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THE SAC-1 POLYNOMIAL REAL ZERO SYSTEM#*

by

G. E. Collins and L. E. Heindel

1. INTRODUCTION

The SAC-1 Polynomial Real Zero System is the latest addition to the SAC-1
system. SAC-1 (system for Symbolic and Algebraic Calculations--version 1) is a
computer-independent system written, for the most part, in ASA FORTRAN (see
[ASA64] and [ASA65])for manipulating infinite-precision integers and rational
numbers, multivariate polynomials over the integers, rational functions over the
integers, elements of GF(p) for a single-precision prime p, and multivariate
polynomials over GF(p). The previously completed SAC-1 subsystems are the List
Processing System [COG67], the Integer Arithmetic System [COG68c], the Polynomial
System [COG68a], the Rational Function System [COG68b], The Modular Arithmetic
System [COG69b], and the Partial Fraction Decomposition and Rational Function
Integration System [COGT70a].

The Polynomial Real Zero System requres the implementation of all the previous
subsystems except the Partial Fraction Decomposition and Rational Function Integra-
tion System. In the Partial Fraction Decomposition and Rational Function Integration
System the common block TR4 was introduced, which is also used in this subsystem.
Hence we present the definition of this common block: COMMON /TR4/PRIME, PEXP.

PRIME = (pj,...,pr) is the location of a non-null list of distinct single-precision

*The research described in this report was supported by the Natic?nal Science
Foundation grant GJ-239, by the University of Wisconsin Computing Center,
and by the Wisconsin Alumni Research Foundation through the Graduate School

Research Committee.




odd primes and PEXP is a FORTRAN integer equal to [log2 (min {pl, N ,pr})J. Thus
PEXP is equal to the exponent of the largest power of 2 less than the smallest prime
on the list PRIME. The list of primes, PRIME, may be constructed using the sub-
program GENPR of the Modular Arithmetic System [COG69b] and PEXP can be com-
puted using the subprogram ELOPF2. These techniques are employed in the test
program in Section 4.

It should be pointed out that both ELPOF2 and PPOWER are subprograms of the
Partial Fraction Decomposition and Rational Function Integration System and care
should be taken to include these subprograms onlyonce if both subsystems are
implemented. The algorithm description and FORTRAN code listing of PPOWER were
inadvertently left out of the report "The SAC-1 Partial Fraction Decomposition and
Rational Function Integration System" [COG70a] and can be found in this report.

The SAC-1 Polynomial Real Zero System uses the infinite-precision arithmetic,
modular arithmetic, and the symbolic manipulation capabilities of the SAC-1 system
to solve the following problems for all univariate polynomials with infinite-precision
integer coefficients: 1) given a polynomial P with possible multiple zeros to
compute a polynomial Q with the same zeros as P but only occurring as simple
zeros, 2) determine the total number of real zeros a polynomial with all simple zeros
has, 3) determine the number of real zeros a polynomial with all simple zeros
has in an interval, 4) isolate the real zeros of a polynomial with all simple zeros,
and 5) refine the real zeros of a polynomial with all simple zeros until the error in
them is less than some arbitrary positive rational number.

By isolation of the real zeros of a polynomial we mean finding real intervals

1'1 oy ,Ik such that each interval Ii’ 1 < 1= %k, contains exactly one real zero
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of the polynomial, and every real zero of the polynomial is contained in some interval
Ii. By refinement of a real zero of a polynomial we mean, given an interval containing
exactly one real zero of the polynomial, to replace the interval by successively smaller
subintervals which still contain the zero until the last one is shorter in length than
some arbitrary positive rational error bound.

The algorithms of the SAC-1 Polynomial Real Zero System can be divided into
three sets. The first set uses infinite-precision integer and rational arithmetic to
isolate and refine real zeros; the second set uses modular arithmetic and the Chinese
Remainder Theorem to isolate and refine real zeros; and the third set consists of
miscellaneous algorithms shared by the first two sets. Before going on to discuss
how the algorithms solve the five previously mentioned problems, we present the
following definitions and theorems which provide the basis of the solutions.
Definition 1: Define for real a,b, the interval Ia . (a,b] = {x:a <x=sb}, ifa<b,

and Iy , = {a}, ifa = b,

Definition 2: Define the SAC-1 representation of the interval Ia,b' for rational a,b,

to be the list (a,b).

Definition 3: Define the length of the interval Iy , to be b-a.
Definition 4: Say that Ia b £ IC in case b < c.

, ,d

Definition 5: Say thatI £ 1 in case b < c.
[ a,b c,d

Definition 6: Say that the polynomial P is square-free in case there is no polynomial

Q of positive degree such that Q2 |P.

Definition 7: Say that Q is a square-free divisor of P if Q is square-free and

Q|p.




Definition 8: Say that Q is a greatest square-free divisor of P if Q is a
square-free divisor of P, and 5|Q whenever Q is any other square-free
divisor of P.

Notice that if P is a primitive polynomial with integer coefficients and Q
is a greatest square-free divisor of P then +Q are the only greatest square-free
divisors of P. If P = a-P where P is a primitive polynomial whose greatest
square-free divisors are + Q, then the greatest square-free divisors of P are
+a-Q.

Definition 9: Say that the sign of a real number x is -1ifx< 0, is 0 if x =0,

and is +1 if x> 0.

Definition 10: Let X = (XI'XZ' . ’Xr) be any sequence of real numbers. Then the
number of variations in sign of X is defined to be the number of pairs (i, j)
such that 1 < i <j sr, XjeXj = -1 and x, =0 for i<k <j.

Definition 11: Let FI(X) and FZ(X) be two continuous real-valued functions of a

single real variable x. A Sturm sequence for F1 and FZ is a sequence

Fl ,Fz feee ’Pr of continuous real-valued functions of a single real variable

satisfying the following three propetties:

1. 1If Fl(y) = 0, then there exists an € > 0 such that Pz(x) # 0 for
y-elx<y+¢€ and x # vy, Fl(x)-Fz(x)<O for vy - e<x<vy, and
Fl(x)-Pz(x) >0 for y<x<y+E€.

2, If 1<i<r and Fi(x) = 0, then Pi-l(x)'F (x) = 0.

i+l
3. Pr(x) # 0 for all real x.



Definition 12: Let Pl and P.2 be two univariate polynomials with integer coef-

ficients. Let n, = degree (Pi)’ n; z n, > 0, and let Pi be defined by the

following three equations:

ni_z—ni_1+1
ldef (P, _,) ‘P, ,=Q+P_, +R,
Pi = Ri/cont(Ri),
P2 Pyt
if ldef (Pi—l) < 0, and:
P =

= - Ri/cont (Ri)’

otherwise, for 3 <i < r, where Rr+l is the first Ri = 0. Then we shall

call the sequence Pl ,P2 fev ey Pr a negative primitive polynomial remainder

sequence for Pl and Pz.

Definition 13: Let P = (Pl,PZ, o e ’Pr) be a p.r.s. over the integers. Then we shall
say that P = (@g (Pl)’ @g (Pz), e ,@’S (P,)) is the image of P in GF(p),
where Qﬁp is the unique homomorphism of the integers I onto GF(p) such
that <Zp(i) =i for 0<i<p and @g is the homomorphism from I[x] onto
GF(p)[x] induced by @p. If P is a Sturm sequence, then we shall say that

P is a Sturm sequence over GF(p).

Definition 14: Let P1 and P2 be two univariate polynomials over the integers,

degree (Pl) > degree (PZ) > 0, and let Pl’ TARE ’Pr'Pr+1 be a polynomial

remainder sequence satisfying the following equation for 3 < i s r + 1:

a;+Py 5 = QP ~by-Pys




where ai'bi > 0 and PrJrl is the first Pi = 0. Then we shall say that

Pl . Pz, .o ’Pr is a negative polynomial remainder sequence.

Definition 15: lLet Al and AZ be univariate polynomials over some integral domain

I. Let A1 ’AZ’ ce ,Ar,A be a p.r.s. over the quotient field of I satisfying

r+1

the following formula:

where A is the first A, = 0. Let n, = degree (A,), ©,=n, -n, ., and
r+1 i i i

ai = ldcf (Ai)’ let B1 = Al’ B2 = AZ' and:
B -0
N a6k~2+l A
k- M=z 9 k-1 k’

for 3 <k < r. Then we shall say that Bl'B . 'Br is a quasi-negative

o1

subresultant p.r.s. for Al and AZ'

Definition 16: Let A be a non-zero univariate polynomial with real coefficients.

Say that A is positive in case its leading coefficient is positive.
Theorem 1: Let P be a univariate polynomial over the integers, degree (P) > 0. Then

P/gcd(P,P') is a greatest square-free divisor of P.

m

Theorem 2: Let P(x) = Z‘ aix'1 be a univariate polynomial with complex coefficients,
i=0
degree (P) = m > 0, and let
a 1/k
m-k
B=max[2la | |1<k<m}#o.
m

Then if X is any complex number such that P(xo) =0, |x ] < B.



Theorem 3: (Generalized Sturm's Theorem): Let Fl(x) be a continuous real-valued

function of a single real variable, Fl ,F . ,Fr a Sturm sequence for Fl

o
and FZ , and let w(x) be the function whose value is the number of variations
in sign of the sequence Fl(‘x),FZ(x) se e ,Fr(x) . Then for a < b the number of
distinct real zeros of Pl(x) in the interval (a,b] is w(a) - w(b).

Theorem 4: Let P1 be a primitive, positive square-free univariate polynomial of

positive degree with integer coefficients, let P, be the primitive part of the

2
derivative pf P1 , and let Pl’PZ’ .. ,Pr be a negative primitive polynomial

remainder sequence. Then P1 , P .. ,Pr is a Sturm sequence for P, and P

2" 1 2°

Theorem 5: Let P1 be a primitive, positive square-free univariate polynomial of
positive degree with integer coefficients, let P2 be the primitive part of
the derivative of P1 , and let Pl’PZ’ “en ,Pr be a negative polynomial
remainder sequence. Then Pl ’PZ' “es ,Pr is a Sturm sequence for P1 and PZ'
The above definitions and theorems are taken from [HEL70], where the
algorithms in this report are developed in detail.
Let us now look at how the algorithms in this report solve the five previously
mentioned problems.
First we describe how, given a polynomial P with possible multiple zeros,
to compute a polynomial with the same zeros as P but only occurring as simple zeros.
By Theorem 1, if P is a univariate polynomial over the integers, degree (P) > O,

then P/gcd(P,P') is a greatest square-free divisor of P. This greatest square-free

divisor has the same zeros as P, but only occurring as simple zeros.




The second and third problems are handled by the technique of applying
Theorem 3 (Generalized Sturm's Theorem) which enables one to determine the number
of real zeros of a polynomial having only simple zeros in a left-open, right-closed
interval. To determine how many zeros a polynomial with simple zeros has, an
integer B%* is computed which is equal to or greater than the B described in Theorem
2. Then all the real zeros of the polynomial lie in the interval (-B%, B%].

We now look at how to isolatethereal zeros of a polynomial P with only
simple zeros. We again compute an interval I = (-B%,B#*] as described in the pre-
ceding paragraph. Then the Generalized Sturm's Theorem is applied to the interval
I to determine the number of zeros in the interval. If the interval I contains one
or no real zero, then the zeros of P have been isolated. If I contains two or more
real zeros, I is bisected and then the Generalized Sturm's Theorem is used to determine
the number of zeros in each subinterval. Any subinterval containing no real zero is
discarded, any subinterval containing more than one real zero is bisected and the
process repeated. By this process all thereal zeros end up isolated into disjoint
intervals.

Before looking at the last problem, we discuss briefly how the integer and
modular arithmetic sets of algorithms apply the Generalized Sturm's Theorem. The
integer arithmetic set of algorithms computes a negative primitive polynomial remainder
sequence over the integers for the square-free polynomial P and its derivative, P',
which by Theorem 4 is a Sturm sequence. Infinite-precision integer arithmetic is
then used to determine the signs of the Sturm sequence at the appropriate points in

order to apply the Generalized Sturm's Theorem.



The modular arithmetic set of algorithms computes guasi-negative sub-
resultant p.r.s.'s over GF(pi) starting with @’Si (P) and Qﬁgi (P') for a number of
primes P, and then decides which of these sequences are images of the quasi-
negative subresultant polynomial remainder sequence over the integers starting with
P and P'. Sign correction factors are then computed which allow these quasi-
negative subresultant p.r.s.'s to be converted into negative p.r.s.'s. These negative
p.r.s.'s are images of a Sturm sequence for P and P' by Theorem 5 and the homo-
morphisms from the integers onto GF(pi) . Modular arithmetic and the Chinese
Remainder Theorem are then used to determine the signs of the Sturm sequence over
the integers at the appropriate points to apply the Generalized Sturm's Theorem.

We now look at the last problem, which is how to refine the real zeros of a
polynomial P with all simple zeros until their errors are less than some arbitrary
positive rational number. Suppose I = (a,b] is an isolating interval. Then either b

is a zero of P or P changes sign between a and b, since P has only simple zeros.

Hence P is first evaluated at b. If P(b) = 0, then the zero in the interval Ii has

been found exactly. Otherwise P is evaluated at _é}jé-_kg . Again if P(gé-rb-) = 0, the
a+b a+tb ,
root has been found exactly. If P(T) # 0 and P(—Z— . P(b) < 0, then the zero in

a+b
the interval I is contained in the subinterval (—ét— , b]; otherwise it is contained in the

subinterval (a,%g]. The length of whichever subinterval contains the zero is checked

to see if it is equal to or less than the arbitrary positive rational error bound. If it is,

then the interval has been sufficiently refined; otherwise this subinterval is bisected

and the process is repeated.
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The last algorithm to be discussed is IPRINT, which outputs the endpoints
of intervals having powers of 2 as denominators. If an endpoint is zero or has a
denominator of 1, it is output as an integer. Otherwise, let a/b be an endpoint,
b= 2k for some k > 0. Then we can compute a g andan r suchthat a=b - qgq+r,
0< |r] <b (r# 0 sinceb> 1 and gcd(a,b) = 1). Now q is the integer part of the
decimal equivalent of a/b.

e] _ 55 0r] _ 5. r]
To determine the fractional part, we observe that = =

b Tk k Lo

The last rational number has a denominator which is a power of 10. Hence the
fractional part can be computed by computing 5k- Irl and then prefixing enough
zeros and a decimal point that there are k decimal places. The decimal equivalent
of a/b then is the concatenation of its sign and the integral and fractional parts.

