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Abstract

A recent paper develops and applies two new models for determining optimal proxy cache
content in systems supporting on-demand access to large, widely shared data, such as popular
video objects. The new models permit the study of specific types of heterogeneous systems in
which the proxy servers have differing client populations and server capabilities. In one model,
the clients of a given proxy server have either a higher or lower total request rate for the data
files, and the server in that region may have different storage and bandwidth capabilities than
the other proxy servers. In the other model, each group of proxy servers has a preferred group
of files that the clients of those proxy servers request most frequently. This technical report
provides details regarding the equations that the models employ.

1 Introduction

Supporting on-demand access to large widely shared data, such as popular video objects, requires
effective use of (regional) proxy servers that store some of the data close to the clients. In [7], we
presented two models for determining optimal proxy cache contents in heterogeneous systems in
which the proxy servers have differing client populations and server capabilities. This technical
report provides the full set of equations used in the models, including those omitted from [7] due
to space constraints.

Section 2 provides an overview of the partitioned dynamic skyscraper delivery technique that
the models assume, and summarizes an optimization model for homogeneous systems that was
developed previously [6]. Section 3 presents the equations for a model used to study systems in
which the proxy servers have differing client request rates and server capabilities, while Section 4
gives the equations for a model designed to study the impact of heterogeneous object selection
frequencies. Experiments using the models, and the insights and design principles for caching in
heterogeneous systems gained from the experiments, are described in [7].

*This research was partially supported by the Natural Sciences and Engineering Research Council of Canada
under Grant OGP-0000264, by the Air Force Office of Scientific Research under Grant F49620-98-1-0417, and by the
National Science Foundation under Grant CCR-9975044.



2 Background

2.1 Partitioned Dynamic Skyscraper

Partitioned dynamic skyscraper delivery [6] is one of a number of recently proposed segmented
multicast delivery techniques. These techniques achieve bandwidth savings by dividing each hot
object into fixed increasing-sized segments, and employing transmission schedules in which the
smaller initial segments are multicast more frequently than the remaining larger segments. Most of
the segmentation-based delivery techniques employ static transmission schedules and are thus only
applicable to objects that are steadily extremely popular. An exception is the dynamic skyscraper
technique [5], which dynamically assigns server bandwidth, in the form of multicast “transmission
clusters”, for segmented delivery of objects in response to client requests.

The dynamic skyscraper technique was recently extended [6] to support delivery in environments
that have regional (or proxy) caching. This partitioned skyscraper technique partitions the segments
of each object into two sets, one composed of the first & segments (the “leading segment set”) and
one composed of the remaining K — k segments (the “trailing segment set”). Separate transmission
clusters are dynamically scheduled for delivery of the leading segment sets and the trailing segment
sets. Scheduled delivery of the two sets is coordinated so that, for each client, jitter between
playback of each set is avoided. For each object, a proxy server may cache just the leading segment
set, both sets of segments, or neither set. A full description of the partitioned dynamic skyscraper
system is provided in [6].

2.2 An Optimization Model for Homogeneous Systems

In previous work [6], a model was developed for determining optimal regional/proxy cache content,
for systems with (a) identical regional/proxy server bandwidth and storage capabilities, (b) statis-
tically homogeneous regional client workloads, (c) partitioned dynamic skyscraper delivery, and (d)
equal-sized objects. For each object, the proxy servers can store either none, all, or just the leading
segment set of the object. The model considers client cost sharing for the multicast delivery, as well
as the relative cost of remote and proxy server resources, in determining the optimal data to store
at the proxy servers. This model is reviewed here, as it is the starting point for the more complex
models of systems with heterogeneous proxy server capabilities and workloads that are described
in the next section.

To determine delivery cost, the homogeneous model uses simple analytic estimates of the number
of remote server channels (Cremote) and proxy server channels (Cmgionag) needed to support a given
client workload as a function of the object segment sets that are stored at the proxy. Results given
in [6] show that these server bandwidth estimates are very close to the knee of the curve of mean
client waiting time versus the inverse of the number of server channels, and that the knee of the
curve is typically quite sharp for systems that use multicast delivery. Furthermore, since the system
can provide immediate service to client requests, the average client waiting time is typically very
small near the (sharp) knee of the curve.

