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1. INTRODUCTION

The resulting dynamical behavior of n bodies under the influence of a
given set of interactive forces has been of interest in pure and applied science
for many years (see, e.g., references [1-3,5,7,8,10,13,15] and the additional
references contained therein). Typical important n-body problems occur in
the study of Brownian motion under the usual assumptions that n is relatively
large and that collisions occur in accordance with an assumed probabilistic
distribution, and in the study of the solar system under the usual assumptions
that n is relatively small and that capture, but not collision, is admissable.

In this paper we will explore and apply a new numerical method for general,
plane, nondegenerate n-body problems. The formulation will be based on a
discrete approach to mechanics [4,5] in which the dynamical equations are
difference equations and the solutions of the equations are discrete functions,
that is, functions defined only on finite point sets. The effects of viscosity
and collision will be included in the formulation and the extension of the method
to three dimensions will offer no mathematical difficulty, but will require greater

storage capacity for the actual computations.

*Supported by the National Science Foundation under Grant No. GJ-578




2. DISCRETE DYNAMICAL EQUATIONS

For At > 0, let tk =kAt, k=0,1,.... Assume that a particle P is in motion
onan x-axis and is located at Xy at time tk. Then, for a given initial velocity

Vo it has been found convenient [4] to define the particle's velocity vy = v(tk) ,

k=1,2,..., implicitly by

v, + v X, =X
k k-1 k k-1
2. 8 = I3 = 1 I SR L §
(2.1) p oy k=1,2
and theparticle's acceleration a = a(tk), k=1,2,... explicitly by
vV, -V
k k-1
(2.2) a, = e , k=1,2,...

It follows readily [4] from (2.1) and (2.2) that

(2.3) v =‘%" (Xl - X

17 At o) ™ Vo
k-1
_ 2 k j k
(2.4) i T X, + (-1) Xy + Zz [(—1) (Xk_j)] + (-1) Vol k >2
i=1
2
(2.5) a, =—— [x. -x, - v, At]
0 0]
1 (At)z 1
2
(2.6) a2=“-—“—[x - 3x +2xo+v0At]
(At)z 2 1
k-1
2 _ _ k ) _ k
2.7 e =—%5 ( x -3x _ +2(-1) x0+4z [ 0+ (0 vgaty, k> 3.
() =2

It has been show [4] that (2.3)-(2.7) and the discrete Newton's equation

(2.8) m-a 1=F(x

K+ e Vi)



imply the validity of the conservation of energy and momentum and that discrete
solutions of initial value problems for (2.8) exist, are unigue, and can be
generated recursively on a digital computer whether F is linear or nonlinear in
its variables.

In order to study n-body problems, we will first extend (2.1) - (2.8) to

systems of particles in planar motionas follows. Consider n particles Pi’

i=1,2, ., n. At time tk=kAt, k=0,1,..., let Pi be at (Xi,k,yi,k)’ have
velocity (Vi,k,x'vi,k,y)' and have acceleration (ai,k,x’ ai,k,y)' Then, for
each i =1,2,...,n,
2.9 v, == [x . -x ]-
. i,1,x ot i1 %,00 7 Vi,0,x :
(2.10) v =—Z‘—[y -y, J-v
i,l,y At *i,1 i,0 1,0,y
k-1
_ 2 - 1y _nk
(2.11) Vi,k,x_At [Xi'k-i'( 1) x ’0+Zz (-1yx % 1+ (-1) Vl,O,x'k> 2
i=1
k-1
2.12) v =— |y + (-—l)ky + 2 (—l)jy 1+ (—1)kv k> 2
i,k,y At i,k i,() i,k"j iloly -
i=l
(@.13) 8 ) x~° : (%1 7% ,0 7 Vi,0,x 2
’ r (At) ¥4 7 F ’
(2.14) 3, yz__z'?[yi 17 Y507 Y,0,0
F 7 (At) F 1 ' ’
(2.15) a - [ -3 + 2 + At]
. i,2,x 2 %,27%,17“%,0"V,0,x
(&t)
(2.16) a - [y - 3y + 2y +v At]
i,2,y 2 i, 2 i,1 i,0 1,0,y
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k-1
(2.17) a . X - 3% + 2 (—l)kx +4 [(—l)jx ]
: ik,x 2 ik i, k-1 i,0 i, ki
(At) —
j=2
+ (—l)kv At N: k> 3
i,0, ’
k-1
(2.18) a S - 3y +2 (—1)k‘ +4 [(-1)‘]' ]
. ik,y 2 (Yix i, k-1 Y50 Yi, k-
(At) j=2

