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Shape analysis concerns the problem of determining “shape invariants” for programs that perform
destructive updating on dynamically allocated storage. In recent work, we have shown how shape
analysis can be performed using an abstract interpretation based on 3-valued first-order logic.
In that work, concrete stores are finite 2-valued logical structures, and the sets of stores that
can possibly arise during execution are represented (conservatively) using a certain family of
finite 3-valued logical structures. In this paper, we show how 3-valued structures that arise in
shape analysis can be characterized using formulas in first-order logic with transitive closure. We
also define a non-standard (“supervaluational”) semantics for 3-valued first-order logic that is
more precise than a conventional 3-valued semantics, and demonstrate that the supervaluational
semantics can be implemented using existing theorem provers.
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1. INTRODUCTION

Abstraction and abstract interpretation [Cousot and Cbii8@7] are key tools for auto-

matically verifying properties of systems, both for hardevaystems [Clarke et al. 1994;
Dams 1996] and software systems [Nielson et al. 1999]. Itrattsinterpretation, sets of

concrete stores are represented in a conservative manmadashhact values (as explained
below). Each transition of the system is given an interpi@taover abstract values that is
conservative with respect to its interpretation over cgpomding sets of concrete stores;
that is, the result of “executing” a transition must be antr@s$ value that describes a
superset of the concrete stores that actually arise. Thikadelogy guarantees that the
results of abstract interpretation overapproximate the eeconcrete stores that actually
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2 . G.Yorsh et al.

arise at each pointin the system.

One issue that arises when abstraction is employed contteregpressivenessf the
abstraction method: “What collections of concrete statasle expressed exactly using
the given abstraction method?” A second issue that arises\ahstraction is employed
is how toextract informationfrom an abstract value. For instance, this is a fundamental
problem for clients of abstract interpretation, such a#fication tools, program optimiz-
ers, program-understanding tools, etc., which need to leetalinterpret what an abstract
value means. An abstract valueepresents a set of concrete stokgsideally, a queryp
should return an answer that summarizes the result of pgsagainst each concrete store
S e X:

—If ¢ is true for eachs, the summary answer should be “true”.
—If ¢ is false for eacth, the summary answer should be “false”.

—If @ is true for somes € X but false for some’ € X, the summary answer should be
“unknown”.

This paper presents results on both of these questions, di@sa of abstractions that
originally arose in work on the problem of shape analysisi¢soand Muchnick 1981;
Chase et al. 1990; Sagiv et al. 2002]. Shape analysis canteenproblem of finding
“shape descriptors” that characterize the shapes of the staictures that a program’s
pointer variables point to. Shape analysis is one of the rloallenging problems in
abstract interpretation because it generally deals wiblgams written in languages like
C, C++, and Java, which allow (i) dynamic allocation and tbeation of cells from the
heap, (ii) destructive updating of structure fields, andthie case of Java, (iii) dynamic
creation and destruction of threads. This combination afuees creates considerable
difficulties for any abstract-interpretation method.

The motivation for the present paper was to understand theesgiveness of the shape
abstractions defined in [Sagiv et al. 2002]. In that work,arete stores are finitgvalued
logical structures, and the sets of stores that can posaildg during execution are repre-
sented (conservatively) using a certain family of firitealued logical structures. In this
setting, an abstract value is a seBefalued logical structures.

Because the notion of abstraction used in [Sagiv et al. 23024sed on logical struc-
tures, our results are actually more broadly applicabla #fepe-analysis problems. For
example, it was applied to verification of sorting algorithfhev-Ami et al. 2000]; show-
ing absence of concurrent modification exception [Ramalingt al. 2002]; correct usage
of JDBC, I/O streams, Java collections and iterators [Yadray Ramalingam 2004]; cor-
rectness of concurrent queue algorithms [Yahav and Sadi@]2todelling concurrency
in Java programs, which contain dynamic creation of objant threads [Yahav 2001];
analyzing processes in ambient calculus [Nielson et alOR0fhd reducing space con-
sumption of Java programs via compile-time memory managémeéth application to
JavaCard programs [Shaham et al. 2003].

In fact, our results apply to any abstraction in which cotegates of a system are
represented by finitB-value logical structure and abstraction is performed h@rhech-
anisms described in Sections 2 and 3. The approach takerm ipaper should also be
relevant for addressing expressibility issues for a nurobether abstractions that are re-
lated to [Sagiv et al. 2002], including [McMillan 1999; Kuaicet al. 2002; Godefroid and
Jagadeesan 2003; Huth et al. 2001; Clarke et al. 1994; Céarake 2000], as well as for

ACM Transactions on Computational Logic, Vol. V, No. N, J2Q06.



Logical Characterizations of Heap Abstractions : 3

the allocation-siteabstraction—often used in points-to analysis [Anderse981$teens-
gaard 1996; Shapiro and Horwitz 1997; Fahndrich et al. 1988et al. 2000; Das 2000;
Heintze and Tardieu 2001]—in which all objects allocatea afngle statement are rep-
resented by a single “abstract memory object” [Jones andhkiok 1982; Chase et al.
1990]. Throughout the paper, however, we use shape-asayamples to illustrate the
concepts discussed.

The paper investigates the expressiveness of fimit@ued structures by giving a logical
characterization of these structures; that is, we exarhme@tiestion

For a given3-valued structure5, under what circumstances is it possible to
create a formuld(S), such thatS* satisfiesy(S) exactly whenS? is a 2-
valued structure thef represents? 1.eS% |= 3(S) iff S represents®.

This paper presents two results concerning this question:

—Itis not possible to give a formufa(.S) written in first-order logic with transitive closure
for an arbitrary structur& (unlessNL = NP, see Section 3). However, it is always
possible for a well-defined class 8fvalued structures. (This class includes all the
3-valued structures that have been shown to be useful foreshaglysis [Sagiv et al.
2002].)

—NMoreover, it is always possible to giveydS) in general, using a more powerful formal-
ism, namely, monadic second-order formulas.

The ability to write a formulay(S) that exactly captures what represents provides
a fundamental tool for improving TVLA [Lev-Ami and Sagiv 20Pby the use of sym-
bolic methods. The current TVLA system performs iteratixedi-point computations and
yields at every program point a set®#alued structures, which represent a superset of all
possible stores that can arise at this point in any execudiomwever, TVLA suffers from
two limitations: (i) it is not always as precise as possilig éxplained below); (ii) it does
not scale to handle large programs, because the worst-cag@eaxity of the algorithm is
doubly-exponential in certain parameters (typically, tiaenber of program variables).

The contributions of this paper lay the required groundworkusing symbolic tech-
nigues to address both of these limitations. The abilitytaracterize 8-valued structure
S by a formulay(5S) is a key step toward harnessing a standardgjued) theorem prover
to aid in abstract interpretation:

—Computing the effect of a program statement on an abstedoevn the most-precise
way possible for a given shape-analysis abstraction.

—Developing a modular shape-analysis by usisgume-guarante®asoning. The idea
is to allow arbitrary first-order formulas to be used to esgrpre- and post-conditions,
thereby enabling the code of each procedure to be analyzsrlfonall potential con-
texts. This allows to use shape analysis for applicatiomghich not all the source code
is available. This becomes specifically profitable for retugr procedures since it saves
the need to iterate shape analysis.

These methods are the subject of [Yorsh et al. 2004; Lam 2085].

Another contribution of this paper directly addresses that fif the aforementioned
limitations of TVLA's current technique. We give a proceddor extracting information
from a 3-valued logical structuré' in the most-precise way possible. That is, we give a
nonstandard way to check if a formuyteholds inS:
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—If 9(S) = pisvalid, i.e., holds in alk-valued structures, we know thatevaluates to
1 in all the 2-valued structures represented.®y

—If 3(S) = —¢ is valid, we know thatp evaluates ta in all the 2-valued structures
represented by.

—Otherwise we know that there exist2avalued structure represented Bywhere o
evaluates tal, and there exists anothervalued structure represented Bywherey
evaluates to.

This method represents the most-precise way of extraatifigrnation from a3-valued
logical structure; in particular, whenever this methodnes1 /2 (standing for “unknown”),
any sound method for extracting information frgimust also returri /2. This is in con-
trast with the techniques used in [Sagiv et al. 2002], whish eturnl /2 even when all
the2-valued structures represented$have the valua (or all have the valué).

For practical purposes, the success of using symbolic rdsttiepends on having a ter-
minating theorem prover. Although the validity questioniglecidable for first-order logic
with transitive closure, several theorem provers for fingter logic have been created. In
this paper, we report on two experiments in which we useckttamds to implement sym-
bolic procedures for extracting information fron8avalued structure in the most-precise
way possible. We also performed several successful expatswith other symbolic op-
erations [Yorsh et al. 2004; Erez 2004]. Although these grpents are rather preliminary,
we believe that this approach can be made to work in pradtimeexample, there has been
some progress recently in using SPASS, including the usen$itive closure [Lev-Ami
et al. 2005]. Also, in [Immerman et al. 2004a], we have ideadia decidable subset of
first-order logic with transitive closure that is useful &rape analysis. We define condi-
tions under whichy can be expressed in that logic (Section 5.2). We are alsatigeting
other decidable logics, as well.

The remainder of the paper is organized as follows. Sectidefibes our terminology,
and explains the use 8fvalued structures as abstractiongefalued structures. Section 3
presents the results on the expressivene8smafued structures, and gives an algorithm for
generatingy for certain families of 3-valued structures. Section 4 dises the problem of
reading out information from &-valued structure in the most-precise way possible. Sec-
tion 5 discusses the applicationsyofo program analysis and some implementation issues.
Section 6 discusses related work. Appendix A defines annaltiee abstract domain for
shape analysis, based on canonical abstraction, ard diperation for that domain. Ap-
pendix B shows how to characterize gen&rahlued structures. Appendix C contains the
details for one of the paper’'s examples. The proofs appeappendix D.

2. PRELIMINARIES

Section 2.1 defines the syntax and standard Tarskian semmaftfirst-order logic with
transitive closure and equality. Section 2.2 introducgésgrity formulas which exclude
structures that do not represent a potential store. Se2tbmtroduces-valued logical
structures, which extend ordinary logical structures aithextra valuel /2, which repre-
sents “unknown” values that arise when several concretesiack represented by a single
abstract node. The powerset ®#valued structures forms an abstract domain, which is
related to the concrete domain consisting of the powerseétwafiued structures viam-
bedding as described in Section 2.4.
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/* insert.c */

#i nclude "list.h"

void insert(List x, int d) {
List y, t, e;

! . = )
/v list h #/ assert(acyclicldist(x) & x !'= NULL);

typedef struct node { &lm_l )e(:’(y->n = NULL &2 )
struct node =*n; - o
int data; y =y-en o
} *List: t = malloc();
t->data = d;
e = y->n;
t->n = e
y->n = t;

(@ (b)

Fig. 1. (a) Declaration of a linked-list data type in C. (b) Auction that searches a list pointed to by parameter
X, and splices in a new element.

Fig. 1(a) shows the declaration of a linked-list data typ€jrand Fig. 1(b) shows a C
program that searches a list and splices a new element iatigsth This program will be
used as a running example throughout this paper.

2.1 Syntax and Semantics of First-Order Formulas with Transitive Closure

We represent concrete stores by ordinzsyalued logical structures over a fixed finite set
of predicate symbol® = {eq, p1,...,pn}, Whereeq is a designated binary predicate, de-
noting equality of nodes. We also useix R to denote the maximal arity of the predicates
in P. Without loss of generality we exclude constant and fumcsigmbols from the logié.

ExamMPLE 2.1. Table | lists the set of predicates used in the running examphe
unary predicates;, y, ¢, ande correspond to the program variablesy, t , ande, respec-
tively. The binary predicate corresponds to the fields ofLi st elements. The unary
predicateis (“is shared”) captures “heap sharing”, i.e.Li st elements pointed to by
more than one field. (It was introduced in [Chase et al. 19@03apture list and tree data
structures.) The unary predicates, r,, :, andr. hold for heap nodes reachable from the
program variablex, y, t , ande, respectively. A heap nodes said to bereachabldrom
a program variable if the variable points to a heap nadeand it is possible to go from
u' to u by following zero or more-links. Reachability is defined in term of the reflexive
transitive closure of the predicate

The notion of reachability plays a crucial role in definingstitactions that are useful for
proving program properties in practice. For instance, it ynaave the effect of preventing
disjoint lists from being collapsed in the abstract reprgsgion. This may significantly
improve the precision of the answers obtained by a prograatyasis.

LConstant symbols can be encoded via unary predicates;-amg functions viain + 1)-ary predicates.
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Predicate | Intended Meaning

eq(vi,v2) | Dowv; andvg denote the same heap node?
q(v) Does pointer variablg point to nodev?
n(vi,v2) | Does then field of v point tovy?

is(v) Is v pointed to by more than one field ?
rq(v) Is the nodev reachable frong ?

Table I. The set of predicates for representing the storgspulkated by programs that use thest data-type
from Fig. 1(a). ¢ denotes an arbitrary predicate in the £t ar, which contains a predicate for each program
variable of typeLi st . In the case of nsert, PVar = {x,y,t,e}.

We define first-order formulas inductively over thecabulary P using the logical con-
nectivesv and—, the quantified, and the operatorf'C" in the standard way:

eu=0]1|p(vr,...,ve) | (m1) | (91 Vp2) | (Bur: 1) [ (TCw1,v2 : 1) (vs, v4)
where p € P;v; are variablesp, p; are formulas

The set of free variables of a formula is defined as usual. Afda isclosedwhen it
has no free variables. The operatdiC’ denotes transitive closure. If; is a formula
with free variabled/, then(TC vy, v2 : 1)(vs,v4) is @ formula with free variable§” —
{’Ul, ’02}) U {1}3, 1}4}.

