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1. INTRODUCTION

The SAC~1 Partial Fraction Decomposition and Rational Function
Integration System is the sixth subsystem of the SAC-1 System for Symbolic
and Algebraic Calculation. The five previously completed subsystems are
the List Processing System, [4], the Polynomial System, [5], the Rational

Function System, [6], and the Modular Arithmetic System [7].

All SAC-1 subsystems are programmed in strict accordance with
A.S.A. specifications, [1]. In this subsystem, the subprograms are
designed to perform the operations of partial fraction decomposition and
integration on univariate rational functions with infinite precision integer
coefficients. These operations will be precisely defined in Section 2.

In using the previous subsystems three common blocks were required,
of the following forms: COMMON/TR1/AVAIL, STAK, RECORD(72),
COMMON/TR2/SYMLST, COMMON/TR3/BETA. For the use of this sub-
system all previous subsystems are necessary and a fourth common block
is required: COMMON/TR4/PRIME, PEXP. PRIME = (pr’ ...,pr) is the
location of a non-null list of distinct single-precision odd primes and
PEXP = [_log2 (min {pl, .. .,pr})_] . That is, PEXP is a Fortran integer
equal to the exponent of the largest power of 2 less than the smallest

prime pi, 1 =1i=<r1. The list PRIME can be formed by using the sub-

program GENPR described in the modular arithmetic system [7]. PEXP



may be calculated by using subprogram ELPOF2 described in Section 3.4
of this manual.

Section 2 provides an introduction to the theory of partial fraction
decomposition and rational function integration. In Section 3 the input
and output specifications are given for all programs in this system., All
these programs are written in A.S.A. Fortran and no new machine language
primitives have been introduced. The listings of these programs can be
found in Section 6 of this manual.

In Section 4 an algorithm description is given for each subprogram.
This is done to add greater clarity to the subprogram specifications in
Section 3 and to aid in the detailed understanding of the programs in the
appendix. Following each algorithm is a theoretical maximum computing
time for each subprogram, expressed in O-notation as a function of
parameters describing the inputs.

Both the partial fraction decomposition and rational function integration
algorithms require the solution of certain types of linear systems. At pre-
sent, both of these capabilities are restricted to univariate rational functions.
Extensions to multivariate rational functions depend upon the development
of programs for solving linear systems with multivariate polynomial entries.
It is expected that this extension will be made by late 1970. In any case,
the subprograms in Section 3.1 can solve a linear system with integer
entries. The algorithms used are based on more general algorithms developed

in [2]; they were programmed by Michael T. McClellan.




2, THEORETICAL BACKGROUND

In SAC-1 a rational function A/B is considered to be a numerator-
denominator pair of polynomials over the integers where 1dcf(B) > 0
and gcd(A, B) = 1. Suppose we let I designate the integral domain of

the integers and ¢ the field of complex numbers.

Definition: Let R(x) = A(x)/B(x) be a rational function, A(x), B(x) e I[x].

Then R(x) 1is called regular if deg(d) < deg(B).

We note that every rational function may be uniquely represented as
the sum of a polynomial with rational coefficients (its polynomial part) and

a regular rational function.

Theorem 2.1, Let R(x) be a regular rational function. Then

k
/ R(x)dx = S(x) + Zr ¢, log(x - b))

‘ =1

where S(x) is a regular rational function over I, bi are the distinct

roots of the denominator of R(x), bi’ c, € @ for 1=<ic<k.

A proof of this theorem can be found in [8], Section 2.3. Its major
consequence is that the rational functions are not closed under the operation
of integration. However, as developed in [ 8], one can show that no sum
k

of the form \_1 c, log (x - bi) can be non-trivially equal to a rational
i=1

function. Therefore, we can say that the integral of a rational function is

equal to the sum of a rational function (its rational part) and the integral of

a rational function whose rational part is zero (its transcendental part).



The rational and transcendental part of the integral of a rational function
can be shown to be unique.

In 1872, Hermite developed a method whereby, given a rational
function R(x), one could find rational functions, S(x), and T(x), such
that /N R(x)dx = S(x) + J’f T(x)dx and S(x) is the rational part of
/ R(x)dx. This method has been studied in detail in [8] and a new, more
efficient method for calculating S(x), T(x) has been determined. The
subprograms in Section 3.3 are based on this new method.

The operation of partial fraction decomposition is usually closely
connected with rational function integration. Though the method in
Section 3.3 for finding the rational part entirely avoids the use of partial
fraction decompasgition, nevertheless this operation considered by itself
is extremely useful. Hence, this capability has been included in this
subsystem. We now define the type of partial fraction decomposition to

which we refer.

Definition: Let B be a polynomial of positive degree over I, ldcf (B) > 0.

Let b =cont (B) and B=1D II];: Bil where deg(Bk) > 0, ldcf (Bi) > 0,

1

and the Bi are primitive and pairwise relatively prime for 1 = i = k,
K .

Then b Hi—l Bil is called the square-free factorization of B .

We note that Bi contains the rootsof B of multiplicity i . The
Bi are said to be square-free (i.e. containing only roots of multiplicity

one), but they are not necessarily irreducible over I .




Definition: Given a regular rational function A/B, suppose A/B =
k
o . ,
) A /v, B,l where A, B, € I[x], v, €], bH},< B! is the square-
L1 i7" i i i i i=1 7i

free factorization of B and either Bi =1, Ai = 0 and v, = 1 or deg(Ai) <
deg (Bil) and gcd (vi, cont (Ai)) =1 for 1= i< k. Then this sum is

called the square-free partial fraction decomposition of A/B over I .

When deg(Bi) > 0, the corresponding numerator Ai’ satisfies
deg(Ai) < deg(Bil), and we can decompose these partial fractions Ai/Bil

even further to obtain the following decomposition.

Definition: Let A/B be a regular rational function and suppose A/B =
k o ' Kood
V (1/w,)) A, /B where A, B e I[x], w, el and bl ., B is
=1 i Laj=1 iL,j° 71 i,j i i i=1 7i

the square-free factorization of B . Also, if Bi = 1, then each /'-\i j = 0,

and w, = 1, while otherwise deg(Ai ],) < deg(Bi) for 1 =j=<1i, 1<1ic=<k,.

Then, this sum is called the complete square-free partial fraction decom-

position of A/B over I,

The subprogramsin Section 3.2 provide for obtaining both the square-
free and the complete square-free partial fraction decomposition of a regular

rational function.



3. PROGRAM DESCRIPTIONS

3.1, Solution of Linear Systems

(1) Subroutine ADJCOL(V, M)

M is a non-null list, (M o Mn)’ of length n > 0 in which

1

each Mi is a list and such that the reference count of every final seg-
ment of M (including M itself) is one. V 1is a list satisfying the
same conditions and having the same length. Then M is modified by
prefixing Vi to Mi for 1 s isn and V is altered to become the

null list.

