOEFFICIENTS IN SUR FUR OUMES)
83 FURMATIPICOUEFFICIENTS [N S9R FOR PSJIV)
82 FURMAT(PICOEFFICIENTS [N SUR FOR M9)
81 FURMAI(POANGULAR VELOCITY"/) e
¢
C READ RAODIL AND ANGULAR VELUOCITIES OF INNER AND UUTER SPHERES,
C Raplar AND ANGULAR INCREMLYTS FOR OISCRETE APPRUAIMATION, _
C AND REYNOLDS NUe
C

[N okl ol

DIRECTIONS.




A=2

ARSIRAD(2)=RADEL)I/0R+1e0)%

OTH=DTHDGEROCONY
NTH=90 /DTHDG+1 05
NRMI=yR=]

NRM2=nR=2
NTHMI=nTH=]
NTHM2=NTiH=2

CJSED IN PROGRAM AELON. .. .

CUAPUTE AND STURE AwWAY ONCE AND FOR aLL VARIOUS CONSTANTS TO B

UK2E242DR
DRSy=prR2DOR

ITr2=2¢%0TH
URDTH2=DR*DTHZ
DIHSyY=UTAes2

DU 6 [=10K
RUII=RADILI)I+FLUAT(T=1)«DR
RSy t1)=R{1)sed/pRSY

LSTHUJISSINGTHELA)

JI 7 J®E23NTH

FAETAsFLOAT(J=1140TH

el s o
TF(JebWaNTH ) CTH{J)=De

STHRGJ)SSTHJ) /L THSY

CTHD (Y)Y =CTH{J)/DTH
COTTHJII=CTHIJI/5TH ()
IF(18UGeEQeD) GU TO 107

WRITE(O,B6) (STHid)sd=1eNTH) (CTHIJ) sJZ1aNTH) 3 (STHR () 9 d= 1, 0iTH),
CCTHD S 3 d=21 ol Tr) g (COTTH(J) s d=1,NTH)

SET BOUNNDARY CUOHpITIONS

P51 AND OMEGA ON BUUNDARIES RsR1 _aAND R=R2

OOy OOy

107

DY 8 J=2,nNTH
PSilladpdl=dae

[a el

Pel(NRsJds )=l
OME (L g de3) =Wl 2 (RAD(L)eSTHIO)Y ) *ed
DUE(NRadp3)BW(2) e ARAD(2)eSTH (Y} ew2

P31,0MEGA M ON B UNDARY THETA=U

[al

DY 9 [=E2sNRM]
"":‘IH.X,.HMJ.
DAEL) 413020
Hilaled)=Uo

SET WOUNDARY CONplTInNS Jny UTHER wORK ARRAYS FOR Pl yOMEGA 1

DU 10 J=2,NTH

Jg o1l K=l 2

PSIlLlsdsKI=PSI (L, ds3)
PSIINRsdsKIBPSTI{uRed,3)
UME () o JoKD)=AMELT] (Jy 3

Lil

DOMEINRsJeK)=0ME LR U, D)
DO i1 T=24NRM|




F’fj]([,ln‘<}=[)5i(i°“g3;

TMECL L oK) =0ME(L [ 143)
MOl oK¥zpli] 143

RLAD (UNVERGEHCE [OLERANCLS AnD SMOOTHING aiND UVER-RELAXA O

FACTURS .

F Y

READ (0 999) EPS ALPHALFIN?
RUAD(Se?29) RHO oM sDEL Ta s RELL e SAVE JUSE FINW]

CARATE(073) KAV 43 DR DIHDG L

ARITE (65921 RHD s 2k (1) JALPHA (L) sEPS (1) slUsRELIZ) s ALPHALZI HEPSL2),
VELTAIRELE3) s ALPHA(3) JEPS T
RIS 2B eREL L)

R32=RpLII)/REL L2,
RHOL=] o=kHO

L e . . - e R
Depll=le=DELTALL,

WELZ2l=1le=DELTA(LZ)

lE oY o tUSEnGTlaeldd Gy Ta Hi1d

IF(UBEelLTe 1B U Ty 1514
DO 1013 I=]slNke 2
Li=)l/2+]

DO 1a13 JaluNTH{z
NNENFA RS
Polilododd=Ps5itlisdd.yg)

