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Abstract

In this thesis we develop a system that makes scientific computations visible and
enables physical scientists to perform visual experiments with their computations. OQur
approach is unique in the way it integrates visualization with a scientific programming
language. Data objects of any user-defined data type can be displayed, and can be
displayed in any way that satisfies broad analytic conditions, without requiring graphics
expertise from the user. Furthermore, the system is highly interactive.

In order to achieve generality in our architecture, we first analyze the nature of
scientific data and displays, and the visualization mappings between them. Scientific data
and displays are usually approximations to mathematical objects (i.e., variables, vectors
and functions) and this provides a natural way to define a mathematical lattice structure on
data models and display models. Lattice-structured models provide a basis for integrating
certain forms of scientific metadata into the computational and display semantics of data,
and also provide a rigorous interpretation of certain expressiveness conditions on the
visualization mapping from data to displays. Visualization mappings satisfying these
expressiveness conditions are lattice isomorphisms. Applied to the data types of a
scientific programming language, this implies that visualization mappings from data
aggregates to display aggregates can always be decomposed into mappings of data
primitives to display primitives.

These results provide very flexible data and display models, and provide the basis
for flexible and easy-to-use visualization of data objects occurring in scientific

computations.
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Chapter 1

Introduction

Physical scientists observe nature, formulate laws to fit the observations, and
predict future observations in order to test their laws. Mathematics is the language of
observations, laws and predictions, but the complexity of modern science demands that
mathematical calculations be automated using computers. The number of observations of
nature dictates that they are analyzed by computer algorithms, and the number of
computations required to predict nature dictates that predictions are made by numerical
simulation models running on computers. Thus computers have become essential tools for
scientists for both observing and simulating nature.

In spite of their essential role, computers are also barriers to scientific
understanding. Unlike hand calculations, automated computations are invisible, and,
because of the enormous numbers of individual operations in automated computations, the
relation between an algorithm's input and output is often not intuitive. This problem was
discussed in a report to the National Science Foundation (McCormack, DeFanti and
Brown, 1987) and is illustrated by the behavior of meteorologists responsible for
forecasting weather. Even in this age of computers, many meteorologists manually plot
weather observations on maps and then draw iso-level curves of temperature, pressure and
other fields by hand (special pads of maps are printed for just this purpose). Similarly,
radiologists use computers to collect medical data, but are notoriously reluctant to apply
image processing algorithms to those data. To these scientists with life and death

responsibilities, computer algorithms are black boxes that increase rather than reduce risk.



The barrier between scientists and their computations is being bridged by scientific
visualization techniques that make computations visible. Scientific visualization is itself a
computational process that transforms the data objects of scientific computations into
visible images on a computer display screen. Scientific visualization is difficult because of
the variety and complexity of scientific data, because the variety of scientific problems
implies that scientists need to see the same data in many different ways, and because
scientists need tools that are easy to use so that they can concentrate on understanding
their computations rather than understanding their visualization tools.

The size of scientific data sets is often used to justify the development of scientific
visualization, and it is true that scientists need to be able to see large data sets. However,
the more important motive for visualization is the invisibility of automated computations.
To see this, consider the volumes of satellite images of the Earth. A pair of GOES
(Geostationary Operation Environmental Satellite) located at East and West stations over
the U.S. generate one 1024 by 1024 image every four seconds. NASA's Earth Observing
System, as planned, will generate about five 1024 by 1024 images per second. These data
volumes are so lar: 1t they will overwhelm any scientist trying to look at them all.
Furthermore, these iinages are quantitative measurements rather than just pictures. The
real value of these images must be extracted by automated computations that can process
the images faster than a person can coherently look at them. Thus the work of Earth
scientists is to develop algorithms for this automated processing, and the proper role of
visualization is helping scientists to understand how their algorithms work and how to

improve them.




1.1 Goals for Scientific Visualization
Scientific data exist in a wide variety of structures. A few examples include two-
dimensional images:
type image = array [row] of array [column] of radiance;
three-dimensional grids:
type grid = array [row] of array [column] of array [level] of temperature;

time sequences of images and grids:

type image sequence = array [time] of image;

type grid_sequence = array [time] of grid;
images and grids with multiple values per pixel:
type multi_image = array [row] of array [column] of
structure {ir_radiance; vis_radiance};
type multi_grid = array [row] of array [column] of array [level] of
structure {pressure; temperature; humidity },

irregularly located data such as observations made by ships or aircraft:

type observations = array [index] of structure {latitude; longitude; altitude; pressure},



one-dimensional and multi-dimensional histograms derived from other data:

type histogram 1d = array [temperature] of count;

type histogram_2d = array [temperature] of array [pressure] of count;

and partitions of images and grids into spatial regions:

type image partition = array [region] of image;

type grid_partition = array [region] of grid,;