(2) Subroutine CUSSLE(p, L)
p is an odd prime represented as a Fortran integer and L is a

second order list (L., ..., Lm) representing an m X (m+1) matrix M

1’
over GF(p) by rows. Li is a list of m + 1 atoms, each atom an element
of GF(p). M is of the form (A, -b) corresponding to the linear system of
equations Ax = b (mod p). The matrix L 1is erased. If A is singular,

then the new value of L is the Fortran integer -1 . If A is non-

singular, then L is a list of m + 1 atoms, (v SV eV ), each atom

e 0

an element of GF(p). Then Vo = det (A) and if X, = vi/vO (mod p) for

1=i=m and x=(x .,xm), then x is the unique solution of the

Rk

linear system Ax = b (mod p).




(3) Z = MUSSLE(A, B)

A is a third order list, (A .,Am) representing an m x m maftrix

1

over the integers by rows. A, =(A, ,,...,A ), where A , is an L-
i i, 1 i, m 1,]

3

integer for i< i,j s m. B isan m X1 vector represented as a list

(Bl, oo ey Bm) of L-integers. Then, if the list of primes is exhausted,

7 = =2. Otherwise, if A is singular, Z = -1. If A is non-singular, then
Z 1is the list of m + 1 L-integers, (Zg.Z7p ... Zm), where ZO = det (A)
and X = (Zl/ZO’ e ey Zm/ZO) is the unigue solution vector of the linear

system AX =B .

(4) Z = PVECT(A, K, N)

A is a univariate polynomial over the integers, K and N are

Fortran integers such that K= 0 and deg(A) + K « N. Then, if A(x)- xk =
n-1 1 ) . ) ,
3 “a,x, Z is the list (a ,e..,a.,a). If A=0, then Z is the list
i=0 i n-1 1’70

of lenth N equalto ((,...,()).

3,2, Partial Fraction Decomposition

(1) Z = MATSFD(B, F)
B is a non-zero univariate polynomial over the integers such that

ldcf(B) > 0, cont (B)=1 and n=deg(B)> 0. F is the list (B ., B

it k)

such that H];'_l Bil is the square-free factorization of B . Then Z is a

third order list, (Z,, ..., Zn)’ which is the row-wise representation of the

l’



following n xn matrix M . Let n, = deg (Bi) and Ei(x) = B(x)/Bil(x) =

n-in; j
i . =
Zj:O ei,j x; then M
i H b 3 0’
1, n-ny
el, n-n, -’ el, n—nl’
e1, n-n, -1’

' l,n-nl’
el’ 1’ el’ n—nl—l’
), 0’ °1,1
0 el, 0 .

0 .
. 11
3 O H) H . )
i 0 el’ 0
AN J
™~
n1 columns

(2) Z = PCDEC(A, B)

H

ek, n-knk’ o, . . .0
ek.;, n-—knk-l’ ek, n—knk o
“k, n-kn, -1 - 0
- ; .ek, n-kn
K, 1 ©k, n-kn
°k, 0’ °k, 1’
0, ®k, 0
o
o , o , , €
o k,0

knk columns

k

A and B are univariate polynomials over the integers, where n = deg (A),

n=deg(B) and m=n> 0. Let k=[m/n] +1,

A/Bk = (1/8) Z?:l Aj/BJ, where deg (Aj) <deg (B) for 1 =

Z =(R,S), where R=(A,...,A

R l).

m-n+1

S = ldcf (B) and

j = k. Then

-1




(3) Z = PSQFRE(A)

A is a non-zero, primitive, univariate polynomial over the integers,

deg (A) > 0 and ldcf (A) > 0 . Then Z is the list (Al, .. .,Ak) where
A= Hik—l Ail is the square-free factorization of A, ldcf (Ai) > 0, Ai
is primitive for 1 = i £ k, and deg (Ak) > 0.

(4) Z = RDEC(R)

R is a non-zero, univariate, regular rational function, A/B, where

deg (B) > 0, ldcf (B) > 0 and gcd (A,B) =1. Then Z is the list (Ll’ LZ’ LS)’
where L1 = ((Al, 1), (AZ, Z’AZ, Sz), e e (Ak, K ”Ak, Sk)), L2 = (Bl’ ooy Bk)’
and L3 = (Wl’ . .,Wk). Ai J, and Bi are polynomials over the integers, w,

are L-integers, and A/B = Z];_l (l/wi) Zl.~ Ai ],/Bil is a complete square-
- - l ?,

free partial fraction decomposition of A/B. If Bi =1, then s, = i, Ai = 0

and w, = 1. Otherwise, deg (Bi) > 0, 1= s{ =1, W, > 0, deg (Ai J,) <

deg(Bi) for siSjsi and 1 <1i< k, and Ais-’éo'
»

(5) Z = RSQDEC(R)
R is a non-zero, univariate regular rational function, A/B, where
deg (B) > 0, Ildcf (B) > 0, and gcd (A,B) = 1. Then Z is the list

(Ll’LZ’LB) where L., = (A A ), LZ:(B ,...,.,Bk) and LS =

1 IS k 1

(Wl’ . °’Wk)’ Ai and Bi are polynomials over the integers and w, are

L-integers, 1l <i< k. A/B= Z}i{—l Ai/wi Bil is the square-free partial
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fraction decomposition of A/B. If Bi =1, then Ai =0 and w, = 1.

Otherwise, deg (Ai) < deg (Bil), W, > 0, and gcd (Wi’ cont (Ai)) =1.

3.3. Rational Function Integration

(1) Z = MATX(F, U, V)
F= (Bl’ ooy Bk)’ U and V are non-zero polynomials with integer
coefficients such that U = H,k B, k=2, V= H,k B.l—l, and H,k B,l
i=1 7§ i=2 i i=1 7i

is the square-free factorization of some positive, primitive polynomial B
of positive degree n . Then Z is a third order list (Zl’ ‘e .,Zn) which

is the row-wise representation of the following n X n matrix M . Let

m i n-m i n-m-1 i
Vi(x) = Zi:O vi X, U(x) = zi:O ui ®x and W(x) = Zi:O w, X =

k s ! ’ -
-5, _, {@-1)By +-+B, | B{B,,4 -+* B J. Then M=
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u-u
e N
N ;
> 6 O . ° -»O .
. . .H\w . B
. 0 .
. ° .O\/ o
~|E> M> 0
w - .
FaN HE\V. .M
I . * ‘
0 o .
S S .
. . W few
. . w
O [ O LIS 1 O

e 0 ‘0 e e e L T A S m) N

¢« T m..HS+O>> . .
Z-uw-u g
J-w-u J-W-U  geweu o o

‘0 T " On (z-w) o

“ 0 Tn(z-w + O On (g-w)

“ ” ” o (1-w) + Om
“ ' l-w-u (g4 2T,

” e T T (e T

” L T i
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(2) Z = PINTG(R)
R is a univariate rational function A/B in SAC-1 canonical form

with deg (B) = 0. Then Z is the rational function Z = /f R.

(3) Z = RINTG(R)

R is a non-zero, univariate, regular rational function, A/B, in
SAC~1 canonical form and such that deg (B) > 0. Z =(S8,T), where S, T
are regular rational functions, j R=S +k/-b T, and 8 is the rational part

of J/R.

