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ABSTRACT

Ilet B and T be n X n real matrices and r an n-vector
and consider the system u = BTu+r. A new sufficient condition
is given for the existence of a solution and convergence of a mono-
tone process to a solution. The monotone process is a generaliza-

tion of the Collatz-Schréder procedure.
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1. INTRODUCTION

Collatz- Schroder [1] consider the system
(1. 1) u = Tu+r

where T is a given n X n real matrix and r a given n-vector and
prescribe the monotone iterative process
i+1 i
v

(1.2) 4] = ; + i=0,1,2,...
W -T T \'Y r

where T = T1 - TZ’ Tl > 0 and TZ = 0. A sufficient condition for

the monotonicity and convergence of the above process is the exist-

0
ence of initial v, WO satisfying

where vl, w1 are computed from (1,.,2). Condition (1.3) guarantees

that (1.1) has a solution u such that

0 1 i i 1 0
(1.4) V SV €eee 5V ZreesUgroese W SeeosW =W
i i
and u= lim M_tW |
1= o0 2

In this work we consider the system

(1.5) u=BTu +r



where B is some nxn real nonsingular matrix and prescribe the
iterative process (2.3). Here however the splitting T = T1 - T2
is not monotonic with respect to the nonnegative orthant but with

respect to the dual cone generated by the rows of B—1 , that is:

B—ly 20 => lego and sz;().

In Collatz-Schrdder [1], B"1 = I. A sufficient condition for the

monotonicity and convergence of the iteration (2. 3) is the existence

0
of v, WO satisfying (2.5). Condition (2.5) guarantees that (1.5)

i i
v +wW
2

-1 -1 -1 i
has a solution satisfying B v =B usB Wl and u = lim
i+ 00

By using Motzkin's theorem of the alternative for linear in-
equalities [4,3] a sufficient condition for (2.5) can be obtained,
condition (3.2). This condition insures the existence of a solution
u to (1.5) and the convergence and monotonicity of the iterative
process (2.3). When applied to Au = b, condition (3.2) gives exist-
ence results such as (3.6): If Az-I,and A'x20, x20 implies
that bx = 0, then Au =b has a solution. (Here and throughout a

prime denotes the transpose.)




2. THE MONOTONE SPLITTING AND ITS CONVERGENCE

We consider here the problem

(2.0) u = BTu +r

where B and T are given n X n real matrices with B nonsingular,

and r is a given n-vector. We split the matrix T as follows

(2.1) T = T1 - TZ

and require that

(2.28a) B*lng = le;o and szgo,

or equivalently [2] we require that
(2.2b) TlBgO and TZBgO

(To see the equivalence of (2.2a) and (2. 2b) we note that if (2.2b)
holds then B—ly = 0 implies TlBBnly = le > 0, Conversely if
(2.2a) holds then B 'B=1zx0 implies T Bz 0.)

‘We consider the iteration
i+l i
v

(2.3) = +
i+1 i
W

and begin by establishing the following result.



(2.4) Convergence and Existence Theorem Let (2.1) and (2.2)

hold. If there exist VO, WO in Rr1 such that

- 0
B 1 0 V1 -V
- 0 0
(2.5) ;0,B1(w -v)=z0 ,
0 B“1 wO —W1
. 1 1 )
with v, w  computed from (2.3), then
B—l 0 V1+1 -
(2.6) 20, B Hw -v)zo0
- i i+1
0 B 1 Wl _W1+

for i=0,1,2,..... . In addition to system u=BTu +1r has a

. , i i
solution u such that B 1vl =B 1u < B 1wl and u = lim v iw
i+ o0 2
Remark If we set B = I, then we obtain the results of Collatz-

Schroder {11].

Proof We first establish (2.6) by induction. Because of (2.5),
(2.6) holds for i = 0. Assume now that (2.6) holds for i and pro-

ceed to show that it also holds for i + 1.




We also have

i+l

iV

Hence (2.6) holds for i +1

have from (2.6) that

Hence the monotone sequences {B..lv']l(} and {B_lwlk} have limits a

and bk"

ECOO{EB

and the induction is complete.