Furthermore, physical systems are observed by collections of instruments so the observed
state of a physical system is a complex combination of data sensed by different types of
instruments. Similarly, simulations generate complex combinations of data describing
interacting physical systems (e.g., atmospheric physics and chemistry, ocean physics and
chemistry, and land and ocean surface processes). Scientific data are made more complex
because of scientists' need to precisely document where, when and how they were
obtained (this documentation is a form of metadata, and must be considered as part of

scientific data). The first goal of this thesis is to develop visualization techniques that

1. Can be applied to the data of a wide variety of scientific applications.

Scientists need to see the same data displayed in different ways, depending on

what kinds of information they are looking at. For example, Figure 1 1 shows a time

sequence of multi-variate image data displayed in four different ways. The upper-left




window shows radiance values as colors, which is appropriate for seeing spatial patterns
and textures. The upper-right window shows infrared radiances as a terrain (colored by
visible radiances), appropriate for seeing slopes. The time sequence can be animated in
the upper-right and upper-left windows, which is appropriate for seeing motion.
Alternatively, the time sequence is stacked up along the vertical axis in the lower-right
window, which is appropriate for looking closely at rates of motion and changes in shape
and intensity. Information about the spatial locations of pixels is not shown in the lower-
left window, producing a colored three-dimensional scatter diagram which is appropriate
for seeing correlations among infrared radiance, visible radiance, variance and texture
(variance and texture are derived from infrared radiance). Each of the four views
presented in Figure 1.1 is appropriate for seeing a different aspect of the same data. More
generally, the primary reason scientists use scientific visualization is to find unexpected
patterns in data, since expected patterns can just be measured and characterized by
statistical calculations applied to data. And flexibility in the ways that data are displayed is
critical in the search for unexpected patterns. Thus the second goal of this thesis is to

develop visualization techniques that

2. Can produce a wide variety of different visualizations of data appropriate for

different needs.






Figure 1.1 A time sequence of multi-variate image data displayed in four

different ways. (color original)






Because of the large volumes of scientific data it is often impossible to display a
data object in a single image or even a single animation sequence. Instead, scientists need
to interactively explore large data objects. For example, Figure 1.2 shows a snapshot of
an interactive animated display of the output of a numerical weather model. The white
object is a balloon seven kilometers high in the shape of a squat chimney that floats in the
air above a patch of tropical ocean. The purpose of the numerical simulation is to verify
that, once air starts rising in the chimney, the motion will be self-sustaining and create a
perpetual rainstorm. The vertical color slice shows the distribution of heat (and when
animated shows the flow of heat), the yellow streamers show the corresponding flow of
air up through the chimney, and the blue iso-surface shows the precipitated cloud ice (a
cloud water iso-surface would obscure the view down the chimney, so it is not shown in
this snapshot). Viewers of this visualization can interactively move the color slice in the
three-dimensional box of atmosphere, can interactively release new streamers in the air
flow, can interactively change the value of the cloud ice iso-surface, and can rotate and
zoom the box in three dimensions. They can choose different combinations of fields to
display, and can choose the ways that each field is depicted (e.g., color slice, iso-surface,
contour slice). Such interactivity is critical for allowing scientists to search through large
amounts of data for unexpected patterns. Hence, the third goal of this thesis is to develop

visualization techniques that

3. Enable users to interactively alter the ways data are viewed.






Figure 1.2. A snapshot of an interactive animated display of the output of a

numerical weather model. (color original)






Because visualization is used for communicating results of observations and
computations to scientists, they need to be able to control it themselves (that is, they
cannot delegate expertise with visualization to support staff). In order not to distract
scientists from the difficult task of understanding data, visualization must be easy to

control. Thus the fourth goal of this thesis is to develop visualization techniques that

4. Require minimal effort by scientists.

As stated at the start of this section, the rationale for visualization is scientists'
need to see the results of computations. Thus visualization is intimately connected with
computation. Just as the complexity of data requires that the visualization process should
be interactive, the complexity of computation requires that the overall computational
process, which includes visualization, should be interactive. Figure 1.3 illustrates the
interactive cycle of the computation process. If these three activities are done in separate
software systems, then scientists must repeatedly switch between systems and manage the
movement of information between these systems. This user overhead can be reduced by
integrating all three activities in one system. Furthermore, visualization can be especially
useful during program execution, allowing users to dynamically monitor intermediate
results of computations and respond by immediately adjusting parameters of those
computations. This is sometimes called computational steering. The fifth goal of this

thesis is to develop visualization techniques that

5. Can be integrated with a scientific programming environment.



Run Computation

Visualize Results

Change Algorithm or
Computational Parameters

Figure 1.3. The place of visualization in the computational process.