Notice that if IPRINT is used, for instance, to output the results of isolating
the roots of a polynomial, the number of decimal places in the output may be much
greater than the number of decimal positions to which the result is accurate, and this
must be taken into account when interpreting the output.

In Section 2, descriptions of the algorithms are presented along with the
theoretical computing times of the various algorithms. The theoretical computing
times of the algorithms are taken from [HEL70] and are maximum computing time
bounds. Whether these bounds can actually be reached is an open question. Section
3 contains empirical computing time results of running the various algorithms. Section

4 contains a test program, and Section 5 contains the FORTRAN subprogram listings.
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2. ALGORITHM DESCRIPTIONS

2.1 Integer Arithmetic Algorithms

Algorithm LI = ANALR(Q,Y)
Input: Q, a square-free, positive univariate polynomial of positive degree

with integer coefficients; and Y, a rational number equal to or greater

than zero.
Qutput: If Q has no real zeros, LI is set to zero. If Q has any real zeros
then LI is a list (Il, S ,Ir), Il < I2 < ... A Ir’ where each Ii,

1 = < r contains exactly one real zero of Q and every real zero of
Q is contained in some Ii' If Y# 0, the length of each of the Ii
is equal to or less than Y.
(1) P1 «— Q; EPS <~ Y; R« RBOUND(P1); L «— RDIF(O,R); INTER - PFL
(L,PFL(R,0Q)); IN — ISOLT(P1,INTER); erase INTER; if IN # 0 and
EPS # 0, go to (2); LI — IN; return.
(2) LI - 0.

(3) ADV(I,IN); LI «<PFL(REFINE(I,EPS), LI); if IN # 0, go to (3); LI - INV(LI); return.

Computing Time: O(mlo(ln d)3 + m3(1n g)(mz(ln d) + (In -51;-))2), if 0< y=<1, and
O(mlo(ln d)3), if1<Yory= 0, where m = degree (Q), and d = norm(Q).
Algorithm N = IRTS(X,Y)
Input: X a square-free, positive polynomial of positive degree with integer
coefficients; and Y, an interval.
Output: N, the number of real zeros of X in the interval Y.
(1) Pl «-X; INTER «— Y; DUM ~0; RRTS(P1,INTER,1,DUM, 0,DUM1); erase DUM;

return.
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2
Computing Time: O(m3(1n c) + m4(ln c)(In md) + m4(ln md)z), if the Sturm sequence

computed is normal and O(m3(ln c)2 + m4(ln c){In md) + m5(ln md)z) if it is
not, where Y = ] c =max { |al|,|e|,b,f}, m = degree(x), and d = norm(x).
Algorithm INS = ISOLT(X,Y)
Input: X, a square-free, positive univariate polynomial of positive degree with
integer coefficients; and Y, an interval.
Qutput: INS = (Il”"’Ir)’ I1 =< Iz < ... =% Ir’ where each Ii’ 1 <i=sr,
contains exactly one real zero of X and each real zero of X in the
interval Y is contained in one of the Ii'
(1) Pl - X; INTER «-Y; DUM «-0; RRTS(P1,INTER,1,DUM,DUM]1,INS); erase

DUM; return.

al a2z

bl ‘bz 1 Pean

Computing Time: Let m = degree(x) > 0, d = norm(x), letY = (—

interval of length h containing r real zeros, e = max [Ial | |a2 | /by .by 3,

and ifr= 1, let X =

X(@) = 0, X(B) =0, a #B and «,P ¢ Y3}.
Then ifr 2 2, the maximum computing time is:
O(rm3(1n %)(m %—fl-)z + rm (ln )(ln >\ )(ln md) + m4(ln md)z),
if the Sturm sequence constructed is normal, and:
O(rm (In ;3)(ln g_Il)Z + rm4(ln %)(ln 9%) (In md) + m5(1n md)z),
if the Sturm sequence constructed is non-normal.
If r £ 1, the maximum computing time is:
O(m>(In &) + m*(ln e)(In ma) + m? (In ma)?),
if the Sturm sequence constructed is normal, and:
O(m3(1n e)2 + m4(ln e)(In md) + m5(1n md)z),

if the Sturm sequence constructed is non-normal.
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Algorithm SEQ = ISTURM(X,Y)
Input: X and Y are two univariate polynomials with integer coefficients,
degree (X) > 0, degree (Y) = 0, degree (X) =z degree (Y},

Qutput: SEQ = (X,Y,P3, cee ’Pr) where X,Y,P .. 'Pr is a negative primitive

37
polynomial remainder sequence for X and Y.

(1) Pl «— X; P2 «— Y; SEQ <« PFL(BORROW(P2), PFL(BORROW (P1),0));
DP1 - PDEG(P1).

(2) DP2 — PDEG(P2); DUM < PSREM(P1,P2); if DUM # 0, go to (3);
SEQ «— INV(SEQ); return.

(3) D < DP1-DP2; SP2 «— PSIGN(P2); P1 ~— P2; DP1 «— DP2; DUMI1 ~- PCONT(DUM);
P2 «— PSQ(DUM,DUMI1); erase DUM,DUM1; if SP2 = -1 and SP2%%D =1, go
to (4); DUM « P2; P2 - PNEG(P2); erase DUM.

(4) SEQ -« PFL(P2,SEQ); go to (2).

4 2
Computing Time: O)m (In d) ), if the negative primitive p.r.s. computed is normal

and O(mS(ln d)z) if it is not, where m = degree (X), and d bounds the norms
of X and Y.

Algorithm V = IVAR(X,Y)

Input: X, a Sturm sequence; and Y, a rational number.
Qutput: V, the number of variations in sign of the Sturm sequence X at the

rational point Y .
(1) SEQ - X; PT «—Y; V-~ 0; LS — 0.
(2) ADV(P,SEQ); S — REVAL(P,PT); if LS = 0, goto (3); if S=0or S = LS, go to

(4); V—V+ 1.
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(3) IS —S.
(4) If SEQ # 0, go to (2); return.

Computing Time: O(mz(ln md)) if Y = 0 and O(m3(1n la| - b)2 + m4(ln la| « b)(In md))

if Y = %, a # 0and b > 0, where the Sturm sequence is the primitive Sturm
sequence generated from P and P', m = degree (P) > 0, d = norm (P).
Algorithm N = NRTS(X)
Input: X, a square-free, positive univariate polynomial of positive degree with
integer coefficients.
Qutput: N, the number of real zeros of the polynomial X.
(1) P1 «— X; R -RBOUND(P1); L — RDIF(0,R); INTER -~ PFL(L,PFL(R, 0));

N -« IRTS(P1,INTER); erase INTER; return.

2
Computing Time: O(m4(1n md) ), if the Sturm sequence computed is normal and

O(m5(ln md)z) if it is not, where m = degree(X) and d = norm(X).

Algorithm I = REFINE(X,Y,Z)

Input: X, a square-free univariate polynomial over the integers; Y, an interval
containing exactly one real zero of X; and Z, a positive rational number.
Output: I, a subinterval of the interval Y containing a real zero of the polynomial
X. The length of I is equal to or less than Z .
(1) P «—X; IN - Y; EPS -~ Z; HALF - PFL(PFA(1,0), PFL(PFA(2, 0),0));
ADV(L,IN); ADV(R,IN); L < BORROW(L); R — BORROW(R); SR «~ REVAL(P,R),
if SR = 0, go to (8).
(2) DIF <RDIF(R,L); DUM <« RCOMP(DIF, EPS); erase DIF; if DUM = 1, go to (3);

I —PFL(L,PFL(R, 0)); go to (7).
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(3) SUM < RSUM(L,R); MID <« RPROD(SUM, HALF); erase SUM; SMID - REVAL

(P, MID); if SMID = 0, go to (5); if SMID = SR, go to (4); erase L; L — MID;

go to 2.
(4) Erase R; R <MID; go to (2).
(5) Erase R.

(6) I <PFL(MID, PFL(BORROW(MID), 0)): erase L.
(7) Erase HALF; return.

(8) MID -« R; go to (6).

Computing Time: O(mz(ln Lzl')(ln gf)(ln gEﬁg')), for Z< h and O(mz(ln e)(ln ed))
SR

for Z = h, where Y = (B-;, E-Z*], e = max { Iall, lazl,bl,bz}, h is the
length of ¥, m = degree (X), and d = norm (X).

Algorithm S = REVAL(Q,P)

Input: Q, a univariate polynomial with integer coefficients; and P, a rational

number
Qutput: § = sign (Q(P)).

(1) S «— 0; if Q = 0, return; QI — TAIL(Q); if P # 0, go to (4).

(2) ADV(CI, QI); ADV(EI, QI); if QI # 0, go to (2).

(3) If EI = 0, S < ISIGNL(CI); return.

(4) A < FIRST(P); B — FIRST(TAIL(P)); ADV(S,QI); S — BORROW(S); ADV(I, QI);
BI — PFA(1,0); go to (7).

(5) T «— IPROD(S,A); erase S; S — T; T < IPROD(BI,B); erase BI; BI ~— T; if

QI = 0, go to (7); if FIRST(TAIL(QI) < I, go to (7).
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(6) ADV(CI, QI); QI - TAIL(QI); T - IPROD(CI,BI); U = ISUM(S,T); erase
S,T: 5§ U.

(7) I—-1-1;ifI = 0, go to (5).

(8) Erase BI; T < ISIGNL(S); erase S; S — T; return.

Computing Time: O(m + (In d)), if P = 0 and O(m“(In |a] - b)° + m%(ln d)(In |a] - b))

if P= % , b> 0, m = degree(Q), and d = norm(Q).

Algorithm RRTS(Q,XX,F,SEQ,ROOTS,ISOLAT)

Input: Q, a primitive, positive, square-free, univariate polynomial of positive
degree with integer coefficients; XX, an interval; F, a FORTRAN integer
equal to 0 or 1; and SEQ, either 0 or a primitive Sturm sequence for
Q and Q'.

Qutput: ROOTS, the number of real zeros that Q has in the interval XX; SEQ,

a primitive Sturm sequence for Q and Q'; and if F = 1, ISOLAT =
(Il,Iz, - .Ir) is a list of subintervals of XX such that each Ii’
1 = 1= r, contains exactly one zero of Q in the interval XX,
Il < I‘2 L ... A Ir’ and every real zero of Q in the interval XX is
contained in one Ii.
(1) Pl = Q; INTER ~— XX; FLAG «— F; if SEQ # 0, go to (2); DUM < PDERIV
(P1,FIRST(P1)); P2 — PPP(DUM); erase DUM; SEQ -— ISTURM(P1,P2); erase P2,
(2) ADV(L,INTER); ADV(R,INTER); LV - IVAR(SEQ,L); RV « IVAR(SEQ,R);
ROOTS <+ LV - RV; ISOLAT « 0; if FLAG = 0 or ROOTS = 0, return;
HALF -— PFL(PFA(1,0), PFL(PFA(2,0),0)); LIST «— 0; L ~— BORROW(L);

R <~ BORROW(R).



(3)

(9)
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RTS < LV —RV; if RTS = 0, go to (7); if RTS # 1, go to (4);

ISOLAT - PFL(PFL(L,PFL(R, 0)),ISOLAT); go to (8).

SUM «~ RSUM(L,R); MID < RPROD(SUM, HALF); erase SUM; MIDV <~ IVAR
(SEQ,MID); if LV - MIDV = 0, go to (5); LIST - PFA(LV,PFA(MIDV,
PFA(L,PFA(BORROW(MID), LIST)))); go to (6).

Erase L.

L = MID: LV <« MIDV; go to (3).

Erase 1L.,R.

If LIST = 0, go to (9); DECAP(LV,LIST); DECAP(RV,LIST); DECAP(L,LIST);
DECAP(R,LIST); go to (3).

Erase HALF; return.

al a

2
Computing Time: Let m = degree (Q), d = norm (Q), let XX=(B- ,— ] be an interval

1 2
of length h containing r real zeros, e = max | lal |, |a2 | /b, /b, }, and if
r> 2, let » =min {|e-B|: Q(a) = 0, Q(B) = 0, « # B, and @, B € XX}. Then
ifF=1,r= 2, and SEQ # 0, the maximum computing time is:

eh 2

Qem’(n 2100 2)* + rm*(n £)0n ) (1n may).

If F=1,r=2, SEQ = 0, and the Sturm sequence constructed is normal,

then the maximum computing time is:
O(rmg(ln %)(ln %b-)z + rm4(ln %)(ln %b-)(ln md) + m4(1n md)z).

If F=1,r =22, SEQ = 0, and the Sturm sequence constructed is non-

normal, then the maximum computing time is:

ofm>(in 2yan 9% + em*an 2)0n B md) + m°(tn ma)?).
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If F=0orF=1,r=<1, and SEQ # 0, then the maximum computing time
is:
om>(n &)® + m*(In e)(ln md)).
IfF=0orF=1,r=<1, and SEQ = 0 and the Sturm sequence constructed
is normal, then the maximum computing time is:
O(m3(1n e)2 + m4(ln e)(In md) + m4(ln md)z).
IfF=0o0orF=1,r=<1, and SEQ = 0 and the Sturm sequence constructed
is non-normal, then the maximum computing time is:

O(m3(ln e)2 + m4(ln e)(In md) + ms(ln md)z).