(4) Z = RINTGS(R)
R 1is a univariate rational function in SAC-1 canonical form. Z = (S, T)
f
where S and T are the rational functions such thatJ R=S+ / T and S

is the rational part of /F R. If R=0, then Z=((),0) .

3,4. Miscellaneous

(1) SUBROUTINE ELPOF2(X, Y, Z)
The only input parameter is X, @ non-zero L-integer. The outputs

Y and Z are the Fortran integers Y = Llog2 |XI | and Z = {_log2 [X] 7 .

(2) Z = LCM(L)
L= (al, cees an) is a non-null list of L~integers, at least one of
which is non~zero. Z is the positive L-integer which is the least common

multiple of {al, .. .,an] .
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(3) Z = PQREM(A, B)

A and B are non-zero univariate polynomials with integer
coefficients, deg (A) = deg (B) = 0 such that there exist polynomials
Q and R with integer coefficients for which A = BQ + R and either

R =0 ordeg (R) <deg (B). Then Z = (Q,R) .



4.

14

ALGORITHM DESCRIPTIONS

(1)
(2)
(3)
(4)

Algorithm ADJCOL(V, M)

Input: M is a non-null list (Ml, e ey Mn) of length n > 0
in which each Mi is a list and such that the reference
count of every final segment of M (including M itself)
is one. V is a list satisfying the same conditions and
having the same length.

Qutput: M is modified by prefexing Vi to Mi for 1 =i=sn

and V is altered to become the null list.

T = M .
DECAP(VI, V); MI « FIRST(T); MI « PFL(VI, MI).
ALTER(MIL T); T « TAIL(T); if T #0, go to (2).

Return.

Computing Time: O(n), where n = length (M).

Algorithm CUSSLE(p, L)

Input: p, an odd prime, and L, a second order list

(L oy Lm), representing an m X (m+1) matrix

R
M over GF(p) by rows. M is of the form (A, -b)

corresponding to the linear system Ax = b (mod p).



(1)
(2)

(3)
(4)
(5)
(6)
(7)

15

Qutput: If A is singular, L = ~1. Otherwise, L =
"Vm’ vO), Vi € GF(p) such that vO = det (A)

and if x, =v,/v., 1 <i<m, then x=(x,,...
i i 0 1 m

is the unique solution of Ax = b (mod p).

A« L; B« 0 g« 1; i « 0,

[Search A for a pivot row. ]

(2.1) S « A; A« 0; j « 0,

(2.2) If S=0, goto(2.5).

(2.3) Remove first row, T, from S and remove first element,
d, from T; if d # 0, go to (3).

(2.4) j «~ j+1; A « PFL(T,A); go to (2.2).

(2.5) If A=0, goto (10); otherwise, go to (11).

B « PPFL(T,B); if j> 0, i « 1i+1.

e — -d (modp); g « g - d(modp).
Multiply each element of T by e .

If S=0, (A « INV(@A);, goto (2)).

Remove next row Q from S, remove the first element d from Q;

A « PFL(Q, A).

If d#0 (add d-: (row T) to row Q).

Go to (6).

[ Triangularization is done; solve for the Vi']

(10.1) g « g - (-1)! (mod p).
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(10.2) V «— PFA(g, 0).
(10.3) DECAP(C, B); V « PFA(CVPROD(P, C, V)V); ERLA(C).
(10.4) If B# 0, goto (10.3); otherwise, go to (12).

(11) vV — -1.

(12) L « V.

(13) Return.

3
Computing Time: O(m ).

Algorithm ELPOF2(X, Y, Z)

Input: X, an L-integer.
Output: Y and Z, FORTRAN integers such that Y = | log2 [X| ]

and Z = ]—longxl_].

(1) Ve« X Y« Z « 0; if V=0, return.

(2) Q « IABSL(V); if PONE(Q) =1, (ERLA(Q); return).

(3) TWO «— PFA(2,0); RP « O .

(4) Z « IQRS(Q, TWO); ERLA(Q); DECAP(Q,Z); DECAP(R, Z).
(5) If R=0, goto (7).

(6) RP «— RP +1; ERLA(R).

(7) If Q=0, goto(9).

(8) Y «— Y+ 1; goto (4).
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(9) If RPZ0, Z « 1.
(10) Z «— Y + Z; ERLA(TWO).

(11) Return.

Computing Time: O((In X)Z).

Algorithm B = LCM(L)

Input: L= (al, c ey an), a non-null list of L-integers, at
least one of which is non-zero.

Qutput: B, the positive L-integer which is the least common

multiple of [al, .. .,an}.

(1) ADV(A,L); if A =0, go to (1).

(2) B «— BORROW (A).

(3) If L=0, goto (6); ADV(A,L); if A =0, goto (3).

(4) L1 « IGCD(A,B); L2 « IQ(B,Ll); ERLA(B); ERLA(LL).
(5 B « IPROD(A, L2), ERLA(L2); go to (3).

(6)  If ISIGN(B) < 0, B « INEG(B).

(7) Return.

2
Computing Time: O(n (ln d)z), where d = max [[a] [, ..., ]a
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Algorithm M = MATSFD(B, F)

Input: BeI[x], B#O, ldcf(B) > 0, cont(B) =1, deg(B) > O.
F is the list (Bl’ . ens Bk) such that Hi]f:l Bil is the square-
free factorization of B .

Qutput: M, the third order list which is the row-wise repre-

sentation of the matrix defined in Section 3.2.

(1) N « deg(B); k « length(F); T « CINV(F); M « PVECT(0O, 0, N);
I « k.

(2) DECAP(BI, T); If deg(BI) = 0, go to (4); CI « BII; kI « deg(CI);
FI « B/CI; J « O,

(3) V « PVECT(FI, J, N); ADJCOL(V,M); J « J+1; If J < kI,
go to (3).

(4 1« I-1; If I4#0, goto(2).

(5) Return.,

Computing Time: O(nz(ln f)Z), where n = deg (B), fi = norm (Bi) and

f= X £,
i=l i




(8)
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Algorithm MATX(F, U, V)

Input: Fz(Bl""’Bk) where k 2 2, U,Vellx], U= Hi]il Bi’
V= Hi]iz Bii“1 and nizl Bii is the square~-free factorization
of some positive, primitive polynomial B of positive degree
n.

Qutput: A third order list M = (Ml’ oo Mn) which represents

row-wise the matrix described in Section 3.3.

n « deg(U) +deg(V); M « PVECT(0, 0, n).

Fl « F; 1 «1; W « 0; ADV(BL F1).

If F1 #0, (ADV(BLFl); X « U/BL; W « W +1i . BI - X;

i «—1i+1; goto (3)).

W «— -W; j « 0; m « deg(V).

R « PVECT(V, j,n); ADJCOL(R,M); j «~j+1; if j < n -m,
go to (5).

R « PVECT(W, 0, n); ADJCOL (R, M); j+ 0; W(X)+ x . Wi(x).
If j<m-1, X «~W+({(G+1).U: R « PVECT(X, j, n);
ADJCOL(T, M); j«j+1; goto (7)).

Return.