We use several shorthand notatiops:= s = (-1 V@a); 01 Aps = —(—p1 V-ps);
01y E (p1 = @2) A (p2 = ¢1); andVo : ¢ £ —3v : =p. The transitive closure
of a binary predicate is p*(vs,vs) = (TC vy, va : p(v1,v2))(vs,v4). Thereflexive
transitive closure of a binary predicatés p* (vs, v4) = ((TCw1,va : p(vr,v2))(vs,v4))V
eq(vs,v4). The order of precedence among the connectives, from Highé&swvest, is as
follows: —, A, Vv, *TC", V, and3. We drop parentheses wherever possible, except for
emphasis.

Definition 2.1. 2-valued Logical StructuresLet P; denote the set of predicate sym-
bols with arity:. A logical structure over P is a pairS = (U, ) in which

—U is a (possibly infinite) set of nodes.

— is the interpretation of predicate symbols, i.e., for evergdicate symbaop € P,
t(p): U* — {0, 1} determines the tuples for whighholds. Also,.(eq) is the interpre-
tation of equality, i.e.4(eq)(u1, u2) = 1iff u; = ua.

Below we define the standard Tarskian semantics for firstrdogjic.

Definition 2.2. Semantics of First-Order Logical FormulasConsider a logical struc-
ture S = (U,:). An assignmentZ is a function that maps free variables to nodes (i.e.,
an assignment has the functionalfy {v,vs, ...} — U). An assignment that is defined
on all free variables of a formula is calledcompletefor ¢. In the sequel, we assume
that every assignmetf that arises in connection with the discussion of some foaraul
is complete forp. We say thatS andZ satisfy a formulay (denoted byS, Z = ¢) when
one of the following holds:

—p=1
—p = p(v1,ve,...,v;) andu(p)(Z(v1), Z(v2),..., Z(v;)) = 1.
—p =~y andS, Z | ¢, does not hold.
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—p =1 Vg, and eithelS, Z = ¢ 0r S, Z = ¢a.

—p = Juy : p; and there exists a nodec U, m > 2, such thatS, Z[vy — u] = ¢;.

—p = (TCuy,va : p1)(vs,v4) and there existay, ua, ..., u, € U, m > 2, such that
Z(v3) = u1, Z(v4) = um and foralll <i < m, S, Z[vy — u;,v2 — uigr1] E @1.

For a closed formula, we will omit the assignment in the satisfaction relationd a
merely writeS = .

2.2 Integrity Formula

Because not all logical structures represent stores, wa dssignated closed formulg
called theintegrity formula? to exclude structures that are not of interest; in our applic
tion, such structures are ones that do not correspond tibpmssores. This allows us to
restrict the set of structures to the ones satisfying

Definition 2.3. A structureS is admissibleif S | F.

In the rest of the paper, we assume that we work with a fixedjitigeformula F'. All
our notations are parameterizedByand F.

ExamMPLE 2.2. FortheList datatype, there are four conditions that define the admis-
sible structures. At any time during execution,

(a). each program variable can point to at most one heap node.
(b). then field of a heap node can point to at most one heap node.

(c). predicateis (“is shared”) holds for exactly those nodes that have two arren
predecessors.

(d). the reachability predicate for each variabdgholds for exactly those nodes that are
reachable from program variablg.

The setP Var contains a predicate for each program variable of typest ; in the case of
i nsert, PVar = {x,y,t,e}. Thus, the integrity formuld’ ;. for theLi st data-type
is:

ApePvarVv1, vz : p(v1) A p(v2) = €eq(v1,v2) (a)
A Yo, v1,v2 : n(v,v1) An(v,v3) = eq(vy,va) (D)
A Yo 1is(v) <= Fui,vg @ meq(vy,v2) An(v,v) An(ve,v) (c)
A NgepPvarVv : 74(v) <= Fu1 : q(v1) An*(v1,v) (d)

2.3 3-Valued Logical Structures and Embedding

In this section, we defing-valued logical structures, which provide a way to représen
set of2-valued logical structures in a compact and conservatiwe wa

We say that the valugsandl aredefinite valuesind thatl /2 is anindefinite valueand
define a partial ordeE on truth values to reflect information conteht.C /5 denotes that
I, possibly has more definite information thian

Definition 2.4. [Information Order] . Forly, I, € {0,1/2,1}, we define thénforma-
tion order on truth values as followsgy C s if I; = s orls = 1/2.

2In [Sagiv et al. 2002] these are called “hygiene conditions”
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s () HOEONO
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X Tx T T T X Te T
(c) (d)

Fig. 2. (a),(b),(c) Examples @fvalued structures representing linked-lists that aratedito by program variable
x, of length2, 3, and4, respectively. (d)S represents all lists that are pointed to by program varialded that
have at least two elements, including the lists represdnidd)-(c).

Definition 2.5. A3-valued logical structureoverP is the generalization df-valued
structures given in Definition 2.1, in that predicates mayehiie valuel /2. This means
that S = (U,.) where forp € P;, «(p): (U¥)* — {0,1,1/2}. In addition, (i) for all
u € U, 5(eq)(u,uw) 3 1, and (ii) for alluy, us € U such thatu; andu, are distinct
nodes;” (eq)(u1, uz) = 0.

A nodeu € U having:® (eq)(u,u) = 1/2 is called asummary node As we shall see,
such a node may represent more than one node from a givalued structure.

We denote the set @fvalued logical structures by 2-STRU(H]. The set of 3-valued
logical structures is denoted by 3-STRU[®T.

A 3-valued structure can be depicted as a directed graph, witbsas graph nodes. A
unary predicate is represented in the graph by having a solid arrow from tleelipate
namep to nodeu for each node: for which:(p)(u) = 1. An arrow between two nodes in-
dicates whether a binary predicate holds for the correspgnuhir of nodes. An indefinite
value of a predicate is shown by a dotted arrow; the valiseshown by a solid arrow; and
the value) is shown by the absence of an arrow.

ExamPLE 2.3. Fig. 2(d) shows &8-valued structure that represents possible inputs of
thei nsert program. This structure represents all lists that are pethto by program
variablex and have at least two elements. The structurethaedes,u; andus, where
uy 1S the head of the list pointed to by andu, is a summary node (drawn as a double
circle), which represents the tail of the list. Predicateholds foru; andwus, indicating
that all elements of the list are reachable from Other unary predicates are not shown,
indicating that their values aré for all nodes, i.e., the program variablgs e, andt are
NULL, and there is no sharing in the list. The dotted edge fionto s indicates that
there may ben-links from the head of the list to some elements in the tailfatt, the
(u1, ug)-edge represents exactly ondink that points to exactly one list element, because
of conjunct (b) of the integrity formula Example 2.2. In qast, the dotted self-loop om,
represents alh-links that may occur in the tail.

2.4 Embedding Order
We define thembedding orderingn structures as follows:

ACM Transactions on Computational Logic, Vol. V, No. N, J2Q06.



Logical Characterizations of Heap Abstractions : 9

Definition 2.6. LetS = (US,/5) andS’ = (US',.5") be two logical structures, and
let f: US — U be a surjective. We say thgtembedssS in S’ (denoted bys T/ 57) if
for every predicate symbglc P; and allu,, ..., u; € U,

Sp)(ur, .. u) T () (fur), ..., flug)) (1)

We say thatS can be embedded inS’” (denoted byS C S”) if there exists a functiorf
such thats C/ 5.

ExAaMPLE 2.4. Fig. 2(a)-(c) show some of tievalued structures that can be embed-
ded into the3-valued structureS shown in Fig. 2(d). The function that embesisinto S
maps the nodaf € US tou; € U%, fori = 1,2. The function that embeds, into S
maps the node’ € U tou; € US, and bothud, v} € US* tou, € US. Also, Eq. (1)
holds, because whenever a predicate has a definite valtigthre corresponding predicate
in S;, has the same value. For exampl&(z)(uz) is 0 andf(ug) = f(ul) = uy, and both
1S (x)(ud) and o5 (z) (u}) are 0. Similarly, o5 (r, ) (uz) = 1, and bothuS (1) (u3) and
/5 (r,)(u}) are 1. For a binary predicate;s (n)(ug,u1) = 0, and both,S (n)(u3, u?)

and.S (n)(u}, ) are 0.

Remark. Embedding can be viewed as a variant of homomorphism [Hull esetril
2004]. In cases wher§ is a2-valued structure (i.e., all predicates$nhave definite val-
ues, includingeq, which is interpreted as standard equality), checking hdrea2-valued
structureS’ embeds intdS is equivalent to checking whether there is an isomorphism be
tweensS’ andS. In cases where all nodes Fare summary nodes (i.e., for alle U*,

% (eq)(u,u) = 1/2), and all other values of predicates are definite, embeddieguiv-
alent to strong homomorphism. In cases where all nodes éme summary nodes and
all other values of predicates are eitlieor 1/2, embedding is equivalent to homomor-
phism. In all other cases, i.e, when a predicate value foesiple inS is 1, embedding
generalizes the notion of homomorphism.

Remark. In Definition 2.6, we require that be surjective in order to guarantee that a
quantified formula, such a% : ¢, has consistent values in tvevalued structures and

S’ related by embedding. For example fifvere not surjective, then there could exist an
individualw’ € U5, not in the range of’, such that the value of’ on ¢ is 1 whenv is
assigned ta:/. This would permit there to be structur§sand S’ for which the value of
Jv : ponSis0butits value onS”’ is 1.

Concretization of 3-Valued Structures. Embedding allows us to define the (potentially
infinite) set of concrete structures that a se$-oflued structures represents:

Definition 2.7. Concretization of 3-Valued Structures For a set of structureX C
3-STRUCTP], we denote byy(X) the set oR-valued structures tha represents, i.e.,

7(X) = {S% € 2-STRUCT[P] | existsS € Xsuch thats® C S andS? = F}  (2)
Also, for a singleton seX = {S} we writey(.5) instead ofy(X).

EXAMPLE 2.5. Example 2.4 shows thaf, C S, S, C S, andS. C S for the 2-
valued structures in Figs. 2(a-c); also, the integrity fafiais satisfied fotS,, Sp, andS..
Therefore,S,, Sy, and S, are in the concretization df-valued structureS: S,, Sy, S. €
~(S). Note that the indefinite values of predicatesSiallow the corresponding values in
Sy, to be eithei0 or 1. In particular, :% (eq) (uz, uz) = 1/2 reflects the fact that the abstract
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nodeus may represent more than one concrete node. Indégdpntains two nodesug
andu, that are represented by, € S. Also,.5 (eq)(ud, u3) = 0, bute® (eq) (ul, ul) = 1.

The abstract domain we consider is the powerset of 3-valuectsres, where the ordering
relationC is defined as follows: for every two sets ®fvalued structures(; and X5,
X1 C X, iffforall S; € X, there existsS; € X5 such thatS; is embedded int®s.

2.4.1 The Analysis Techniqud&he TVLA ([Lev-Ami and Sagiv 2000]) system carries
out an abstract interpretation [Cousot and Cousot 197 fltect a set of structures at each
program pointP. This involves finding the least fixed point of a certain sed@dfations. To
ensure termination, the analysis is carried out with resjoes finite abstract domain, that
is, the set of different structures is finite. When the fixehpis reached, the structures that
have been collected at program poindescribe a superset of all the concrete stores that
can occur ap. To determine whether a query is always satisfieg, ahe checks whether
it holds in all of the structures that were collected therestdntiations of this framework
are capable of establishing nontrivial properties of pangs that perform complex pointer-
based manipulations afpriori unbounded-size heap-allocated data structures.

3. CHARACTERIZING 3-VALUED STRUCTURES BY FIRST-ORDER FORMU-
LAS

This section presents our results on characteridivglued structures using first-order
formulas. Given &-valued structures, the question that we wish to answer is whether it
is possible to give a formuka(S) that accepts exactly the set¥valued structures that
represents, i.e§% = 7(S) iff S € v(S).

This question has different answers depending on what gsgums are made. The task
of generating a characteristic formula fo3-aalued structuré is challenging because we
have to find a formula that identifies when embedding is péssile., that is satisfied by
exactly those2-valued structures that embed info It is not always possible to charac-
terize anarbitrary 3-valued structure by a first-order formula, i.e., there t&xé3-valued
structureS for which there is no first-order formula with transitive sloe that accepts
exactly the set o-valued structures(S).

For example, consider ttievalued structures shown in Fig. 3. The absence of a self
loop on any of the three summary nodes implies thawalued structure can be embedded
into this structure if and only if it can be colored usidigolors (Lemma D.1 in the appen-
dix). It is well-known that there exists no first-order forlapeven with transitive closure,
that expresses-colorability of undirected graphs, unlegs= NP (e.g., see [Immerman
1999; Courcelle 1996]). Therefore, there is no first-ordemiula that accepts exactly the
sety(S).

Remark. In fact, the condition is even stronger. First-order logith transitive closure
can only express non-deterministic logspace (NL) compriaf thus, the NP-complete
problem of3-colorability is not expressible in first-order logic, useVL = NP. Itis
shown in [Immerman 1999] using an ordering relation on thaeso In our context, without
the ordering, the logic is less expressive. Thus, the cmditnder which 3-colorability is
expressible is even stronger thail. = N P. We believe that there is an example df-a
valued structure that is not expressible in the logic, iraelently of the question whether
P = NP. However, it is not the main focus of the current paper.
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Fig. 3. A3-valued structure that represestsolorable undirected graphs. Avalued structure can be embedded
into this structure if and only if it can be colored usidigolors.

3.1 FO-ldentifiable Structures

Intuitively, the difficulty in characterizing-valued structures is how to uniquely identify
the correspondence between concrete and abstract nodgsausist-order formula. For-
tunately, as we will see, for the subclass3efalued structures used in shape analysis (also
known as “bounded structures”), the correspondence caadily defined using first-order
formulas. The bounded structures are a subclass di-tledued structures in which it is
possible to identify uniquely each node using a first-ordemiula.

