Chapter 4

The secr et to walking on water is knowing wher e the r ocks

ar e.

| Herb Cohen

V ail Symposium 14 poster

Ef�cient Solution T echniq ues

In the previous chapter

, we introduced methods for implementing the dif ferential ap-

proach. In this chapter

, we now consider how to solve the dif ferential optimization

problems ef

�ciently .

4.1 The Demands of Interactive Systems

Interactive systems place a dif ferent set of demands on numerical techniques than more

traditional, batch computation applications might.

One unique demand of the numerical problems in interactive systems is that they

are dynamic. Because the equations are created in response to the users’ actions, they

are not known when the system is created. More signi�cantly

, the set of equations to

be solved is continually changing in response to the user

. This dynamic nature of the

numerical problem means that we must be able to de�ne equations at run time, which

will be addressed in Chapter 5. Solution methods that rely on extensive pre-analysis are

to be avoided as the problem being solved may change before the cost of the analysis

can be amortized.

A common practice in numerical computations is to adapt the solution methods on

a per problem basis. This ranges from experimenting with dif ferent algorithms to see

which best solves a given problem, to adjusting parameters to make solvers conver ge.

Such per problem tweaking is unacceptable in the setting of an interactive system. Not

only is the problem continually changing, but we would like to insulate the user from the

mathematics. W e do not want the user to have to learn about constrained optimization

just to draw a picture.

Speed is an important consideration for numerical routines. For the dif ferential

approach, it is critical. If the computations are not fast enough, the system will not

be able to provide the smooth motion which is demanded by direct manipulation. W e

also must be concerned with scalability

, that is how the methods will perform as the

problems grow lar ger .

65

Accuracy

, typically an important concern in numerical analysis, is less critical to

interactive systems. This is important since there is often a tradeof f between the time

a computation takes and how accurate it is. The accuracy required is typically limited

by factors such as device resolution. In the cases where users demand sub-pixel accu-

racy

, for example when designing an object that is to be manufactured, the accuracy

demands are typically known. Even in applications where high accuracy is required,

fast, inaccurate methods are useful if these results can be re�ned.

While accuracy is not essential for interactive applications, stability is. Numerical

instabilities can cause such undesirable ef fects as objects wobbling or ying of f the

screen. Stability is, therefore, an important concern for interactive systems.

For the purpose of this thesis, there is an additional goal for the numerical routines.

W e would prefer techniques that are simple and widely available. For several of the

numerical problems we face, for example solving linear systems and ordinary dif feren-

tial equations, a vast array of sophisticated software packages are available, both from

public sources and commercial vendors. Development of such algorithms is beyond the

scope of this thesis. Similarly

, relying on a particular software package would make

the approach harder to reproduce and port.

1

4.1.1 Basic Methods for Achieving Performance

There are a few general strategies for improving the performance of the computations.

These will be applied in various ways throughout this chapter .

T rade Accuracy for Performance | As discussed earlier

, in an interactive system,

we are often willing to trade accuracy for performance. T echniques for doing this

will be discussed in Section 4.5. It is generally not acceptable to trade stability

for performance.

T rade Convergence for Iteration Rate | As a control moves towards a goal value,

it is more important that it moves with smooth motion than that it gets to its goal

in a minimum amount of time.

Exploit Sparsity | The matrices involved in the dif ferential optimization problems

are �lled mainly with zeros. It is crucial to exploit this fact, both for speed and

memory usage.

Reduce the Pr oblem Size | In the next section, we will see that the computational

complexity of the dif ferential methods is linear in the number of variables and

quadratic in the number of constraints. Therefore, to handle lar ger problems, the

size of the numerical problems actually solved must be reduced, while giving the

user the illusion that the system is solving the lar ger problem.

1

The work of Mark Surles[Sur92a

, Sur92b] has such a problem. Anyone wishing to reproduce the

results must purchase an expensive sparse matrix package on which the work relies.

Reuse Pr evious Results | Many intermediate results are used by several later com-

putations. Caching such intermediate results can avoid redundant computation.

Caching will be discussed in the next chapter .

One other important method for speeding numerical computations is to exploit spe-

cial cases. For example, extremely ef

�cient algorithms exist for solving n-body dy-

namics problems, �nite elements, diagonal matrices, and the kinematics of articulated

chains. However

, the goals of the dif ferential approach demand general purpose solu-

tions. W e therefore focus on general purpose methods for enhancing performance.

4.2 Scalability of the Differ ential Appr oach

W ith the dif ferential approach, it is important that the redraw steps happen fast enough

to give the illusion of continuous motion. As the number of objects and controls grows,

so does the time required to make a step. In this section, we consider how the perfor -

mance of solving in the dif ferential approach scales as problems get lar ger , and identify

the bottlenecks in performance. W e are primarily concerned with parts of the compu-

tation that scale worse than linearly .

The problem size of the dif ferential approach can grow in two ways: the number

of controls (n); and the number of variables or objects (m): For complexity analysis

purposes we consider variables and objects equivalent because each object will have a

small constant number of variables. For all interesting cases, m > n; otherwise there

will certainly be redundant or con icting controls.

W e consider only the complexity of solving the dif ferential optimization problems.

Other parts of the system might scale badly: for example, an input technique might

need to examine all pairs of objects (requiring O (m

2

) time), or a rendering computation

might require solving for interactions among all objects. However

, such issues would

need to be addressed in non-dif ferential approaches as well. ODE solving, the other

part of the dif ferential approach’ s computation, will require a small constant number

of calls to the dif ferential optimization solver for the kinds of ODE solvers we might

consider .