Table 1 defines the model input and output parameters. Note that the last six input parameters
specify the particular configuration of the partitioned dynamic skyscraper delivery system. The
key system constraints in the optimization are the maximum proxy server bandwidth (Nenanneis)
and storage capacity (Nsegments)- The key model outputs are the 6; values that specify whether
object 7 should be fully or partially cached, or not cached, at the proxy servers.

Given that 3 is the ratio of costs for proxy server channels and remote server channels, and given
that P is the number of proxy servers in the system, the optimization problem for our homogeneous



Table 1: Parameters of the Homogeneous System Optimization Model

Input Parameter Definition
n number of objects
Nehannels maximum number of channels at each proxy server

Negments maximum storage capacity (measured in number of unit-segments) at each
proxy server

P number of proxy servers
Jé] the cost ratio of a proxy server channel and a remote server channel
Ai total arrival rate of requests for object ¢ (from all regions)
k number of segments in the leading segment set
K total number of segments in the leading and trailing segment sets
S; size of the j'th segment (relative to the size of the first)
T duration of a transmission of segment sy
w the largest segment size in the leading segment set
w the largest segment size in the trailing segment set
Output Parameter Definition
Cremote number of channels needed at the remote server
Chregional number of channels needed at the proxy server
D egional storage needed at each proxy server (measured in units of s1)

Xtz Xitz | maximum rate at which new transmission clusters can be allocated for

z € {R,p,r} | multicasts of the leading/trailing (I/t) segment set for object 7, distinguished
by whether the object is stored only at the remote server (z = R), partially
(leading segment set) at the regional server (z = p), or fully at the regional
server (z =r)

GY;R equals 1 if object 7 is stored only at the remote server; 0 otherwise

67 equals 1 if only the leading segment set of object i is cached regionally; 0
otherwise

0r equals 1 if object 7 is entirely cached regionally; O otherwise

system model is defined as follows:

1'1’1011'1 Cremote (9) + P,Bcregional(g)
SUbjeCt to Cregional(a) < Nchannels

Dregional(g) < Nsegme'n,ts
Of + 07+ 07 =1, i=12,...,n
o, 67,07 € {0,1}, i=1,2,...,n

Y71

Tn the above we have used the symbol 8 to represent the vector with components 67, 67, 67,
i = 1,2,3,...,n. Note that the expression to be minimized is the total delivery cost for all objects
to clients in all regions. However, dividing this expression by P gives the cost for delivery to an
individual region, whose clients collectively pay for % of the remote delivery cost, since the regional
client populations are statistically the same.

Making use of the fact that transmission clusters for leading and trailing segment sets are of
duration w1} and WTy, and include k and K — k channels, respectively [6], the number of channels



required for remote delivery is given by the following equation:

n
Cremote(0) = > 08 Xy pkwTy + (0f X4 p + 07 X 1p) (K — K)WT,

1=1

That is, the number of channels needed for remote server multicasts is the sum over all objects
of the number of channels needed to deliver leading segment sets (i.e., if the object is stored only at
the remote server, the maximum rate at which new transmission clusters can be allocated for the
leading segment set (X;; g) times the number of channels in the cluster (k) times the duration of
the cluster), plus the number of channels needed to deliver trailing segment sets (i.e, if the object
is delivered fully or partially by the remote server, the maximum rate at which new transmission
clusters can be allocated for the trailing segment set (X;;) times the number of channels in the
cluster (K — k) times the duration of the cluster).