1013

OMELT yJd o 3)=0MELL T 2Jdd, 4)
MUT,de3)=s  MliTsdd,d)
DU 1113 Is=1,44Ry2

DO 1113 JE24NTHM 22
PSI(L,Jdy3)=eB8 {PSi(] duw]l 32+pSI{ldey,3))
OMEll,dsd)=ebe (UpFECl dm]l o 3)*0OMEC] g0 01 ,3))

1113

MATsJp3dmoebel Ml sdmioald+d MOIsdw)1,31)
D0 1213 Jd=]1yNTie
DO 1213 I=2,iKiM), 2

1213

Psx&1.J,3)=.5¢<P5l(I—l,J.af:ééI(I+f.d»3))
OMECT yJe3)2e B0 {UE (el qde3)*aomElI+loyedi)
Al lgdpgdlz=ebed M l=l,denl? MUI+)g093)])

DU 1313 1=2,NRM1,2
DO 1313 J=2¢nNTrl] o2
PO[(L,J,3)=e25¢% (0] (=1, 30 +FSTI 0L+l Jpd)¥PSi(l,yd=},3)+PS1I(lsu*l,3

4$)}

UﬁE(1,J93)3a25*(QME(1~1BJ,3)+UME(I+1,Jsd)*OME(lgd'lo3)*UNL(1|J*l,J

‘))

1313

Al gdedd=e2bmi MUl=1sded)* Mulefsdeddt 1l edmigd)t  H{fpd+],3

‘a))

1513

SEC R NI U N
DO 113 J=s]enTH
gu 113 ®] g MK

Pof (i, d,3)=PSTvi ,Jded)

P13
343

SRITE(6,94)

ONE (L, da30=0MECT (U4,
Mtladed)=mllsdst

IF(INVAL-£Gs0) Gu TO 1114
iyAL=s0
WRITE(3.,89)

Ivar=|
CALL vuTPOUTIPSI(eledd)




Lyai=y

CAlLL OUTPUTILOME UL s153))
IvaR=3

CALL DJIPUT(M{Ls193))
Gy Tu 1ald

" (I TIALIZE ALL FUNCT JONS FuR FIRST QUTER ITERATIUN,

Bl3 DO 19 Jm2aNTH
_uQ ln I=2aNRML
FSillodad)=Doe
DHE (1 ,d53)800
14 il sJdegd)=0a

PO 1nN1Y K=i.3
WU it Jm2 s NTae
R e o820
1044 BiNR; ek ) =00
C
1ila Do 11y 1=193

114 HNSoR (] Y =U
FuuT=y
A5 TguT=0uTsl

UPDATE ALL FUNCT{OUNS FOR WEXT QUTLR [TERATLION

UppATe AlL FUNCTIONS IN TNTERTOR

aNatlaWaNal

L s d=m2NNRML O
DU 15 J=29pNTH
PSX((,J,1)=PSI(I,J¢3)

OdE (]l Wl )20MEST ,Jys3)

bed Mllsdabd=mMllsdd)

e

. THEN 1 ON_BOUNDAKIES R=R| AND K=R<

LU 116 J=2sNTH
M{lodyad)=M{lsdsd)

106 MUNReJds1)BM(NRsd, 3)
DETERMINE PSI Al CURRENT oWTek 1TERATION By SUK

FIRST COMPUTE COpFFICIENTS

aNaNalals

Byml e=mREL L)

DO 117 Js2gNTH
AMPRESTHL ) $CIHV (I
Blzy,Jy1)1=R1Y
B(2yJ,2)=0o0
L{Z2sJ,3)=de

B{2yJd,41=Uo

Cl2eJ)1=00

WY 17 Ism3aNRM2
AlaRSYDIT)eSTHU)

Ajjmm2 821 =2.2S5THL(J)=CTHD(J]I
Rage~rbl. (1) ZAU0

BllsJdol)msAloRAD
Bllsdy2)=STHDIJI wRAD




Blledyd)=glledeiy

Bilsd, ) =THMP=RA
L7 Crisdi=Milodel)l»unSuyeA]aRAY
e BINR L e )0
BINKAL v 2) =00
BUINRNL s s 3)=RTA
BINKMLlsdag)l=0s