W ith arbitrary controls, the computation costs of the dif ferential approach are al-

most unbounded. For example, we might have a control on the average center of each

combination of 4 objects, requiring a combinatorial explosion just to enumerate the

terms in the expression. However

, for analysis we make some assumptions that are

rarely violated in practice:

1. Objects are independent, therefore, the addition of another object does not change

the number of variables an object has, or the amount of time that it takes to com-

pute attributes.

2. Controls are independent, therefore, the addition of another control does not

change the number of variables a control depends on or adversely change the

amount of time to compute a control’ s value. Some optimizations, such as no-

tably common subexpression sharing, may speed evaluations.

3. Controls depend on a �xed number of variables, independently of the total num-

ber of variables or controls in the system. This restriction eliminates controls on

the aggregate of all objects, for example the center of mass of all objects in the

world.

From these three assumptions, it follows that n and m are independent. It also

follows that the time to compute the values for the controls is O (n); because computing

each of n controls cannot depend on either n or m: By a similar ar gument, the Jacobian

of the controls can also be computed in O (n) time.

The fact that the Jacobian of the controls (J) can be computed in O (n) time is

signi�cant, and non-obvious. J is an n � m matrix, so it would take O (nm) time just to

�ll the matrix with 0s. The key observation is that we do not have to store all the values

in the matrix because many of them will be zero, that is, the matrix is sparse. Each row

depends only on the variables that its control depends on, which is independent of n or

m: Therefore, the entire matrix will contain only O (n) entries. By exploiting sparsity ,

this can be stored and accessed in O (n) time. Exploiting sparsity is an important tool

in implementing the dif ferential approach.

Computing the dif ferential optimization requires solving a linear system with the

n � n matrix JJ

T

: This matrix can be built in O (n

2

) time because each element is

computed by the dot product of two constant length vectors. Solving the linear system,

with a standard method such as Gaussian Elimination, would be an O (n

3

) process. This

unacceptable asymptotic performance can be improved by exploiting sparsity .

For certain classes of sparse matrices, linear systems can be solved in much less

than O (n

3

) time. For example, if the matrix has constant bandwidth, solving time

is O (n): For certain con�gurations of controls, the matrices will have this structure.

Surles[Sur92a] describes why important problems in molecular biology and other do-

mains have this structure, and describes techniques for solving such constraint systems

using methods very similar to the dif ferential approach [Sur92b]. Unfortunately

, if we

permit constraints among arbitrary objects, as we must for the general dif ferential ap-

proach, we do not know the structure of the matrix a priori. In fact, there is no guarantee

that the matrix JJ

T

will be sparse.

The way to exploit sparsity without making restrictions on the way objects can be

connected is to avoid constructing JJ

T

: Many types of iterative linear system solvers,

such as the Conjugate-Gradient techniques discussed later

, access the matrices only by

multiplying them by a vector

. Using the associativity of matrices, the multiplication

JJ

T

x can be achieved by doing two matrix by vector multiplies. Each of these would

take O (n) time because that is the number of entries are in the matrix J. T echnically ,

4.2. SCALABILITY OF THE DIFFERENTIAL APPROACH 69

eachde�ne

Jacobian block-sparsrectangular Jacobianby each independe block-diago

multipl(mJ things (n)only (nmultiplies system (n

so simply inverting asymptoti solvingcontrols

restrictions, restrictions

contributiong since only

matrix multiplied (m (m

JJxmultiplicatiJWJ

(n

must system

Ab(4:1

constraints, computed optimization,JJ

choosing

Apositivpositive multiplying importantto be by multiplyialgorithm build A will to

(n methods

quickly algorithms purposes this bandwidth (n

)Iterative solutiomethods opportunitycontrolling

setting the

solution. solver constant matrix multiplies (n could

Conjugate-Gradient and

Conjugate-Gradientalgorithms

optimization

[[She94[GL89also

[PFTV86 estimate n algorithm direction

computes distance

quickly

Conjugate-Gradient mutually n iterations numerical iterations ill-conditioned we stopping

limiti(nconjugate this

What to to multipl sophisti[PS82 the sophisti

advantages discussed

important

Solving

algorithman

solved,

(n in assumption

the multiplyimultipl

Jadjusted solutions

system potentially more or numerical these a as [PFTV86 positiv (n

multiplJJ problem

Implementing implementatioimplemented known such to algorithmsexplored

important approach partitioningsmaller similar groups

partitioningsingle than

ill-condition partitions partition

sitting

important titions the not straight (n

(n ill-conditionthey

methods partition ill-conditisteps steps because of

manipulatioill-conditi

partitioning simple

JJ

J

variable disjoint that

disjoinoperations timedisjoint algorithms, provided [

partitioning elements computingpartitioning

solving computation

must

without problems methods illusion method problem solving

in and tives its simply constraints solved adding

complexity really on discount no any

actually set.

makes optimization

computationimplicitly

,inverse a

(5) encoun, obvioalready something

simple constraint implicitl. the not working this implicitlsegment implemented implicitly

positionmented implicit in simulmost a length constraint implicit

combinatio simulati motion automatable new dynamically multip is implicit solving optimizatiooptimizing

�cult.

results believe

NP-hard,althougproof implicitconstraint

[Bor81

implicit equating

single object it

quantities equality it problem troublesommight slightlysolution rading

step simpler in the situation and solution the be Conjugate-Gradient for quickly methods

selecting solutions