2.2 Modular Arithmetic Algorithms

Algorithm LI = CANALR(Q,Y)
Input: Q. a square-free, positive univariate polynomial of positive degree with

integer coefficients; and Y, a reational number equal to or greater than

zero.
Qutput: If Q has no real zeros, LI is set to zero. If Q has any real zeros and
Y =20, LIis a list (Il,IZ, . .,Ir), Il < IZ < ... éIr, where each Ii’

1 = 1i=r, contains exactly one real zero of Q and every real zero of Q
is contained in some Ii. If Y # 0, the length of each of the Ii is
equal to or less than Y.
(1) Pl < Q; EPS = Y; R -~ RBOUND(P1); L - RDIF(0,R); INTER — PFL(L, PFL(R, 0));
DUM - 0; RROOTS(P1,INTER, 1,DUM,ROQTS,IN); erase INTER; if IN# 0 and

EPS # 0, go to (2); erase DUM; LI « IN; return.



19

(2) LI ~ 0; DECAP(SEQ,DUM); DECAP(LCP1,SEQ); erase SEQ; DECAP(PLIST2,
DUM); DECAP(SIGNS,DUM); erase SIGNS; DECAP(NORMS,DUM); DECAP(NORM,
NORMS); erase NORMS; DECAP(PLIST1,DUM); DECAP(DEGSEQ, DUM); erase
DEGSEQ.

(3) DECAP(I,IN); LI -~ PFL(CREFIN(P1,I,EPS,LCP1,PLIST2, NORM, PLIST1), LI);
erase I; if IN # 0, go to (3); LI — INV(LI); erase LCP1, PLIST1, PLIST2:

return.

Computing Time: O(m'%(n &) + m’ (n &)%(In 9;;) + m>(n d)(ln -:;)(1n -‘3) Fmo(n -i—;)3),

if0=<sY=<1, and O(mlo(ln d)3), if1<Yor Y =0, where m = degree (Q)

and d = norm(Q).

Algorithm S = CNPRS(P,X,Y)
Input: P, a prime; and X and Y, two non-zero univariate polynomials over
GF (P) such that degree (X) =z degree(Y) = 0.
Qutput: S = (SI’SZ’ .. .,Sr), where Sl =X, S2 =Y, and Sl’SZ""’Sr is a
quasi-negative subresultant p.r.s. for X and Y over GF(P).
(1) Pl «— X; P1 «— BORROW(BORROW(P1)); P2 — Y; P2 -- BORROW(BORROW(P2));
S — PFL(P2,PFL(P1,0)); DI -~ 1; AIM1 «— 1; NIM1 - FIRST(P1).
(2) DUM -— CPREM(P,P1,P2); if DUM = 0, go to (3); R ~— CSPROD(P,DUM,P-1,0);
erase DUM; Al < FIRST(TAIL(PZ2)); NI «— FIRST(P2); D ~— NIM1-NI-1;
DI +- CPROD(P, DI, CPROD(P, CPOWER(P,AIM1, D), CPOWER(P,AI, D+2)));
S «—— PFL(CSPROD(P,R, DI, 0),8S); erase P1; P1 - P2; P2 «— R; AIM1 ~ AI;
NIM1 - NI; go to (2).

(3) Erase P1,P2; S ~ INV(S); return.
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Computing Time: O(mz), where m = degree (X) > 0.

Algorithm I = CREFIN(Q,IN1,E,LCP1,PLIST2,NORM,PLIST1)

Input:

OQutput:

Q, a square-free univariate polynomial over the integers; IN1, an
interval containing exactly one real zeroof Q; E, a positive rational

number; LCPI = (ﬂ* (Q), ﬁ* (Q),... ,ﬂ* (Q)), where k = 0 and
Py P2 Px

b
degree (ﬁp (Q)) = degree (Q), 1 = i < k; PLIST2 = (pl,pz, - ,pk);

i
NORM = flogz(norm(Q))l; PLIST1, a final segment of the list PRIME

%

whose primes were not discarded because degree (ﬁp(Q)) # degree (Q)
nor placed on the list PLIST2; and PEXP = Llogz(min {primes on the list
PRIME})].

I, a subinterval of the interval IN1 containing a real zero of the polynomial

Q, the length of I being equal to or less than E ; LCP1 = (ﬂ; (Q),
1

g Qe Q). B Q) k= £, and degree (8 (Q)) = degree
e, Py P, P,

(Q), 1 <1< f; PLIST2 = (pl,pz,...,pk,...,pz); and PLIST1 a final

segment of the list PRIME whose primes were not discarded because degree

£
(ﬁp(Q)) # degree (Q) nor placed on the list PLIST2.

[Steps (1) - (10) refine the interval in a manner analogous to algorithm REFINE. ]

(1)

Pl «— Q; IN —IN1; EPS - E; HALF ~- PFL(PFA(1,0), PFL(PFA(2,0),0));
LDCFP1 - FIRST(TAIL(P1)); DEGP1 ~— PDEG(P1); L <— BORROW(FIRST(IN));

XX < PLISTZ2; R -~ BORROW(FIRST(TAIL(IN))); X — R; T — 1; go to (11).
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(2) SR < SEVAL(LCP1,PLIST2,NPRIME,R); if SR = 0, go to (10).
(3) DIF «— RDIF(R,L); DUM «— RCOMP(DIF ,EPS); erase DIF; if DUM = 1, go
to (4); I — PFL(L,PFL(R, 0)); go to (9).
(4) SUM «— RSUM(L,R); MID « RPROD(SUM,HALF); erase SUM; X ~— MID; J - 2;
go to (11). |
(5) SMID «+ SEVAL(LCP1,PLIST2,NPRIME, MID); if SMID = 0, go to (7), if
SMID = SR, go to (6); erase L; L. — MID; go to (3). |
(6) Erase R; R ~— MID; go to (3).
(7 Erase R.
(8) I «— PFL(MID, PFL(BORROW(MID), 0)); erase L.
(9) Erase HALF; PLIST1 < BORROW(PLIST1); erase XX; return.
(10) MID -~ R; go to (8).
[Check if enough images are available to do the evaluation, if not construct some
more. |
(11) If X# 0, go to (12); ECEIL «— 0; go to (15).
(12) N <« IABSL(FIRST(X)); D «— (FIRST(TAIL(X)); if ICOMP(N,D) =1, go to (13);
ELPOF2(D,DUM,ECEIL); go to (14).
(13) ELPOF2(N,DUM, ECEIL)
(14) Erase N.
(15) NPRIME — [(NORM+DEGP1*ECEIL)/PEXP] + 1; NP «— NPRIME - LENGTH(PLIST2).
(16) If NP < 0, goto (2,5), J.
(17) If PLIST1 = 0, go to (18); ADV(GFP,PLIST1); if CMOD(GFP,LDCFP1) =
0, go to (17); PLIST2 «— PFA(GFP,PLIST2); LCP1 — PFL(CPMOD(GFP,P1),

LCP1); NP «— NP - 1; go to (16).
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(18) Print 'INSUFFICIENT PRIMES, CREFIN'; stop.

eh

B )((In d) + (In %)) + m(In d)((In d)

Computing Time: O(mz(ln

+ (In %)(ln %)) + (In -}-El-)(ln d)z), for E <h and O(mz((ln d)(In e)
a

a
+ (In e)z) + m(ln d)2) for E = h, where IN1 = (-gl-, -gz—], e = max [|a1},
1 2

!azl, b,,b,}, his the length of IN1, m = degree(Q), d = norm(Q), and
LCP1 = PLIST2 = 0.

Algorithm N = IROOTS(X,Y)
Input: X, a square-free, positive polynomial of positive degree with integer
coefficients; and Y , an interval whose endpoints are either zero or
whose denominators are non-negative powers of 2 .
Qutput: N, the number of real zeros of X in the interval Y .
(1) Pl < X; INTER < Y; DUM -« 0; RROOTS(P1,INTER,0,DUM,N,DUM1); erase
DUM; return.

Computing Time: O(m4(ln md) + m3 (In cmd)z), where Y = (§b~, :fe*], C = max

(lal, le[,b,f},'m = degree (X), and d = norm (X).
Algorithm INS = ISOLAT(X,Y)
Input: X, a square-free, positive univariate polynomial of positive degree with
integer coefficients; and Y , an interval whose endpoints are either zero
or whose denominators are non-negative powers of 2.
Qutput: INS = (Il’ .o ,Ir), I1 - IZ A ... :_<__Ir, where each Ii’ 1 <1i< r, contains

exactly one real zero of X and each zero of X in the interval Y is

contained in one of the Ii'
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(1) Pl - X; INTER < Y; DUM <« 0; RROOTS(P1,INTER,1,DUM,DUMI1,INS);

erase DUM; return.
a

Computing Time: Let m = degree (X) > 0, d = norm(X), let X =(k_)—l ,
1

o

NUIN

] be an interval

of length h containing r real zeros, e = max { Ial |, |a.2 | /b, /b,}, and if
r= 2, let A = min [la—ﬁ{:X(a) =0, X(e) =0, «a#pB, and @, Be Y}. Then
ifr 2 2, the maximum computing time is:

O(m4(1n md) + rm3 (In %)(ln (%%1-) md)z).

If r = 1, the maximum computing time is:

O(m4(ln md) + m3(ln emd)z).
Algorithm N = NROOTS(X)
Input: X, a square-~free, positive univariate polynomial of positive degree with

integer coefficients.
Qutput: N, the number of real zeros that X has.
(1) P1 < X; R~ RBOUND(P1); L - RDIF(0,R); INTER « PFL(L, PFL(R, 0));
N « IROOTS(P1,INTER); erase INTER; return.

Computing Time: O(m4(ln md) + m3 (in md)z), where m = degree(X), and d = norm(X).

Algorithm RROOTS (Q,XX,F,YY,ROOTS,ISOLAT)

Input: Q, a primitive, positive, square-free, univariate polynomial of positive
degree with integer coefficients; XX, an interval; F, a FORTRAN integer
equal to 0 or 1; and YY, either 0 or a list structure identical in form
to the output of Algorithm STURM; and PEXP. an integer equal to

[vlog2 (min {primes on the list PRIME})/.




Qutput:
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ROOTS, the number of real zeros that Q has in the interval XX; YY,

a list structure identical in form to the output of Algorithm

STURM; andif F =1, ISOLAT = (I1 ,Iz, .o ,Ik) is a list of intervals
such that each Ii' 1 =i s k, contains exactly one zero of Q in the
interval XX, I1 < I2 < ... =21, and every real zero of @ in the interval

k

XX 1is contained in one Ii.

[Steps (1) - (13) are completely analogous to the subinterval generation scheme

employed in RRTS except that before eachapplicationof VAR there is a jump to

step (14).]

(1)

(2)

(4)

(5)

Pl «— Q; INTER « XX; FLAG - F; DUM - YY; DUM1 <« PDERIV(P1,FIRST(P1));
P2 «— PPP(DUM1); erase DUMI1; LCP1 « FIRST(TAIL(P1)); LCP2 - FIRST
(TAIL(P2)); ISOLAT ~ 0; if DUM # 0, go to (2); DUM — STURM(P1,P2).
DECAP(SEQ,DUM); DECAP(PLIST2, DUM); DECAP(SIGNS,DUM); DECAP(NORMS,
DUM); DECAP(PLIST1,DUM); DUM4 - PLIST1; DECAP(DEGSEQ, DUM);
LDEGSQ < LENGTH(DEGSEQ); ADV(L,INTER); ADV(R,INTER); X~ L; J - 1;
go to (14).

LV -— VAR(SEQ,PLISTZ2,IL.NPRMS,SIGNS,L); erase LNPRMS; X ~— R; J < 2; go
to (14).

RV < VAR(SEQ,PLISTZ,LNPRMS,SIGNS,R); erase LNPRMS; ROOTS «— LV - RV;
if FLAG =0 or ROQOTS = 0, go to (13); LIST - 0; HALF - PFL(PFA(1,0),
PFL(PFA(2,0),0)); L ~BORROW(L); R «— BORROW (R).

RTS < LV —RV; if RTS = 0, go to (10); if RTS # 1, go to (6); ISOLAT «

PFL(PFL(L,PFL(R,0)), ISOLAT); go to (11).



(7)

(12)

(13)
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SUM <« RSUM(L,R); MID < RPROD(SUM, HALF); erase SUM; X — MID; J - 3;
go to (14).

MIDV « VAR(SEQ,PLISTZ, LNPRMS, SIGNS, MID); erase LNPRMS; if LV - MIDV
= 0, go to (8); LIST - PFA(LV,PFA(MIDV, PFA(L,PFA(BORROW(MID), LIST))));
go to (9).

Erase L.

L -~ MID; LV - MIDV; go to (5).

Erase L,R.

If LIST = 0, go to (12); DECAP(LV,LIST); DECAP(RV,LIST); DECAP(L,LIST);
DECAP(R,LIST); go to (5).

Erase HALF.

Erase P2; YY — PFL(NORMS, PFL(BORROW(PLIST1), PFL(DEGSEQ,0)));

YY -~ PFL(SEQ,PFL(PLIST2,PFL(SIGNS,YY))); erase DUM4, return.

[Steps (14) - (26) determine if enough images of the sequence exist to do the sign

determinations in VAR; if not it computes some more images if there are unused

primes available. Start by computing ECEIL = flog2 (max (|numberator of X|,

denominator of X})1.]

(14)

(15)

(16)

(17)

If X# 0, go to (15); ECEIL — 0; go to (18).

N - IABSL(FIRST(X)); D - FIRST(TAIL(X)); if ICOMP(N,D) = 1, go to (16);
ELPOF2 (D,DUM,ECEIL); go to (17).

ELPOF2 (N,DUM,ECEIL).

Erase N.
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[Make up a list LNPRMS = (n,,n

L XERE ,nr), where ni is the number of primes one

must use to determine the sign of the i'th term of the sequence at X. Also compute

NP, the number of additional images which must be constructed. ]

(18) LNPRMS « 0; DUM <« DEGSEQ; DUM2 - NORMS; MAXNP - 0.