Definition 3.1. A3-valued structure is calledFO-identifiable if for every nodeu €
U* there exists a first-order formula ngtlev) with designated free variabte such that
for every2-valued structures” that embeds int& using a functionf, for every concrete
nodeu? € US" and for every node, € US:

) =u; <= S° [w u¥] | node (w) (3)

The idea behind this definition is to have a formula that uelgudentifies each node
of the 3-valued structuré. This will be used to identify the set of nodes ofaalued
structure that are mappeddoy embedding. In other words, a concrete naéisatisfies
thenode formula of at most one abstract node, as formalized by thelam

LEMMA 3.2. Let S be an FO-identifiable structure, and let,us € S be distinct
nodes. LefS? be a 2-valued structure that embeds it@nd letu? € S%. At most one of
the following hold:

(1) S% [w s uf] = node (w)
(2) S% [w s uf] = node (w)

Remark. Definition 3.1 can be generalized to handle arbitéagalued structures, by also
allowing extra designated free variables for every comanetie and using equality to check
if the concrete node is equal to the designated variableefj?(xd, ViyeonyUp) Ew = ;.
However, the equality formula cannot be used to identifya®oith a3-valued structure
because equality evaluateslt(® on summary nodes.

We now introduce a standard concept for turning valuatiotesformulas.

Definition 3.3. For a predicatg of arity £ and truth valueB € {0, 1,1/2}, we define

the formulap® (vy, v, . .., vx) to be thecharacteristic formula of B for p, by
PO(Ul,UQ, e ,Uk) = _‘p(vlav% e ,Uk)
1 def
pr(vi,ve,...,0) = p(vr,ve,...,vE)
def
]91/2(1)171127 cooup) =1
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The main idea in the above definition is that, fore {0, 1}, p® holds when the value of
pis B, and forB = 1/2 the value of is unrestricted. This is formalized by the following
lemma:

LEMMA 3.4. For every2-valued structureS” and assignment
S8 Z = pB(ur,. .. o) ifE S (0)(Z(w1), ..., Z(w)) C B

Definition 3.1 is not a constructive definition, because tterpses range over arbitrary
2-valued structures and arbitrary embedding functions.tfisireason, we now introduce
a testable condition that implies FO-identifiability.

Bounded Structures.The following subclass df-values structures was defined in [Sagiv
et al. 1999F the motivation there was to guarantee that shape analysicargied out
with respect to a finite set of abstract structures, and hératehe analysis would always
terminate.

Definition 3.5. Abounded structure over vocabularyP is a structureS = (U9, %)
such that for every,,, us € U°, whereu, # us, there exists a predicate symhok P;
such that (i)%(p)(u1) # +%(p)(uz) and (i) bothe*(p)(u;) and:®(p)(uz) are notl/2,
i.e.,.%(p)(u1), % (p)(uz2) € {0,1}.

Intuitively, for each pair of nodes in a bounded structuhere is at least one predicate
that has different definite values for these nodes. Thuee fka finite number of different

bounded structures (up to isomorphism).
The following lemma shows that bounded structures are F@tiflable using formulas

over unary predicates only (denotedBy):
LEMMA 3.6. Every bounde@-valued structures is FO-identifiable , where
node, (w) £\ p" "0 (w) (@)
pEP1

ExaMPLE 3.1. The first-ordemode formulas for the structur& shown in Fig. 2, are:
nodejl (w) = z(w) Arg(w) A —y(w) A=t(w) A —e(w)
A=y (W) A = (w) A =re(w) A —is(w)
node, (w) = —x(w) Ary(w) A —y(w) A =t(w) A —e(w)
A=y (W) A =rg(w) A =re(w) A —is(w)

Remark. In the case tha$' is a bounde@-valued structure, the definition of a bounded
structure becomes trivial. The reason is that every nodedan be named by a quantifier-
free formula built from unary predicates. This is esselytile same as saying that every
node can be named by a constant. If structtirembeds intd5, thenS’ must be isomor-

phic to S, therefore it is possible to name all nodesS6tby the same constants. However,
this restricted case is not of particular interest for ugapse, to guarantee termination,
shape analysis operates on structures that contain summdes and indefinite values.

3This definition of bounded structures was given in [Sagivlefl@99]; it is slightly more restrictive than the
one given in [Sagiv et al. 2002; Lev-Ami 2000], which did notgose requirement 3.5(ii). However, it does
not limit the set of problems handled by our method, if thedtire that is bounded in the weak sense is also
FO-identifiable.
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Fig. 4. A3-valued structures’ is FO-identifiable, but not bounded.

In the case thaf contains a summary node, a struct$fethat embeds int&' may have
an unbounded number of nodes; hence the nod&$ cdnnot be named by a finite set of
constants in the language.

We already know of interesting cases of FO-identifiablecstnes that are not bounded,
which can be used to generalize the abstraction defined giy8aal. 1999]:

ExaMPLE 3.2. The3-valued structures’ in Fig. 4 is FO-identifiable by:

nodqfl (w) £ z(w) Arg(w) A—y(w) A —=t(w) A —e(w)
/ A=y (w) A =rg(w) A =re(w) A —is(w)
nodqz (w) £ Jw; : z(w1) An(wr, w) A —z(w) Are(w) A —y(w) A =t(w) A —e(w)
, A=y (W) A =r(w) A =re(w) A —is(w)
nodejg (w) E =(Fw; : z(wr) An(wr, w)) A —z(w) Are(w) A —y(w) A —t(w) A —e(w)
A=y (W) A =r(w) A =re(w) A —is(w)

However,S’ is not a bounded structure because nodesand u3 have the same values
of unary predicates. To distinguish between these nodesxteaded noq‘fé (w) with the
underlined subformula, which captures the fact that anlyis directly pointed to by an
n-edge fromu;.

It can be shown that every FO-identifiable structure can ngeded into a bounded struc-
ture by introducing more instrumentation predicates. Fethmdological reasons, we use
the notion of FO-identifiable which directly capture thelipto uniquely identify embed-
ding via (FO) formulag. One of the interesting features of FO-identifiable struestis
that the structures generated by a common TVLA operatiocu$t, defined in [Lev-Ami
2000], are all FO-identifiable (see Lemma D.2 in AppendixBjr example, Fig. 4 shows
the structureS’, which is one of the structures resulting from applying tbelis” opera-
tion to the structureS from Fig. 2(d) with the formul&v,, vy : x(v1) A n(vy,va). S’ is
FO-identifiable, but not bounded. However, structurestiileeone shown in Fig. 3 are not
FO-identifiable unles® = N P.

3.2 Characterizing FO-identifiable structures
To characterize an FO-identifiallevalued structure, we must ensure
(1) the existence of a surjective embedding function.

(2) that every concrete node is represented by some abstrdet

(3) that corresponding concrete and abstract predicatesaheet the embedding condi-
tion of EqQ. (1).

41n subsequent sections, we redefine this notion to capthe olasses of structures.
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Definition 3.7. First-order Characteristic Formula LetS = (U = {uy, uz2,...,up},¢)
be an FO-identifiabl8-valued structure.
We define theotality characteristic formula to be the closed formula:

Evtar = Y \/ node] (w) (5)
=1
We define thenullary characteristic formula to be the closed formula:
e LS
gfullary d:f p ®)0 (6)
PEPo

For a predicate of arity » > 1, we define theoredicate characteristic formula to be
the closed formula:

&3[p] EVw, ..., w, /\
{u),...,ul.}eU

Nj—y n0de) (w;) = p*" D) (wy . w,) (7)

J=1

Thecharacteristic formula of S is defined by:

&s « /\?:1(31) : nodqi(v))

A gf(;tal
A Sullar (8)
AN NETT Npep, €°0)

Thecharacteristic formula of set X C 3-STRUCT][P] is defined by:
AX)=FA(V &) ©)

sex
Finally, for a singleton seX = {S} we write7(.S) instead ofy(X).
The main ideas behind the four conjuncts of Eq. (8) are:

—The existential quantification in the first conjunct regsithat the2-valued structures
have at least distinct nodes. For each abstract nod&rthe first sub-formula locates
the corresponding concrete node. Overall, this conjunatantees that embedding is
surjective.

—The totality formula ensures that every concrete nodepsesented by some abstract
node. It guarantees that the embedding function is welhddfi

—The nullary characteristic formula ensures that the \ahfenullary predicates in the
2-valued structures are at least as precise as the value athesponding nullary
predicates ir5.

—The predicate characteristic formulas guarantee thatigate values in th@-valued
structures obey the requirements imposed by an embedding i

5Definition 3.7 relates to all FO-identifiable structurest aoly to bounded structures. For bounded structures,
it can be simplified by omitting* [p] for all unary predicates, because it is implied b&faml. In fact, it can be
omitted only for the abstraction predicates, as defined agijSet al. 2002]; however throughout this paper we

consider all unary predicates to be abstraction predicates
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ExampLE 3.3. After a small amount of simplification, the characteristofiula”(S)
for the structureS shown in Fig. 2 isF7;. A £, where¢® is:

Jv : node’ (v) A v : nodqu (v)
A Vw : nodqél (w) Vv nodqi (w)

A Apep, Y1 = Ny o(NOAE], (wr) = p” @) (wy))
A Ywi, ws : (nodefl (w1) A nodejl (we) = eq(wr, wa) A n(wy,ws) A —n(wy,wr))
A (nod€ (wi) ANode, (w2) = —eq(wi,wa) A —n(ws, wr))

The node formulas are given in Example 3.1, and the predicates forithsert pro-
gram in Fig. 1(b) are shown in Table I. Above, we simplifiedftirenula from Eq. (8) by
combining implications that had the same premises. Theiityeformula F;s; is given
in Example 2.2. Note that it uses transitive closure to ddfieereachability predicates;
consequentlyy(S) is a formula in first-order logic with transitive closure.

When a predicate has an indefinite value on some node tuptgresponding conjunct
of Eqg. (7) can be omitted, because it simplified to

Thus, the size of this simplified version &f is linear in the number of definite values
of predicates irS. Assuming that th@ode® formulas contain no quantifiers or transitive-
closure operator, e.g., whehis bounded, thé® formula has no quantifier alternation, and
does not contain any occurrences of the transitive-clospeeator. Thus, the formufais
in Existential-Universal normal form (and thus decidaldedatisfiability) wheneveF' is
in Existential-Universal normal form and does not contaamsitive closuré. Moreover,
if the maximal arity of the predicate iR is 2, then¥ is in the two-variable fragment of
first-order logic [Mortimer 1975], wherevéf is. In Section 5, we discuss other conditions
under whichy can be expressed in a decidable logic.

The following theorem shows that for every FO-identifiabieisture .S, the formula
~(S) accepts exactly the set Bfvalued structures represented Sy

THEOREM 3.8. For every FO-identifiabl8-valued structures, and2-valued structure
St, 8% € 4(8) iff St |=7(S).

4. SUPERVALUATIONAL SEMANTICS FOR FIRST-ORDER FORMULAS

In this section, we consider the problem of how to extradbrimfation from a3-valued
structure by evaluating a query. A compositional semarfitic8-valued first-order logic is
defined in [Sagiv et al. 2002]; however, that semantics isasgirecise as the one defined
here. The semantics given in this section can be seen asiprg¥he limit of obtainable
precision.

The Notion of Supervaluational Semanticslefined below, has been used in [van Fraassen
1966; Bruns and Godefroid 2000].

Definition 4.1. Supervaluational Semantics of First-Order FormulasLet X be a set
of 3-valued structures ang be a closed formula. Theupervaluational semantics ofp
in X, denoted by())(X), is defined to be the join of the valuespfobtained from each

6For practical reasons, we often replace thele formula by a new (definable) predicate, and add its definition
to the integrity formula.
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procedur e Superval uation(e: Formul a,
X: Set of 3-valued structures): Value
if (9(X)=¢ is valid) return 1;
else if ((X)=—-p is valid) return 0;
otherw se return 1/2;

Fig. 5. A procedure for computing the supervaluational @alfia formulay that encodes a query orBavalued
structuressS.

of the 2-valued structures thaX represents, i.e., the most-precise conservative valde tha
can be reported for the value of formytdn the2-valued structures represented kyis

1 if S% |= ¢ forall S% € v(X)
(ep(X)=¢0 if S® [~ o forall S* € y(X) (10)
1/2 otherwise

The compositional semantics given in [Sagiv et al. 2002] ased in TVLA can yield
1/2 for ¢, even when the value qf is 1 for all the2-valued structure§® thatS represents
(or when the value ap is 0 for all the S?). In contrast, when the supervaluational semantics
yields1/2, we knowthat any sound extraction of information fra$hmust returnt /2.

EXAMPLE 4.1. We demonstrate now that the supervaluational semantickeofdr-
mula px —nextAnuLL £ Juy, g x(v1) A n(vy,v2) on the structureS from Fig. 2(d) is
1. That is, we wish to argue that for all of tievalued structures that structutg from
Fig. 2(d) represents, the value of the forma . next2xurr Must bel.

We reason as followsS represents a list with at least two nodes; i.e., 2dvalued
structures represented Iy have at least two nodes. One nodé, corresponding ta:;
in S, is pointed to by program variabbe. The other node, corresponding to the summary
nodeus, must be reachable from. Consider the sequence of nodes reachable fkom
starting Withui. Denote the first node in the sequence that embedsu'mtlyug. By the
definition of reachability, there must be arink to ug from a node embedded intq. But
the integrity rules guarantee that there is exactly one nitd¢ embeds inta;, hamely,
ui Therefore, the formula(vy) A n(v1, v2) holds for[v; — ui,w — ug].

Note that this formula will be evaluated g2 by TVLA, because(v1) A n(v1,vz2)
evaluates td /2 under the assignmefit; — w1, v2 — us]: the compositional semantics
yieldsz(u1) A n(ug,uz) =1A1/2=1/2.