k
+ (-1) Vi,O,yAt s k> 3.

In the usual manner of vector generalization, (2.8) is extended as

(2.19) makH:Fk'

3. N-BODY PROBLEMS

For Newtonian n~body problems, the components of F in (2.19) have

factors of the form - % . For our purposes, however, it will be of great ad-

r
vantage to replace such terms by more comprehensive expressions of the form

2
(3.1) - G + = -a /v +v2,

c+E)° @+ x

where r is the distance between a given pair of interacting particles, G is
the universal gravitational constant, H is a nonnegative constant of repulsion, «
is a nonnegative damping factor, £ is a nonnegative parameter which can be
used to avoid mathematical singularity when r can equal zero, and p is a

constant.



Note, for example, that if H > 0, p > 2 and € = 0, then —-% dominates
r
H ., H . G
—5 for large values of r, while -F-) dominates - > for small values of r. Thus,
r r r

the resulting repulsive effect for small values of r can be used to simulate
particle collision without the necessity of actual collision and, of course, also
allows us to consider repulsion, itself, as a component of force when it does exist
and does have a significant effect.

The resulting dynamical equations, which reduce to a classical n-body
Newtonian formulation if H = @ = £ = 0 are derived simply by replacing terms

of the form - & in the usual formulas by terms of the form (3.1), are, fork > 0,

2
r
therefore
n -x )
(3.2) 8 . X:Z 3)'k - G >+ 4 p
i1 TR (ryy  H B (ryy  +E)
# 1
2
2 2
- a[(vi,k,x) + (Vi,k,y) ]
S OO
iYik Yk G H
(3.3) &, k+1 y - (r + E) - * p
#i 1
2
2 2
- e [(Vi,klx) + (vi:k/y) ] ’
where i=1,2,...,n and where rij K is the distance between particles Pi and
PJ, at time tk .




4. SOLUTION OF N-BODY PROBLEMS

The following simple recursion formulas for the trajectory points

(xi " yi k), i=1,2,...,nthen followeasily from substitution of (2.13)-(2.18)

into (3.2)-(3.3):

2| mx . -x )
- @) 1,0 3,00 ) _ G
(4.1) X,l—x1,0+v,0,xAt+ > T E) m TE)2
! ij, 0 0
ji=1
j#i
1
2
H 2 2
* (rij 0 £)P -a[(vi,o.x) Hvl,o,y) |
Zﬁn m, (y -y
(At) iVYi,0 Y4, G
4.2 = e
(4.2) vy 1Y 0T g, M r. +¢) r.. +£)2
‘ ij, 0 ij, 0
i=1
A
1
2
N = 2 2
+(1fij O+E)p a[(vi,O,X) Hvl,O,y)]
an m,(x - )
(At) i1 Ty,
) = -2 -
(#.3) % =% 3 T 7Y 0, MY (r,, . +€) (r
ij, 1
j=1
Fi
H 2 _ 2
+(r 1+€)p a([At[xl,l 1,0] V1,0,x]




(4.4)

and, fork > 2,

k j k

.5 =3 2(- - - -

(4:5) % T T R Z (05 g I CD7Y g 2
j=2

G H

- .