(19) ADV(DEG,DUM); ADV(N,DUM2); NP - [(N+DEG*ECEIL)/PEXP] + 1; LNPRMS «
PFA(NP,LNPRMS); if MAXNP < NP, MAXNP < NP; if DUM # 0, go to (19);
LNPRMS < INV(LNPRMS); NP ~— MAXNP - LENGTH(PLISTZ2).

[Jump to the proper step in the algorithm if no additional images are needed. ]

(20) IfNP< 0, goto(3,4,7),]7.

[Compute an image of the sequence over GF(p) if there are primes remaining and

ﬂp(LCPl) # 0 and }pr(LCPZ) # 0. Reject the prime if it does not produce a maximal

degree sequence; otherwise save the sequence and the prime and decrease the

number, NP, of additional images needed by 1.]

(21) If PLIST1 = 0, go to (26); ADV(P,PLIST1): if CMOD(P,LCPl) = 0, go to (21);
if CMOD(P,LCP2) = 0, go to (21); CP1 — CPMOD(P,P1); CP2 — CPMOD(P, P2);
S - CNPRS(P,CP1,CP2); erase CP1, CP2; if LDEGSQ = LENGTH(S), go to (23).

(22) Erase S; go to (21).

(23) DUM < S; DUM2 - DEGSEQ.

(24) ADV(DUM1,DUM); ADV(DUMS3, DUM2); if FIRST(DUM1) # DUM3, go to (22);
if DUM # 0, go to (24); DUM1 < SEQ; DUM2Z <« SEQ.

(25) DECAP(PI, S); ADV(DUM,DUMZ2); DUM < PFL(PI, DUM); ALTER(DUM,DUM1);
DUMI1 -~ DUMZ2; if S # 0, go to (25); PLIST2 ~— PFA(P,PLIST2); NP — NP - 1;
go to (20).

(26) Print 'INSUFFICIENT PRIMES,RROOTS'; stop.
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a. a
Computing Time: Let m = degree(Q), d = norm(Q), let XX = (b—l-,g-z-] be an interval
1 2

of length h containing r real zeros, e

max {[all, |azt,b1,b2}, and if

-
v

2, let X = min {|@-B|: Q(e) = 0,Q(B) = 0, @ # B, and @,B € XX}. Then if
F=1,rz2,andYY =0 or YY# 0, the maximum computing time is:
O(m*(In md) + rm>(ln $)(1n &) ma)?).
If F=0 or F=1,r=<1,and YY=0 or YY# 0, then the maximum
computing time is:
O(m*(In md) + m>(In emd)?).
Algorithm S = SEVAL(LQ,LP,NP,PT)

Input: LOQ = (QI’QZ’ .o ’Qk)’ where Qi = ;Zf: (Q) and degree (Ql) = degree
i

(Qi) ., Q being a univariate polynomial over the integers; LP = (p1 Pyiens ,pk) ,

a list of the corresponding primes; NP, a FORTRAN integer equal to or greater

than the number of primes SEVAL must process to determine the sign of

Q(PT), NP =< k; and PT, a rational number whose denominator is not

divisible by any of the primes PysPyses i Pype

Qutput: S, a FORTRAN integer equal to the sign of Q(PT).

(1) LPOLYS < LQ; LPRIME < LP; NPRIME < NP; POINT <« PT; DEG - FIRST
(FIRST(LPOLYS)); QQ « PFA(1,0); BB ~— 0; if POINT = 0, go to (2);
PTN < FIRST(POINT); PTD <« FIRST(TAIL(POINT)).

(2) Do thru (4) forI =1,..., NPRIME: ADV(P,LPRIME), ADV(POLY,LPOLYS);

if POINT # 0, go to (3); R — CPEVAL(P,POLY, 0); go to (4).
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(3) N «— CMOD(P,PTN); D -~ CMOD(P,PTD); X ~ CPROD(P,N,CRECIP(P,D));

R «— CPROD(P,CPOWER(P,D,DEG), CPEVAL(P,POLY,X)).

(4) C —~ CGARN(QQ,BB,P,R); erase BB; BB < C; P -— PFA(P,0); DUM — QQ:

QQ < IPROD(QQ,P); erase DUM, P.

(5) S — ISIGNL(BB); erase BB, QQ; return.

Computing Time: O{m

2(ln e)2 + m(ln e)(In d) + (In d)z), where degree (Q) < m,

Q being the polynomial being evaluated; norm (Q) < d; LQ = (Q1 renesQ

k)l

where Qi = dpi(Q) and degree (Qi) = degree (Q); LP = (p1 fe e ,pk);

PT

< 2

Algorithm

Input:

Qutput:

ol fel

+d . e

, b> 0, e = max (]a],b}; NP < k and (min (pl,pz,...,pk})NP"1

m
SS = STURM (XXX, YYY)

XXX and YYY, two non-~zero univariate polynomials overthe integers,
degree (XXX) > 0, degree (XXX) = degree (YYY); PRIME, a list of
primes; PEXP = [1092 (min {primes on list PRIME})].

Let B, = XXX, B

1 = YYY,... ,Br be a quasi-negative subresultant p.r.s.

2

over the integers. Let Bl(l), Bz(l), e ,Br(l) be a quasi-negative sub-
resultant p.r.s. over GF(pi) for which degree (Bj (1)
( (2) (k)

1) , _ .
,Bj ,...,Bj ), 1 £j<r. Then SEQ = (CI’CZ""’Cr)'

) = degree (Bj).

Let C, = (B,
] ]

a k m+n
PLISTZ2 = (pl,pz,...,pk), where Hi=1pi > d , where B1 g U(d,m)

and B, € U(d,n); SIGNS = (s

2 . 'Sr)’ where the p.r.s.

l,Sz,..

B B ’SrBr is a negative p.r.s. for XXX and YYY over the

S1P1r 850

integers; NORMS = (n .e ,nr), where n, is equal to or greater than

1,1'12: .

the logarithm to the base 2 of the subresultant bound of the coeifficients
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of Bi; PLISTI is a final segment of the list PRIME consisting of all

primes which were not discarded by STURM as not producing maximal
degree sequences nor placed on the list PLISTZ; DEGSEQ = (dl ’dZ’ . ’dr) ,
where di = degree (Bi)' And SS = (SEQ,PLISTZ,SIGNS,NORMS,PLISTI,
DEGSEQ).

[Compute X = maxl’log2 (norm(P))],[log2 (norm(Q))1}.]

(1) P «— XXX; Q «— YYY; DEGP < PDEG(P); DEGQ «~ PDEG(Q); NORMP «- PNORMTF (P);
NORMQ «- PNORMF(Q); LDCP < FIRST(TAIL(P)); LDCQ - FIRST(TAIL(Q));
ELPOF2(NORMP,DUM,R1); ELPOF2(NORMQ,DUM,S1); erase NORMP, NORMQ;
if R1 2 S1, go to (2); X — S1; go to (3).

(2) X —R1,

[Compute NPRIME, the number of primes that must produce identical degree sequences

to determine the degree sequence over the integers .]

(3) NPRIME < [(X*(DEGP+DEGQ))/PEXP] + 1; PLIST1 «— PRIME; DEGSEQ < 0;
PCOUNT < 0; PLIST2 = 0; SEQ2 < 0.

[Stop if list of primes is exhausted.]

(4)  If PLIST1 # 0, go to (5); print 'INSUFFICIENT PRIMES, STURM'; stop.

[1f ﬁp (ldcf(P)) or ﬁp (1dcf(Q)) = 0, reject the prime; otherwise use CNPRS to
i i

compute a p.r.s., S, over GF(pi).]
(5) ADV(GFP,PLIST1); if CMOD(GFP,LDCP) = 0 or CMOD(GFP,LDCQ) = 0, go to
(4); P1 — CPMOD(GFP,P); P2 ~— CPMOD(GFP,Q); S — CNPRS(GFP,P1,P2);

erase P1,P2: DUM «—S3; D - 0.
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[If the degree sequence of S is equal to the current maximal degree sequence,

DEGSEQ, prefix S onto the list SEQ2 and GFP onto the list PLIST2; if the degree

sequence is less than the current maximal degree sequence, erase S and reject the

prime; if it is greater, erase the list of sequences with the current maximal degree

sequence (the list SEQ2) and the list of associated primes (the list PLIST2) and set

DEGSEQ to the new maximal degree sequence and start a new list SEQ2 with S as

its only element and a new list PLIST2 with GFP as its only element. ]

(6)

(8)

(10)

(11)

ADV(DUM1,DUM); D ~ PFA(FIRST(DUMI), D); if DUM ¥ 0, go to (6):
D — INV(D); if DEGSEQ = 0, go to (10); DUM1 «- DEGSEQ; DUM2 ~ D.
ADV(DUM3,DUM1); ADV(DUM4, DUM2); if DUM3-DUM4, go to (10), (8), (9).

If DUM1 #0 and DUM2 # 0, go to (7);

il

if DUM1 0 and DUM2 = 0, go to (11);

if DUMI1

0, go to (10).

Erase D, S; go to (4).

Erase DEGSEQ, PLIST2,SEQ2; DEGSEQ - D; PLIST2 — PFA(GFP, 0);

SEQ — PFL(S, 0); PCOUNT < 1; go to (12).

SEQ2 - PFL(S,SEQ2); PLIST2 <« PFA(GFP,PLIST2); PCOUNT < PCOUNT + 1;

erase D.

[If NPRIME primes have not yet produced identical degree sequences, jump to

process another prime. If they have, construct from SEQZ2 a list SEQ whose i'th

element is a list of NPRIME images of the i'th term of the p.r.s. B

(12)

BZ""’B .]

1’ r

If PCOUNT < NPRIME, go to (4); L1 < LENGTH(DEGSEQ); SEQ2 ~ INV(SEQ2);

SEQ - 0.
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(13) DUMI1 -~ SEQ2; DUM2 <« SEQ2; LT « 0.

(14) ADV(S,DUM2); DECAP(PI,S); LT - PFL(PI,LT); ALTER(S,DUM1); DUM1 -
DUM2; if DUM2 # 0, go to (14); SEQ «- PFL(LT,SEQ); if S # 0, go to
(13); erase SEQ2; SEQ « INV(SEQ).

[Compute a list NORMS = (nl,nz, .o ,nr) such that n, = log2 {subresultant

bound on the coefficients of Bi}.]

(15) DUM - DEGSEQ; NORMS «~ PFA(S1,PFA(R1,0)); L — L1 -2;if L =0, go
to (16); ADV(DUM1,DUM); do forI=1,...,L: [ADV(DUM1,DUM); NORMS ~
PFA(R1*¥(DEGQ-DUMI+1) + S1*%(DEGP-DUM+1), NORMS)].

(16) NORMS < INV(NORMS).

[Make up the list BSIGNS = ((32, ce ,ﬁr_l), where [32 = gign (1dcf(Q)) = sign

(ldcf(BZ)) and, for 3<k<r-1,8, =1if © and 6 are both odd, and

k k-1 k

B, = sign (ldcf(Bk)) otherwise, where for k = 3 the sign (ldcf(Bk)) is obtained

k
using the Chinese Remainder Theorem. ]
(17) SIGNS - PFA(1,PFA(1,0); if L1 = 2, go to (24); BSIGNS - PFA (PSIGN(Q), 0);
if L1 = 3, go to (21); DUM «— NORMS; DUMI1 « SEQ; DUM2 ~— DEGSEQ:; do for
1=1,2: [ADV(NORMI, DUM); ADV(BI, DUM1); ADV(NI, DUM2)]; ADV(NIP1,DUM?2).
(18) NIMI1 - NI; NI - NIP1; ADV(NIP1,DUM2); ADV(NORMI, DUM); ADV(BI, DUMI1);
if (=1) %% (NIM1~-NI) = 1 or (-1) *% (NI-NIP1) =1, go to (19); SIGN ~ 1; go
to (20).
(19) NP < [NORMI/PEXP] + 1; DUM3 «~— PLIST2; QQ <~ PFA(l,0); BB — 0; do for
J=1,...,NP: [ADV(GFP,DUMS3); ADV(COEF,BI); COEF <« FIRST(TAIL(COEF));
C — CGARN(QQ,BB,GFP,COEF): erase BB; BB — C; GFP ~ PFA(GFP, 0);
DUM4 — QQ; QQ -~ IPROD(QQ, GFP); erase DUM4,GFP]; SIGN ~ ISIGNL(BB);

erase BB, QQ.
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(20) BSIGNS < PFA(SIGN,BSIGNS); if DUM2 # 0, go to (18).

[Construct the list SIGNS = (sl,sz, ces ’Sr)' where the s, are the sign correction

factors so that s B, ,s,B,,...,s B is a negative p.r.s.]

(21) DUM «~ DEGSEQ; ADV(NKM1,DUM); ADV(NK,DUM); DECAP(BETK,BSIGNS);
SKP1 < BETK %% (NKM1-NK+1); SK<1.

(22) SIGNS < PFA(SKP1,SIGNS); if BSIGNS = 0, go to (23); SKMI «~ SK; SK «— SKP1;
BETKM1 «— BETK; DECAP(BETK,BSIGNS); NKM1 < NK; ADV(NK, DUM);
SKP1 «— SK * (SKM1*%BETKMI1#*SK*BETK) ##* (NKM1-NK+1); go to (22).

(23) SIGNS <« INV(SIGNS).

[Set up output list.]

(24) STURM < PFL(NORMS,PFL(BORROW (PLIST1), PFL(DEGSEQ, 0))); STURM =«
PFL(SEQ,PFL(PLIST2,PFL(SIGNS,STURM))); return.

Computing Time: O(m4(ln d) + m3(ln d)z), where m bounds the degrees of XXX and

YYY, and d bounds their norm.
Algorithm V = VAR(SS,LP,LNP,LSCFS,E)

Input: lLet B, ,B .- ,Br be a quasi-negative subresultant p.r.s.

1’2"
(i) 5 (1) (1) . ,
Let B1 ,B2 s e e ,Br be an image of Bl’BZ’ ces ,Br in GF(pi)
such that degree (Bj(l)) = degree (BJ.). Let Ci = (Bi(l),Bi(Z), .o ,Bi(k)).