Notice that Definition 4.1 does not provide a constructivey wa compute{p) (X )
because/(X) is usually an infinite set.

Computing Supervaluational Semantics using Theorem Provs. If an appropriate the-
orem prover is at hand(y))(S) can be computed with the procedure shown in Fig. 5.
This procedure is not an algorithm, because the theoremeproight not terminate. Ter-
mination can be assured by using standard techniques fegng the theorem prover
return a safe answer if a time-out threshold is exceeded)eatdst of losing the abil-
ity to guarantee that a most-precise result is obtainedhdfqueries posed by operation
Super val uat i on can be expressed in a decidable logic, the algorithm for crimg
supervaluation can be implemented using a decision proedduthat logic. In Section 5,
we discuss such decidable logics that are useful for sheglgsas

ACM Transactions on Computational Logic, Vol. V, No. N, J2Q06.



Logical Characterizations of Heap Abstractions : 17

5. APPLICATIONS

The experiments discussed in this section demonstrate hew bperation can be har-
nessed in the context of program analysis: the results ibescbelow go beyond what
previous systems were capable of. In Section 5.1, we didgtessse existing theorem
provers and their limitations. In Section 5.2, we suggestg t® overcome these limita-
tions, using decidable logic.

We present two examples that dsto read out information fror@-valued structures in a

conservative, but rather precise way. The first example dsirates how supervaluational
semantics allows us to obtain more precise information fadi¥valued structure than we
would have using compositional semantics. The second eeathepnonstrates how to use
the 3-valued structures obtained from a TVLA analysis to cortteuloop invariant; this
is then used to show that certain properties of a linked dat@tsre hold on each loop
iteration. In addition, we briefly describe heywcan be used in algorithms for computing
most-precise abstraction operations for shape analy#slly; we report on other work
that employsy to generate a concrete counter-example for shape analysis.
Remark. The7 operation defines a symbolic concretization with respegigiven abstract
domain. In Section 3, we definédfor the abstract domain of sets &fvalued structures.
In Appendix A, we describe a related abstract domain and el&ffor it. The applications
described in this section can be used with any domain forlwhis defined in some logic
and a theorem prover for that logic exists. In our examplesysey defined in Section 3
and the first-order logic with transitive closure.

5.1 Using the First-Order Theorem Prover SPASS

The TVLA ([Lev-Ami and Sagiv 2000]) system performs an itéra fixed-point compu-
tation, which yields at every program pojna setX,, of bounded structures. It guarantees
that v(X,) is a superset of the-valued structures that can arisepain any execution.
We have implemented thigoperation in TVLA, and employed SPASS [Weidenbach ] to
check, using the formuk(X,,), that certain properties of the heap hold at program point
Also, we implemented the supervaluational procedure de=tiin Section 4, employing
SPASS. The enhanced version of TVLA generates the form{#g and makes at most
two calls to SPASS to compute the supervaluational value gdiexy ¢ in structureS.
In this section, we report on our experience in using SPASStha problems we have
encountered.

First, calls to SPASS theorem prover need not terminateausecfirst-order logic is
undecidable in general. However, in the examples deschbémv, SPASS always termi-
nated.

ExampPLE 5.1. In Example 4.1 we (manually) proved that the supervaluatioalue
of the formulapy . next2vurL ON the structures from Fig. 2(d) isl1. To check this automati-
cally, we used SPASS to determine the validity(6f) = ¢y next2wuir; SPASS indicated
that the formula is valid. This guarantees that the formpla, sext v €valuates td on
all of the2-valued structures that embed info

In contrast, TVLA uses Kleene semantics¥aralued formulas, and will evaluate the
formulayy —nextvurr, t0 1/2: under the assignmeifit; +— ui, v2 — ual, z(v1)An(vi, v2)
evaluates td A 1/2, which equald /2.

5.1.1 Generating and Querying a Loop Invarian®Ve used TVLA to compute, for
each program poinp, a setX, of bounded structures that overapproximate the set of
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stores that may occur at that point. We then generaféd,). Because TVLA is sound,
~(X,) must be an invariant that holds at program pginaccording to Theorem 3.8. In
particular, wherp is a program point that begins a loof{,X ) is a loop invariant.

ExampPLE 5.2. LetX = {S; |i =1,...,5} denote the set of fivvalued structures
that TVLA found at the beginning of the loop in theser t program from Fig. 2. Table Il
and Table Il of Appendix C show th& and their characteristic formulas. The loop
invariant is defined by

5
0 = Frise A\ €9)
=1
Using SPASS, this formula was then used to check that in streisture that can occur
at the beginning of the loop, points to a valid list, i.e., one that is acyclic and unshared
This property is defined by the following formulas:

acyc, = Yoy, vy : 7 (v1) Ant(v1,v0) = —nt(vg, v1)
uns, = Vu: re(v) = =(Jwi, we: —eq(wr, ws) A n(wi,v) An(ws,v))

list, = acyc, Auns,

We applied SPASS to check the validity f) = list,; SPASS indicated that the formula
is valid”

In addition to the termination issue, a second obstacleasSFPASS considers infinite
structures, which are not allowed in our settfhghs a consequence, SPASS can fail to
verify that a formula is valid for our intended set of struets; however, the opposite can
never happen: whenever SPASS indicates that a formulaids itak indeed valid for our
intended set of structures.

ExXAMPLE 5.3. We tried to verify that every concrete linked-list represenby the3-
valued structureS from Fig. 2(d) has a last element. This condition is exprédsethe
formulay;,st & Ju, Vo -n(v1,v2). The supervaluational value gf,,; on a structure
S'is {¢)(S) = 1, for the following reasons. Becausg has the definite valug on u,
in S, all concrete nodes represented by the summary nedaust be reachable from.
Thus, these nodes must form a linked list, i.e., each of twserete nodes, except for one
node that is the “last”, has am-edge to another concrete node represented.hyThe
last node does not have arredge back to any of the nodes represented.hybecause
that would create sharing, whereas the value of predi¢aia S is 0 onus. Also, the last
node cannot have an-edge to the concrete node representedubybecause the value
of predicaten on the pair{us, u1) in S is 0. Therefore, the last element cannot have an
outgoingn-edge.

We used SPASS to determine the validity[@f) = ¢iqs:; SPASS indicated that the
formula isnot valid, because it considered a structure that has infinitaBny concrete
nodes, all represented hys. Each of these concrete nodes hasiaedge to the next node.

The validity test of the formul@(S) = —,,s: failed, of course, because there exists
a finite structure that is represented 5y(and thus satisfie§(S)) and has a last element.

7TSPASS input is available frommwy. ¢s. t au. ac. i |/ ~gr et ay.
80ur intended structures are finite, because they represemiony configurations, which are guaranteed to be
finite, although their size is not bounded.
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Fig. 6. SPASS takes into account structures in whichtthepredicate overapproximates the predicate, such
as the structure shown in this figure.

For example, the structure in Fig. 2(a) that represents adissize2. Therefore, the pro-
cedure Supervaluatidm,,s:, S) implemented using SPASS retuin?, even though the
supervaluational value af;,s: on S'is 1.

The third, and most severe, problem that we face is that SRARBS not support tran-
sitive closure. Because transitive closure is not expoéssn first-order logic, we could
only partially model transitive closure in SPASS, as ddssatibelow.

SPASS follows other theorem provers in allowing axioms tpress requirements on
the set of structures considered. We used SPASS axioms tel imberity rules. To par-
tially model transitive closure, we replaced uses 6fv;, v2) by uses of a new designated
predicatet[n](v1, v2). Therefore, SPASS will consider some structures that doeyre-
sent possible stores. As a consequence, SPASS can faiifythat a formula is valid for
our intended set of structures; however, the opposite ceerit@ppen: whenever SPASS
indicates that a formula is valid, it is indeed valid for ontanded set of structures. To
avoid some of the spurious failures to prove validity, we edldxioms to guarantee that
(i) t[n](v1, vo) is transitive and (ii¥[r](v1,v2) includes all ofn(v1, ve); thus,t[n](vy, v2)
includes all ofn™ (v, v2). Because transitive closure requires a minimal set, wisictot
expressible in first-order logic, this approach providesasér set of integrity rules than
we would like. However, it is still the case that whenever SBAndicates that a formula is
valid, it is indeed valid for the set of structures in whigh](vy, v2) is exactlyn™ (vy, v2).

EXAMPLE 5.4. SPASS takes into account the structure shown in Fig. 6, ichnthie
value oft[n](u1, u3) is 1, but the value ofi ™ (u1, u3) is 0 because there is ne-edge from
uo 10 ug.

Remark. For practical purposes, the success of using symbolicadsttiepends on hav-
ing a terminating theorem prover. We have successfully 88#&5S as part of a prototype
implementation of therssume operation (Section 5.3), and the path-pruning optimiza-
tion for counter-example generation (Section 5.4). Altjothese experiments are rather
preliminary, we believe that this approach can be made t&k\wopractice. For exam-
ple, there has been some recent progress in using SPAS&Jimglthe use of transitive
closure [Lev-Ami et al. 2005]. Also, we have investigatedamplementary approach,
discussed in Section 5.2.

5.2 Decidable Logic

The obstacles mentioned in Section 5.1 are not specific t&SPAhey occur in all theo-
rem provers for first-order logic that we are aware of. To addithese obstacles, we are
investigating the use of a decidable logic. To reason atwoked data structures, we need

ACM Transactions on Computational Logic, Vol. V, No. N, J2Q06.



20 . G.Yorsh et al.

a notion of reachability to be expressible, for exampleng$ransitive closure. However,
a logic that is both decidable and includes reachabilitytrhadimited in other aspects.

One such example is the decidable second-order theory cuamessorg/S29Rabin
1969]; its decision procedure is implemented in a tool caNdONA [Henriksen et al.
1996]. Second-order quantification suffices to expresshadality, but there are still two
problems. First, the decision procedure WG2Ss necessarily non-elementary [Meyer
1975]. SecondWS2Sonly applies to trees, or, equivalently, to function grapii®phs
with at most one edge leaving any vertex).

Another example iFFA(TC, f!), which is a subset of first-order logic with transitive
closure, in which the following restriction are imposed onnfiulas: (i) they must be in
existential-universal form, and (ii) they must use at mostrale unary functiory, but
can use an arbitrary number of unary predicates. [Immerrhah 2004a] shows that the
decision procedure for satisfiability afA(TC, f*) is NEXPTIME-complete.

In spite of their limitations, botWS2Sand EA(TC, f!) can be useful for reasoning
about shape invariants and mutation operations on datatstes, such as singly and dou-
bly linked lists, (shared) trees, and graph types [Klarland Schwartzbach 1993]. The
key is thesimulation technigu@immerman et al. 2004b], which encodes complex data-
structures usingractablestructures, e.g., function graphs or simple trees, whereame
reason with decidable logics.

For example, given a suitable simulation,formula can be expressed \WS2Sand
EA(TC, f') if the integrity formulaF can. This follows from the definition &f in Eq. (9)
and the fact tha¢® does not contain quantifier alternation. This make$(7C, f!) and
WS2Sandidate implementations for the decision procedure us#te supervaluational
semantics and in the algorithms described below.

5.3 Assume-Guarantee Shape Analysis

The 7 operation is useful beyond computing supervaluationalasgits: it is a neces-
sary operation used in the algorithms described in [Yorshl.2004; Reps et al. 2004].
These algorithms perform abstract operations symbaojitgirepresenting abstract values
as logical formulas, and use a theorem prover to check talkdithese formulas. These
algorithms improve on existing shape-analysis technitpyes

—conducting abstract interpretation in the most-prea@shibn, improving the technique
used in the TVLA system [Lev-Ami and Sagiv 2000; Sagiv et 802], which provides
no guarantees about the precision of its basic mechanisms.

—performing modular verification using assume-guarargasaning and procedure spec-
ifications. This is perhaps the most-exciting potentialigagion ofy (andEA(TC, f1)
logic), because existing mechanisms for shape analysisdimg TVLA, do not support
assume-guarantee reasoning.

5.4 Counter-example Generation

Some preliminary work to use the techniques presented snpiduper to improve the ap-
plicability of TVLA has been carried out. The tool descriiad[Erez et al. 2003; Erez
2004] uses thé operation to generate a concrete counter-example for anfpaterror
message produced by TVLA for an intermediatealued structures' at a program point
p. Such a tool is useful to check if a reported error is a rearesr a false-alarm, i.e., it
never occurs on any concrete store.
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Generation of concrete counter-examples frémroceeds as follows. Firsg is con-
verted to the formulg(S). Then, the tool uses weakest precondition to generate aifarm
that represents the stores at the entry point that lead txesugon trace that reaches
with a store that satisfieg .S). Finally, a separate tool [McCune 2001] generates a caacret
store that satisfies the formula for the entry point.

6. RELATED WORK

There is a sizeable literature structure-description formalisnfer describing properties
of linked data structures (see [Benedikt et al. 1999; Sagial.e2002] for references).
The motivation for the present paper was to understand thesgive power of the shape
abstractions defined in [Sagiv et al. 2002].

In previous work, Benedikt et al. [Benedikt et al. 1999] skavhow to translate two
kinds of shape descriptors, “path matrices” [Hendren 138hdren and Nicolau 1990]
and the variant of shape graphs discussed in [Sagiv et aB]1Bf0 a logic calledL,
(“logic of reachability expressions”). The shape graplosf{Sagiv et al. 1998] are also
amenable to the techniques presented in the present papesharacteristic formula de-
fined in Eq. (8) is much simpler than the translatiori.togiven in [Benedikt et al. 1999];
moreover, Eqg. (8) applies to a more general class of shapeipiess. However, the logic
used in [Benedikt et al. 1999] is decidable, which guaratkat terminating procedures
can be given for problems that can be addressed using

The Pointer Analysis Logic Engine (PALE) [Mgller and Schtzhach 2001] provides
a structure-description formalism that serves as an &ssdahguage; assertions are trans-
lated to second-order monadic logic and fed to MONA. PALEsdnet handle all data
structures, but can handle data structures describabtajpls types [Klarlund and Schwartzbach
1993]. Because the logic used by MONA is decidable, PALE &rgnteed to terminate.