Computing Time: O(nz(ln nf)(ln f)), where n = deg(B), fi = norm (Bi)

k i

and f=1II"_ £

i=1 7i °
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Algorithm Z = MUSSLE(A, B)

Input: A is a third order list (A Am) representing an

1, o 0o 0y
m X m matrix over the integers by rows. Ai = (A,
where Aij are Le-integers for 1 £ j = m. B isan mx1

vector B = (B . Bm), a list of L-integers.

1
Qutput: If the list of primes is exhausted, Z = -2. Otherwise,
if A is singular, Z =-1. If A is non-singular,

Z = (ZO, e ooy Zm), a list of L-integers such that ZO =

det (A) and if X, = Zi/ZO for 1 < i< m, where X = (x X ),

1" m

then X 1is the unigue solution of AX = B.

(1) Q « PFA(1,0); n « length(A)+ 1; C « PVECT(0,0,n); F « 2;
Z «—PRIME; L «~0; h « 0; T «A; U «B; i « 1,

(2) [ Compute an upper bound, k, on the number of primes needed. ]
(2.1) ADV(E,U); E « IABSL(E); ADV(S,T).
(2.2) ADV(D,S); D « IABSL(D); if D > E, E « D.
(2.3) If S#0, goto(2.2).
(2.4 D «~F+E F «— i:Dy i« i+1; If UZO, goto(2.1).
(2.5) If F=0, goto(4.11).

(2.6) ELPOF2(F,S,T); k « [T/PEXP] +1.
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[ Get next prime p and reduce the system (A, -B) modulo p.]
(3.1) ADV(p,2Z); M «—0; i «0; U «B: T « A.

(3.2) F « 0; ADV(S, T).

(3.3) ADV(E,S); F — PFA(CMOD(P,E),F); if S#0, goto (3.

(3.4) ADV(E, U); F «— PFA(CDIF(p, 0, CMOD(p, E)), F).

(3.5) M « PFL{INV(F), M); if U #0, go to (3.2).

(3.6) M « INV(M); go to (4).

[Solve Ax = B (mod p) and modify the tentative solution C .]
(4.1) CUSSLE(p, M).

(4.2) If M= ~1, goto (4.8).

(4.3) L« L 41 S« C.

(4.4) T « FIRST(S); DECAP(U, M); ALTER(CGARN(Q, T, P, U), 8).

(4.5) S « TAIL(S); if S #0, go to (4.4).

(4.6) S « PFA(p,0); T « Q - S; ERLA(Q); ERIA(S); Q « T;
L =%k, go to (5).

(4.7) Go to (4.9).

(4.8) h «~h+1; if h =%k, goto (4.11).

(4.9) If Z#0, goto (3.1)

(4.10) C « =2; go to (6).

(4.11) C « -1; go to (6).

S « INV(C); DECAP(D, S); C « PFL(D, INV(S)).

Z « C.

Return.

3).

if
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4
Computing Time: O(m3(ln mf)2 + m (In mf)), where m is the order

of A and f bounds all the elements of A and B.

Algorithm L = PCDEC(A, B)

Input: A,B € I[x] with m =deg(A), n=deg(B), m=2n > 0.

Qutput: Let k = [m/n] +1, C= ldcf(B)m_n+l and A/Bk =
(1/C) Z?::l AJ,/BJ, where deg(A],) < deg(B) for
1 <j<k. Then L =(X,C), where X=(A,...,A).
k 1
-n+l
(1) m «deg(d); n « deg(B); C « ldcf(®™ " X «o0.

(2) Q «C-A

(3) Z « PQREM(Q, B), obtaining A = (Q, &) such that Q = BQ+A
and deg(d) < n.

(4) X « PFL(A X).

(5) If deg(® = n, (Q « Q: go to (3)).

(6) X « INV(PFL(Q,X)); L «— PFL(X, PFL(C,0)).

(7) Return.

Computing Time: O(k'2 nz(ln e) {Ind+ kzn(ln e)}), where m = deg (),

n =deg(B), k =[m/n] +1, d=norm(A), and e = norm (B).
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Algorithm S = PINTG(R)

Input: A univariate rational function R = A/B such that

either R =0 or deg(B) = 0.

Qutput: The rational function S = Jf R .

(1) If R=0, (S « 0; return).

(2)  ADV(A, R); ADV(3,R); A « A; ADV(k,A); T « O.

(3) P « PFL(BORROW(k), 0).

(4)  ADV(k,B); ADV(k,A); T « PFL(PFA(k+1,0),T); If A # O,
(5) Z «— LCM(T); T « INV(T); A « TAIL(A).

(6) ADV(k,A); DECAP(L, T); M « IQ(Z,L).

(7) N « IPROD(M, k); DECAP(I, L); P « PFA(I, PFL(N, P)).
(8) ADV(k,B); If B#0, goto (b).

(9) P « INV(P); Q « PSPROD(B, Z, 0).

(10) Il « PCONT(P); I2 « PCONT(Q); I3 « IGCD(IL,I2).
(11) If PONE(I3) #1, (P « PSQ(P,I3); Q +« PSQ(Q, I3)).
(12) S « PFL(P, PFL(Q, 0)).

(13) Return.

Computing Time: O(nB(ln nd)z) where n = deg(A) and d =

max {norm (A), norm (B)]}.

go to (4).



(7)

24

Algorithm L = PQREM(A, B)

Input: A,Belf[x], A#Z0, BZO0, deg(A) = deg(B) = 0 such
that there exist Q, R € I[x] for which A = BQ + R and
either R =0 or deg(R) < deg(B).

Qutput: L = (Q, R).

R «— BORROW(A); m « deg(R); n « deg(B).
If n=0, (L « FIRST(TAIL(B)), L « PFL(PSQ(R, L), PFL(0, 0)); return).
LB « PLDCF(B); MB « PRED(B).

Q « PFL(BORROW(FIRST(R)),0); d ~m - n.
For i=1,...,m-n+1 do:

(5.1) s « 1ldcf(R)/LB; Q - PFA(d, PFL(s, Q)).
(5.2) R « PRED(R) - s - MB - x° .

(5.3) 1If R=0, go to (6).

(5.4) d «~ deg(R) -n.

(5.5) If d< 0, goto (6).

L « PFL(INV(Q), PFL(R, 0)).

Return.

Computing Time: O(n(m -n + L)(ne) {Ind+ (m - n + 1)(Ine)]),

where m = deg(A), n =deg(B), d =norm(A) and e = norm (B).
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Algorithm L = PSQFRE(A)

Input: A e I[x], A#0, A primitive, deg(d) > 0, ldcf(a) > 0.

Qutput: L = (Al’ .. "Ak)’ where Ai € I[x] for 1 <i<k and

k i
A = Hi Ai is the square-free factorization of A .

(1) T«—0 QD «—0; Pel; BeaAi.

(2) E « gcd(B,B); if deg(E) #0, (F « B/E; go to (4) ).
(3) F ~ B.

(4) If I=0, goto (7).

(5) If deg(D) £ deg(F), (Q « PFL(D/F,Q); go to (7)).

(6) Q « PFL(BORROW(P), Q).