Then SS = (CI’CZ""'Cr)‘ LP = (pl,pz,...,pk) is a list of the

corresponding primes. LNP = (n . ,nr) where n, is the number

llnz re
of primes SEVAL must use to determine the sign of Bi(E)’ max

[nl,nz,...,nr} < k. LSCFS = (sl,sz,...,sr) is a list of sign

correction factors such that slB1 'SZBZ’ ceoy SrBr is a Sturm sequence,
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E is a rational number whose denominator is not divisible by any of

the primes pl, oo ,pk.
Qutput: V, the number of variations in sign of the sequence slBl(E),szBZ (E),
. SrBr(E) .

(1) SEQ « SS; LPRIMS <« LP; LNPRMS «— LNP; LSIGNS -— LSCFS; PT «— E;
V+~0; LS~ 0.

(2) ADV(P,SEQ); ADV(NPRIME,LNPRMS); ADV(PSIGN ,LSIGNS); S — SEVAL
(P,LPRIMS,NPRIME,PT) * PSIGN; if LS = 0, goto (3); if S=0or S = LS, go
to (4); V— V+ 1.

(3) LS < s.

(4) I1f SEQ # 0, go to (2); return.

Computing Time: O(ms(ln de)z), where E = -2—, b> 0, e = max (,a[ ,b}, m = degree

(Bl), and d is a bound on the norms of B1 and BZ‘

2.3 Miscellaneous

Algorithm INS = ANALRR(Q,Y)

Input Q, a square-free, positive, univariate polynomial of positive degree
with integer coefficients; and Y , a rational number equal to or greater
than zero.

Qutput: If Q has no real zeros, INS is set to zero. If Q has any real zeros
and Y = 0, INS is a list (Il’ oo L), I < I2 < eee < Ir’ where each

T 1

Ii, 1 =i < r contains exactly one real zero of Q and every real zero of

Q is contained in some Ii‘ I1f Y # 0, the length of each of the Ii

is equal to or less than Y .
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(1) Pl« Q; EPS < Y; R — RBOUND(P1); L «— RDIF(0,R); INTER — PFL(L,
PFL(R,0)); IN < ISOLAT(P1,INTER); erase INTER; if IN # 0 and
EPS # 0, go to (2); INS < IN; return.

(2) INS - 0.

(3) DECAP(I,IN); INS « PFL(REFINE(P1,I,EPS), INS); erase I; if IN # 0,

go to (3); INS < INV(INS); return.

Computing Time: O(mlo(ln d)3 + m3(ln g)(mz(ln d) + (In -;;))2), ifo<y =1, and

O(mlo(ln d)3), if 1 <yory =0, where m = degree (Q), and d = norm(Q)

Algorithm ELPOF2(X,EFLR,ECEIL)

Input: X, an L-integer.
Qutput: If X= 0, EFLR = ECEIL = 0; if X # 0, EFLR, a FORTRAN integer, equal

to [logZIXI l; and ECEIL, a FORTRAN integer, equal to [logZ]X, 1.
(1) V «—X; EFLR — 0; ECEIL < 0; if V= 0, return; Q — IABSL(V):
TWO « PFA(2,0); RP «— 0.
(2) Z — IQRS(Q,TWQ); erase Q; DECAP(Q,Z); DECAP(R,Z); if R = 0, go to (3);
RP <~ RP + 1; erase R.
(3) If Q = 0, go to (4); EFLR < EFLR + 1; go to (2).

(4) If RP > 1, ECEIL - 1; ECEIL «— EFLR + ECEIL; erase TWO; return.

2
Computing Time: O(1), if X = 0 and O((ln [X[)") if X # 0.

Algorithm IPRINT(UNIT,Y)
Input: Y, an interval whose endpoints are either zero or rational numbers with

powers of 2 as denominators; and UNIT, an I/0 unit number.
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Qutput: IPRINT prints the left endpoint of interval Y on 1/0 unit UNIT as
an integer if it is zero or has a denominator of 1 and as a decimal
number otherwise. IPRINT then skips to the next record and repeats
the process with the right endpoint.
(1) IN < Y; FIVE ~— PFA(5,0).
(2) ADV(L,IN); if L # 0, go to (3); TWRITE(L, UNIT); go to (10).
(3) ADV(A,L); ADV(B,L); ELPOF2(B,K,DUM); if K # 0, go to (4);
IWRITE(A, UNIT); go to (10).

(4) DUM - IQR(A,B); DECAP(Q,DUM); DECAP(R,DUM); Z ~— IBTOD(Q);
erase Q; DECAP(DUM, Z); FACT < PPOWER(FIVE,K); F — IPROD(R,FACT);
erase R,FACT; FL — IBTOD(F); erase F; DECAP(SIGN,FL); Z -— PFA(SIGN, Z);
DUM < K~LENGTH(FL); if DUM = 0, go to (5); do forI=1,...,DUM:
FL < PFA(O,FL).

(5) FL - PFA(43,FL); FL — CONC(Z,FL).

(6) DoforI=1,...,72;: if FL = 0, go to (8); DECAP(RECORD(I),FL).

(7 WRITE(UNIT ,RECORD); go to (6).

(8) DoforJ=1,...,72: RECORD(]) ~— 44.

(9) WRITE(UNIT ,RECORD)

(10) If IN # 0, go to (2); erase FIVE; return.
Algorithm N = PNORMF(X)
Input: X, a multivariate polynomial over the integers.

Qutput; N, the norm of X.
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(1 P« X, N« 0; if P = 0, return; if TYPE(P) = 1, go to (2);
N «— IABSL(P); return.

(2) L 0.

(3) P — TAIL(P); if P = 0, go to (5); ADV(COEF,P); if TYPE(COEF) =1, go to
(4); Z < IABSL(COEF); DUM « N; N «— ISUM(N,Z); erase DUM, Z;
go to (3).

(4) ' L - PFA(P,L); P «— COEF; go to (3).

(5) If L = 0, return; DECAP(P,L); goto (3).

Computing Time: O(mlm . .mr(ln d)), where m, is the degree of X in the i'th

2 .
variable and d is the norm of X.

Algorithm X = PPOWER(P,I)

Input: P, a multivariate polynomial over the integers; and I, a FORTRAN integer.
Qutput: IfI 0 or P=0, X=0; otherwise, X = PI.

(1) Z+—P; N« IIX«—0;ifN< 0 or Z=0, return; if N # 0, go to (3);
L - PVLIST(Z); X < PFA(L,0).

(2) If L = 0, return; DECAP(Z1,L); X «- PFL(Z1,PFL(X,PFA(0,0))); go to (2).

(3) X «— BORROW(Z); if N=1, return; N~ N-1;doforJ=1,...,N:

[DUM « X; X — PPROD(X,Z); erase DUM]; return.

Computing Time: IfI < 0 or P = 0, then the maximum computing time is O(1). If

P is an L-integer bounded in magnitude by d, then the maximum computing
time is O(1) if I =0or 1, and O(Iz(ln d)z) if I> 1. If P is a polynomial in r

variables of norm d and degree m, in the ith variable, then the maximum com-

2 2 Ir+2

2 .
puting time is O(r) if I = 0, O(1) if I =1, and O(ml...m (Ind)y " ifI> 1.
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Algorithm B = RBOUND(Y)

Input: Y, a non-zero univariate polynomial over the integers.
Qutput: B, a rational number such that all the zeros of Y lie within a circle

about the origin of radius B.

(1) P - TAIL(Y); ADV(DEN,P); DEN <~ IABSL(DEN); ELPOF2(DEN,DEN2, DUM);
ADV(N,P); EXP = 1.

(2) If P = 0, go to (4); ADV(COEF,P); COEF - IABSL(COEF); ADV(DEG,P); if
ICOMP(DEN,COEF) = 0, go to (3); ELPOF2(COEF,DUM,CQEF2); EXPP «—
[(COEF2~DEN2)/(N-DEG)] + 2; if EXP < EXPP, EXP — EXPP.

(3) Erase COEF; go to (2).

(4) TWO «- PFA(2,0); X «— PPOWER(TWO ,EXP); B - RPOLY(X); erase TWO, DEN,
X; return,

Computing Time: O(m(ln d)z), where m = degree (Y) and d = norm(Y).

Algorithm I = RCOMP(X,Y)

Input: X and Y, two rational numbers.
Qutput: I, the FORTRAN integer -1 if X < Y, the FORTRAN integer 0 if

X =Y, the FORTRAN integer 1 if X> Y.
(1) L+~ X;R~ Y;if L#Z0, goto (3);if R# 0, go to (2); I+ 0; return.
(2) I < -ISIGNL(FIRST(R)); return.
(3) If R#0, go to (4); I — ISIGNL(FIRST(L)); return.
(4) LN <« FIRST(L); LD = FIRST(TAIL(L)); RN < FIRST(R); RD <~ FIRST(TAIL(R)):
RNLD < IPROD(RN,LD); RDLN <~ IPROD(RD,LN); I <~ ICOMP(RDLN,RNLD);

erase RNLD, RDLN: return.
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Computing Time: O(1), if X =Y = 0; O(ln ]a[)), »if only one of X and Y is non-

zero and equal to <, b > 0; and O((ln €)%), if X =2, b>0, Y=<, d> 0,
e =max (|a],|c|,b,d}.

Algorithm X = SQFREE(P)

Input: P, a univariate polynomial with integer coefficients.
Qutput: if P =0, then X = 0; otherwise X is the primitive

part of the unique positive greatest square-free divi-
sor of P.
(1) X« P; if X =0, return; DUM <« PPP(X); DERV -— PDERIV(DUM,FIRST(DUM)):
GCD «— PGCD(DUM, DERV); X -~ PQ(DUM,GCD); erase DUM, GCD, DERV:
return.

2 2
Computing Time: O(mL'2 (In md) + Lz(m—L+1) (In d)z), where P is a univariate

polynomial of degree m, norm d, and which has I distinct roots.
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3. EMPIRICAL RESULTS

We now present four tables of empirical results of running the various
algorithms. The numbers under the name of an algorithm are the times in milliseconds
of UNIVAC 1108 execution time for applying the algorithm to the given polynomial.

The times under ISOLT and ISOLAT are the times to isolate all the real zeros of the
given polynomial P in the interval (-B,B], where B = RBOUND(P). The epsilon
given in the table is the length of the refining interval, i.e. the error bound on the
zeros. The random polynomials were chosen of odd degree to insure that they had at

least one real zero.
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By examining the tables one can conclude that neither integer nor modular
arithmetic techniques are faster in all cases for a given computation. For instance,
to compute the number of zeros of the Chebyshev polynomials requires more time
using modular arithmetic than integer arithmetic. However, the opposite is true
with the random 21'st degree polynomials. Thus it seems that only experience will
tell which algorithms to use on which polynomials.

In all the empirical tests the largest value returned by RBOUND was 16 with
the typical value being 4, even though the norms of some of the polynomials are
quite large.

In the empirical resulis of isolating and refining the zeros of both the
Chebyshev and Legendre polynomials, the computing time for the polynomial of
degree n and the polynomial of degree n + 1 is approximately the same for even
n. This is because X = 0 is a zero of all the odd degree polynomials and this zero
is found exactly on the first bisection of the interval (-B,B].

An interesting point to note about ANALR, ANALRR, and CANALR is that they
will find all the integer zeros of a polynomial exactly if the refining epsilon is set at
1 or less. This is because the initial interval (-B,B] has integer endpoints and a

length which is a power of 2. This is one reason for having RBOUND return a power

of 2.
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4. TEST PROGRAM

The following test program calculates the number of real zeros of the first
five Chebyshev polynomials using both integer arithmetic (NRIS) and modular
arithmetic (NROOTS). It also isolates and refines the real zeros of the polynomials
to eight decimal places using both integer arithmetic (ANALR) and modular arithmetic
(CANALR). Notice that corresponding to each real zerothere is an interval printed by
IPRINT which contains the root, and hence the endpoints of the intervals have more
decimal places than they are accurate to. This is due to the algorithm used by
IPRINT to convert from rational to decimal notation.