1 1

|

i+2
v -V
i+2 i+l
w -~
TS -1
B r
> 0
) +
_ i+1 0 B 1 .
1 ——
i Tl
B 0
> A% T
|+ -
1 -wl _,O B1 -r
Y s Tyt - D
- 1 2

< 00009§B_1W1§"’§B~1W1 = B_lw

so that also the vector sequences {B_lvl} and (B

(by 2.6 and 2, 2a)

(by 2.3)

(by 2.3)

(by 2.6 and 2. 2a)

We now

0

ol
s

k
—lwl}



have limits a® and b™. From the continuity of the linear operator
i i
B we have also that the vector sequences {v } and {w ] converge

to v = Ba® and w = Bb". Hence from (2.3)

-1 -1
B v = Tlv T2w+B r
B lw - -Tv+T.w+B 'r
- 2 1
By letting u = ‘Y—?‘/‘V we have that
B u = (T. - T )u + B r - Tu 4+ B .

1 2

That Bqlvl £ B 1u < B—.lw1 follows from

B—lu = B—l(VZW) = a Zb . Q.E.D.

3. SUFFICIENT CONDITIONS FOR SOLVING u =BTu +r

By using Motzkin's theorem of the alternative [4,3] we give

0 0
now a sufficient condition for the existence of v , w  satisfying
(2.5) and hence for the existence of a solution of u = BTu +r and

the convergence of the iterative process (2.3).

(3.1) Convergence and Existence Theorem Theorem (2.4) holds

with assumption (2.5) replaced by

(-1 + TlB)|X + (TZB)'y > 0
\ : -1
(3. 2) (T,B)'x + (-1 + T B)'y 2 0 =——> xB r=0
Xx,v=z0

W%

1\




Proof We have to show that (3.2) implies (2.5). Now (3,2) implies

that

v
(]

(-I+ TIB) X + (TZB) y =

(T.B)'x + (-1 + T B)'y 20
2 1 ,
1 ‘has no solution (x,vy)

-xB~ r+yB—lr >0

11%
[

X, Y

which implies that

/(=B 4+ Tl) X+ TZIY - (B—l) z = 0
! -1 , -1
2 (B Ty (B )z =0 has no solution
(Bulr)|x - (B- r)'y + n - 0 (XIYIZITI)
X, ¥,2 > 0
n >0

which by Motzkin's theorem is equivalent to

(-B "~ + Tl)vo - TZWO s 20
0 -1 0 -1
TZV = (=B "+ Tl)W B rf =0 ha%a %o.lution
__B—lVO + B—lWO - 0 (v ,w’, )
& > 0

which is equivalent to
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TVO—T,WO+B“11’—B—V = 0
1 2
-1 0 0 0 -
B lW + Tzv - le - B lr =z 0 has a solution
10 o (v0,w0)
B {(w -v)=2 0
which is equivalent to (2.5) having a solution. Q.E.D.

By observing that if the system u = BTu + r has a solution u
then the system -u = -BTu +r has a solution -u we obtain the

following result from Theorem (3. 1) by appropriate modifications.

(3.3) Convergence and Existence Theorem Let (2.1), (2.2) and

(3,2) hold. Then there exist VO, wO such that

1
where v, w1 are computed from the iteration

St Booo||T, -T, v r
= - ,i:(),].lzlooo
i+1 i
w 0 B ) '].“2 Tl w r
which produces v, w~ satisfying
B-—l 0 i+l Vl .
-1 i i




In addition the system =-u = - BTu + r has a solution u such that
-1 i - -1 i i i
BlvlgBlugB w' and u:.limy.+w
i—+ 0 2

The following convergence and existence result for Au=">

is obtained from Theorem (3, 3) above by setting '].“2 =0, A= —B_l +

T1 and b = B_lr R

(3.4) Convergence and Existence for Au = b  Consider the system

Au = b where A is a given n xn matrix and b is a given vector.

Assume that AB + I =z 0 for some nonsingular nxn matrix B . If

(AB)'x = O
=—> bx = 0
Xx=z0

then Au = b has a solution u . This solution can be.obtained

v

v

from the iteration

ek B(Tlvl~b) L i=0,1,2,...

W1+l. B(lel_ b)

starting with vo, WO which exist and satisfy

1 i

-1 i+1 i -1 1 i+l (wl—v)sO

B (v -v)s=0,B (w-w')s0,B



B—lvlzB—lu gBmlW:L
vi i
and u = lim Y tw .
i > oo 2

(3.5) Remark If A is nonsingular, then by taking B = --A--1 we

conclude from the above that Au = b has a solution for any b,

i

(3,6) Corollary If we take B =1 in (3.4) we have that for A =z -1,
if A'x 20, x =0 implies bx = 0, then Au="D has a solution, and
the iteration and monotonicity relations of (3.4) simplify accordingly.

Similarly if we take B = -I we have that for A<1,if A'x £0,x=z0

implies bx = 0 then Au=Db hasa solution.
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