147 CinRMysul=00
IF(1AUGeEQa0) wb TO 1017
ARITet6y83)
DO 517 K=144

517 WRIVE(6)BO) ((BiuR=F+] Jerk)s rlaonTid) [=1 0K
WRITE(6,86) ((CL R=fald) B NIH)ela)lpNR)

C THEN TTERATE
L

1017 ipPsi=n
18 IF(IPS5TIeGEeMAXSUR) GO TO &)
IPpgl=1PS1+1

C
C UPPDATE *PREVIOUS VALJE® VECToOR FOR Pgle
C - . R - O
DY 19 J=2,NTH
DU 19 1=2,MRMI
1"/ P51(1a~,a2)3f’51ll-\Ja31
C
C ITERATION EQUATsuN FoR Ps1 Ty INTERIOR
Lo . . B e e e
DO 21 JmZyNTHNMI
Pu 21 l=2,NRM|
21 PSItl,de31mB0ePS1bles2)eptloJel)2PSI I+ sds2)+iil vel)e
FOPGI (vl s 2148 od, 30 ePS I Il od 3 314BILlJed1ePSE{Lpd=l43)=Ctlu)
C
C PIERATION EWUATION FQR_PSI Ow THE LINE THEYAsSPLl/Z .
C
PSII2MTH31=B0¢pST(2NTH,2)+RI4*PSI(3sNTHZ)
DO 23 l=3,NRN2
23 PSI(I,NTH93)=aU*PSI(IaNTH.2)+u(1aNTH.l)#PSI‘I*l,NTHnZ)"BtI.NIH.Z)
b oepS Il NTHML 03 4B (T NTH,3)SPSTUI=1 oNTHy3)+BU1aNTH 4)#PSLI(IynNTHML,
_ # 3 ~C{isNIH) - R
PSEINRML s NTH,3)1=3508PS T INRMIonNTH 2 *R142PSTINRMZ 30TH,3)
IFtIRUmeEWel) WO TO 123
WRITE(0,85) 1PS1
WR1TE(BeB6) ((PSTINR=T+},Js3) sdBLsNTH) 21zl RR)
C
& TeST POR CONVERGENCE OF SUR ITERATION FOR F31
c
P23 Ly 29 J=2,N1H
VO 24 [=23HNRMY
TF(eMOT o LABS(PSL {Lad,3)=P51 0 osJds2) ) el TeALPHALL) ) GO TO 18
24 CUNTI1WUE
9 . — R e -
C COMVERGEMNCE ATTAINED. SMOOTH SOLUTIONS
C

Ry 25 J=2,.8Ti4

DY 2h 1=2,MRMI
2% PSTUL,J,3)=RHG2PSECT U, 1) +RHOL*PSI(] ,Jp3)




DUTPUT SHMUOTHEDL SULUTION

IFA5AvEaGTella) a0 TO 246

P (I ouTeLTIBEGIN) GU 10 2a
WRITF (os21) JTOUTIPST
Lyafg=

Capl. QUTPUTIPST v 191530
26 HSOR(] ) =ASOR(LI+IPS]

NEXT LUMPUTL CUCFFILIEHYS FO& DhTtRMININb umLuA dY 5URa

Busle=KEL L2}

DU 28 J=2NTH
Du 24 I=22,HRM]

e =R ST o L

f)—(Rt%(Pbl(I+lnqaa)apgl(xml,J93))/DRZ LTH(J))/DiH
IF(Jdal FaNTHY GO 10 27

T.3m i)

ol 2 AAlledlEmmiuY el w8 YLDty apBs (T2 e ABS LT Al e e e e

GO Ty 127
27 T3zHEe(PSIC(Isd*)l 3 1epPSi(lod=1,31)/DRDTHZ

Raas=rbl (2)/AACE J)
Bllsde 1 SiTI=AMINLIUL,1T3)1eRAA
'r\lL,. 1‘2‘Lﬁ(qrgu‘;nlgﬁ-nmﬁ‘xggn_v‘rgx)a;n.A

Bilodsy 31=(TI2ANAXI (D, T3))0KAA
28 n(IsJ,%)~tSTHu‘J:°AM1N:(ua,Tz;:eRAA
ffllil(n l(ln(l) nll 1A'\ 1’70

GRITE(6,84)
bu 29 K=1,4
22 _ARITE gfu_RAl I““NRW Bty ;;_;_,-N.I.Ji-)_f-&-ﬁl;NH)