If this test program is to function correctly on another system, care must be
taken to use the correct values for BETA, CONS, IN, and OUT, rather than the ones
given in the program. CONS is the starting value used in generating the list of

primes, PRIME.
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INTEGER BETAyCONSsDUMSEPSsIsINs INSsN1sN2sOUTsPsPASPEXPsPRIME
INTEGER SPACE sSYMLST X

INTEGER ANALRsCANALR»GENPRsNROOTSsNRTSsPFAsPREADYRREADS SQFREE
COMMON /TR2/SYMLST

COMMON /TR3/BETA

COMMON /TR4/PRIMESPEXP
DIMENSION SPACE(10000)sPA(1000)
CALL BEGIN(SPACEs10000)
BETA=2%%33

IN=5

OUT=6

CONS=4000000001
PRIME=GENPR(PA»1000sCONS)
CONS=PFA(CONSsO)

CALL ELPOF2(CONSs»PEXPsDUM)
CALL ERLA(CONS)

SYMLST=0

PRINT 1

FORMAT(5H1EPS=)

EPS=RREAD(IN)

CALL RWRITE(QUT»EPS)
X=PREAD(IN)

IF (X «EQe -1) STOP
P=SQFREE(X)

CALL PERASE(X)

PRINT 3

FORMAT (3HOP=)

CALL PWRITE(OUTsP)

N1=NRTS(P)

NZ2=NROOTS (P)

PRINT 4sN1sN2
FORMAT(4HON1=9I12920Xs3HN2=9+12)
INS=ANALR(PLEPS)

PRINT 5
FORMAT (23HOOUTPUT OF ANALRI(PSEPS))

IF (INS +EQe O0) GO TO 8
PRINT 7

FORMAT(1X)

CALL DECAP(IsINS)

CALL IPRINT(OUTsI)

CALL ERASE(I)

GO TO 6

PRINT ©
FORMAT(24HOQUTPUT OF CANALR(PsEPS))

INS=CANALR(P,EPS)

IF (INS «EQe 0) GO TO 11
PRINT 7

CALL DECAP(I,INS)
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CALL IPRINT(QUT,»I)
CALL ERASE(I)
GO 70 10
11 CALL PERASE(P)
GO TO 2
END

INPUT TO TEST PROGRAM
+1 /7 +1000000000
(+1x%%]1)
(+2X%#%2-1X*%0)
(+4XH#3-3X*¥] )
(+8X*¥L~BX X2+ 1X%%0)
(+16X#%E5-20X%%3+5X%%] )

OUTPUT OF TEST PROGRAM

EPS=
+1 / +1000000000

P=
(+1X3#%1)

Nl= 1 N2= 1
OUTPUT OF ANALRIPSEPS)

+0
+0

OUTPUT OF CANALR(PSEPS)

+0
+0

P=
(+2X##2-1X#3#0)

N1l= 2 N2= 2
OUTPUT OF ANALR(PSEPS)

~0707106781192123889923095703125
~0e7071067802608013153076171875

+07071067802608013153076171875
+0707106781192123889923095703125

OUTPUT OF CANALR(P,EPS)
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-0«707106781192123889923095703125
-0+7071067802608013153076171875

+0e¢7071067802608013153076171875
+04707106781192123889923095703125

pP=
(+4XH#%3-3X*%] )

Nl= 3 N2= 3
QUTPUT OF ANALR(PLEPS)

~0eB66025404073297977447509765625
~0e86602540314197540283203125

+0
+0

+086602540314197540283203125
+0e866025404073297977447509765625

OUTPUT OF CANALRI(PsEPS)
-086602540314197540283203125

+0
+0

+086602540314197540283203125
+0eB66025404073297977447509765625

pP=
(+BX*HL-BXHK2+]LX¥H%0)

Nl= 4 N2= &
OUTPUT OF ANALR(P,EPS)

~0923879533074796199798583984375
~0e92387953214347362518310546875

—0e382683432660996913509912109375
~0e38268343172967433929443359375

+038268343172967433929443359375
+04382683432660996913909912109375

+0092387953214347362518310546875
+04923879533074796199798583984375
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OUTPUT OF CANALRI(PSEPS)

~00923879533074796199798583984375
-0092387953214347362518310546875

~00382683432660996913909912109375
-038268343172967433929443359375

+0038268343172967433929443359375
+06382683432660996913909912109375

+0692387953214347362518310546875
+00923879533074796199798583984375

P=
{(+16X*¥5-20X¥#345X%%] )

Nl= 5 N2= 5
OUTPUT OF ANALR(PSEPS)

-0e951056516729295253753662109375
~0095105651579797267913818359375

~00587785252369940280914306640625
-0587785251438617706298828125

+0
+0

+0587785251438617706298828125
+0587785252369940280914306640625

+0e95105651579797267913818359375
+00951056516729295253753662109375

OUTPUT OF CANALR(PsEPS)

~-06951056516729295253753662109375
-0095105651579797267913818359375

-0e587785252369940280914306640625
-0587785251438617706298828125

+0
+0

+0587785251438617706298828125
+00587785252369940280914306640625

+0095105651579797267913818359375
+00951056516729295253753662109375
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FORTRAN SUBPROGRAMS

INTEGER FUNCTION ANALR(QsY)
INTEGER EPSsT»INsINTERsLsP1sGsRsY
INTEGER INVsISCLTsPFLsRBOUNDsRDIF sREFINE
P1=G

EPS=Y

R=RBOUND (P1)

L=RDIF (G ,yR)

INTER=PFL(LsPFL(R,0))
IN=ISOLT(P1sINTER)

CALL ERASE(INTER)

IF (IN oNEe O «ANDe EPS oNE. 0) GO TO 1
ANALR=IN

RE TURN

ANALR=0

CALL DECAP(1,IN)

ANALR=PFL (REFINE(PLsTsEPS) sANALR)
CALL ERASE(I)

IF (IN «NEs 0) GO TO 2

ANALR=INV (ANALR)

RETURN

END

INTEGER FUNCTION ANALRR({QsY)
INTEGER EPSsIsINsINTERsLsP1sQsRsY
INTEGER INVsISOLAT sPFLsRBOUNDIRDIFSREFINE
P1=Q

EPS=Y

R=RBOUND(P1)

L=RDIF{C4R)

INTER=PFL{LsPFL{R»0))
IN=ISOLAT(PLsINTER)

CALL ERASE(INTER)

IF (IN «NEs O «ANDe EPS oNEe 0) GO TC 1
ANALRR=IN

RETURN

ANALRR=C

CALL DECAP(I,IN)
ANALRR=PFL(REFINE(P1lsI,EPS) 4ANALRR)
CALL ERASE(I)

IF (IN «NEs O} GO TO 2

ANALRR=INV (ANALRR)

RETURN

END
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INTEGER FUNCTION CANALR({QsY)

INTEGER DEGSEQsDUMSEPSs T s INs INTERsL s LCP L sNORMoNORMSsPLsPLISTIL

INTEGER PLIST2sGsRsROUTSsSEGSSIGNSY
INTEGER CREFINs INVsPFLsRBOUNDSRDIF

Pl=Q

EPS=Y

R=RBOUND(P1)
L=RDIF(04R)
INTER=PFL(LsPFL(Ks0))
DuM=0

CALL RROOTS(P1LsINTE2e1lsDJIMsROOTSHIN)
CALL ERASE(INTER)

IF (IN oNEe 0O oANDe EPS «NEs 0) GO TO 1
CALL ERASE(DUM)

CANALR=IN

RETURN

CANALR=v

CALL DECAP(SEQsDUM)

CALL DECAP(LCP1sSEQ)

CALL ERASE(SEDQ)

CALL DECAP(PLISTZ,DUM)

CALL DECAP(SIGNSsDUM)

CALL ERLA(SIGNS)

CALL DECAP(NORMSsDUM)

CALL DECAP (NORMsNORMS)

CALL ERLA(NORMS)

CALL DECAP(PLIST1sDUM)

CALL DECAP(DEGSEGsDUM)

CALL ERLA(DEGSEQ®)

CALL DECAP(IsIN)
CANALR=PFL(CREFIN(PLsIsEPSSsLCP1sPLIST2sNORMSPLIST1) s CANALR)
CALL ERASE(ID)

IF (IN «NEe 0O) GO TO 2
CANALR=INV{CANALR)

CALL ERASE(LCP11)

CALL ERLA(PLISTI)

CALL ERLA(PLIST2)

RETURN

END

INTEGER FUNITION CNPRS({PsXsY)

INTEGER AT sAIML el s DI sUUMINITIeNIMLoPsP1lsP2skkseXoY

INTEGER BORROW sCPOWER sCPREMsCPROD sCSPRODSFIRST s INVsPFLsTAIL
Pl=X

P1=30RROW(RORROW(P1))

pa2=Y

P2=BORROW(BORROW(P2))

CNPRS=PFL(P2sPFLI{PL1+0))

DI=1
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AIMI=1

NIMI=FIRST(P1)
DUM=CPREM(PsP1+P2)

IF (DUM 4EQe 0) GD /O 2
R=CSPROD(PsDUM4P=1+0)
CALL ERLA(DUM)
AT=FIRST(TAIL(P2))
NI=FIRST(P2)
D=NIM1I-NI-1
DI=CPROD(PsDIsCPRODI(PsCPOWER(PSsATMLD) s CPOWER(PsALsD+2)))
CNPRS=PFL{CSPROD(PsRsDI+0) s CNPRS)
CALL ERLA(PL)

Pl=pP2

P2=R

AIM1=A1

NIM1=NI

GO TO 1

CALL ERLA(PL)

CALL ERLA(PZ)
CNPRS=INV(CNPRS)

RETURN

END

INTEGER FUNCTION CREFIN(QesINLsEsLCPLsPLIST29yNORMyPLISTL)
INTEGER DsDEGP1sDIFsDUMIE sECEILsEPSsGFP oHALF s INs INLsJsL sLCPLsMIDSN
INTEGER NORMgNP yNPRIME 3Pl sPEXPsPLISTLI sPLISTZ2sPRIMEsGsRsSMIDsSRsSUM
INTEGER XsXX

INTEGER BORROWsZMODsCPMODsFIRST s IABSLsICOMP S LENGTHsPDEGsPFASPFL
INTEGER RCOMP 4RDIFsRPRCDIRSUMSSEVALSTAIL

COMMON /TR4/ PRIMESPEXP

P1=Q

IN=INI

EPS=E

HALF=PFL(PFA{1+s0)sPFLIPFA(2+0)+0))

LDCFP1I=FIRST(TAIL{P1))

DEGP1=PDEG(P1)

L=BORROW(FIRST(IN))

XX=PLIST]

R=BORROW(FIRKST(TAIL(IN)))

X=R

J=1

GO 70 10

SR=SEVAL(LCP14PLIST2sNPRIME4R)

IF (SR «EQe Q) GG TO 9

DIF=RDIF(RsL)

DUM=RCOMP(DIFsEPS)

CALL RERASE(DIF)

IF (DUM LEGe. 1) GO TO 3

CREFIN=PFL(LsPFL(Rs0))
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GO TO 8

SUM=RSUNM (L sR)
MID=RPRUD(SUNM,FALF)

CALL RERASE(SyUM)

X=MID

J=2

GO TO 10

SMID=SEVAL (LCP1sFLIST2sNPRIME »MID)
IF (SMID «EQ. 0) GO TO 6

IF (SMID .EG. SR) GO TO 5

CALL RERASE(L)

L=MID

GO TO 2

CALL RERASE(R)

R=MID

GO TO 2

CALL RERASE(P)
CREFIN=PFL(MIDsPFL(3ORROW(MID)+0))
CALL RERASE(L)

CALL RERASE (HALF)

PLIST1=80RROW (PLIST1)

CALL ERLA(XX)

RETURN

MID=R

GO TO 7

IF (X «NEe C) GO TO 11

ECEIL=0

GO TO 14

N=IABSL(FIRST (X))
D=FIRST(TAIL(X))

IF (ICOMP(N»D) «EGe 1) GO TO 12
CALL ELPOF2(DsDUMSECEIL)

GO TO 13

CALL ELPOF2(NsDUM,ECEIL)

CALL ERLA(N)

NPRIME= (NORM+DEGP 1#£CEIL) /PEXP+1
NP=NPRIME=LENGTH(PLIST2)

IF (NP «LEe 0) GO TO (1s4)sJ

IF (PLIST1 «EQe O) GO TO 17

CALL ADV(GFP,PLISTI)

IF (CMOD(GFP,sLDCFP1l) «EQe 0) GO TG 16
PLIST2=PFA(GFP,PLIST2)

LCP1=PFL (CPMOD(GFPsP1)sLCP1)
NP=NP-1

GO TO 15

PRINT 18

FORMAT (28HOINSUFFICIENT PRIMESs CREFIN)
STOP

END
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SUBROUTINE ZLPOF2(XsEFLRSECELIL)
INTEGER ECEILsEFLRsQVIRsRP»TWO IV X2
INTEGER IABSL+TQRSsPFA

V=X

V=X
EFLR=U
ECELIL=C
IF (Vv «EQ
Q=TABRSL(V
TWO=PFA(
RP=0
Z=TQARS{QsTWO)

CALL ERLAC(Q)

CALL DECAP(GyZ)

CALL DECAP(K,2Z)

IF (R «EQe 0U) GO TO 2
RP=RP+1

CALL ERLA(R)

IF (Q «EQs C) GO TO 3
EFLR=EFLR+1

GO 70 1

IF (RP «GTe. 1) ECEIL=1
ECETL=EFLR+ECEIL

CALL ERLA(CTWO)

RETURN

END

o« w) RETUR
)
2+0)

SUBROUTINE IPRINT(UNIT,.Y)

COMMON /TR1/AVAILsSTAKSRECORDI(72)
INTEGER AVAIL +STAKsRECORD

INTEGER AsBsDUMsF o FACT s FIVESFLsQ R sSIGNSUNITsY sZ
INTEGER CONC,IBTODsIQRyLENGTHPFASPPOWER
IN=Y

FIVE=PFA(5,4C)

CALL ADVI{LsIN)

IF (L «NEe U) GO TO 2

CALL IWRITE(LSUNIT)

GO TO 10

CALL ADV(AsL)

CALL ADV(B,L)

CALL ELPQOF2(BsKsDUM)

IF (K «NEs v) GO TO 3

CALL IWRITE(ASUNIT)

GO 7O 1V

DUM=TUR(AR)

CALL DECAP(Q,yDUM)

CALL DECAP (RsDUM)

Z=IBTOD(Q)

CALL ERLA(Q)

CALL DECAP(DUMs2Z)
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FACT=PPOWER(FIVEsK)
F=IPROD(RFACT)
CALL ERLA(R)

CALL ERLA(FACT)
FL=IBTOD(F)

CALL ERLA(F)

CALL DECAP(SIGNsFL)
2=PFA(SIGNsZ)
DUM=K~-LENGTH(FL)

IF (DUM ,EQe 0) GC TO 5
DO 4 I=1,DUM

4 FL=PFA(O,FL)
5 FL=PFA(43sFL)
FL=CONC({ZFL)
6 DO 7 I=1,472
IF (FL «EGe G) GO TO 8
7 CALL DECAP(REZCORD(I)sFL)
CALL WRITE(UNITsRECORD)
GO TO 6
8 DO 9 J=1,72
9 RECORD(J)y=44
CALL WRITE(UNITSRECORD)
10 IF (IN oNEe 0) GO TO 1
CALL ERLA(FIVE)
RETURN
END

INTEGER FUNCTION IROOTS(XsY)

INTEGER DUMsDUML s INTERSP1 s XY

Pl=X

INTER=Y

DUM=0

CALL RROOTS(PLlsINTERsCsDUMsIROOTS»DUML)
CALL ERASE (DUM)