One point of contrast between the shape abstractions baskdalued structures stud-
ied in this paper and both, and the PALE assertion language is that the powerset of
3-valued structures forms an abstract domain. This meansg-taued structures can be
used for program analysis by setting up an appropriate ssfutions and finding its fixed
point [Sagiv et al. 2002]. In contrast, when PALE is used fagpam analysis, an invariant
must be supplied for each loop.

Other structure-description formalisms in the literatimelude ADDS [Hendren et al.
1992] and shape types [Fradet and Metayer 1997].

The supervaluational semantics for first-order logic déseudl in Section 4 is related to a
number of other supervaluational semantics for partiatlgnad3-valued logics discussed
in the literature [van Fraassen 1966; Blamey 2002; Brunszoakfroid 2000]. Compared
to previous work, an innovation of Fig. 5 is the usejofo translate 8-valued structure
to a formula. In fact, Fig. 5 is an example of a general redmnésk strategy for providing
a supervaluational evaluation procedure for abstract ¢y using existing logics and
theorem-provers/decision-procedures.

A recent work [Kuncak and Rinard 2003a], which is an abbtedaersion of a more
extensive presentation of the results reported in [KuncaekRinard 2003b], provides an
alternative characterization 8fvalued structures using logical formulas, equivalenh® t
characterization presented in the present paper. Themgseer, which extends and elab-
orates on the results of [Yorsh 2003], unlike [Kuncak anddRir?003a; 2003b], reports on
experience and algorithmic issues in using logical charagtion of structures for shape
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analysis; this material is important because shape asakysie primary motivation and
the intended application of this paper, as well as [KuncakRimard 2003a; 2003b]. Also,
Section A.4 of the present paper gives a simple semantiecragtifor the property of clo-
sure under negation, shown in [Kuncak and Rinard 2003b]guaidifferent formalism.
The technical similarities and differences between thewwdks are described in a note
available frommmv. cs. tau. ac. il / ~gretay.

7. FINAL REMARKS

In [Reps et al. 2004], we discuss how to perform all operati@yuired for abstract in-
terpretation in the most-precise way possible (relativihéoabstraction in use), if certain
primitive operations can be carried out, and if a sufficiepthwerful theorem prover is at
hand. Chief among the primitive operations that must belaviai is7; thus, the material
that has been presented in this paper shows how to fulfillehairements of [Reps et al.
2004] for a family of abstractions based 8+valued structures (essentially those used in
our past work [Sagiv et al. 2002] and in the TVLA system [Lemnifand Sagiv 2000]).

In ongoing work, we are investigating the feasibility of@aity applying the techniques
from [Reps et al. 2004] to perform abstract interpretatmrabstractions based 8rvalued
structures. This approach could be more precise than TVicabee, for instance, it would
take into account in a first-class way the integrity formulthe abstraction. In contrast, in
TVLA some operations temporarily ignore the integrity farian, and rely on later clean-up
steps to rectify matters.

Another step can be taken in this direction, which is to elmté the use of-valued
structures, and directly carry out fixed-point computagiomer logical formulas.

We are also investigating the feasibility of using the ressfrbm this paper to develop a
more precise and modular version of TVLA by usiagsume-guarantgeasoning [Yorsh
et al. 2004]. The idea is to allow arbitrary first-order folamiwith transitive closure to
be used to express pre- and post-conditions, and to andigzeode for each procedure
separately.

ELECTRONIC APPENDIX

The electronic appendix for this article can be accessetei\CM Digital Library by vis-
iting the following URL: ht t p: / / www. acm or g/ pubs/ ci tati ons/j ournal s/ tocl/2006-V-N pl-URLe
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A. CHARACTERIZING CANONICAL ABSTRACTION BY FIRST-ORDER FOR-
MULAS

This section defines an alternative abstract domain for mshape analysis (and other
logic-based analyses). This domain keeps more expligtinétion than the one in Sec-
tion 2.4 and enjoys nice closure properties (see Section Alds domain uses a particular
class of embedding functions that are defined by a simpleatipar calledcanonical ab-
straction which map-valued structures into a limited subset of bounded strestu

A.1 Canonical Abstraction

Canonical abstraction was defined in [Sagiv et al. 1999] asbatraction with the follow-
ing properties:

—It provides a uniform way to obtaiB-valued structures of a priori bounded size. This
is important to automatically derive properties of progsawith loops by employing
iterative fixed-point algorithms. Canonical abstracticap®concrete nodes into abstract
nodes according to the definite values of the unary predicate

—The information loss is minimized when multiple nodesSoare mapped to the same
node inS’,

This is formalized by the following definition:

Definition A.1. A structureS’ = (U°",.5") is acanonical abstractionof a structure
S, if § Ceanenical G \wherecanonical : U® — U® is the following surjective mapping:

canonical(w) = U{pep, |15 (p) (u)=1},{peP1 |1 (p) (u)=0} (11)
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provided that the copies are not made or distributed forfpwoiommercial advantage, the ACM copyright/server
notice, the title of the publication, and its date appead aotice is given that copying is by permission of the
ACM, Inc. To copy otherwise, to republish, to post on serversto redistribute to lists requires prior specific
permission and/or a fee.
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and, for everyp € Py, of arity k,

S,(p)(ullv""u;c): |_| /’S(p)(ula""uk) (12)

u; € US7 s.t.
’
canonical(u;) = u; e U’ S
1<i<k

L

We say thatS’ = canonical(S).

The name & ,ep, |15 (p)(u)=11},{peP1 |15 (p)(w)—0} 1S KNOWN as thecanonical nameof
nodewu. The subscript on the canonical namewinvolves two sets of unary predicate
symbols: (i) those that are true@atand (ii) those that are false at

ExamPLE A.l. In structureS from Fig. 2, the canonical names of the nodes are as
follows:

Node | Canonical Name

Ul | Wa,re} {ytiesis,ry.re,re}
U2 Ufr Y {z,y,te,is,ry,re,me
In the context of canonical abstractiof,shown in Fig. 2 representS, and S., but not
S,; i.e., S represents lists that are pointed to bythat have at least three nodes, but it
does not represent a list with just two nodes. The reasoraisdiedicates: andeq have
indefinite values ity but a list with only two nodes cannot have bothind1 values for the
corresponding entries, as required for minimizing infotina loss as defined in Eq. (12).
In contrast, according to the abstraction that relies on eaing, defined in Section 2.4,
S represents lists with two or more elements.

To characterize canonical abstraction, we define the s&tvafued structures that are
“images of canonical abstractionfQ@A), i.e., the results of applying canonical abstraction
to 2-valued structures.

Definition A.2. Image of canonical abstraction (CA) StructureS is anlICA if there
exists a&2-valued structures such thatS is the canonical abstraction 6f.

Concretization of 3-Valued Structures. Canonical abstraction allows us to define the
(potentially infinite) set oR-valued structures represented by a sei-whlued structures,
that arelCA

Definition A.3. Concretization of ICA Structures For a set of structure¥ C 3-STRUCTP],
that arelCA structures, we denote by.(X) the set of2-valued structures that” repre-
sents, i.e.,

(X) = S% € 2-STRUCTP] | existsS € Xsuch that
7el2) =\ S'is the canonical abstraction 6f and S = F

Also, for a singleton seX = {S} we write~.(S) instead ofy.(X).

(13)

The abstract domain is the powersetlGA structures, where the order relation is set
inclusion. Note that this abstract domain is finite, becathsee is a finite number of
different ICA structures (up to isomorphism). Denoteythe extension of the abstraction
function canonical to sets. This defines a Galois connection, v.) between sets dI-
valued structures and setsI@fA structures.

9Eq. (12) is called théight-embeddingondition in [Sagiv et al. 2002].
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A.2 Canonical-FO-Identifiable Structures
We define the notion of canonical-FO-identifiable nodesgisamonical abstraction rather
than embedding, which was used for the notion of FO-idebtd#iaodes in Definition 3.1.

Definition A.4. We say that a nodein a3-valued structuré is canonical-FO-identifiable
if there exists a formula nodéw) with designated free variabte, such that for everg-
valued structures?, if S is the canonical abstraction 8f, i.e.,S% € v.(S), then for every

concrete node‘ € US":
canonical(u?) = u < S%, [w — u*] = node’ (w) (14)

S is called canonical-FO-identifiable if all the nodesSrare canonical-FO-identifiable.

We can also prove Lemma 3.2 for the case of canonical abisinaetther than embed-
ding.
A.3 Characterizing Canonical Abstraction
An ICA structure is always a bounded structure, in which all nyliard unary predicates
have definite value¥. This is formalized by the following lemma:

LEMMA A.5. If 3-valued structureS = (U*, %) over vocabularyP is ICA then:

(). Sis a bounded structure.
(ii). For each nullary predicate, .°(p)() € {0,1}.
(iii). For each element, € U and each unary predicatg :° (p)(u) € {0,1}.

The following lemma shows th&€CA structures are canonical-FO-identifiable:

LEMMA A.6. Every3-valued structures that is anlCA is canonical-FO-identifiable,
where

node (w) £ A p” ) (w) (15)

pEP1

Using this fact, we can define a formutd that accepts exactly the set dfvalued
structures represented Iy under canonical abstraction. The formutd is merely ¢
with additional conjuncts to ensure that the informatiosslis minimized, i.e., for every
predicatep and everyl/2 entry of p, the 2-valued structure has both a corresponding 1
entry and a corresponding O entry.

Definition A.7. First-Order Characteristic Formula for Canonical Abstrac tion Let
3-valued structureéd = (U? 1) be an ICA.
For a predicate of arity », we define the closed formula fpr

S def El’(Ul,---,wr:/\;:l nOdQ?."(wj)/\p(wlaawT)
T [p] = /\ A Jwy,...,w.: N_,node (w;) A —p(wi,. .., w,.)
{u/l,...,uﬁ‘}gUS Jj=1 ’ J
S.t.LS(p)(u,l.,...,u:‘):1/2

(16)

10if not all unary predicates are defined as abstraction paetic then the result may be a bounded structure of
the less restrictive kind mentioned in Section 3.1. Alsaryrpredicates that are not abstraction predicates may
have indefinite values.
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The formula ofS is defined by:

mazR

mESA NN ) (17)
r=2 peP,
Thecharacteristic formula for canonical abstraction of a set é | CA structures X C
3-STRUCTP] is defined by

Fe(X)=Fn(\ 7 (18)
sex
Also, for a singleton seX = {S}, whereS is anICA structure, we writé.(S) instead of
Ve (X).
ExAMPLE A.2. The characteristic formula for canonical abstraction oétstructure
S shown in Fig. 2(d) is:

5(S) =A(S)
A Jwy, ws : NOdE, (wr) A node;,
A Jwi,ws : nodqfl wy) A nodegz
A Jwi,ws : nodqu wy) A nodegz
AN
A

(w1)
(w1)
(w1)
Jwq,ws : nodqu (w1) A nodegz
(w1)
(w1)

wa) A n(wy, ws)
wa) A —n(wy, ws)
wa) A n(wy, ws) (19)
wa) A —n(wy, ws)
Jwq,ws : nodqu wy) A nodegz )
A Fwi,ws : nodqu wy) A nodegz

wa) A eq(wy, w2)
wa) A —eq(wi, w)

N N N N S

where(S) is given in Example 3.3. As explained in Example &.Hoes not represent
a list of two nodes; the correspondigvalued structures,, shown in Fig. 2(a), does not
satisfy Eq. (19), because the last four lines cannot befeediby any assignment i),.

Remark. The formular® does not contain quantifier alternation and transitiveuies
Therefore}y. is in Existential-Universal normal form (and thus decidghhenever is
in Existential-Universal form and does not contain tramsitlosure.

THEOREM A.8. For every3-valued structureS that is anlCA and2-valued structure
St

S* € u(S) iff 5% = 3.(S)

A.4 Closure Properties of ICA Structures

This section gives a simple semantic proof that the classrafidilas that characterize ICA
structures is closed under negation. This result was shojuncak and Rinard 2003b]
using a different formalism.

From Eqg. (12) it follows that for two distinct ICA structureés and Sa, 7.(S1) N
v.(S2) = @. Intuitively, each2-valued structure can be represented by exactly one ICA
structure. This implies that the complement of the conzagitn of an ICA structure can
be represented precisely by a finite set of ICA structures.

Denote byD the set of alR-valued structures that satisfy the integrity formélaD £
{S% € 2-STRUCTP] | S% |= F}.

LEMMA A.9. LetS be an ICA structure. There exists a set of ICA structu¥esuch
thaty.(X) = D ~\ 7.(9).
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This can be reformulated using Theorem A.8 in terms of charetic formulas for ICA
structures. This shows that the class of formulas that cheriae canonical abstraction is
closed under negation, in the following sense:

LEMMA A.10. Consider the formula® from Eq. (17), for some ICA structur§.
There exists a set of ICA structurég, such that the formuld A —7° is equivalent to
the formulay,.(X).

Remark. Note that Lemma A.9 and Lemma A.10 do not hold for boundedtgires using
~, described in Section 3.1, insteadf The reason, intuitively, is that son?evalued
structures can be represented by more than one boundetlistruc

For example, consider tteevalued structuré,, from Fig. 2, which denotes a linked-list
of length exactly2. It is in the concretization of two differer-valued structures: the
first is S, itself, considered as 2-valued structures’ (that represents a singfevalued
structurery(S’) = {S.}); the second is the structugefrom Fig. 2.