(7)  If deg(E) #0, (I —1; B «E D «F; goto(2)).
(8) L « INV(PFL(B, Q)).

(N Return.

2
Computing Time: O(kn3(ln nf) ), where n =deg(B), k is the highest

K .
multiplicity of any factor of B, fi = norm (Ai)’ and f = Hi:l fil .




(2)

(3)
(4)
(5)
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Algorithm V = PVECT(A, k, n)

Input: A e I[x], k and n are Fortran integers, k =z 0

and deg (A) + k <n.

Qutput: If A(x) - xk = Zn_la, x" then V = (an

. .,a
i=0 i ’

,a ).

-1 "0

If A =0, then V is the list of length n equal to

B«2A; If B0, B« TAIL(B); V «0; I «n -1,

Al «0; If B=0, goto (3); E « FIRST(TAIL(B)) + k; if E#1I,
go to (3); ADV(AIL B); B « TAIL(B).

V « PFL(BORROW(AI), V); I —1~1; if I 2 0, go to (2).

V «— INV(V).

Return.

Computing Time: Of(n).
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Algorithm L = RDEC(A/B)

Input: A non-zero regular rational function A/B, deg(B) > 0,

ldcf(B) > 0, and gcd(A,B) = 1.

Qutput: (Ll’LZ’LB)’ where Ll = ((Al,1>’ (AZ,Z’AZ, SZ), -
(Ak,k’ . "Ak,sk))’ LZ = (Bl’ v e Bk), and L3: (Wl’ .. "Wk‘)'
A, B eIlx], w el and A/B= 5°  (l/w) s A /B
i, i i i=1 i ]:si i,j° 1

is a complete square~free partial fraction decomposition of

A/B., If B, =1, then s, =i, A, , =0 and w, =1,
i i i1 i

Otherwise, 1 = S, < i, w, > 0, and deg(Ai j) < deg(Bi)

for s . = j=1i.
1

Ll « 13 « 0.

Z +«— RSQDEC(A/B), obtaining Ml = (A . A M2 = (B ., B

1! e . k),

e k)’

and M3 = (v ,v.) such that A/B = Z};—l Ai/vi Bl_l; L2 « M2.

o Vi

DECAP(AL, M1); ADV(BI, M2); DECAP(v, M3).

If Al =0 or deg(AI) <deg(BI), (Ll « PFL(PFL(AL 0), Ll);
I3 « PFL(v,L3); go to (7)).

7 « PCDEC(AL BI), obtaining C=(A ,...,A ) and

4 = 1dof (ppyde9 (BD - deg (BD) + 1 '
w «—d - v; Ll « PFL(C,L1); L3 « PFL(w, L3).

If M1 #Z0, go to (3).



(8)
(9)
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L « PFL(INV(L1), PFL(L2, PFL(INV(L3), 0))).

Return.

Computing Time: O(n4(ln nf)Z), where n = deg (B), fi = norm(Bi),

b = cont(B), and f = max{norm (A), bl

k i
i=1 ).

Algorithm L = RINTG(A/B)

Input: A non-zero regular rational function A/B, deg(B) > 0,
ldcf(B) > 0 and gcd (A, B) =1,

Output: L = (R, S) where R, S are regular rational functions,
R is the rational part of u/ (A/B), and b/ (A/B) =

R + /s

v

b «cont(B); B« pp(B) RS «0; U « 1.
Z «+ PSQFRE(B); k « LENGTH(Z); Z1 « Z.

If k=1, (R« 0; S « A/B; return).

ADV(BL, 21); U « U - BL; if Z1 #0, go to (4).
V « B/U; i «deg(V) -1; k « deg(U) - 1.

E « MATX(Z,U,V); F « PVECT(A, 0, deg (B)).

X +« MUSSLE(E, F); DECAP(d,X); w «— b - d.
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(8) DECAP(P,X); if P #0, R « PFA(i,PFL(P,R)); i—1-1.
(9) If i= 0, goto(8); if R «— PFL(PVBL(B), INV(R)).

(10) DECAP(P,X); if P Z0, S « PFA(k,PFL(P,S)); k « k - 1.

(11) If k= 0, goto (10); If S#0, S « PFL(PVBL(B), INV(S)).

(12) R « RPOLY2(R,w - V); S « RPOLY2(S,w - U); L « PFL(R, PFL(S, 0)).
(13) Return.

k

Computing Time: O(n5(ln nf)z), where n = deg(B), b H1‘~1 Bil in the

square~free factorization of B, fi = norm (Bi) and f = max{norm (3),

k i
bHiZl fi],

Algorithm I = RINTGS(R)

Input: A univariate rational function R = A/B, 1ldcf(B) > 0,
and gcd (A, B} =1.

Qutput: If R=0, L =( (),() ). Otherwise, L =(S,T)
where S and T are rational functions such that

/ R =8+ /F T and S 1is the rational part of f R.
W

(1) . «— PFL(0, PFL(0,0)); If R =0, return; ERASE(L); R ~ R.
(2) ADV(A,R); ADV(B,R); m « deg(A); n « deg(B).

(3) If n=0, (L « PFL(PINTG(R), PFL(0, 0)); return).
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(4) If m<n, (L <+ RINTG(R); return).

(5 C «1ldeft®™ ™ Ecc.a F —c. B.

(6) Z « PQREM(E, B) obtaining Z = (X,Y) such that E = BX+Y.

(7) P — PFL(X, PFL(PFL(PVBL(B), PFL(C, PFA(0, 0))}, 0)); Q « PFL(Y,PF
(8) G « PINTG(P); T « RINTG(Q).

(9) DECAP(H, T); S « RSUM(G, H).

(10) L « PFL(S, T).

(11) Return.

Computing Time: Let m = deg(A), n =deg(B), B=Db Hi-l Bil be the

square~free factorization of B, fi = norm (Bi) and f = max{norm (3),

K .
bHi—-l fil}. Then, if n = 0, the computing time is O(m3(ln mf)z). If
m < n, the computing time is O(n5(ln nf)z) and if m =z n, the computing
3 2 2 2
time is O{m n (m-n+2) (ln mf) )).
Algorithm RSQDEC(A/B)
Input: A non-zero, regular rational function A/B, where

deg(B) > 0, ldcf(B) > 0 and gcd(A, B) =1.

Qutput: L = (X,Y,Z) where X = (Al’ e

Z = (v SV A BieI[x], v, €l and A/B =

1) LA k)’

Z];_l Ai/vi Bil is the square-free partial fraction
decomposition of A/B. If Bi =1, then Ai =0 and
v, = 1; otherwise, deg(Ai) < deg(Bil), vy > 0, and

ged (vi, cont (Ai)) =1,

I(F, 0)).
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(1) b «—cont(B) B « pp(B); X «Z « 0.

(2) Y « PSQFRE(B), obtaining Y = (B .,B ) k « LENGTH(Y).