) +
lJ,k+€) (rij,k+

k-1
k
[Xi,k + (-1) Xi,O + 22

j=1

k-1
2 k o k
FEsly , + CDyy g +2) DYy T ey
i=1

,Y]

_1y 5
( l)xi’k_j]‘r( D vy

£)P

]2

0,x

o

2




k
= _ _ 1) _K
(4.6) vy g =3y, F 2Dy, o4y TEDYy L T ey
j=2
(2 -l
+£é’£)__z ik "V ) G, H
p
2 PR i Tyt )
e
k-1
2 k j k 2
al Ll EE S S I P D SR GV Y Bl G A
j=1
k-1 >
2 LK N N 2
FIEly,  + D) yi,0+22 1y, 1 DS
j=1

That n-body initial wvalue problems have unique solutions is now a consequence

of the following theorem.

Theorem 4.1 For given £ > 0, @ > 0 and arbitrary X,

o Yi

vi 0 y,i =1,2,...,n, the n-body problem defined by (3.2)-(3.3) has a unique
discrete solution which is given constructively by (4.1)-(4.6).
Proof: The proof is a direct consequence of the observation that the right-hand sides
of (4.1)-(4.6) are always real, defined, and single valued.

It is important to note also that the recursive structure of (4.1)-(4.6) is what

makes the solution particularly amenable to evaluation on a high speed digital

computer.



5. FREE SURFACE FLUID FLOW

Free surface fluid problems have long been of wide interest in both pure
and applied science (see, e.g., references [6,9,11-14,16-18] and the additional
references contained therein), and liquids, in particular, have been modeled
traditionally as being continuous and as consisting of an infinite number of
point particles. The resulting nonlinear differential equations, even when
linearized, can rarely be solved analytically.

In order to illustrate the methods and theory of Sections 1-4, we will model a
particular free surface liquid flow problem as a discrete n-body problem. By
Theorem 4.1, the dynamical equations of motion will be solved easily on a digital
computer. Unfortunately, the present state of computer design does not as yet
allow us to choose relatively large values of n. Nevertheless, it will still be
of interest to note that, even though the example to be described consists of
only 100 particles, still the flow does crudely approximate the actual flow con-
structed in our hydraulics laboratory and, indeed, a mechanism for the development
of rotation is observed easily from the resulting numerical computations.

The problem to be considered, called the open gate problem, can be
formulated physically as follows. The wall CD of square container ABCD, shown
in Figure 5.1, is hinged at D and can be opened at will. The container is filled
with liquid and then DC is opened quickly in such a fashion that C rotateson a
circle with center D to the new position C', as shown in Figure 5,1. Thus, the
gate has been opened. The problem is to describe the motion of the liquid as it

flows out of the container.
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FIGURE 5.1

In cgs units, consider then a liquid which is represented by 100 circular,
homogeneous particles, Pl 'PZ’ . ’PIOO’ each of mass 8, which are arranged as
shown in Figure 5.2. For simplicity, let the diameter d of each particle be

unity and let the x-axis contain the centers of the bottom row of particles while

the y-axis contains the centers of the left column of particles. In this manner

the mass centers (Xi of Pi' i=1,2,...,100, are at nodal

,0, 71,0

points of the form (mlh,mzh), where h =d = 1; m1 =0,1,-,9; and m, = 0,1,-,9.

At time tk let the mass center of Pi be (xi K yi k). Then introducing the

effect of gravity results in the following particular choices for (3.2) and (3.3):

=
100 1
(x, . -x ) H,, 2
(5.1) a -3 i,k ik ij, k - o (v, 2 . 2)
i, k+1,x (r.. + .75) (r.. + .75) i,k i k,y
i=1 ij, k ij, k
j#i
1
100 =
5.2) a . ¥k =Y ) ik el 2, 2)2
y i k+1,y (0 +75) | (4 . 75) Vik.x TVik,y

j=1

71
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Where the repulsion Coefficient Hij K is defineg by

0, if r > 1
ij,k
(5.3) H =

At time ¢ » let the shadow of particle P, pe the rectangle whose verticeg
1 1 .
are (Xi, +5.0), (x Kt yi,k)’ (Xl,k ey yi,k)’ (x "2+ 0), as shownp in
Figure 5, 3.