For the purpose of this example, assume that the integnitpdta F' (that definesD)
requires that all elements be reachable fronin addition to the integrity formuld’;,
from Example 2.2. The complemeit= D « ~(S') = D \ S, is the set that contains
an empty linked list, a linked list of length, and linked lists of lengtl3 or more. The
representation of is a setX of bounded structures. To capture linked lists of lerytr
more, X must contain &-valued structuré& from Fig. 2. Howevery(.S) includes a list of
length2 as well, denoted by, which is not inC. Therefore X cannot contairf, and a
contradiction is obtained.

B. CHARACTERIZING GENERAL 3-VALUED STRUCTURES BY NP FORMU-
LAS

In this section, we show how to characterize gengnadlued structures.

B.1 Motivating Example

If the input structure is FO-identifiable, Theorem 3.8 epsuthat the result of operatign
precisely captures the concretization of the input stmectihe purpose of this example is
to show what happens if we apply theoperation, as defined in Section 3, to a structure
that is not FO-ldentifiable. Whesi is not FO-identifiabley(.S) only provides a sufficient
test for the embedding @fvalued structures ints.

ExAMPLE B.1l. The3-valued structures shown in Fig. 3 describes undirected graphs.
We draw undirected edges as two-way directed edges. Thistste uses a set of pred-
icatesP = {eq, f,b}, where f(v1,v2) and b(vs, v1) denote the forward and backward
directions of an edge between nodesandwvs,.

When Eq. (8) is applied to tievalued structures shown in Fig. 3, we get

/\?Z1 Fv: nodei (v)

A Yw: V2 nodé (w)

Vawy, wy : N\gs;(NOdE, (w1) ANode, (wa) = f1/2(wr, ws))
Vg, wy : \yz;(NOdE, (w1) ANode, (wz) = b2 (wy, ws))
Ywr,wz : \J_, (nod€ (w1) A node (w2) = b0 (wr,ws))
Ywi, wo : \_, (nod€], (w1) A node;, (ws) = (w1, ws))

ACM Transactions on Computational Logic, Vol. V, No. N, J2Q06.
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Because this example does not include unary predicatesgtfieformula given in Lemma 3.6
evaluates td on all elements. Hence, Eq. (20) can be simplified to:

/\fz1 Jv:1l

A Yw : \/?:1 1

A\ le,wgz/\k#j(l/\lél)

A\ V’wl,wgi/\]g#j(l/\12>1)

AN le,wg : Ai:l(]‘ ANl = _‘b(wl, U)Q))

A Ywi,we s N (A1 = —f(wr,wa))
After further simplification, we get the formufav; , wo : = f (w1, we) AVwy, wo : =b(wq, ws).
The simplification is due to the fact that the implication ig. E7) unconditionally holds
for all pairs of distinct nodes, becaugeandb evaluate tol /2 on those pairs, except for
the requirement imposed by the absence of self-loogs in

This formula is only fulfilled by graphs with no edges, whioh @bviously3-colorable.
But this formula is too restrictive: it does not capture so3neolorable graphs.

B.2 Characterizing General 3-Valued Structures

Existential monadic second-order formulas are a subseagihfs second-order formulas
[Fagin 1975], named NP formulas, which capture NP compariatiA formula in existen-
tial monadic second-order logic has the form:

Vi, Ve, Vit

where theV; are set variables, andis a first-order formula that can use membership tests
in V;. We show that in this subset of second-order logic, the chariatic formula from
Definition 3.7 can be generalized to handle arbitrd&malued structures using existential
quantification over set variables (with one set variablesfach abstract nodé).

Definition B.1. NP Characteristic Formula Let S = (U = {uq,uq,...,u,},t) be a
3-valued structure.
We define the following formula to ensure that the sets areampty:

é.SOn_empty [Z] = Jw; nOdéi (wl) (21)
We define the following formula to ensure that the détsV; are disjoint:

gdsisjoint[kaj] = vwla w2 : nOdék (wl) A nOdéj (wQ) = _‘eQ(wlv ’LUQ) (22)
TheNP characteristic formula of S is defined by:

55 d:ef E”/l’ T Vn : /§I:1 gfon_empty [Z] A /\Iq;éj g¢Aigisjoim£ [k7 ]]
A gt tal
ota 23
A é.Sullar ( )
AN INETT Nper, 65[9)

where&s, 1, &5 ary» € [p) are defined as in Definition 3.7, except that ripde the NP

formula nodéi (w) £ (w € V;). (Here, we abuse notation slightly by referringitpin

11 This result is mostly theoretical. In principle, this entaglfalls into monadic-second order logic, which is
decidable if we restrict the concrete structures of intdresees. However, we have not investigated this direction
further.
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nodei (w). This could have been formalized by passing. . ., V,, as extra parameters to

node’ .)
TheNP characteristic formula of a finite setX C 3-STRUCT[P] is defined by:
ne(X)=FA(\/ ¢%) (24)
sex

Finally, for a singleton seX = {S} we write7xp(5) instead ofjy p(X).

ExaMPLE B.2. After a small amount of simplification, the NP characteddtrmula
¢ for the graph shown in Fig. 3 is:

IV, Ve, Va: AL Buw :w € V) (i)
N Ppgj Vi, w o (w1 € Vi ANwg € V= =eq(wy, w2)) (i%)
AVw: o weV, (iid)
A Yw,ws : A?:l(/\jzl,Q w; € Vi = —e(wy,ws) A —e(ws,wr)) (iv)

In this formula,V, V,, and Vs represent the three color classes. Line by line, the formula
says: (i) each color class has at least one member; (ii) therccasses are pairwise
disjoint; (iii) every node is in a color class; (iv) nodes ihet same color class are not
connected by an undirected edge.

The following theorem generalizes the result in Theoremf@:&n arbitrary3-valued
structureS, using NP-formulayy p(S) to accept exactly the set @fvalued structures
represented by.

THEOREM B.2. For every3-valued structureS, and2-valued structures®:
S* € ~(9) iff S* = AN p(S)

C. GENERATING AND QUERYING A LOOP INVARIANT

Table Il and Table 11l show the structures and the charastteformulas for the experiment
described in Example 5.2.

It is interesting to note that the size T2 is bigger than the size @f. This is natural
becauses, has more definite values, which impose more restrictions dna imposed by
S1.

D. PROOFS

LEMMA D.1. Consider the3-valued structureS shown in Fig. 3. For all2-valued
structuresC, C' can be embedded int®if and only if C can be colored using colors.
Proof of the if direction:Suppose that’ is 3-colorable, let be a mapping from the nodes
of C to the colors{1,2,3}. We define embedding functiofifrom C to S as follows:
f(u) = uc), i.e., anodes € C that has coloi is mapped ta,; € S. Itis easy to see
that f preserves predicate valuesSh because the only definite valuesS$nindicate the
absence of self-loops. It is preserved, because there aeges inC' with both endpoints
in the same color.

Proof of the only-if direction:Suppose that’ is embedded int& using f. We show
thatC is 3-colorable. For each nodec C, let the color of uc(u), be the name of the
corresponding node iff, i.e.,c(u) = f(u). The absence of self loops on any of the three
summary nodes guarantees that a pair of adjacent node<annot be mapped hy to
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Structure

CharacteristicFormula

node;? (w)
node;! (w)

z(w) A y(w) A =t(w) A —e(w)

re(w) A ry(w) A —ri(w) A —re(w) A —is(w)
—z(w) A —y(w) A —t(w) A —e(w)

re(w) Ary(w) A =rg(w) A —re(w) A —is(w)

51

Aiz1,2(3v : node;! (v)

Vo : V/;_y , nodé;? (w)

Vwi,wa : iy o nodefil (ws) =
—eq(wi, w2) A ~n(wsz, wi)
le,wg : /\i:I,Q nodeﬁ (wb) =
Neq(wi,w2) A n(wr, w2)

node;? (w)
node;2 (w)

> >

z(w) A —y(w) A —t(w) A —e(w)

re(w) A —ry(w) A =rg(w) A —re(w) A —is(w)
—z(w) A —y(w) A —t(w) A —e(w)

re(w) A ry(w) A —ri(w) A —re(w) A —is(w)

£52

> > > |

>

Aiz1,2(Fv : node;? (v))

Y : V;_ , n0dé;? (w)

Vw1, wsa : /\1-:1’2 nodei} (w;) =
—eq(wi, w2) A (w2, w1) An(wl,w2)
Vwi, w2t \jog o nodef} (w;) =
Negq(wi, w2) A ~n(wi, wa)

Vi, wa + \j_y 5 NOdERS (w;) =
Neq(wi, w2) A ~n(wi, ws)

node? (w)
node;3 (w)
node;? (w)

>0 >0 >

z(w) A —y(w) A —t(w) A —e(w)

ro(w) A 2y (w) A —rg(w) A —re(w) A —is(w)
—z(w) A y(w) A —t(w) A ~e(w)

ro (W) A ry(w) A —ri(w) A —re(w) A —is(w)
—z(w) A —y(w) A =t(w) A —e(w)

re(w) A ry(w) A =re(w) A —re(w) A —is(w)

€5

> >

Niz1,2.5(Fv : node;? (v))
Vs Vizy 5 n0GE? ()
Vaoy,wa : (A;_q 5 NOAES (w;) =
eq(wi,w2) A n(w,w2))
A (Ni=1,2 nodeﬁg (wi) =
eq(wi,w2) A n(w,ws2))
A (node? (w1) A node)? (ws) =
—eq(wy, w2) A n(wz, wr) An(wi,ws2))
A (nodei3 (w1) A nodes (w2) =
—eq(wi,w2) A n(wz,wr))
A (node? (w1) A node? (w2) =
—eq(wi,w2) A ~n(wsz,wi) A —n(wi,ws))

Table Il. (Continued in Table 1lI.) The left column shows tteuctures that arise at the beginning of the loop in
thei nsert program from Fig. 1(b). The right column shows the charéstierformula for each structure. Note

that we omit the redundant sub-formutsS[p], for p € P1, that are part o2, and nodé;’. (w) definitions.

the same summary node. That is, for any edg€ the endpoints must be mapped pyo
different summary nodes, thus they have different colors.

Lemma 3.2Let S be an FO-identifiable structure and let, u, € S be distinct individu-
als. LetS? be a 2-valued structure that embeds istand letu! € S%. At most one of the

following can hold, but not both:

(1) S% [w s uf] = node (w)
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Structure

CharacteristicFormula

YTz, Ty T, Ty

node; 1 (w)
node? (w)
node3 (w)

node; 4 (w)

z(w) A —y(w) A =t(w) A —e(w)

re(w) A =ry(w) A =rg(w) A —re(w) A —is(w)
—z(w) A —y(w) A —t(w) A —e(w)

re(w) A =ry(w) A =re(w) A —re(w) A —is(w)
—z(w) A y(w) A =t(w) A —e(w)

Tz (W) Ary(w) A —ri(w) A —re(w) A —is(w)
—z(w) A —y(w) A —t(w) A —e(w)

ro(w) A ry(w) A —re(w) A —re(w) A —is(w)

&

S>> (>0 >0 >0 >1

Ywi,ws :

/\izl,___A(EhJ : nodlﬁ:1 (v))

Vw: Vs, 4 nodei! (w)

(Ni=1,2 node? (w;) =

eq(wi, w2) A —n(wi,w2))

(Ni=1,2 ”°d‘£§ (w;) =

eq(wi,w2) A n(wi,ws))

(node;? (w1 ) A noded (w) =

—eq(wi, ws) A —n(w2,w1))

(node? (w1) A nodejd (ws) =
—eq(wi,w2) A ~n(waz,w1))

(node? (w1) A nodeid (ws) =
—eq(wi,w2) A “n(wz,wr) A —n(wi,ws2))
(node® (wy) A nodeis (w2) =
—eq(wi,w2) A —~n(wz,wr))

(node;? (w1) A node? (w) =
—eq(wi,w2) A “n(wz, wr) A n(wy,ws))
(node? (w1) A nodei? (ws) =
—eq(wi,w2) A ~n(wz,w1) A n(wi,ws))

..g@

Y, Tz, Ty

node;? (w)
node;s (w)
nodefg (w)

z(w) A —y(w) A —t(w) A —e(w)

re(w) A =ry(w) A =re(w) A —re(w) A —is(w)
—z(w) A —y(w) A —t(w) A —e(w)

re(w) A =ry(w) A =rg(w) A —re(w) A —is(w)
—z(w) A y(w) A =t(w) A —e(w)

re (W) Ary(w) A —rg(w) A —re(w) A —is(w)

€%

>> >0 >0 >

Ywi,ws :

Niz1,2,3(3v : node? (v))
Va1 V;_y 5 5 NOAET (w)

(Aizy o NOE (w;) =

eq(wi,w2) A n(wi,ws))

(/\5:1,2 nOdefé (w;) =

eq(wi, w2) A —n(wi,ws))

(nodes (w1 ) A nodels (w2) =
—eq(wi,w2) A ~n(wz,wr))

(node3 (wa) A Nodeis (ws) =
—eq(wi,w2) A ~n(wz,wr))

(nod(ﬁ?(wl) A nodefg (w2) =
—eq(wi,w2) A ~n(wz, w1) A n(w,ws))

Table III.

(2) S% [w s uf] = node (w)

PROOF. BecauseS? embeds intaS, there exists an embedding functignsuch that
S% T/ S. For the sake of argument, assume that both claims hold. Bipiben 3.1, we
get thatf(u?) = u; and f(u?) = uo; becausef is a function, we get that; = uy. This
yields a contradiction to the assumption thatandu, are distinct individuals. O

Table Il continued.