17 K
(3) If k=1, (L « PFL(PFL(BORROW(A), 0), PFL(Y, PFL(PFL(b, 0), 0)));

return).
(4) For i=1,...,k~1 do (ADV(BI, Y); if deg(BI) =0, go to (5));
X « PFL(BORROW(A), 0); Z « PFL{(b,0); for i=1,...,k-1 do

(X «— PFL(0,X); Z « PFL(PFL(1,0), 2))); L « PFL(X, PFL(Y, PFL(Z, 0))).
(5) E « MATSFD(B,Y); F « PVECT(A, 0, PDEG(B)).
(6) G « MUSSLE(E, F), obtaining G = (go, EPTI gn).
(7)  DECAP(g,,G) w «—Db-g, .
(8) For i=1,...,k do:
(8.1) ADV(BL Y); m « deg(BI); if m =0, (X « PFL(0,X);
Z « PFL{FFA(1, 0), Z); go to (8)).
(8.2) n «—i.m;y Al « 0; for j=1,...,n do (DECAP(C, G);
if C#0, AI « PFA(n-j, PFL(C, Al))); Al « PFL(PVBL(A),
INV(AI)).
(8.3) k « gcd (w, cont(AI)).
(8.4) v «—w/k; Al « AL/k; If v < 0, (v « =-v; Al « -Al).
(8.5) X « PFL(ALX); Z « PFL(v,Z).
(9) X « INV(X); Z « INV(Z); L « PFL(X, PFL(Y, PFL(Z, 0))).

(10) Return.
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Computing Time: O(knB(ln nf)2 + n4(1n nf)), where n = deg (B),

K )
b1l Bil is the square-free factorization of B, fi = norm (Bi)’ and

i=1
k i
f = max{norm (3), bl f; .
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RETURN
END
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[F (LetWeC) GuU Tu =<
u=T
R=0
[F (Uekbwel) GO TU 2«

CALL MLTER(CSUM(PaF LIRS (1) sl Yl

L=TATL (L)

R=TATL{=)

GO TO 3«

IF ((RROD( 2l sl )ellbal ) GEiT—0
VEPFA(L D)

Chll voeaAP (Caer)
VEPFALLVRROL (R sL oV ) oV )

CALL wwla(C!

IF (BeNELU) AL Tu &l

GO T €

PRle)

UHRRDUTINE Bl RPOFZ(Xsuiblitezciln)
3 CROFCELL sEF L e ol e sV okoo

3% TR e Tk el Fa

IF (v epe w) RHETUH
Q=T1AB5L (V)
THO=PFA{2:0]

RP=0

ZRIURE (G T

CaLL ckLa(g!

L

CAaLL vowar(wesld)
JaLlL OEIAP (G,
IF (R ezMe ) CU TO
RP=Rr+ ]

CALL oA (RY

IF (0 emNe o) CL Tu
EFLik=LrL=<+1

G oTo d

IF (K+ ei3Toe i)
ECr i = - Rezi e TL
CALL L LA(Twm)
RETULRN

END

N

a0

-
n
-
~
1
-
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NTEGER FUNCTION LC

NTEGER Asl oB,B0ORRUY

ALL ADVI{ASL)

F {A«EGeD) GO TO L
R=RORROW (A)

IF (LetRa0) GO TO 6
CALL ADV(ALL)

IF (AeED0) GO TO 3
L1=TGCLIALR)
LZ=T3(8a01)

CALL ERLA(R)

CALL ERLA(LL)
R=IPROD(AsLZ)

CALL ERLA(LZ2)

GO TO 3

IF (ISIGNL(B)eGE-Q)
LI=INEG(R)

CALL ERLA(BR)

B=L1

LCM=

RETURN

END

M)
i

GO TO 7

INTEGER FURNCTICON RATSHFD(HSF)

INTEGER RsFaTeClef I

INTEGER ‘-"V)EU@CIJ\‘»\/ s P

N=PDEG(D

K= LCNUT'(F)
T=CINV(F)

M=PVECT (rai)ehi)

1=K

CALL DECAP(DIT)

IF (PDEG 3I)oruob)
Cl=PPOWER(BL,1)

KI=pPDedl CI)
Fl=eQ{dsCI)

CALL PERASE(CI)

J=0

V"PVFCT(FIng“)
CALL ADJCOL vy oMy
J=d+1

IF (JellToekl

Catl PURASE(FID)
I=i-1

CALL PERASE(RETL)
IF (lTeNEU) C
MATSFD=p

RETURN

END

sV oetd
VECLT o FFOWET 5P

GO TO 4
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INTEGLR FUNUTION mAaTAlFsusV)
INTEGER FaeUsveFlowsbioXeaXloblreaxXloswl o

INTFGER POEGePVEL T srFaAsrwsFUERTIVeF IRKST oL

LM=PDEG(V)

N=PDEG(U)+LM
M=PVECT(0Os09N)

Fl=F

I=PFA(1-0)

W=0

CALL ALVI(BIsF1)

IF (FlezQe®) B0 TO 4
CALL alDv(RIsi7l)
X=FPlJiusbl[)
XI=PSPRUD(Xs150)

CALL PE<ASE(X)
BIP=PuLxIV(nlsFIRSTInL))
X1o=PPROD(RIP X))

CALL PokaSE(RIP)

CALL PERASE(XI)
Wl=P3uMiweXIR)

CALL PERASEI(XIB)

CALL PERASE (w)

wW=wl

CALL ALTER(FIRST(L)+1s1)
GO TO 3

CALL DELAP(Xs 1)
WI=PNEG{W)

CALL PERASE ()

J=0

R=PVECT(VedsN)

CALL AuJCOLK M)

J=d+1

IF (JelLToeN=LM) GU TuU 5
R=PVFCT(W]oeuwaN})

CALL AUJCOLR o)

J=u

[=PFA{LlsD)
W=PSPRUUIWT 91 1)

CALL beunP{Xel)

CALL PuiRASE(W])
JJd=PFalJ+ls.)

IF (JoGhaLM=1) 0L Tu ©
TU=FPAFRUD (s JJsuw)
X=pPsum{luewl
CALL PERASECTU
R=PVECT(Xe ol
CALL PERASE(X
CALL Audlol (i
J=J+1

CALL ALTER(J+1.4J)
GO TG 7

CALL UWELAP(1sJJ)

)
)
9[%)

Ut e R Y E G e Sl e PP RGD
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RE TURN
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INTEGER FUNCTION MUSSLE(AB)
COMMON /TG /=R T o PFXP

INTE G DR Teik ok E X

IivTedmm Nede( alban aroris [ abonl ailaly

{

INTy
INT ,
Q=PFEALT )
N=LENOTH(A)YT]
C=0

DO U I=1eN
C=PFL(usC)
F=PFA(Z,0)
Z=PRIME

L=0

SEAa0ELs Tl

)
Toe)
)

V(S i

L ADV(DeD)

IF (lLumiPiDer)abuell)l U TU 24
CaLl oilA(D)

GO TGO ¢3

CALL erRLA(E!