The mea sure [31.

lists aj) particleg P]. different from

Pi whose Mass centerg satisfy both
(5. 5) xl’k—1<xj’k<xi,k+l
(5.6) YJ k <y
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Note that if no particle Pj exists whose center satisfies (5.5) and (5.6), then

6=0.

(5.7)

w
1

Finally, ﬁi is defined by

r : _
0, if yi,k =0

2
6 \ 6
i 4 <l— > , if O<Y. <1

yi,k i,k

(.00005) (1 - X8\ ;.0 .
_ i,k

(xi,ﬁ":’_,“éc,&) )"\c,ﬂ.)

Wi

(Kt,h. *

-
_

° \ N
(¥,e™3,0) (’(u,Y{*ibu)

FIGURE 5.3
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The calculations which result after replacing (5.1) and (5.2) by

recursion formulas of the types (4.1)-(4.6) are then carried out as follows. Initial

velocities Vi 0 x and Vi o v which result from the opening of the gates are
given by
(5.5) Vi,O,y:O
% 14-x
_ 27, 54,0
(5-6) vy g,x7 @D Oy )G+ gT)

Formula (5.6) is only one of several which reflect the assumption that vi 0 x

increases with depth and with horizontal distance from the left wall when the

gate is opened. If at any time xi K satisfies Xi K < —;—, then the associated

particleis reset immediately to (’%—, y],L k) and its velocity is reset as (O,vi K y).

If at any time any yi K satisfies Yi K < 0, then the associated particle is reset

immediately to (x,

1 k,0) and its velocity is reset at (O,—.O025vi

k, Y)' which

imparts some bounce to the particle,
Calculations on the UNIVAC 1108 for At = .01 and in which the left wall is

kept wet, that is, no particle with Xi = 0 is allowed to move, are shown

,0

typically for time steps t and t in Figures 5.4 - 5,9,

25" %60’ 100" t1757 f250 350

respectively. Approximations to the actual surfaces at each time step are shown
in Figures 5.10-5.15, in which smooth curves have been drawn freely above the
particle configurations. In Figure 5.16 is shown an actual three dimensional
cavity with a string attachment for opening a left gate. In Figures 5.17 and 5.18

are shown the actual patterns as water flows to the left during and after the opening

of the gate.
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Note that Figures 5.12 and 5.17 compare favorably while Figures 5.15
and 5.18 both exhibit the development of a downstream bore. Also, from the
very large number of other examples run, it should be noted that the computations
were very sensitive to the choices of (5.4), (5.6) and magnitude of bounce
allowed.

In Figures 5.19 and 5.20 are shown the positions of the particles of the 5th

row at the respective time steps t50 and t In Figure 5.21 are shown the

250°

positions of the particles of the 4th column at time step t Note here that

125°
certain particles originally above other particles have fallen below them due to
less dense shadow regions and a greater resultant force of gravity. The effeg:t
shown in Figure 5.21 is, interestingly enough, one of rotation.

Finally, because of the experimental nature of our work, we find it

necessary to include our Fortran program in an Appendix, so that others can

reproduce our work in its entirety.
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APPENDIX: FORTRAN FLUID PROGRAM
MENSTONXTtTOUTsY T (TO0) s VOX (TUOTVOY TTUUTSDTTIO0UTsQUL00) 9F (1007
00)sVX(100)sVY(100)sAX(100)sAY(100)sA(100),
0550y Y 100550y R ET00 s TOO Y sKTIMTTO05 2 s ZX{ 100 ZY(100)
C SET UP PARAMETERS

,~,.Q

I
1
T

N
> m

NP=100
RR=e75
NPP=90
CC=2.7
AM=830
H=1e

Kt=3000T
A2=4001
A3=30025
A4—.OUOO5
Kit=0

LQ=0

DT—.Ul
NN=50
NZP=3
LW=0

NZ=0

-

-
L= 1

NS=1

o

T 1
1=y

C CALCULATE INITIAL VELOCITY

o)

o PN S, 10
[ AW A 2o TR S N I SV

DO 33 J=1s9

R1=((27e/40e)+(J/40,4))%#%P]