1.2 State of the Art in Scientific Visualization
Here we consider the state of the art in scientific visualization and how well

current techniques achieve our goals.

1.2.1 The Data Flow and Object-Oriented Approaches

Visualization research has focused primarily on developing specialized
visualization techniques suited to specific types of data. However, some research has
sought common patterns in the ways that displays are computed. For example, the
rendering pipeline is a widely applicable abstraction for the ways that data are

transformed into displays. Figure 1.4 illustrates a simple rendering pipeline:

10




Generate 3-D Primitives from Data

Transform Coordinates to 3-D View Space

Clip 3-D Primitiv

es to View Boundaries

Rasterize 3-D Primitives to 2-D Pixels

Remove Hidden

Surfaces via Z-Buffer

Calculate Colors of Pixels on Screen

Figure 1.4. A simple rendering pipeline for three-dimensional graphics.
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The FRAMES system abstracted the rendering pipeline to let users specify display

processes as sequences of UNIX filters (Potmesil and Hoffert, 1987). The GRAPE

system introduced branching into these data transformations and let users define display

processes as acyclic graphs of modules (Nadas and Fournier, 1987). The ConMan system

provided a graphical user interface for specifying display processes as networks of

modules (Haeberli, 1988). This idea has been adopted as the basis of several widely-used

data flow visualization systems, such as AVS (Upson et al., 1989) and Khoros (Rasure et

al., 1990). These data flow systems provide large libraries of modules that implement

basic computational and display operations, and also provide graphical user interfaces for

synthesizing complex visualization algorithms from these module libraries.
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The recognition that different kinds of displays are generated by similar sets of
operations also led to the object-oriented approach to synthesizing visualization mappings.
The object-oriented approach uses inheritance and polymorphism to exploit the common
properties and natural hierarchy of data displays. The Powervision system, for example,
used an object-oriented language to support interactive development of image processing
algorithms (McConnell and Lawton, 1988). The system defined a set of primitive generic
functions for accessing data objects (for example, for iterating over parts of objects, for
checking boundary conditions, etc.). Algorithms for synthesizing displays were expressed
in terms of these generic functions. As users defined new object classes they could apply
existing display algorithms to those classes as long as the new classes included definitions
for the generic functions for accessing data objects.

The SuperGlue system was developed as a programming environment for
developing scientific visualization applications based on Scheme, C and the GNU Emacs
editor (Hultquist and Raible, 1992). It defined a class hierarchy for various types of
scientific data objects and displays. User extensions to this class hierarchy could take
advantage of inheritance and polymorphism to simplify their definition.

The VISAGE system implemented a hierarchy of over 500 classes for both process
objects and data objects (Schroeder, Lorenson, Mantanaro and Volpe, 1992). The
process objects implemented the visualization process as data flow networks of simpler
processes. The data objects implemented a variety of scientific data organizations and a
variety of display organizations.

While these systems have been useful to scientists, their approach to generality is
through the enumeration of data types and the enumeration of display techniques. Thus
these systems have become very large and complex. Furthermore, scientists must spend

considerable effort to produce visualizations using these systems. While scientists could




explore different ways of displaying data by interactively changing the data flow networks
that transform data into displays, in practice they do not. Rather, support staff design data
flow networks and scientists use them to generate fixed types of displays from data.
Similarly for the object-oriented systems. The developers of the VISAGE system
described one visualization application of their system that required 12,000 lines of code
specific to the application. Scientists need visualization techniques that let them change
the way that they look at data without understanding complex programs or data flow

networks.

1.2.2 Data Models

Rather than approaching generality by enumerating data types and display
techniques, we can achieve generality through the abstraction of data and displays. That
is, by developing broadly applicable abstract models of scientific data and displays, we can
systematically study the ways that visualization processes transform data into displays. A
data model defines a set of data objects, the way data objects are organized in the set, and
operations on the data objects (often by reference to their internal structures). Data
models have been the subject of several recent workshops and publications (Treinish,
1991, Haber, 1991, Robertson et al., 1994, Lee and Grinstein, 1994). Display models are
similar to data models and are discussed in the next section.