RETURN

END

INTEGER FUNCTION IRTS(XsY)
P INTEGER DUMsDUMI s INTERsP1sXsY
- Pl=x
INTER=Y
DUM=D
CALL RRTS(P1sINTERsUsDUMsIRTSyDUMIL)
_ CALL ERASE(DUM)
" RETURN

e \D
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INTEGER FUNCTICN ISOLAT(XsY)

INTEGER DUMsDUMISINTERSPIsXsY

Pl=X

INTER=Y

DUM=U

CALL RROOTS(PLsINTERsL«DUMsDUML s ISOLAT)
CALL ERASE(DUV)

RETURN

END

INTEGER FUNCTION ISNOLT(XsY)

INTEGER DUMsUMLI s INIERSPLs XY

Pl=X

INTER=Y

DUM=0

CALL RRTS(PlsINTERs1suUMsDUMISISOLT)
CALL ERASE(DUM)

RETURN

END

INTEGER FUNCTION ISTURM({XsY)

INTEGER DsDUMsDUML sDP1sDP2sP1sP2sSP2sXsY
INTEGER BORROWINVsPCONTsPDEGsPFL sPNEGsPSIGNsPSQsPSREM
Pl=X

pP2=Y

ISTURM=PFL (BORROWI(P2) s PFLIBORROWI(P1)s0))
DP1=PDEG(P1)

DP2=PDEG(P2)

DUM=PSREMI(P1,4P2)

IF (DUM JNEe 0) GO 70 2
ISTURM=INV(ISTURM)

RETURN

D=DP1-DP2

SP2=PSICGN(P2)

Pl=p?2

DP1=DP2

DUM1=RPCONT (BUM)

P2=PSQ(DUM,DUML)

CALL PERASE(DUM)

CALL ERLA(DUMY)

IF (SP2 +FEQe =1 oANDe SP2%#%D 4E£Qe 1) GO0 TC 3
DUM=P2

PZ2=PNEGI(P2)

CALL PERASE(DUM)

ISTURM=PFL (P2, ISTURMY)

GO 70 1

END
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INTEGER FUNCTION IVAR(XsY)
INTEGER LSsPsPT95sSEQseXsY
INTEGER REVAL

SEQ=X

PT=Y

IVAR=0

Ls=0Q

CALL ADV{(PsSFQ)
S=EREVAL(PSPT)

IF (LS «EQe L)Y GO TO 2

IF (S oEQe U aDORse S ,EGe LS) GO TO 3
IVAR=IVAR+1

LS=S

IF (SEQ oNEe C) GO TO 1
RETURN

END

INTEGER FUNCTION NROOTS (X)
INTEGER INTERsLeP1sRsX
INTEGER TROOTSPFLSRROUNDSRDIF
Pl=X

R=RBOUND (P1)

L=RDIF (0sR)
INTER=PFL(LsPFL(R50))
NROOTS=IROOTS(PL1sINTER)
CALL ERASE(INTER)

RETURN

END

INTEGER FUNCTION NRTS(X)
INTEGER INTERsLsP1sR»X
INTEGER IRTSsPFLsRBOUNDSRDIF
pl=X

R=RBOUND (P1)

L=RDIF({U,R)
INTER=PFL(LsPFL(Rs0))
NRTS=IRTS(PLl,INTER)

CALL ERASE(INTER)

RETURN

END

INTEGER FUNCTION PNORMF (X)
INTEGER COEF sDUNMsLsPsXs2Z

INTEGER TABSLs ISUMsPFASsTAILSsTYPE
P=X
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PNORMF =C

IF (P «EGe U) RETURN
IF (TYPE(P) +EGe 1) GO TO 1
PNORMF=1ABSL (P)

RETURY

L=0

P=TAILI(P)

IF (P «EQe L) GC TO 4

CALL ADVI(COEFsP)

IF (TYPE(CCZF) «2Qe 1) GO TO 3
Z=1ABSL(COEF)

DUM=PNORMF
PNORMF=TSUM(DPNORVF »Z)

CALL ERLA(DUM)

CALL ERLALZ)

GO TO 2

L=PFA(P,L)

P=COEF

GO 10 2

IF (L «EQe U) RETURN

CALL DECAP(P,L)

GO 70 2

END

INTEGER FUNCTION RbOUNDI(Y)

INTEGER COEF sCOEF2sDEGsDENSDENZ sDUMsEXP s EXPP oNsP o TWO X oY
INTEGER IABSLsICOMPsPFAWPPOWERSRPOLY sTATL
P=TATL(Y)

CALL ADV(DEN,sP)

DEN=TABSL(DEN)

CALL ELPOF2{(DENSsDENZsDUM)

CALL ADVINsP)

EXP=1

IF (P «EQe v) GO TO 3

CALL ADVI(COEF o P)

COEF=1ABSL (CCEF)

CALL ADVI(DEG,P)

IF (ICOMP(DENSCQEF) suEe 0) GO TO Z
CALLL ELPOF2{COEFsDUMCCEF2)
EXPP=(COEF2-DENZ) /(N-DEG)+2

IF (EXP «LTe EXPP) EXP=EXPP

CALL ERLA(COEF)

GO T0 1

TWO=PFA(2,0)

X=PPOWER(TWOEXP)

CALL ERLA(TWO)

CALL ERLA(LZN)

REBOUND=RPOLY (X))

CALL ERLA(X)

RETURN

END
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INTEGER FUNCTION RCOMP(XsY)
INTEGER LsLDsLNsRsRDsRDLNsRNsRNLD XY
INTEGER FIRST»ICOMPsIPRODsISIGNLSTAIL
L=X

R=Y

IF (R eNEes uU) GC TO 1
RCOMP=0

RETURN
RCOMP==ISIGNL(FIRST«R))
RETURN

IF (R oNEe C) GO TC 3
RCOMP=TSIGNL(FIRSTIL))
RETURN

LN=FIRST (L)
LO=FIRSTITALL (L))
RN=FIRST(R)
RD=FIRST(TAIL(R))
RNLD=1PRCD(RNLD)
ROLN=IPROD{(RDsLN)
RCCMP=TCOMP (RDLNs RNLD)

CALL ERLA(RNLD)

CALL ERLA(ROLN)

RETURN

END

INTEGER FUNCTION REFINE(XsYoZ)
INTEGER DIFsDUMoEPSsHALF s INsL sMIDsPsRsSMIDsSRsSUMXsY s
INTEGER BORROWsSPFASPFLsRCUMP sRDIF s REVAL »RPRODsRSUM
p=X

IN=Y

EPS=Z
HALF=PFL(PFA(1+s0)sPFLIPFA(2+0)50))
CALL ADVI(LsIN)}

CALL ADV(RsIN)

L=BORROW(L)

R=BORROW (R

SR=REVAL(PsR)

IF (SR «EQe 0) GC TG 7
DIF=RDIF(RsL)

DUM=RCOMP({DIFEPS)

CALL RERASE(DIF)

IF (DUM LEQe 1) GO TO 2
REFINE=PFL(LPFL(Rs0))

GO TO 6

SUM=RSUMI(LsR)

MID=RPROD(SUMsHALF)

CALL RERASE{SUM)

SMID=REVAL (PsMID)
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IF (SMID «EQs 0) GO TO 4
IF (SMID «EGe SR) G TO 3
CALL RERASE(L)

L=MID

GO TO 1

CALL RERASE(R)

R=MID

GO TO 1

CALL RERASE(R)
REFINE=PFL (MIDsPFL (BORROW(MID) +0))
CALL RERASE(L)

CALL RERASE(HALF)

RETURN

MID=R

GO TO 5

END

INTEGER FUNCTION REVAL(QsP)
INTEGER AsBsRISCIsETsIsP9sQsQIsT U
INTEGER BORROWsFIRS sIPRODsISIGNLs1SUMsPFASTAIL
REVAL=0

IF (Q «EQe U) RETURN

QI=TAIL(Q)

IF (P «NEe O) GO TO 2

CALL ADVI(CIsQI)

CALL ADV(EIsQI)

IF (Ql «NEe Q) GO TO 1

IF (El «EQe 0) REVAL=ISIGNLI{CD)
RETURN

A=FIRST(P)

B=FIRST{TAIL(P))

CALL ADVI(REVALSQI)
REVAL=EORROW({REVAL)

CALL ADV(1,Q1)

BI=PFA(1+0)

GO TO 4

T=1IPROD(REVALA)

CALL ERLA(REVAL)

REVAL=T

T=1IPROD(RI +B)

CALL ERLA(BI)

Bl=T

IF (Ql «FQe C¢) GO TO &4

IF (FIRST(TAIL(QI)) «LTe I) GO TO 4
CALL ADVI(CIsQl)

QI=TAIL(QI)

T=IPRODI{CIsBI)

U=ISUM(REVAL.T)

CALL ERLA(REVAL)
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CALL ERLA(T)

REVAL=U

I=1-1

IF (I «GEe. v) GC TO 3
CALL ERLA(BI)
T=ISIGNL(REVAL)

CALL ERLACRZVAL)
REVAL=T

RETURN

END

SUBROUTINE RROUTS(GaXXeFaYYsROOTSsISOLAT)

INTEGER CP1sZP2s0UsDEGIDEGSEQeDUMsDUML sDUMZ2 9DUMB s DUMA SECELL oF o FLAG
INTEGZR HALF o INTERSISOLATsJsL s LCP1sLCP2sLDEG GQeLIST s LNPRMSsLV
INTEGER MAXNP oMIC oniIDV o NoNORMS s NP sP s PEXPsPIsPLIST1oPLIST2 9PRIME
INTEGER P1sP2sdsReROUTSsRTS IRV sSeSEQsSIGNS s SUMeX s XX YY |
INTEGER BORRCOWsCMCDsCNPRSsCPMUDsFIRST s 1ABSL s ICOMP s INVSLENGTH
INTEGER POERIVsPFAIPFLsPPPIRPRUDSRSUMsSTURMSTATIL sVAR

COMMON /TR4/PRIME s PEXP

P1=Q

INTER=XX

FLAG=F

DUM=YY

DUM1=PDERIVIP1sFIRST(P1))

p2=PPP(DUM1)

CALL PERASE(DUMI1)

LCP1=FIRST(TAIL(P1))

LCP2=FIRST(TAIL(P2))

ISOLAT=0

IF (DUM oNEe. 0) GO TO 1

DUM=STURM(P1,P2)

CALL DECAP(SEQsDUM)

CALL DECAP(PLISTZ,DUM)

CALL DECAP(SIGNS»DUM)

CALL DECAP(NORMS,»DUM)

CALL DECAP(PLIST1,sDUM)

CALL DECAP(LEGSEG,D'IM)

DUM4=PLIST]

LDEGSQ=LENGTH(DEGSEQR)

CALL ADVI(LsINTER)

CALL ADV(RsINTER)

X=0L

J=1

GO 70 13

LV=VAR(SEGsPLIST2 s LNPRMSsSIGNSsL)

CALL ERLA(LNPRMS)

X=R

J=2

GO TO 13
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RV=VAR(SEQsPLIST2sLNPRMSsSIGNSIR)
CALL ERLA(LNPRMS)

ROOTS=LV=-RV

IF (FLAG «E5Ge 0 «ORe ROOTS +EQe 0) GO TO 12
LIST=U
HALF=PFL(PFA({140)sPTL(PFA(240)+0))
L=BORROWI(L)

R=BORROWI(R)

RTE=LV-RV

IF (RTS «EGQe 0) GO TO 6

IF (RTS «NEs 1) GO TO 5
ISOLAT=PFL(PFL(LsPFL(Ks0))sISOLAT)
GO TO 10U

SUM=RSUM (L s R)

MID=RPRCOD(SUN s HALF)

CALL RERASE({SUM)

X=M1D

J=3

GO TO 13

MIDV=VAR(SEQsPLISTZ sLNPRMSsSIGNSsMID)
CALL ERLACLNPRMS)

IF (LV=MIDV +EQe 0) GO TO 7

LIST=PFA(LVsPFA{MIDVIPFA(LSPFA(BORROW(MID)»LIST))))

GO TO 8

CALL RERASE(L)

L=MID

LV=MIDV

GO TO 4

CALL RERASE(L)

CALL RERASE(R)

IF (LIST «EQe 0) GO TO 11

CALL DECAP(LVSLIST)

CALL DECAP(RVsLIST)

CALL DECAP(L,yLIST)

CALL DECAP(R,LIST)

GO TO 4

CALL RERASE(HALF)

CALL PERASE(P2)

YY=PFL(NORMS sPFL{BORROW(PLIST1) sPFL(DEGSEGS0) ) )
YY=PFL{SEQePFLI{PLISTZ2sPFL(ISIGNSsYY)))

CALL ERLA(DUM4)

RETURN

IF (X «NEe U) GO TO 14

ECEIL=0

GO TG 17
N=TABSL(FIRST (X)
D=FIRST(TAIL (X))
IF (ICOMP(NsD) «EC
CALL ELPOF2(DsDUM
GO TO 16

CALL ELPOFZ2{NsDUMSEZEIL)

)

« 1) GO TO 15
ECEIL)
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16 CALL ERLA(N)

17 LNPRMS=0
DUM=DEGSEQ
DUM2=NORMS
MAXNP=C

18 CALL ADV(DEG,DULM)

CALL ADVI(N,DLUMZ)
NP=(N+DEG*ECEIL)/PEXP+]
LNPRMS=PFA (NP s LNPRMS)
IF (MAXNP oLTe NP) MAXNP=NP
IF (DUM oNEs 0) GO TO 18
LNPRMS=INV(LNPRNMS)
NP=MAXNP-LENGTH(PLISTZ2)

19 IF (NP oLEe C) GC TO (25396)sJ

20 IF (PLIST1 «FQe C) S0 TC 25
CALL ADV(PSFLISTI)
IF (CMOD(PsLCP1) oEQe C) GO TO 20
IF (CMOC(PsLCP2) +EYe 0) GO TO 20
CP1=CPMOC(PsP1)
CP2=CPMCD(PsP2)
S=CNPRS(PsCP14CP2)
CALL ERLA(CPL)
CALL ERLA(CP2)
IF (LDEGSQ ¢EGe LENDGTH(S)) GO TO 22