VOX T =t TOT =T *RIT*CE
DO 334 1=1510

FE=H+1

Y1(II)=1-1

L W TV ) VA WY S U, N, ¥ Fau

poiols AL VTTT=Ue

30 FORMAT{9EBels/ 99EBas19/99E8W1)

w
(¢ H

A B N R A
DO 443 1=91,100
XI5 K =X1 1)

443 Y(IsK)=Y1(I)}
DO—TT IT=1T7yNP
D(I)=0

ZX =1
ZY(I)=1a
QtIr=0
F(I)=0
7T ETII=0
PRINT OUT LIST OF PARAMETERS

PRINT 8 OvAMTH DT AL
PRINT 81sCCyeRRsAl A2
PRINT S763A3
976 FORMAT(1Xs ' A3=14E10e4)
B FORMA T CC= 5 EL Oy v RE=tyET OO YV A=Y ELICvG s Y A2 5ELOWG)
FORMAT({1Hl1 o' AM=1 4yE1Qels® H="'"4E106e4s!' DT=13C10ebs' AL=Y4E10e4)

e CoONLDAMAT. L3 OOt d ) £ T IR V2 i, TV ¥ /. 2N\

Tz Tt VIOt T Oy I oOANY T U777

72 S NIIANAA T o he [ SV 20 9 AL A\ U W ¥ e et e e i e e e e
12 IVRNHI\)A’LU\' A Y VI
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e PO T IZPEIINZP -

DO 91 KK= KSaNN
e ER K T B
IFIKK EQe 1) GO TO 829

C PRINT OUT INITIAL POSITIONS
[2=101
PO 120t I=1510
1Z=12-1
F=t+9%tCT=17
IN=91~1IT
FB=TN=8 e e e
120 PRINT 74aLQoX1(IZ),Y1(IZ),(X1(I)sYl(I)9I—IBoIN)
T e PRINT 32
32 FORMAT(1Xs/)
T FORMAT IS I0tFSe 25 F 525 IXT) — ~-
C RUN EACH CASE FOR NN*NZP TIME STCPS

GO—TO 83T

829 DO 830 KQ=1sNP

830 Y(KQsK)=Y1(KQ)

XTRKQTKTEXTTRQ)—

TPO50TET VNP
DO 50 J=1sNP

< FINDDISTANCE BETWEEN"PARTICLCES
C FOR FIRST TIME STEP
ST T T R T Y T ESQRT TR T UT T =X T (O ** 77+ 0 (YI(I)-Y1(J) ) #%2) ) +RR
831 DO 91 I=1sNPP
Tt DOTBTITKPETIS 2 T
811 KTIM(IsKP)Y=KTIM(IKP)+1

XTI r==Z2X11)
ZY(I)==2ZY{( 1)

K=KTIM{TIsI)
IF(K=2)69797

C SET X VELOCITY TO INITIAL VELOCITY

6 VX({I)=VOX(1])

7 K=K TT¥M{I527) T T T
IF(K~-2)806+9807+807

C SET Y VECLOCITY TO INTTIAL VELOCTITY

806 VY({I)=vOoY(I)

807 IFTRKK SEQe IT GO TU 10 -
K=KK
K=K~1 R

C FIND DISTANCE BETWEEN PARTICLES

T FOR TIME STEPS GREATER THAN ONE"

DO 54 J=1sNP

5¢ REISIT=SARTICOX TRy =XCU KT I##2 )+ ((Y(IsK)-Y(JsK) ) ¥%¥2)) +RR
K=KTIM(Isl)

IFtK=2raI2syITs412

17 CONT INUE

K=KK=1
C CALCULATE X VELOCITY FOR SECOND TIME STEP
G160 VAT r=t2e 70TV * X (T yRKT=X1T (T Yy=vOoxX (Il )
412 K=KTIM(Is2)

FEtRK=27T533814v53 -
814 K=KK~1
C CACCULATE Y VELOCITY FOR SECOND TIME STEP
510 VY(I)=(2a /DT)*(Y(IaK)~Yl(I))—VOY(I)
53 CONTTNUE .