Similarly, the number of channels required at each proxy server, and the storage required at
each proxy server, are given by

K

Cregional(0) = D _(0F Xiyp + 07 Xi 1 p)kwTy + 0] X 10 (K — K)WTh

g=1

n k K
Dregional(g) = Z ((9: + Gf) Z sj + 6: Z 3.j>
=1 j=1 J=k+1
The maximum rate X; at which new leading segment set or tailing segment set transmission
clusters can be allocated for object ¢ is computed as the inverse of the minimum average time
between the initiations of the new clusters for object 4. This, in turn, is determined by the arrival
rate of requests at the server of interest, and by the size of the transmission cluster “catchup
window”, defined as the period of time from the beginning of a transmission cluster during which
a newly arriving request can be served by that cluster. For example, since the size of the catchup
window for a trailing segment set transmission cluster is (W — Sk+1 + Z?:l sj) T1, and since the

average time from the end of the catchup window until a new client request for object ¢ is ;\1—,, the
maximum allocation rate of new transmission clusters for a trailing segment set that is not cached
(and thus must be served remotely), X;; g or X;;p, is computed as:

1
W = spir + S 55) Tr + 3

Xigr = Xitp = (

Note that the above expression gives the allocation rate of transmission clusters if the server had
unlimited bandwidth. Since the server has limited bandwidth, the above expression is the mazimum
allocation rate, as there may be queueing of client requests and batching of these requests while
queued, or client balking. The rest of the cluster allocation rate equations in the homogeneous
model are given in [6].

Both the objective function and the constraints in the homogeneous optimization model are
linear functions of the binary variables #. Thus, the minimum cost cache content (i.e., the 0;
values) may be computed through solution of a mixed integer program (MIP) [8]. For the purposes
of experimentation, the problem was formulated using the GAMS modeling language [1] and solved
using a combination of the XPRESS [4] and CPLEX [2] solvers. Both of these codes use a linear
programming [3] based branch and bound solution strategy.
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Table 2: New Parameters for the Request Rate and Server Heterogeneity Model.

y,z € {R,p,r}

Input Parameter Definition
fd fraction of the total requests that are from clients belonging to the
distinct region
Output Parameter Definition
Ce o oter CPL e the component of the remote server “cost” (as measured in numbers
of channels) apportioned to the distinct proxy server, and to each
other proxy server, respectively
X f’,;f’m, XY, maximum rate at which transmission clusters can be allocated for
z € {R,d,nd} multicasts of the leading/trailing (I/t) segment set for object 1,

distinguished by the server (R - remote, d - distinct proxy, or nd -

other proxy), and by whether requests from a distinct (y) or non-
distinct (z) region receive all of the object from the remote site (1),
part (only the trailing segment set) from the remote site (p), or
receive all of the object from the regional site (r)

equals 1 if object 7 is cached at distinct and non-distinct proxy servers
according to the superscripts y and z, respectively (R - the object
is not cached regionally; p - only part (the leading segment set) is
cached regionally; r - the object is fully cached at the respective
regional server); equals 0 otherwise.

6% y,z € {R,p,7}

3 Heterogeneous Client Request Rates and Server Capabilities

In the first heterogeneous system model, proxy servers are assumed to be identical except for a
single proxy server that has a “distinct” (higher or lower) client request rate, and possibly also
different server bandwidth and storage capacity.

The new parameters that are required in this model are defined in Table 2. In addition, the
input and output parameters for the proxy servers (Nenannets; Nsegmentss Cregional, and Dyegional)
each have a superscript (d or nd) to denote the type of server (distinct or non-distinct) that the
parameter applies to. As before, the key outputs of the model are the §; parameters that determine
whether each object i is fully or partially cached at each type of regional proxy server.

Object allocations that minimize overall cost are determined by solving the following optimiza-
tion problem:

min
]

Cremote(()) + /B(C;iegional(e) + (P - 1)0?8(191‘011@(6))