£=0

IF (SeNZaw) G0 Tu <l
D=IPRCGDI(F
CALL ERLA
CALL oRLA
F=lrnuull
CALL oRLA
CALL ALTER(rIRST(Ii+1el)
IF (UeliLoed) GO TO 2

CALL cRia(l)

IF (FerWoel) GO TU 43
CALL ELFOF2(Fe5sT)
K=T/rexbk+]

CALL ExLA(FI

CALL =uv (Psd)

M=

U=t

T=A

F=0

— e~
) m M oin

—
o
~
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\

CRLL ALV {Ss i)
CALL Ruv(tzen)
FaPFA(CMOD(F oF ) ar)

IF (SeNEB,0) &0 Tw 3/

CALL Abv (EsU)
FePFA(CUIF(P s CimDu (st ) )or)
MEPELOLNVIFT o)

IF (UeNE o) O TU 3.

M=TNY ()

CALL CoulSLE{P o)

IF (Mol We=11 GO TG &l

L=L+1

S5=_
T=FIRST(S)
CALL DECAP({
CALL ALTER({
CALL oxuAL(T
S=TATL(D)
iF (SefNo o) GO TC 4
S=PFA{(P )
T=IPRUDD
CALL oRiLa(
CALL oRLA(
Q=T

IF (Lecwar) GO TU 5
GO TU 42

H=H+ L

[F (HeEGoK) GO TG 43
IF (ZeNLoDJ) GO TO 2
CALL ERASF ()

C=~7

GO TG 6

CALL orASE(L)

C=~1

GO TO &

S=INVIC)

CALL vecAP (U eS)
C=PFL{DsINVI&))
MUSSLLE=C

CALL oRLA(Q!

RETUIRIN

FND

e )
COARNIw o T ol slU) a3}
)

<o

VA

INTEGER FUNCTION PUuBCAsE)
INTEGLR Asmeslslisc sWranineX

INTEGER POEGePPOUNERsrl<ol o TALL s A RUD P v

X=0

M=PDEG(A)

N=PDEG ()

CEPROWER (FIRST(TALL(L) ) sMi=h+1)

s b L
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Q=EPsSFrub (A sl e()
Z2=PRPyRreMI0eB)

CALL CECAP (R /)

CALL vowAP (AR Z)
X=PFL{ABsX)

CALL FeRASED)

IF (PLEU(UR) LTeiN) GO TOU 6
W=uB

GO Tu 3

X=PFLIUSX)
PCOEC=PFLILINVIX) s PFLICST) )
RE TURN

END

(TEehER FUNCTION PLILTOURD)

TGl Holsfisdhineg ] sFecellowewlsrlsix]
TEGER FIRSToPFL smuiiNui sy TALL
R DCDf‘QT ,»P’Ql'\i AU Ry s A D]

R I e e

Ly

Kot el ) ETH N
VAR G NPEA

Aliv (Her)

- M
b A
o
-

ALV (K g R}

T — M
it
o

=PFL(BURROWIK) o U)

CALL ALV (K oAR)

CALL ADYV [KsAR)

T=PFLUFFA(KTLS0) s 1)
(ApeiNF () GO TO /

LT

T=InNVT)

AS=TAIL(A)

CALL ADV (K AR)

LALL JC‘.\—D—\P(LQT )

M=TQ{csl)

N=IPRUD (VoK

CALL ERLA{M)
I=FIRoT (L)

CALL vRua(L)

P=bFA(] «RBFLINaF))

CALL ADV K anAHF)

IF (AbelFel) GO T &

P=INVIP)

Q=FP5PROD(HeLC)

ChapLlL ERLA(Z)
IL1=PCUNT(P)
[Z2=PCuni (@)

13=1GCuillsl2)

H T
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CALL omlA(lL
CALL oRLA(IZ
IF (PUNE(IZ2)eEwel) wu 1o 14
Pl=pFSu{rsl3)
CALL PERASE(
p=p1
Gi=rSdlwel3)
CALL PERASE(D)

Q=ul

CALL wiHLACL )
PLNTG=rFrL(PabbL (W)
R TR

FNT

INTEGer FURNCTLON Ui Asl)
INTEGLR AsHoRommoeitvalsll ol siP eSS sh,

INTEOGER BORROMawS Lo LR s PaPRUL s FE 2P W
INTEGER POEGeF IR T el alioFPrLsPLUCE eREL

R=B0ORROM (A)
BB=2
M=PDrO(R)
N=EDFOL(LR)

CALL PorASE(#)

ReTusin

Lo=rLuls (A

MO =R REL (H3)

\ FLIBURKOW(FIRST (i) )s)

DI=D+1

DO 5 1=1,4D1
RL=PLUCF (R)
RP=PRED(R)

CALL PERASE(R)
S=ERPGIRLLE)
Q=PFA(DPFL{Ss) )
A2=PSHRUD{ME s SebL)
CALL PERASE(RL)
REFSIF{RPAL)

Cat o 5
CalL
IF (RebEWa0)
D=POEG(R)—N
IF (UelTo())
CONT INUE -
CALL PERASE(LR)
CALL FPERASE(MZ)
PUREM=FFLITINY{G) sPFL{Ks0))
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Re TURN
EnD

INTEGER FUNCTION PSWFRE(A)
INTZGLR QeDoPoslotgdrer of
INTEGER wpuwﬁmgBunwuwsFluiTsWD

1=C

Q=L

D=0

FP=broweER{AaU)

S=BORROW(A)
RP=~utmlv(RaFIP$f&ﬁJ)
F=PGCD(B,BP)

CALL PERASE(EP)

IF (PUEGIE)eFQe0) U T 21
F=PO(Bsk)

GO TO 4

FpORROE (2)

IF (Te2QeC) GO TG 7

IF (PUfo(D)YeFWePLEGIFY) GU TU 23
Q=PFLIF{DsF) sl)

GO TO 7

— L
v
n
—
G
e
3
1A
O
Zz
—_
T
-
-
-

Ty
o
s
G
T
o =
T
<
-
<
)
o3

I=1

CALL PERASE(D)
CALL PorRASE(D
B=E

D=F

GO TO 2
PotirRe=1NYI(HFFL{FsG))
CALL FERASE()

CALL PERASE(#)

CALL PLRASF )

CALL PcoiA (L)
RETURN

END

INTZGER FUNCTION PVECT (Ask oN)
INTEGER AsReAl o[ sV

INTEGER TATLSFIRST oFFL e mORRC Y
R=A

IF (ZeNze0) R=TAIL{3)

V=0

[=N=-1

Al=u

IF (BeEG0) GO TO 2
E=FIRST(TAIL(B))+K

CiVeR ol e

RAY

faei? el

1
[
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IF (LefMuael) GO TU 3
CALL Auv (Al ef)
B=T4alL (D)
VEPFLIBORROW(AL)sV)
I=1-1

IF (1eGEaCY GO TO £
PVECT=1Hv (V)

RETURI

END

FUNCTION Rouwd ()
XoRo/ oAl sinl avlat siinw
RSQUECsPFL sl PLULC

INTEGLH
INTEGER
INTEGeR

X =5

Ll=i

L3=0

2=REGUEC(X)

CALL weliak (1 s7)
CALL woCAP(M2e7)
CALL DECAFR(M3eZ)

CALL CECAP(ATL oM1)
CALL ADVI(RIM2)