K=KTIM(Is1l)

A K=2 181658165815
815 K=KK-1

€ CALCULATE X VELOCTTY FOR TIME STEPS GREATER THAN 2
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ITu DUIT==DUIT=-XTTsK-1)
2=2X(1)
XTIt 2 7 DT I O OIS Ry =2RX T T T+ 29 %D (T VY = Z2#vOX (1)
816 K=KTIM(Is2)
TFRK=27T2y25817
817 K=KK~1
€ CACCUTATE Y VELOCTTY FOR-TIMESTEPS GREATER THAN 27
112 QEI)=—Q(I)-Y(IsK-1)
Z=Z7Y 1) B
VY(I)=(26/DTI®IY{TaK)=Z#*#Y1(I)+2e%#Q(1))=Z%¥VOY(])
2 CONTFINTE

10 CONTINUE

......

CVY=ABS({VYL(I))

PRV X—=100003)77+8699869 T
77 IF(CVY =~10000e13+869869
] Adn L\ T W s Wi B0 S ARV A0 U 2% AU S0 (S, WU WL ¢ 200 ¥ 200.c. YO, WOORY WOORW Y AL S0 1L W I N, JEE NN W ¥ 008V e WL WA ¥
) Ry L1 OGN T UVVVVAUTT T TN oI vy anaty
C

DETERMINE DAMPING COEFFICIENT

KK —EQe TGO TO 4019

K=KK-1

GO—TO 4020
4019 K=KK

4620 CONTINUE
IF(Y(I19K)=e0)61756185617
618 Y .
GO TO 619
617 AA=AT T e -
619 CONTINUE
o=
D2=0

N, P S SR
DU 9% 1T1=19yN¥

IF({I1 «EQe I) GO TO 24

DETERMINE REPULSTON COEFFTICIENT
IF(R(IsI1) eGEe le) GO TO 917

[4)]

i1
TT—=1e

GO TO 918

]

H=<0

CONTINUE

[ S )

(8]

M 0 O

FINDACCELERATION OF PARTICLES ”” ’ o T e
D2=D2+({Y(IsK)=Y{I1sKII/R{ELsI1)I®(H/LIR(I»I1})**1)-AA*¥A(]))

D=0 Tttt IO =Xt T T R 7 RUIS T I tH7 T IRUIS T I T TR T T=AAR AT
24 CONTINUE

QQ=0
C DETERMINE BETA 1
ITFtYTISKT=e 0760052115600
600 CONTINUE

oo Lo W WY L S .. A
OUT U0 TA=1T9iNT

IF(Y(IsK)=Y(I2+sK))20052005202

U7 PEABSTXTT sKT-XT12eK} )
IF(P «GEe 1le) GO TO 200
P=1le=—F )
QQ=QQ+P

Z00 CONT TN

DP=QQ/Y(I,K)