< N¢

channels

< Nnd

channels

subject to o )
) <

9) < N¢
)

regional

d
D're ional segments

nd
S ‘Nsegments
Y2 1

Z”zE{R,p,T}ai =1, 1=12,...,n
9%1726{0,1}) y,ZG{R,p,T}, '1::1727_..,,’7}

nd
regional

Here we use the notation 6 to represent the vector whose components are 0%%, y,z € {R,p,r},
i=1,2,...,1.
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In heterogeneous systems that have asymmetric client workloads or diverse server capacities
or bandwidths, the “socially optimal” proxy server cache contents that minimize total cost of
delivery may be quite different from the “individually optimal” cache content that would result if a
particular (competitive) regional service provider attempted to minimize its own delivery cost. To
assess whether these two types of solutions differ for a given system specified by the model inputs,
we also derive individually optimal cache content for the distinct (non-distinct) server(s), under
a given fixed set of cache contents, such as the socially optimal allocations, for the non-distinct
(distinct) proxy servers. The following optimization problem minimizes the delivery cost of the
distinct proxy server, with the superscript “O” in 6¥:© denoting the fixed allocations assumed for
the non-distinct proxy servers:

: d
m()ln Gremote( ) + ﬁcregional(g)
subject to Creqzonal( ) < Ng hannels

Dmgzonaé)(()) < N segments
 ZvE(Rpr) 00" =1, i=12,
9;!’ € {0,1}, v € {R,p,r}, 2...,n

Correspondingly, the optimization problem given below minimizes the delivery cost of the non-
distinct proxy server, with the superscript “O” in 69+% denoting the fixed allocations assumed for
the distinct proxy servers:

moin Cremote( ) + IBCregzonal( )
SUbjeCt to Creqwnal (0) Nchannels

I nd
T egwnal(e) < Nsegments

ZZG{R,p,T}g 17 ?::]-72,...,’7’1,
0?726{071}a ZE{R,p,T‘}, ’1:_—_]_,2’.”771

Similar to the homogeneous system model summarized in Section 2.2, we derive estimates of the
number of channels needed to support a given load at each server, and then determine minimum
cost proxy server cache content for each of the above optimization problems through solution of a
mixed integer linear program.

Making use of the transmission cluster durations and sizes given in Section 2.2, the number
of channels required at the remote server and at the two types of proxy servers, and the storage
required at the proxy servers, are given by the following equations:

n

Cremote(8) = Z ( Z ()J, YTI,R+ Z HJ’ YJ’R+ Z 972 ztR YK = EYWTy
i=1 \ y,26{R,p} ye{R,p} ze{R,p}

R SIS TR S e AT
Je{p'r} ZE{PJ}

i3
cmgwm, 0)=">_ A XK~ RYWT + o> e X0 kwTy
i=1 \ze{R,p,r} ye{p,r} 2€{Rp,r}



n
Cregzonal ) - Z ( Z 6J7 Yz t, nd([( I“)T/VTl + Z Z HJ’ Y? l nd]‘wT1>

i=1 \ye{R,p,r} yE€{R,p,r} 2€{p,r}

n k K
Dveqwnal ) = Z Z ((9;‘,2 + Hf’z) Z S + HZ'T’Z Z Sj)
Jj=1

i=1 z&{R,p,r} J=k+1

n k K
D7 eqzonal ) = Z Z <(9?’T + 95’/’7)) Z 8j + ()ZJ,T Z S])

i=lye{Rpr} J=1 j=k+1

The remote server channel cost that is apportioned to (clients of) the distinct proxy server is
the sum of (a) 1/P of the channels required to multicast segments that are not cached by any of
the servers, and (b) all of the bandwidth required to multicast segments that are not stored at the
distinct proxy server but are stored at the other proxy servers:

(Y 9 —_— S Zy,zE{R,p} 93'/72 ;U;" R 9./77' n 4
Jremote( ) - Z 2 + Z Xsz (I{—]\,)T/T T
i=1 ye{R,p}
pRRx LR
- PZ’I’R, + 50X kD
ze{p,r}

Similarly, the remote server channel cost apportioned to (clients of) a non-distinct proxy server
is given by:

n > 9J’ Xy > GT EX]E
nd — y,2€{R,p} Lk, R ze{R,p} 1,6, R AT
e = > ([ L + 2 (K - B)WT,