Lemma 3.4For every2-valued structures® and assignment

Sh.Z )zpB(vl,vg,...,

o) iff 5 (p)(Z(v1), Z(va), ..., Z(vx)) T B
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Proof of the if direction:Suppose that’* (p)(Z(v1), Z(v2),...,Z(vx)) C B. There are
two cases to consider: ( = 1/2 or (ii) L5 (p)(Z(v1), Z(v ) ,Z (v )) B.If B=
1/2, then by Definition 3.3p” (vy, vy, ..., v;) = 1 and thusS®, Z E pB(v1,v2,...,05)
forall Z. If B =1, then," P)(Z(v1), Z(v2), ..., Z(vg)) =1, thUSSu, Z = p(v1,v2,...,0k)
whichisS?, Z = p'(v1,va, . . ., v ) by Definition 3.3. Similarly, if B=0, then’’ P)(Z(v1), Z(v2),...,Z(vg)) =
0 implies thatS%, Z = —p(v1, vz, . .., vx) = p°(v1,v2, . .., vk).

Proof of the only-if directionAssume thaS?, Z = p®(vy, va, ..., vp). If B = 1/2, then
WS (p)(Z(v1), Z(v2),...,Z(vg)) C B trivially holds. If B = 0, apply Definition 3.3 to
the assumption to g&t*, Z |= —p(v1, v, . . ., vy ), Which implies

/5 (p)(Z(v1), Z(v2),...,Z(vg)) = 0 = B. Similarly, if B = 1, the assumption implies
S () (Z(0n), Z(va), ..., Z(v)) = 1 = B.

Lemma 3.6Every bounded-valued structures is FO-identifiable, where

node], (w) £ /\ p" @) (w)

pEP1

Proof: Consider a boundedtvalued structures = {U,“}. We shall show that every
elementu € U is FO-identifiable using the formula defined in Eq. (4). %tbe a2-
valued structure that embeds irfaising a functionf, and letu® be a concrete element in

Us. By Definition 3.1, we have to show that the following holds:
fu?) =u <= S [w+— u¥] E nodg (w)

Proof of the if direction:Suppose tha$?, [w — u!] }= node (w). In particular, each con-
junct of nodé must hold, i.e., for each predicates Py, 5%, [w — uf] = pt° @)@ (w).
Using Lemma 3.4 we get that” (p)(u?) T ¢5(p)(u). In addition, the embedding con-
dition in Eq. (1), requires, in particular, that for each gnaredicatep /S (p)(uf) C

2 (p)(f(u?)) holds. Letu; = f(u"). For the sake of argument, assume that# u.
Recall thatS is a bounded structure, in which every individual must hauaigue com-
bination of definite values of unary predicates. As a consrge, there must be a unary
predicatep such that(p)(uy) # ¢°(p)(u) and the value of on bothu; andu is defi-
nite. This yields a contradiction, becauseon definite values implies equality; however
o5 (p)(uf) = 5 (p)(u) and™” (p) (uf) = o5 (p)(f(u")) = +5(p)(us) can not hold simul-
taneously, by the assumption.

Proof of the only-if directionSuppose that (u?) = u. Using Eq. (1), the embedding func-
tion f guarantees that for each unary predigate®” (p)(u?) C 5(p)(f(u?)). This means
that S%, [w +— uf] = pbs(p)(f(“h))(w) by Lemma 3.4, 05%, [w — uf] = p @)@ (w) by
the assumption. This holds for all unary predicates, and ftmds for their conjunction as
well, namely, for the formula node

LEMMA D.2. Given a set of formulag’ and a3-valued structureS, if the “focus”
algorithm [Lev-Ami 2000, Sec.6] terminates, it returns & sestructuresX such that
~v(S) = v(X) and every formulg € F evaluates, using the compositional semantics, to
a definite value in every structure id, for every assignment. If the input structuses
FO-ldentifiable, then all structures iX are FO-Identifiable.

Proof: By induction on the iterations of the loop in the “f@€@lgorithm, it is sufficient to
show that the structures returned by the proce@fioeusAssi gnnment from [Lev-Ami
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2000, Fig.17] are FO-Identifiable. The only interestingecaswhen the input literal of
FocusAssi gnnent is of the formp(uy, ..., u). The resulting set of structures is
{So,51,5”} whereS, andS; are copies ofS with p(u1,...,u;) set to0 and1, respec-
tively. Thus, if S is FO-identifiable, therby and.S; are FO-identifiable.S” is a result
of splitting a nodeu; € S into ».0 andw.1, and setting(u1, . .., ux) to 0 on one of the
copies, and td on the other. To simplify the exposition, suppose that tret fiodeu; is
split. ThenS” is FO-identifiable using the formulas nq}{eu) for all u exceptu.0,u.1,
and

node y(w) = Jua, ..., vp.—p(w, vz, ..., v) ANOAE (w) A \;_, _, NOE, (v;)

.....

nodej.”l (w) e vg.p(w, v2, ..., UE) A nodng(w) A /\j:2,...,k nodejj (vj)
Theorem 3.8For every FO-identifiablg-valued structures, and2-valued structures®
5% € 7(9) iff 5% = (S)

Proof: In Lemma D.3, we show that the if-direction holds, rewehen S is not FO-
identifiable, i.e., every concrete structure satisfying tharacteristic formul&(S) is in-
deed imy(S). In Lemma D.4 we show the only-if part, i.e., for an FO-id&able structure,
the other direction is also true.

LEMMA D.3. LetS be afirst-order structure with set of individudls= {uy,us, ..., u,}.
Let nodéi (w) usedirry(S) be an arbitrary first-order formula free i, such that Lemma 3.2
holds. Then, for al5® such thaiS* |= 7(S), S% € v(S).

Proof: LetS% = (U*, /%) be a concrete structure such tisét|= 7(.S). We shall construct
a surjective functionf: U? — U such thatS% T/ S. Let Z% be an assignment over
v1,...,v, such thats®, Z% = o, wherep = A7 nod€ (v;), i.e., ¢ is the first line of
Eg. (8) without the existential quantification. Note thatZd(v;) are distinct, according to
Lemma 3.2. Define the functiof: U% — U by:

ug if Z%(v;) = uf
f(uf) = { wj ifforall i, Z%v;) # u* andu, is an arbitrary element such that (25)
S8 [w — uf] |= nod€, (w)

Let us show that every concrete elementis mapped to someetémd/. In the case that
Z(v;) = uf, the concrete element is mapped tai; € U by f. Otherwise, becaus# =
¢Stotal] holds, at least one of its disjuncts must be satisfied by eadte. S% [w +— uf]
must satisfy nod%_ (w) for someu;; thus f's definition will mapu® to thisu;. Therefore,
f(u?) is well-defined.

In addition, every elemeni; € U is assigned byf to some concrete elemeni €
U* such thatZ(v;) = u’. According to Lemma 3.2, all such elemenfsare different.
Therefore f(u?) is surjective.

Letp be a nullary predicate. BecauSe satisfiest” it must satisfy each conjunct,

nullary?

in particularS? |= p*°®0. Using Lemma 3.4 we get that’ (p)() T 5 (p)().
Letp € P be a predicate of arity > 1. Letu,u5, ..., ul € U% and let us show that
b
()i b uf) E S () (f (), f(u) o f(ud) (26)

Let Z be an assignment such théfw;) = uf fori =1,...,r. Because5® = ¢9p], we
conclude thatS?, Z satisfies the body of Eq. (7). Consider the conjunct of theylwith
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premise/\}_, node] . (w;). By definition of f, 5% w; u® satisfies nodjf;ug)(wj)

(uf)
forall j = 1,...,r, which means that the premise is satisfied¥yZ. Therefore, the
conclusion must holdS®, Z = pt™ () (@)t @i (. w,)) and the result follows
from Lemma 3.4.

LEMMA D.4. For every3-valued FO-identifiable structur§, and2-valued structure
S such thatS? = FandS® C S, S% = ¢5.

Proof: Letf: S* — S be a surjective function such th&t C/ S. Let uE be an arbitrary
element such tha;f(uf) = u;. Define an assignmet? such thatZ%(v;) = uE uE must
exist becaus¢ is surjective. Becausg is FO-identifiable, by Definition 3.1 we conclude
that for everyl < i < n, S, Z" = nod€] (v;). Becausef is a function, alk are distinct
elements, according to Lemma 3.2.

Becausef is a function, for every.? there isu such thatf(u?) = u. Then, by Def-
inition 3.1, S, [w — uf] = nod€ (w), i.e., every assignment to in S satisfies some
disjunct of&? . .. ThatisS® satisfiest; ;.

For every nullary predicate € Py, using Eq. (1) and Lemma 3.4, we conclude that
satisfieg” (V0. Therefore St satisfiest

nullary*

Letp € P be a predicate of arity. Letui, ...,uld € Uf and letZ" be an assignment
such thatZ(w;) = u’. We shall show thas®, Z* satisfy the body of Eq. (7). If the
premise of the implication is not satisfied then the formwauously holds. Otherwise,
S, Z% |= nod€ (w;) foralli = 1,...,r. Then, by Definition 3.1f(u}) = u;. Using
Eq. (1) onf, we getS* (p)(ul,...,ul) T S(p)(f(ud),..., f(ub)), which means that
ST ), .. ub) T 5(p)(ua,. .., u,) holds. By Lemma 3.4, we conclude th#, Z*
satisfiegpt” P (W) (L w,).

Lemma A.5 If 3-valued structureS = (U, ) over vocabularyP is ICA then:

(). Sis a bounded structure.
(ii). For each nullary predicate, .*(p)() € {0,1}.
(iii). For each element: € U, and each unary predicate ¢° (p)(u) € {0,1}.

Proof: LetS® = {U*, Lsh} be a2-valued structure, such thatis the canonical abstrac-
tion of S%. Let canonical: U — U be the mapping that identifies as the canonical
abstraction of5%.

(i). Show thatS is a bounded structure. By Eq. (11), every abstract elensgmésents
concrete elements with the same canonical name. Thus, éodistinct abstract elements
uo, w1 € UY, the canonical name of concrete elements representeg isydifferent from
the canonical name of concrete elements represented .byVithout loss of generality,
assume that the canonical names differ in a unary predigegech thap evaluates td)
on all concrete elements representedigyandp evaluates td on all concrete elements
represented by;. From the join operation in Eq. (12), it follows that the valof p on ug
must be0 and the value op onu; must bel. This shows that, in general, every pair of
distinct elements iy’ differs in a definite value of some unary predicate, provhg & is
a bounded structure.

(ii). Letp be a nullary predicate. Show that(p)() € {0,1}. By Eq. (12),:%(p)() =
L{S" (p)()} = 5" (p)(). This means that has the same value §iandS?. Becauses” is
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a concrete structure, the valuezomust be definite.

(iii). Letp be a unary predicate and letc U. Show that®(p)(u) € {0,1}. Suppose
that the opposite holds?® (p)(u) = 1/2. By Eq. (12), there exist two concrete elements,
denoted by, andu,, such thatanonical(ug) = u andcanonical (ug) = u, andp eval-
uates ta) onug and tol onwu;. Hence, these concrete elements have different canonical
names and by Eq. (11) they cannot be mappeddaynical to the same abstract element;
this contradicts the supposition and hen¢é)(u) € {0,1}.

Lemma A.6Every3-valued structureS that is anlCA is canonical-FO-identifiable, where

nodg (w) £ A\ p" @) (w) 27)

pEP1

Proof: LetS = {U,:%} be a3-valued structure that iECA. We shall show that every
elementu € U is canonical-FO-identifiable using the formula defined in 8d). Let
S% = {U*%,5"} be a2-valued structure, such thatis the canonical abstraction of,
induced by a functiomanonical, and letu? € Us. By Definition A.4, we have to show
that the following holds:

canonical(u®) = u <= S* [w — uf] = nod€ (w)

Proof of the if direction:Suppose tha$?, [w — ] = nod€ (w). Letu; = canonical (uf).
For the sake of argument, assume thatZ . S is anlCA and using Lemma A.5(i) we
get thatS is a bounded structure. By Definition 3.5, there exists aypeedicatep that
evaluates to different definite values omndu;. Without loss of generality, suppose that
p evaluates t® onw« and tol onw,. This implies the following two facts. First, from prop-
erty Eq. (12) of the definition of canonical abstractipmlso evaluates tbon all concrete
values mapped to; by canonical; in particularp must evaluate td onu’. Second, recall
that by assumption, each conjunct of nﬁdaust hold, i.e., for each predicatec P,
S8 [w — u*] = pr° @@ (). Because evaluates td onw, we get from Definition 3.3
thatS®, [w — uf] k= p°(w), which meansS” (p)(u”) = 0 and a contradiction is obtained.
Proof of the only-if direction:Suppose thatanonical (u’) = u. Becauses is anICA by
Lemma A.5(iii) we know that all unary predicates have dedinialues inS. Letp be a
unary predicate. LeB € {1,0} be such that®(p)(u) = B. Because has definite value
Bonuin S, by Eq. (12) it must have the same definite valien all concrete nodes ifi”
that are mapped to by canonical; in particular, onu’: LS (p)(u?) = B. Therefore, using
Definition 3.3,5%, w — uf] = pB(w), in other words,S*, [w — uf] = p*° @ W ().
This holds for all unary predicates, and thus holds for tbenjunction as well, i.e., for the
formula nodé.

Theorem A.8 For every3-valued structures that is anlCA and2-valued structures®

St € u(S) iff 5% = 3.(S)

Proof: In Lemma D.5, we show that the if-direction holds,,i&3-valued structures' is
the canonical abstraction of every concrete structurefgatg the characteristic formula
%(S); in Lemma D.6 we show the other direction.
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LEmMMA D.5. Let S be anICA with set of individualdV = {uj,us,...,u,}. Let
nodei (w) be an arbitrary formula free imv, used iny,, such that Lemma 3.2 holds. Then,
for all S? such thatS® = 4..(S), S is a canonical abstraction of”.

Proof: LetS® = (U*, /%) be a concrete structure such ti$at= 4.(S). We shall construct
a surjective functiorcanonical: U* — U such thatS? is a canonical abstraction .