FEDP=Te72123301253012

212 BI=1s-DP
BI=B1#B1
GO TO 213

3012 Bt Iw=t 00+ 71Tyt KT+
GO TO 213

2171 BT=0%
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€ FINE—X—POSTTTON—FORTHIRD  TIME-STEP
610 E(L)=~E(I)+X(]sK=2)
[ ASClr AN S N |
X(TsK)=3e®¥X(1oK—=1)=2e#Z¥X1{1)~boe*E([)=Z2*¥DT#VOX(I)+(OTH#DT/2e)¥AX(I
L7
C IF X LESS THAN 5 RESET X VALUE
HtXAt T3 Kr=s57166591391 T
66 X{IeK)=ab
VOXtT =30 - . -
X1(I)=e5
Et1Tr=0% -
D( I )=Oo
ZX T T=NS - o
KTIM(Is1)=0
GO—TO 971 T
822 K=KK
Z=7t1)
C FIND Y PQSITION FOR THIRD TIME STEP
512 FtIy==FtTr+sytIvyK=27 """ - T
Y{ToK)=3e%Y (] sK~ 1)~2.*Z*Y1(I)—4.*F(I)‘Z*DT*VOY(I)+(DT*DT/2.)*AY(I
17
C IF Y LESS THAN O RESET Y VALUE
&7 YT K=s07168391591
68 Y(I1eK)=60
YI I =+0 “ T
F{I)=0,
QtIr=07% - - T
VOY{T)==A3%VY(]) -
KFiIMtis2r=0
ZY (1) =NS
65 CONTINUE — - R
91 CONTINUE
GO 70569 - - o
869 CONTINUE
PRINT 870K T
870 FORMAT (20X g vt ##k 1413
69 CONTINUE e T
C PRINT RESULTS
PO—288 K=K5S+NN
12=101
[ N N
PRINT 32
o228 tLtI=ts1 0o 7
[2=12-1
Ir=t+9¥%{tt1~17 - -
IN=91~1IT
HB=FN—8 -
28 PRINT 749LK¢X1(IZ)9Y1(IZ)9(X(IsK);Y(IaK)aI‘IB»IN)
288 CONTTNUE
IF{NZP EQe 1) GO 7O 1
DO—25tM=TvNPP
X{LMs2)=X(LMsNN)
M 2= M NN
X{LMsl)=X({LMsyNN-1)
29 M T Yty NN=1T) ) T o
KS=3
Ew=NN=2+LWw T
1 CONTINUE

AL
AN




[nd A
o=
aw

CONTINUE
AX(T)=AM%D]

AY I y=AM*D2=(980«*B T /AMY

CONTINUE

29

CO 9T RQU=T19<2
K=KTIM(IsKQ)

IFTTRK=27T1I2+s13914
IF(KQ «EQe 2) GO TO 820

- K=KK
FIND X POSITION FOR FIRST TIME STEP

XTI RTEXITITFDTHEFVOXT I T F{TOTRDT T 72 T ¥AXTT)
IF X LESS THAN «5 RESET X VALUE

26

ITFIXTI S KT=e571263971491
X(IsK)=e5

VOXTTI=%0

X1({I)=e5

F N S Y

ZX(I)=NS

KTIMtTIyT ) =0
GO TO 91

K=Kk~ -

FIND Y POSITION FOR FIRST

TIME STEP

Yt =y Tt I)+=0 Ty Oyt T =t OTHD Ty 72 T *AY T

IF Y LESS THAN O RESET Y VALUE

NN O
RSN

Yt K)=s0)V75391T%y91
Y{IsK)=a0

¥R

Q(I):O.

LU B NE W0 . St A (PRI UN W Y B 20 1
VOTUT TI==RoO>7TVYY U7

ZY (I)=NS

KT IMtTs2)y=0""
GO TO 91

TFKQ e EQe 2V GO TO 821

K=KK

E=K=1

FIND X POSITION FOR SECOND TIME STEP

h S Y

X=Xty =2 ¥ Xt

DT*YOX(I)+(DT*¥DT/2¢ ) *AX(])

IF X LESS THAN 5 RESET X VALUE

h U O SV 4

61

v \/\\L’V\) O)lDLQVl’jl.

(IsK)=.3

i
o
R

(&)

o~ DK

o 4~ ~ +h
o - O

O - Z |
k(N e
t
@

O HXQ —~rH
O o~ e~

(o]
(1]
[

o
7

FAOARN< OXX
7<7‘§

-1

h

IF(Y{(IsK)-e0)63+91,91

FIND Y POSTTION FOR SECOND TIME STEP
Y(I9K)—3o*Y(IoL)*Z-*Yl(I)—DT*VOY(I)+(DT*DT/2-)*AY(I)
FY CESS THAN O RESET Y VALUE"

Y I53K=30

Y1(I)=e0

QtTr=0%
VOY(I)——A3*VY(I)

ZYtH=NS
KTIM{I+2)=0

14

PN o VR . . |
U T o 71

IF(KQ «EQe 2) GO TO 822

K=KK