WRITE(6,86) ((AA(NR=I+1,J)swslsNTH) s I=14NR)

129 Qb =i . . - . e e
£ T A

30 IF{IUMEGEeHMAXSUR) GO T0 B2
FOME=1QME + )

(e

UPpATE *PREVIOUS VALUE?® VEGTOR FGK OMEGA

DO 34 Jdm2onid —
DO 31 I=2,NrRMl
J1 OME(T a2 =0MEt]l  Jy 3

ITERATION EQUATIUN FOR OMEGA IN INTERIOR

0032 Jde2 , NTHH] —— S

DO 32 1=2.NRWNI]
32 (H‘iE(I,J,3)=BDNUH&_(I.Jg2)+b(l,Jpl)‘DME(l"'i)JaZ)*B(l,JaZ)*UME(ltd*la

$ 21laf i lads3de0ie fle 4 bl ped=]o3)

ITERATION EQUATION FOR OMEGA ON THE LINE THETA=PI/Z

DO 33 I=2,0NRM]
33 OME(T  NTH, 3 =8UTONE(] yNTH,, 21 +BUINTH, 118OMECT+) yNTHa2) 4B (NTH2)
_ﬂumﬁguh4¢+N¢ﬁMJvﬂ)*Bl! Iy ationb el o Tk, 31+B Ll NIH 4 )2 0MEC] N LHMY

' 3)
IF(I()UGaEQsU) G0 TO 133




w,o‘ Fh (6 ,8%) 1OML

IHITE(6486) ((UMHEANReI+1,0s3) o=l sNTHIsI=LNK)

¢
I fEsi 0R CONVERGMENCE DF Sy JTERATION-FOR OMEGA . s S
¢
133 DO 34 JsZ2NTH
AN 1D o NRM
[F(eHOTatABSIUNE {1 ,30,3)=0ME(]l,J32)) e TeALPHA(CZ))) 0 TO 30
34 COUNT 1 UE
L S S T R -
C CONVERQENCE ATVTAINED, SMOOGTH ANu UUTPUT SOLUTION»
¢
VO3S iz 2 o N
DO 3L I=2,HRM]
35 unh(t,J,S)«MUwunL(I,;,1)+MUlqut(1,J 3
e e G A L ot ey T gy - e -
IF(loyTelYalBEGINT Qo TU 36
MRITE(6,88) 100k
AR
CALL QUTPUT(OMEl ] o1 430
Ja NSOR(2)=MSOR(2)*IUNE
< . e O, — .
¢ COMPUTE AND SHUUTH ON LOJNDAhItS Rsz ANu R Ré
C
DO 36, e2 o MK
MEY,d, 3)~DtiiA(L;*M(),Jgt)+UtLllaz.¢Psluzed'J)/uHSu
38 N\NR»Jed)«DLLun(:)wM(NR.J.1)+u&L11ﬁ2 #PSI(NRMY U 3)/0RON
{ e e et et U
C COMPUTE M IN INIgKIOR » NOTE CULFPIL[ENTb ARE aAMt Ab FUK om&
C EACEPT FOR RHS (CUNSTANT) TERM OF LINEAR SYSTEN,
¢
Bilsle=REL{J3)
DO 410 J=2 yNTHMI
DO RO jmZ2 NRM] [ - et e e S
L([,J)=Rﬁe(za¢0HL&loJa~)&(cOMt(l+ng 3’"UML(1'1ale))/URZ#CUITH(J)
% e (ONELT gdo ]l 3 3)=0ME(Tsd=1o3) )/ (R{IIEDTHZ) I v 2c¥M (Lol
¢ ((PSy(i®ladadl=pSl(tmlad,e3)i/LR2#COTINII)Iw(PSI(lsd¥)ad)=
€ PG ed=193))/(REIVSDTH2) DI /7AAT s U (=REL(I))
¢
K ARJUST COEFFICIENTS. EOR _OUER=RELAAATJON FACIOR FUR M INSTeADL.
¢ OF THAT FUR OMEGA BY HULTIPLYING BY R3IZ=REL(3)/Rel(2)
C
DO 80 Kol 4
40 Bl sJeRI=BlL s Jsiv)®RAp
IF(IBUGeEQe}) WO TO 1140
e e L T b g B 2 ) . . e e e 2 o e e S
WO U4l K=
JUH0 WRITE(6,868) ((BINR=141,doK)adslalTH) 151 sNR)
GRITE(6.86) ((C Rt el o Jy d=t  NYH) oLl stdR)
C
@ UPpATE YPREVIOUS VALUE® VECTOR FOR M ON BOUNDARY RaRQ
C e e e _ e
1140 DO 1490 JR2sNTH
190 MANR  Js2)=M{NR,,J,3)
(. X
M=)
‘f l