From Definition A.7 it follows, in particular, thag? |= ¢°. Let Z* be an assignment over
def

v1,. .., v, SUch thatS%, Z% |= ¢, wherep £ A7, nod€, (v;), i.e., ¢ is the first line of
Eg. (8) without the existential quantification). Note th#t&’ (v;) are distinct, according
to Lemma 3.2. Define the functiomnonical : U% — U by:

u; it Z%(v;) = uf
canonical(uf) = { wu; ifforall i, Z%(v;) # u* andu, is an arbitrary element such that
S%, [w — vf] |= node€, (w)
(28)

Let us show that every concrete element is mapped to someeetént/. In the case
that Z (v;) = %, the concrete elemenf is mapped ta:; € U by canonical. Otherwise,
becauses® |= ¢ [total] holds, at least one of its disjuncts must be satisfied by e4dte.,
St [w +— u®] must satisfy nodg (w) for someu;; thuscanonical’s definition will mapu®
to thisu;. Therefore canonical (u?) is well-defined.

In addition, every element; € U is assigned byanonical to some concrete element
uf € U"such thatZ(v;) = u®. According to Lemma 3.2, all such elemenfsare different.
Therefore canonical (uf) is surjective.

We shall show thatanonical satisfies Eq. (11) and Eq. (12); thatisnonical identifies
S as the canonical abstraction $f.

First, let us show that Eq. (12) holds for the abstractiondsgul bycanonical, namely
that a predicatg in .S has the most precise abstract value w.r.t. the concretevahat it
represents, as is imposed byhonical.

Becauses is anlCA, all nullary predicates it$' must have definite values, by Lemma A.5(ii).
S* satisfiest;,;;,,,; therefore, by Definition 3.3, nullary predicates$a must have the
same definite values as #y this shows that Eq. (12) holds for nullary predicates.

Because is anlCA, all unary predicates if must have definite values, by Lemma A.5(iii).
Let p be a unary predicate and letc U be an individual ofS such that® (p)(u) = b.
We shall show thap has the same definite valéen all concrete elements mappecto
by canonical. Because the join of these values is alsave will get that Eq. (12) holds
for p andu. Recall thatS? satisfies formulg“[p], hence each assignmentitosatisfies
the conjunct nodi(w) = p(w) of £°[p]. Letw? € U* be an individual ofU* such
that canonical (u®) = u and consider an assignment in whietis mapped ta:®. By the
definition of canonical, this assignment satisfies n(fda;), the premise of the conjunct.
Therefore, it satisfies the conclusion, i.8%, [w +— uf] satisfiesp®(w). Using Defini-
tion 3.3 we get that" (p)(u?) = b.

Let p be a predicate of arity > 1. If p has a definite valué in S on a tuple
u1, ..., uy, £5[p] requires thap evaluates to the same definite valu@n every con-
crete tupleu{ ...,uf such thatcanom'cal(uf.) = u; (by the same argument as for unary
predicates). Therefore, the join operation retusrass the most precise abstract value
of p for these concrete tuples. Otherwise pifevaluates tol /2 on uq,...,u, € U,
there must be two tuples of elementslif, sayu’,, ..., u5, anduf,,...,u} , such that
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St [wy ugl, W ugr] E —p(wy,...,w.) and S% [wy; uhll, Co Wy
uir] = p(wi,...,w,), becauseS® = 75[p]. Thus,p evaluates td) on the first tuple
and to1 on the second tuple of the concrete structure; therefoeembst precise value
obtained by the join operation on these values/i.

We shall show thatanonical satisfies Eq. (11), i.e., it maps elements according to their
canonical names. This involves showing two directions:

1.. For the sake of contradiction, assume that there are tw'rmdisﬂlementmg, ui €
U* that have the same canonical name (meaning that fop afl Py, 5" (p)(ug) =
/5 (p)(ui)), butcanomcal(ua) # canomcal(uul). Because is a bounded structure, there
must be unary predicajethat evaluates td on canonical(ug) and tol on canom’cal(u“l).
As shown abovep evaluates to the same definite values in the concrete steustu
5 (p)(u) = 0, and:" (p)(u?) = 1 and a contradiction is obtained.

2.. Forthe sake of contradiction, assume that two concretesgiespdenoted byg, ul e
U, have different canonical names, but are mappeddaynical to the same same ele-
ment inU: canomcal(ug) = canomcal(uhl), denoted byu. By definition of canonical,

U satisfies node u)(w), fori = 0,1, in other wordsS?, [w + u?]

S, w — uf CH.
satisfies nod&w). Therefore, it satisfies each conjunctrefde formula, i.e., for allp,
5%, [w — ] satisfiesp*” ® () (). From this and the fact that all unary predicatesin
have definite values becauSés anICA, we conclude by Definition 3.3, that" (p)(uf.) =
13 (p)(u). Therefore, " (p)(uld) = 5(p)(u) and.5* (p)(u?) = 5(p)(u), forall p € P;.

Thereforeug andu’ have the same canonical name and a contradiction is obtained

LEMMA D.6. For every3-valued structures that is anlCA and2-valued structures®
such thatS® |= F, such thatS is the canonical abstraction @, S% = 75,

Proof: Letcanonical : U — U be the mapping that identifi€sas the canonical abstrac-
tion of S%. canonical is a surjective function and possesses the properties iflEyand
Eqg. (12).

First, we show thaf® = ¢5. Let uE be an arbitrary element such thamonical(uf) =
u;. Define an assignmeiif! such thatZ“(vi) = uE uE must exist becausexnonical is
surjective. Becaus# is canonical-FO-identifiable, by Lemma A.6 we conclude foat
everyl < i < n, 5% Z' |= node (v;). According to Lemma 3.2, all the’ are distinct
elements.

Becauseanonical is a function, for every:? there is au such thatcanonical (u?) = u.
Then, by Definition A.4,5% [w — u"] |= nod€ (w), i.e., every assignment to in S”
satisfies some disjunct ¢f , ;. Thatis,S? satisfiest;, ;.

BecauseS is anlICA, nullary predicates have the same definite value$ and in S¥,
by Lemma A.5(ii). Therefore, by Definition 3.3 satisfiesp:” )0, for every nullary
predicatep € Py, which means thas® satisfiest”

nullary*

Letp € P be a predicate of arity. Letu?,...,u% € U® and letZ* be an assign-
ment such thaZ(w;) = uf. We shall show thas®, Z* satisfies the body of Eq. (7).
Consider a conjunct of the body. If the premise of the impidain this conjunct is not
satisfied, then the conjunct vacuously holds. OtherwieZ® = nodqfi (w;) for all
t =1,...,7. Then, by Lemma A.6canomcal(u§) = wu;. We have two cases to con-
sider: (i) if :5(p)(u1,...,u,) = b € {1,0} then by Eq. (12)5° (p)(ul,... ub) = b,
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in other words,S®, Z° satisfiesp®(wy, ..., w,). (i) if ¢°(p)(u1,...,u,) = 1/2 then by
Definition 3.3,p*" ) (W) () . aw,) = pt/2(wy, . .., w,) = 1, which holds for any
assignment.

To complete the proof, we show that for every P, of arity » > 1, 7%[p] holds. Let
p be a predicate that evaluatesit®2 on a tupleus,...,u, € S. BecauseS is anICA
3 (p)(u1, ..., u,) = 1/2 means that the join operation in Eq. (12) yield?. By the defi-
nition of join as the least upper bound, and using the infdionarder in Definition 2.4, we
conclude that (i)5® must contain at least two distinct tuples; denotecﬂby, e ,ugr and
uil, .. ,uir. Becausemnomcal(uf.j) =u;fori=0,1andj=1,...,r, by LemmaA.6
we getthats®, [w — uf;] = node (w). Therefore, each tuple satisfid§_, node; (w;).
(i) p evaluates t@ on the first tuple and on the second tuple. This shows ti$at= 75p].

Lemma A.9 Denote byD the set of alR-valued structures that satisfy the integrity formula
F: D= {5 ¢ 2-STRUCTP] | " |= F}. LetS be an ICA structure. There exists a set of
ICA structuresX such thaty.(X) = D \ 7.(95).

Proof: Denote byt the set of all ICA structures over a fixed vocabul@yi.e.,v.(Y) =

D. We claim thatX is defined byY” ~ S. By definition,v.(X) = v.(Y ~ S), and we
show thaty.(Y ~ S) = 7.(Y) \ 7.(S). By the definitions oft” and~. in Eq. (13),

Y (Y N S) 2 D\ 7.(5) holds. To complete the proof, we show that the other diractio
of inclusion holds as well. For the sake of argument, assinaiethere exists a-valued
structureS? that belongs to both.(S) and+.(Y . S). Thus, by Definition A.3, there
exists an ICA structures’ such thatcanonical(S*) = S’, and S’ is different fromsS.
From Eq. (12), it follows thatanonical (S%) # S, which contradicts the assumption that
S% € 7.(9).

Lemma A.10 Consider the formula® from Eq. (17), for some ICA structurg. There
exists a set of ICA structures, such that the formul& A —7° is equivalent to the formula
Fe(X).

Proof: LetD be the set of alk-valued structures that satisfy the integrity formula
Let X be the set of ICA structures that describes the complememnt(f), as given by
Lemma A.9. LetS? be a2-valued structure such th&f € ~.(X) if and only if S% € D
7.(S). The right-hand side simplifies 8¢ € D andS? ¢ ~.(S). Applying Theorem A.8,
we get thatS® = 74.(X) if and only if S% satisfiesF' but does not satisf§.(S). Using
Eq. (18), this is equivalent t8% = F A =75,

Theorem B.2For every3-valued structureS, and a2-valued structures®:

S%e~(8)iff S* = Anp(S)

Proof: In Lemma D.7, we show that the if-direction holds,,i@very concrete structure
satisfying the NP-characteristic formuja p is indeed iny(S). In Lemma D.8 we show
the only-if part.

LEMMA D.7. LetS be alogical structure with set of individudls = {uy, usa, .. ., uy,}.
Then, for allS® such thatS® = Ay p(S), S% € v(9).
Proof: LetS® = (U*, /%) be a concrete structure such ti$ét|= 7(.S). We shall construct
a surjective functiory : U% — U such thatS? C/ S. Let Z% be an assignment such that
S8, Z% = o wherey is the body of¢® without the existential quantifiers on sets. Let
Z8(V;) = U; C Ut. Consider the following definition:

f(uu) = {u; | ul e U} (29)
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f(uf) is a set of size at mostbecause the pali®, Z* satisfies the sub-formulg;. ,.,;,.;-

This insures that the set§, .. ., U,, are disjoint, i.e., each concrete element belongs to at
most one set. For simplicity, we say thit®) = u;, wheneverf (u?) = {u;}.

We shall show that every concrete element is mappefl toysome element itV. Be-
causeS?, Z* satisfiest; , ,,;, we conclude that every concrete element satisfies the ftarmu
nodei (w) for someu;. Also, nodéi (w) given in Definition B.1 is a membership test in
the setl/;; therefore, every concrete element must be a member of serbie. sThus,u? is
mapped tas; € U, by the definition off in Eq. (29). This shows that is well-defined.

BecauseS?, 2% satisfies= €5, empryli] fOr i = 1,...,n, it must be that every/;

contains at least one element, 3&5{ that is mapped ta; by f. Because the sets are

disjoint, all such elememzsu are different. Thereforq“ is surjective.
Letp be a nullary predlcate BecauSé satisfiest it must satisfy each conjunct,

nullary’
in particularS? = p*°®0. Using Lemma 3.4 we get that" (p)() C ¢5(p)().
Letp € Pbea predlcate of arity > 1. Letui,ug, ...,uf € U and let us show that
g
S )6, ) TS R) (), S (), f () (30)
Let Z? be an extension of assignmeft such thatz? (w;) = uf fori =1,...,r. Be-

causeS?, Z¢ = ¢5[p], we conclude thas®¥, Z* satisfies the body of Eq. (7). Consider the

conjunct of the body with premis,&r.,1 node;(ug)(wj). By definition of f, S% w; uE

satisfies nod%( (w;) forall j = 1,...,r, which means that the premise is satisfied by

Se Zf. Therefore, the conclusion must hold:
S8, 7% = p P @D s f @) (wy .. w,)) and the result follows from Lemma 3.4.

LEMMA D.8. For every3-valued structureS, and 2-valued structureS? such that
St = FandSfC S, S = ¢,
Proof: Letf: S* — S be a surjective function such that =/ S. Define an assignment
Z¥ such thatz®(V;) = U; C Ut andU; = {u? | f(u®) = u;}.

Becausef is a surjective function, there must exist at least one airalement that is
mapped ta;; by . This elementbelongs to the $&t ThereforeS?, Z% = Al &5, cmpiyli]-

Becausef is a well-defined function, it maps each concrete elemenisxtéey one
elementu; € U, which induces the séf;. Therefore, a concrete element cannot belong to
more than one set; hen@é, Z% (= A, £5,.jint K5 J1-

Becausef is a function,f maps every concrete element to some elemebt.ifThere-
fore, every concrete element belongs to some set, i.esfisatsome disjunct @f’, ,,. That
is S 20 =60,

For every nullary predicate € Py, using Eg. (1) and Lemma 3.4, we conclude that
5%, 74 satisfieg” (?)0, Therefore 5%, Z° ):gnu”ary

Letp € P be a predicate of arity. Letul, ...,ul € U% and Ieth be an extension
of assignmentZ® such thatZ?(w;) = u}. We shall show thas?, Z* satisfy the body

of Eq. (7). If the premise of the implication is not satisfididen the formula vacuously
holds. OtherwiseS“,Zf = nodqi_ (w;) foralli = 1,...,r. Then, by Definition B.1,

uf belongs to the sdl/;. The definition ofU; implies thatf(uf) = wu;. Using Eg. (1),

we getS” (p)(ul, ..., ul) C S(p)(f(u?), ..., f(ub)) which meansS” (p)(l,... ub) C
S(p)(u, ..., u,). ByLemma3.4we conclude thsf, 78 satisfieg” ®) (W) (wy | . w,).
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