I‘ER ' 3 <2
0 \le n Zye{p,r} HJ \1le
P P-1

]C’U)Tl

The maximum rates X; at which transmission clusters can be allocated are determined by the
arrival rate of requests at the server of interest, and by the size of the transmission cluster catchup
window, as in the homogeneous system model outlined in Section 2. Transmission clusters for
leading and trailing segment sets have catchup windows of differing lengths. Further, the length
of the catchup window for a leading segment set transmission cluster depends on when the cluster
begins in relationship to the end of the catchup window of the corresponding trailing segment set
transmission cluster. For each distinct case, the rate X; may be computed as the inverse of the
minimum time between the initiations of new clusters for object i, along similar lines as for the
homogeneous system model. The set of equations given below for the X; employ the superscript
notations “*” (“wild-card”), “~" (“don’t care”), and “|” (“or”) with the following meanings: an
equation in which a “*” superscript appears holds for any consistent substitution throughout the
equation of the “*” with R, p, or ; an equation in which a “~” superscript appears holds for any



(not necessarily consistent) substitution of the “—" with R, p, or r; and an equation in which a
superscript “c|y” appears, where z,y € {R,p,r}, holds if either superscript = or y is consistently
substituted throughout the equation. The X; equations for the model with heterogeneous client
request rates and server capabilities are:

XRXI}{RW !
: - ;
;\17 + (W — Skg41 + Zé?l Sj) I
Rlp,r _ !
'Xz',tR -

7;—/\1— (W -—5A+1+27 1:3]) T;

X7 = :
ity 1 k
=7 + (W —~ Sk41 T+ Zj:l Sj) T
_ 1
Niya=
e+ (W= sk + o s)) T
r—',T‘ 1

ztnd Pl k
T=Ff) + (W — Sk+1 +Zj=1 Sj) T

Ty 1
yd . -
z fd1A1 (\Ty d’U)T]_M ( - 4\T dwT])('LU - 1)) T
P 1
\zld = 1 Py * w—1 -y
Jax T <"’\i,t,RWTlT +(1-X; Rle)(w - 1)) Ty
r—,T‘ 1
ilnd = __ - -
(1- d1)>\| (;\ztndWle)‘Q_l" + (1 - Xz tndle)(w - ])) T
X’*,P ].
Ailnd = _ i~ oy
" ““fdlM (}S‘ prwTn g + (1= X PpwTn)(w 1)) T
- 1
\le T

Lo (X Rwm st + (1 - X ReT) (w -7

X’R5p|r — 1
R (X em et (1 - X e (w - 1) T



Yp]r,R . 1
R e (X T e (1= X T (w - 1)) T
(1~ fa)X R R 1 1

4 Heterogeneous Object Selection Frequencies

In the second heterogeneous system model, the objects and the proxy servers are each partitioned
into G equal-sized groups, and each group of proxy servers has a pre ference (i.e., a larger fraction of
the regions’ client requests) for a distinct group of objects. Each proxy server has the same request
rate for each of its (G-1) non-preferred groups of objects. Also, the relative selection frequencies
of the objects within a group are the same for all groups and for all proxy servers.

The new model parameters for the system with the above heterogeneous object selection fre-
quencies are given in Table 3. Note that although each proxy server may optimally cache different
object segments, due to the symmetry in the regional client workloads, each proxy server will cache
the same segments from its respective preferred and non-preferred groups. This greatly simplifies
the model.

Due to the symmetry in the regional client workloads, the socially optimal cache content for
each regional/proxy server is also the individually optimal content, which can be determined by
solving the following optimization problem:

m0in Cremote(g) + Pﬁcregional(e)

subject to Cregz‘onal(e) < Nehannels
Dregional(g) < Nsegments
2oy ze{Rpir} 67" =1, i=1,2,...,n
6% € {0,1}, y,z € {R,p,7}, 1=1,2,...,n
As in the previous models, we formulate estimates of the number of channels needed to support
a given load at each server, and then determine optimal object allocations through solution of a
mixed integer linear program. The number of channels required at the remote server and at each
proxy server, and the storage required at each proxy server, are given by the equations below,
where the index 7 runs only over the objects within a single group since the groups of objects are
symmetric:

Cremote(0) = G (( SN Y XN o+ D 00X RN E — RYWT
i ¥,2€{R,p} y€{R,p} 2€{R,p}

+OFEXEE ST x4+ Y HR’“\’”R)Awﬂ)
ye{pr} z€{p,r}

Cregional(g) Z <l: Z 97 * YZ fza (G - 1) Z QZJ ” Yzji na} (K — k)I/VTl

i ze{R,p,r} ye{R,p.r}
kwT1)

> 2 XYL+ @G- 3 X 6NN,

ye{p,r} 2€{R,p,r} ye{Rp,} z€{p,r}




Table 3: New Parameters for the Object Selection Frequency Heterogeneity Model

67% y,z € {R,p,r}

Input Parameter Definition
fa fraction of the total requests from a region that are for objects in the
group that it has an affinity for
G number of groups of objects
Output Parameter Definition
X;{;;, X;{fm maximum rate at which transmission clusters can be allocated for
z € {R,a,na} multicasts of the leading/trailing (I/t) segment set for object 4
y,z € {R,p, 7} distinguished by the server (z = R - remote server, z = a - a proxy

server that has an affinity (or preference) for the object’s group, or
x = na - a proxy server that does not have a preference for the
object’s group), and by whether requests from a preferring (y) or
non-preferring (z) region receive all of the object from the remote
site (R) the trailing segment set from the remote site and the leading
segment set from the regional site (p) or receive all of the object from
the regional site (r)

equals 1 if object ¢ is cached at each proxy server for which the ob-
ject’s group is the region’s preferred group, and at each proxy server
for which the object’s group is not the preferred group, according to
the superscripts y and z, respectively (y/z = R - the object is not
cached regionally; y/z = p - only the leading segment set is cached
at a preferring/non-preferring proxy server; y/z = r - the object is
fully cached at a preferring/non-preferring proxy server); equals 0
otherwise.

Dregional (9)

The maximum rates X; at which transmission clusters can be allocated is computed in a similar
fashion as in the previous models. Using the “wildcard”, “don’t care”, and “or

=2 2

K K
((@’z ADIEIELAEDY 3,7‘)
Jj=1

¢ z&{Rpr} J=k+1
k K
HG-1)> > ((0?”+9§”7’)Zs’,’+0§4” > 3;)
i ye{Rpr} J=1 Jj=k41

3

previously for the request rate and server heterogeneity model, we have:

xRl 1
Z’ 3 ’
t (W — sk + D Si) h

XRiP,"’ — 1
i 1 k
T =+ (I’V — Sk4+1 F Zj:l Sj) T

10
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1

X7 =
ot 1 k
(l—fa.)A-i + (I/V' — Sk+1 -+ Zj:l SJ) T1
ety !

1,t,a = .
Gf]:)\i + (‘/V ~ Sk+1 T le;:l Sj) T

1

‘Xi_t’:m = .
%l—(l--lf)a))\i -+ (Y/V — Skt1 + Zﬂly‘:___]‘ 37) T1
T y— ].
Ai’l7a = P 7Ty w1 7Ty
o + (XDaw T % + (1= X[ wT)(w — 1) Ty
P 1
Cile T " p oD w1 Dy
eyl (Ai,t,R'LUTl_Q— + (1= X pwTi)(w — 1)) T
X = !
al :al> - — —7 - T
e Gl B b (X wTi 5+ (1 - Xy T (w = 1)) T
X = 1
i,l,na - — -y
Gl it + (X0l 25t + (1 - X PpuTi)(w — 1) T
Yﬁz,R N 1
re " ,R e — TR.R
o (KT 5 1 (1~ X~ ) 7
YR.,p]r - 1
e LR T R, . R,
‘ Ao+ (X wm st + (1= XBR e (w - 1) T
PR _ 1
A‘i,l,R -

aR~ — ' yR
e+ (X 2+ (1= XP ) (w - 1)) Ty

5 Conclusions

The optimization models for heterogeneous client populations and proxy server capabilities devel-
oped in this technical report have been applied to obtain insights into caching strategies in such

systems in [7].
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