[F{IM.GE-MAXSOR) GO TO 53




INERRIER

L I —

UPDATE *PREVIOUS VALUE® VECTOR FOR M IN INTERIOR

DO 143 J=2eHTH
Du {4} I=2,HRMI

L4 My b2l mmlla ey
- ITERATION EQUATIUN fFaoR M IN INTERIOR
DU 42 Js2,NTHMI
DO 42 Is2,NRmM}
42 M(Iadg33“BOﬁM(1sda?)+8(lqJQLI*M(1+Lgdnz)*3(lsdaz’“M(laJ*l.Zl
® +B(I°J93)@M(X”lada3)+aﬁiedo4)@m(lod~193)"C(IaJ)
«
L ITERATION EQUATION FoR M _ob THE LINE THETA=PI/Z2 o -
C
DO 43 IsdsNRM]
43 MQIQNTH«3DERO$WQIQNTHAQJ#H(XnNTHnl)@M(I*LBNTHBZ)”E(InNTHaZ\*MilaNT
oMl e 3)eBUIshNTHp 3 8M(Tal pgNTH3I*BET oTH G oML gNTHML,3)
IF (18UGeEQT) GU TUO 143
WRITE(A,B5) 1MW e IR e
WRITE(6,86) ((M{pR=T el ds3doJdulohTH) I=1 NRI
C
C TEST FOR CONVERGERNCE OF SOR _JIERATION FOR M
C
193 DO 44 Js2NTH
DO HY =2 NRMI
[F(oNOTo (ABSIMIL Jyp3) =il Jo2))elToALPHA(3))) GO TO 41
44 CONTINWE
c _
C COUNVERGENCE ATTAINED, SMOOTH AND CUTPUT SOLUTION
C
DO 45 Jm2 JNTH
DO 45 [=2sNRMI
48 MU]oJ,3)=DELTAL2)9M(Y ol ) eDELZISMET 4003)
1FLSAVE-GTa0a) G T0O 1&55
IFLI0UTLToIBEGIN) GO TO 145
WRITE(6,87) IM
IVAR=3 e -
CALL oUTPUT{MIlsted))
195 NSOR{3I=NSOR{3)+ M
¢
C TEST FUR CONVERGENCE OF QUTER ITERATION.
C
¢ FIRST TEST M ON BOUNPARIES R=R1 AND RER2Z
C
DO 46 J=2¢NTH
1€ (o0l alARS(MEL Jodympl a1 )elYaERSL3))) GO TO 50
IFloNOTolABSIMINRIJoI @M(NRsJo 1)) eLT.EPS(31)) GO TO U
46 CONTINVE
G — . — -
C THEN TEST ALL FUNCTIONS IN INTERIUR
C

Do 47 J=2.NTH

DO 47 I=2,NRMI
TF(oNQOToABSIMIT U3y mml ] uol))elTeERPSI3V)) GO TU 50U




A=9

TP anOT o CABS(OHE (Lyu,3)=0HEST,Jpl)) el TebPS(2)))

wl Tu

L0

~

47

4b

IF(enmOT e LABSIPO I (1sJ,3)=P5 1 ,Jdsl) el TeEPS(L})])

CONT Wik

CONVERGENCE ATIAINED. CcOMPUTE RESIDUALS.

L LI (b2 ) NSUK

-1

CALL RESID
GO TL 94

Ar Ll OUuT el ToMAaXuWll 6o JI0 1o

HRITE(6,98)
IF(SAVE-GTe Uel) &U TO 154
0150

w0 To

Lo

Jm gy BT

DY 1H0 I=2,NRM!

ANGVEL LT yJ)=0MElTads3) /(R(TIesTHIU) )ue2

DU 2% Jm 2 T

AngveL{lsdr=w( ]}
ANGVEL(NR,JI=W (2,
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