CALL DECAP(VI o M3)

IF (AleNF.0/! GG TC 41
LI=PFLIPFL(AL Q) slL)
L2=PFL(vIsL3)

GO TO T

Ir (POEG(AL)
2=FPCleC (AT,
CALL PERASE (A
CALL

L]
9
W=IPRUDIVI L)
CALL erRLA{VI)
CALL vRLA(D)
Ll=PFL(C.L1)
L3=PFL{VsL3)

IF (MleNEL0) GU TC 3

RUOEC=PFL{INVLIYsrPrLlLgsiPrL (A0

RE TURIN
END

FUNCTION RINTO(X)

INTEGLR

INTEGER
INTzGeR
INTEGER
Iy=Xx

ZleIsVelb oo, s oeXobsAoliars
PrLsPPRUUsPoFRUL o RFULY Z st

PPOWF K sl S whF iR o FA sV ISL

Yo ld) 1)

sl el e Smelis s

sk Do PvEC T e TATL s

LR s PCPE
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S=ERORROwW (IY)

CALL ~uV{asly)
CALL AbvI(BslY)
ITo=PCRP (5]

CALL [/ \_f\p ‘?-91»))

R O

A
a:
\i

i [y
i

V\DWER (Asu)
\(JI‘IK (BR)

i

i

T o= NN C W
;l

T

TAIL(L)»NEoO) oo U 4l
RINTG=FFLIRSPFLILs00)

CALL ERLA(LS)

CALL PERASE(#3)

CALL ForwASELL)

CALL LRASE(4)

RETURN

CALL RERASE(S)

CALL Aov u[ o/ 1

LUu=PPROL (U )

CALL VFUA“F( b

U=1u

IF (Z1lelNEeD) GU TC 4

V=HQ (s U)

1=PDFEG(IVY~1

K=Pofolu)-1

FE=MATX(ZsUsV)
F=PVELT (A 0sPDEG(HIn))
IX=MUSSLE (EsF)

CALL BERASE()

CALL & FA(R)

CALL viwaR({LhasIx)

e PO (LD e L)

CALL orbalilu)

CALL UnCAP({PaIX)

IF (Pelle o) F
[=1-1

IF (lelbrat)) GG TO H

IF (RueitFeD) RsPFLIRPVLIBE) s INVILD))
CALL DZCaARP(Pa1X)

IF (PeNke() Shi=FrA{re="1L{F9s5d))

K=K-1

IF (RetUkoQ) &GO TU 1u

IF (SbenFoel) SBR=FFLIPV LB TNV )}
IV=PSFPROD (Ve ()

CALL PoiASE(y)

TU=PSFRUD(UsW Q)

CALL ERLA(W)

RERFOLYZ(KBsTV)

CALL PERASE(RRZ)
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CALL PERASE(TIV)
S=RPOLY L ( wdeIU)
CALL PERASE(SH)
CALL PLHASE( TU)
GO 1O 3

END

INTEGER FUNCTION HINTOS(R)

INTEGER RoeRoeAeRal oo o/l s X oY o otusGoT ords =

INTEGEK PDEGIPFLsFINTGe Ll GoarPunireFIlLT s TALLaPSPRUD
INTEGER PLGReM PV L o FFAsKSUM

RINTGS=PFL{UsPFL{Usw))

IF (Rekiisl RETURN

CALL bRe :
Rii=i?
Call ALV {Agn=)
CALL Auy (RaRR)

MERESEGA)

IF (Nelvr o0) G0 TU &4
RINTOoarFL(PIATGIN ) sPri(ed))
RETURN

[F {(MeGL N} GC TU 3
RINTGOH=RINTO (K)

Rz TURN

C=PPOWER(FIRST(TALILIZ) ) ola~N+1)

(
E=PSPROD (AL $0)
F=P3rikuD{Rsla0)
Z2=PQR Fald)

CALL DECAP(Xs2)
CALL LECA
CALL PERASE(F)
P=PFL( ‘9”FL<P%L( DLA{Z)erF L (CoPFA LD ) el 1))
Q=PFLIYSPFLIFLQ)
G=RINTG(P)
CALL RErRASE(P)
T=RINTGIQ)
CALL RERASE(N)

Ll e AP (e T)

1<

\_,
S S (e

CALL RokRAsSE(E)
CALL uLl&\c(1)
RINTGo=FFL{ST)
RETURN

END
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INTEGEK FUNCTION R5WDed(R)

INTEGER Aolhl emetitolonl ol obat-siiovioneXslaslald

INTEGLR BORROW s UM aFCHP s POFGaPE 2 oPFLa RS g BLGFRF o PV 9 DVELCT 9 D1k -

X =R

Ll=0

L3=0

CALL ADV(AX)

CALL AuV(BsX)

LB=RCPP(R)

CALL DECAP(EY sLIFY

CALL JrF CAP [ Byt

SEPSJFRE (3R

R=beNoeTri(Z)

IF (KeMzoel) GO TO 1

L1=FPFL{SORRUYW(A)Y D)

L3=PFL({3]1s0)

RSGUEC=RPFL(LI oPFLIZsPFL(L30)))

CALL PrrASE(RR)

RETURN

KMl=<=1

21=27

DO 2 [=1,kML

CALL ALUV(sTs71)

IF (Puce(BI)TNEsU) wlo TO 10

CONT ITNUE

LL=PFL{dORRUW(AYsLT)

L3=PFL({nlsl2)

DO 3 [=14KMIL

Ll=PFEL (el 1)

L3=PFLIPFA(L.0)sL3)

GO TC 4

=MATOSFD(BREZ)

F=PVFCT(AsDsPDRFHB{EB))

X=MUSSLE(E sF )

CALL eRASE(L)

CALL cRASE ()

IF (XeouWe=leltiReXebWe=2) 3L U

CALL UECAP(Usx)

W=1PROU(D B 1)

CALL cRLA(:
(

m

-
]

DO 5 [=1,K

CALL AuvV(BIeZ1)
=Pl GIRD)
FoiNlenZeO/ GO TO 5
L=PrFi{csl 1)
3=PFLIPFA(LL0)sL2)
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CALL OElARP(ULF X))

IF (CrecGelr GO TG o
Al=PFAINI~JdePFLICFsAL))
CONT INUE

IF (AleEQeD) GO TO 12
Al=PrLIPVBLIA) s INVIAL))
LA=PCUNT (AL

KK=1GLo (LAsw)

CALL LiRLA{LA)
VIi=1wllwekKK)
[IAT=PzC0AT ant )

CALL PoRasSE(A])
al=14al

CALL ERLA(KK)

IF (ISTONL(VI)eNLe—L1) GUQ
IVI=INEzG(vI

CALL tRLACVI)

vi=1lvi

IVI=PNEG(AT)

CALL PERASE(ATL)
Al=1vI1

LlI=PFL{ATSLL)
L3=PFL(VIsL3)

CONT INUE

LlI=INVILD)

L3=INVIL3)

CALL ERLA(W!

GO TO &4

PRINT YsX

FORMAT(3H X=a13)

STCP

END

TGO
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