21 CALL ERASE(S)
GO TO 2C
22 DUM=S
DUM2=DEGSEQ
23 CALL ADV(DUM1,DUM)

CALL ADV(DUM3,DUMZ)
IF (FIRST(CUM1) oNEe DUM3) GO TO 21
IF (DUM o NEe. 0) GO TO 23
DUM1=SEQ
DUM2=5SEGQ

24 CALL DECAP(PIsS)
CALL ADV{(DUM,DUMZ)
DUM=PFLI{PIsDUM)
CALL ALTER(DUMsDUMI)
DUM1=DUM2
IF (S oNEe U) GO TO 24
PLIST2=PFA(P,PLIST2)

NP=NP—1
GO TC 19

25 PRINT 26

26 FORMAT (28H INSUFFICIENT PRIMESs RROCTS)
STOP

END
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SUBROUTINE RRTIS(WsXXsF s SEWsROOTS s ISOLAT)

INTEGER DUMsFoFLAGsHALF s INTERsISOLAT sLsLISTsLVIMIDsMIDVePLsP2yu
INTEGER ReRUDTSyRTSsRV s SEQG s SUMe XX

INTEGER BORROWSFIRST s ISTURM: IVARSPDERIVPFASPFL sPPP s KSUMRPROD

P1=0

INTER=XX

FLAG=F

IF (SEG «NEe 0) GO TO 1
DUM=PLERIV(P1,FIRST(PL))

p2=PPP{DUM)

CALL PERASE(DUM)
SEW=ISTURM(P1.P2)

CALL PERASE(PRP2)

CALL ADVI(LSINTER)

CALL ADVI(RsINTER)
LV=IVAR(SEQ L)
RV=IVAR{SEQsR)

ROOTS=LV~-RV

ISOLAT=C

IF (FLAGU «EGe 0O o0ORe ROOTS «EQe 0) RETURN
HALF=PFL(PFA{14+0)sPFLIPFA(250)s0))
LIST=0

L=BORROW!{L)

R=BORROW (R}

RTS=LV-RV

IF (RTS «EQe 0) GO TO 6

IF (RTS «NEe 1) GO TO 3
ISOLAT=PFL(PFL(LsPFL(Rs0))sISOLAT)
GO TO 7

SUM=RSUM(L s R)
MID=RPROD(SUMsHALF)

CALL RERASE(SUM)
MIDV=IVAR(SEQsMID)

IF (LV-MIDV «EQe 0) GO TO 4
LIST=PFA(LVIPFA(MIDVIPFA(L +PFA(BORROWIMID)SLIST) ) ))
GO TC 5

CALL RERASE(L)

L=MID

LV=MIDV

GO TO <2

CALL RERASE (L)

CALL RERASE(R)

IF (LIST «EJ3e 0) GO TO 8
CALL DECAP(LVsLIST)

CALL DECAP(RVSLIST)

CALL DECAP(L,LIST)

CALL DECAP(RHZLIST)

GO T0O 2

CALL RERASE(HALF)

RETURN

END



65

INTEGER FUNCTION SEVAL(LQsLPsNPPT)
INTEGER BRWC s elEGeDUMs I sLPsLPOLYSoLPRIMEsLuGsNoNPosNPRIME sPSPOINT
INTEGER POLYsPTsPTDaPTN,QUsR X
INTEGER CGARNs CMUD sCPLVAL s CPOWER s CPROD S CRECIPsFIRST » IPRKOD o ISIGNL
INTEGER PFASTAIL

LPOLYS=LQ

LPRIME=LP

NPRIME=NP

POINT=PT

DEG=FIRST(FIRST(LPOLYS))
QO=PFA(1+0)

BE=0C

1F (POINT .2Qe 0) GO TO 1
PTN=FIRST(PGINT)
PTD=FIRST(TAIL(PCINT))

DO 4 I=14NFRIME

CALL ADV(PSsLPRIME)

CALL ADV(POLYsLPOLYDS)

IF (POINT oNFe 0) GO TO 2

R=CPEVAL (PsPCLYsC)

GO TO 3

N=CMOD(P,PTN)

D=CMQOD(P,4PTD)
X=CPROD(PsNsCRECIP(PsD))

R=CPROD (P sCPOWER(PsDsDEG) s CLPEVAL(PSPOLY X))
C=CGARN(QGsBBsPsR)

CALL ERLA(BB)

3B=C

P=PFA(P-0)

DUM=QQ

QQ=I1PROD(QQsP)

CALL ERLA(DUM)

CALL ERLA(P)

SEVAL=1SIGNL (BB)

CALL ERLA(BB)

CALL ERLA(QQ)

RETURN

END

INTEGER FUNCTION SQTREE(P)
INTEGER DERVeDUMsGCusP

INTEGER FIRSTsPDERIVsPGCDsPPPsPQ
SUFREE=P

IF (SQFREE «FQe 0) RETURN
DUM=PPP(SQFREE)
DERV=PDERIV(DUMsFIRST(DUM]))
GCD=PLCD(DUMsDERV)
SQFREE=PQ(DUM,GCD)

CALL PERASE(DUM)
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CALL PERASE(GCD)
CALL PERASE(DERV)
RETURN

END

INTEGER FUNCTION STURMIXXXsYYY)

INTEGER BRWBETKsBFTKM1I Bl +sBSIGNSsCsCOEF 3D sDEGP sDEGUsDEGSEG s DUM
INTEGER DUMI ¢DUMZ 9 DUMZ s DUML o GFP 31 o Js LaLDCP o LDCQoL ToL1sNIsNIML

INTEGER NIP1 g gl kil o WORMT o NORMP g NORMuw s NORMS o NP 9 NPRIME 9P 9o PCOUNT
INTEGER PEXP 4RI aPLISTLIsPLIST2sPRIMESPLIP2sGQslusR1ls5s0EwsSEQZ951IGN

INTEGLER SIGNSsSK s SKMLaSKPI sS1eX s XXX YYY

INTEGER RORROy sCOARN CMOD s CNPRS s CPMODsFIRST s INVs IPRODSISIGNL

INTEGER LENGTHPLEGCWPFLSPFLYyPNORMFSPSIGNSTATL
COMMGMN /TR4/PRIME yPoXP

P=XXX

Q=YYY

DEGP=PDEGI(P)

DEGQ=PDEG(Q)

NORMP=PNORMF (P)
NCRMQ=PNCRMF (Q)
LDCP=FIRST(TAIL(P))
LDCQ=FIRST(TAIL(Q))

CALL ELPOF2(NORMPsDUMSR1)
CALL ELPOF2(NORMWsDUMsS1)
CALL ERLA(NGORMP)

CALL ERLA(NDORMQ)

IF (Rl «GE. &1} GO TO 1

X=51

GO TO 2

X=R1
NPRIME=(X*(DEGP+DEGQ) ) /PEXP+1
PLIST1=PRIME

DEGSEQ=0

PCOUNT=0

PLISTZ2=0

SEQ2=0

IF (PLIST1 eNEs O) GG TO 5
PRINT &4
FORMATI(27HOINSUFFICIENT PRIMESs STURM)
STOP

CALL ADVI(GFP,LPLISTL)

IF (CMOD(GFP4LDCP) oEQe 0 «ORWe CMOD(GFP,LDCO)
P1=CPMCD(GFP,4F)
PZ2=CPMOD(GFP+Q)
S=CNPRS(GFPsP1,P2)

CALL ERLA(PL)

CALL tRLA(PZ)

DUM=5S

D=0

oEQe

0}

GO TO 3
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CALL ADV(DLM1sDUM)
D=PFA(FIRST(DUML) D!

IF (DUM oNEe 0) GO TO 6
D=INVID)

IF (DEGSEQ «ECe C) GO TO 10
DUM1=DEGSEQ

DUM2=D

CALL ADV(DUM3,DUMI)

CALL ADV(DUM4,sDUMZ)

IF (DUM3=DUM4L) 109859

IF (DUM1 «Nte O e¢ANDe DUMZ oNEs
IF (DUM1 «EGe O «ANDe DUMZ oEGe
IF (DUM1 «EG. Q) CO TO 10
CALL ERLA(D)

CALL ERASE(S)

GO TC 3

CALL ERLA(DEGSEQ)

CALL ERLA(PLISTZ)

CALL ERASE(SEQ2)

DEGSEQ=D
PLISTZ2=PFA(GFP,0)
SEQ2=PFL(5sU)

PCOUNT=1

GO TO 12

SEQZ=PFL(SsSEQ2)
PLIST2=PFA(GFPsPLIST2)
PCOUNT=PCOUNT+1

CALL ERLA(D)

IF (PCOUNT «LTe NPRIME) GO TO 3
L1=LENGTH(DEGSEG)
SEQ2=INV(SEQ2)

SEQ=0

DUM1=5EQ2

DUM2=5EQ2

LT=0

CALL ADVI(SsDuM2)

CALL DECAP(PI1,+%)
LT=PFL(PILLT)

CALL ALTER(S,DUMI)
pUM1=DUM2

IF (DUM2 oNte. 0) GO TO 14
SEQ=PFL(LTsSEG)

IF (S «NEe. U) GO TO 13
CALL ERLA(SEQ2)
SEQ=INV(SEQ)

DUM=DEGSEQ
NORMS=PFA(S]1sPFA(RL»0))

S L=L1=2

IF (L «EQe O) GO TO 16
ALL ADV(DUM1 sDUM)
15 I=1,L

0)
Q)

GO TO 7
GO TC 11
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CALL ADV(DUMI 4 DUM)

NORMS=PFA(R1#(DEGQ=DUM1+1)+S1% (DEGP-DUM1+1) s NORMS)

NORMS=INV (NORMS)
SIGNS=PFA(1sPFA(1s0))
IF (L1 «EGe 2) GO TO 25
BSIGNS=PFA(PSIGNIQ) »0)
IF (L1l «EQe 3) GO TU 22
DUM=NORMS

DUM1=5EQ

DUM2=DEGSEQ

DO 17 I=1s2

CALL ADV(NORVIDUM)
CALL ADV(BIsDUMI)

CALL ADVI(NIsDUMZ2)

CALL ADVI(NIP1,DUMZ)
NIM1=NI

NI=NIP1

CALL ADV{(NIP1,DUM2Z)
CALL ADV{NORMI ,DUM)
CALL ADVI(BI sDUMI1)

IF ({(—=1)%%¥(NIM1-NI) eEQe 1 «ORe
SIGN=1

GO 70 21
NP=NORMI/PEXP+1
DUM3=PLIST2

QA=PFA(1,0)

BB=0

DO 20 J=1sNP

CALL ADV(GFP,DUM3)

CALL ADV{COEFsBI)
COEF=FIRST(TAIL(COEF))
C=CGARN(QQs+BRsCFPCOEF)
CALL ERLA(BB)

BB=C

GFP=PFA(GFP0)

DUM4=QQ
QQ=1PROD(QQsGFP)

CALL ERLA{(DUM4)

CALL ERLA(GFP)
SIGN=ISIGNL{BB)

CALL ERLA(BB)

CALL ERLA(QOQ)
BSIGNS=PFA(STIGNyBSIGNS)
IF (DUM2 oNE. C) GO TO 18
DUM=DEGSEQ

CALL ADV(NKM1,DUM)

CALL ADV(NKsDUM)

CALL DECAP(BETK»2SIGNS)

T SKP1=BETK*% (NKM1~NK+1)

k=1
"GNS=PFA(SKP1SIGNS)

{(=1)¥*(NI-NIP1)

Qe

1)

GO TO 19
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IF (BSIGNS .EGe 0) GO TO 24

SKM1=5K

SK=SKP1

BETKM1=BETK

CALL DECAP (BZTKsBSIGNS)

NKM1=NK

CALL ADV (NK»LJIM)

SKP1=SK¥ (SKM1#BETRMI*SK*¥BETK ) %% (NKM1=NK+1)
GO TO 23

SIGNS=INV (SIGNS)

STURM=PF L (NORMS s PFL (BURROW(PLIST1) s PFL(DEGSEQ»0)))
STURM=PFL (SEWsPFL(PLIST2sPFL(SIGNSsSTURM) ) )
RETURN

END

INTeGER FUNCTION VAR{SSsLPsLNPLSCFSHE)
INTEGER EsLNPsLNPI MSsLPsLPRIMSsLSsLSCFSsLSIGNS s NPRIME sPsPSIGNsPT
INTEGER S95S9SEQ

INTEGER SEVAL

SEQ=SS

LPRIMS=LP

LNPRMS=LNP

LSIGNS=LSCFS

PT=E

VAR=0

.S=0

CALL ADV(P,SEQ)

CALL ADV (NPRIMEsLNPRMS)

CALL ADV(PSIGNsLSIGNS)
S=SEVAL(PsLPRIMSsNPRIMESPT)*PSIGN

IF (LS «EQe 0} GO TO 2

IF (S oEQe O oORe S oEQe LS) GO TO 3
VAR=VAR+1

£L5=S

IF (SEQ «NEe 0) GO TO 1

RETURN

END

INTEGER FUNCTION PPOWER(PSI)
INTEGER DUMsIsJdslaNsPsZsZ1

INTEGER BORRUWsPFAsPFL sPPRODsPVLIST
2=P

N=1

PPOWER=0

IF (N oLTeQ o0Re £ oEUe 0) RETURN
IF (N oNEs 0) GO TO 2

L=PVLIST(Z)
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PPOWER=PFA(1s0)

IF (I. «EQe 0) RETURN

CALL DECAP(Z1,L)
PPOWER=PF' (21 +PFL(PPOWERIPFA(0s01)))
GO T0 1

PPOWER=BORROW (Z)

IF (N «EQe 1) RETURN

N=N-1
DO 3 J=1yN
DUM=PPOWER

PPOWER=PPROD(PPOWER +2)
CALL PERASE(DUM)
RETURN

END
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