The requirements for a scientific data model can be understood in terms of the role
of data in science. Scientists design mathematical models of nature. These models
identify numerical variables (e.g., time, altitude, temperature) and functional relations
between these variables (e.g., temperature as a function of fime). These models define the
states of nature as vectors of variables and functions. For example, the state of a point in

the atmosphere is a vector of variables such as temperature, pressure, humidity and wind
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velocity, and the state of the entire atmosphere is a vector of functions. We use the term
mathematical objects to denote the numbers, functions and vectors of mathematical
models. When scientists want to use their mathematical models to analyze a set of
observations, or to simulate a physical system, they implement their models as computer
programs. Mathematical objects are represented by scientific data objects in these
implementations, and therefore a scientific data model should reflect the ways that
scientific data objects represent mathematical objects. There are nmany ways to define
scientific data models. However, any scientific data model will incorporate the following

components:

1. The types of primitive values occurring in data objects. These represent primitive
variables defined in mathematical models of nature. Thus a data model may define a
Sfloating-point type to represent real variables such as time and temperature, may
define an infeger type to represent integer variables such as an event count, and may
define a string type to represent names such as city or state names. A rigorous data
model specifies the relations and operations defined on values of primitive types.
The definition of a type of primitive value may include arithmetical operations, string

operations, an order relation, a metric or a topology.

2. The ways that primitive values are aggregated into data objects. These aggregates
represent complex mathematical objects, such as vectors, functions, vectors of
functions, and so on. There are a variety of approaches to defining data aggregates.
In the C programming language, vectors can be represented by structures, functions
can be-represented by arrays, and pointers can be used to define complex networks

of values. Most programming languages provide a few simple data structuring rules
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that can be combined to define a wide variety of data aggregates. On the other
hand, most scientific analysis and visualization systems support specific types of
aggregates based on particular application needs. These may include two-
dimensional images (as generated by satellites and other observing systems), three-
dimensional grids (as generated by numerical simulations and some observing
systems), and vector and polygon lists (generated by applying visualization

operators to images and grids, and by map makers).

3. Metadata about the relation between data and the physical things they represent.
For example, given a meteorological temperature value, metadata includes the fact
that it is a temperature, its scale (Fahrenheit, Kelvin, etc.), its spatial and temporal
location in the Earth's atmosphere, and whether it is a point sample or an average
over space and time. Temperature values have limited accuracy, whether sensed by
an instrument or computed by a weather model, and an estimate of accuracy is
another form of metadata. Because instruments and observing systems are fallible,
an expected data value may not be defined at all, so missing data indicators are a
form of metadata. If a temperature is observed by an instrument, there may be
metadata about the instrument (for example, aperture, pointing direction, filters,
etc.). If a temperature is computed from other values, there may be metadata about

the algorithm used to compute it and the source of the algorithm's inputs.

The term metadata has several different meanings. It is sometimes denotes
information about the organization of data, in which case it may be called syntactic
metadata. Here it denotes information about the meaning of data, and may be called

semantic metadata. We can think of metadata as secondary data that are critical to the
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usefulness of primary data. For example, while a satellite image may primarily consist of
an array of pixel radiance values, those data are scientifically useless without other arrays
that specify the Earth locations of pixels, how pixel values correspond to physical

radiances, and so on.

1.2.3 Display Models

Just as we can define systematic models of scientific data, we can define systematic
models of scientific displays. In particular, it is useful to note that computer programs
generate displays in the form of data objects. Bertin's detailed display model, first
published in 1967, illustrates how a display model addresses the issues of primitives and
aggregates (Bertin, 1983). Bertin defined a display as an aggregate of graphical marks,
and identified eight primitive variables of a graphical mark: two spatial coordinates of the
mark in a graphical plane (he restricted his attention to static two-dimensional graphics),
plus the mark's size, value, texture, color, orientation, and shape. Bertin defined diagrams,
networks and maps as spatial aggregates of graphical marks. Figure 1.5 illustrates Bertin's

display model.
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S hical haracterized
graphical marks are characterize
A by their two spatial coordinates and
| by six other primitive variables:
B <
= (size, value, texture, color, orientation, shape)

%/

A two-dimensional region filled with graphical marks

Figure 1.5. Bertin's display model. He modeled displays as sets of graphical

marks in a two-dimensional spatial region.

Bertin's display model was limited to static two-dimensional displays. This
corresponds to what can be physically displayed on a two-dimensional screen at one time.
However, computer-generated displays generate the illusion of three dimensions and show
motion by changing screen contents at short intervals. We can even regard various forms
of user interaction as an integral part of the display. Thus we distinguish between physical
and logical display models. We let V" denote the set of physical displays, which are
two-dimensional and static, and we let V denote the set of logical displays, which are
three-dimensional, animated and interactive. The mapping RENDER : V — V" includes
traditional graphics operations such as iso-surface generation, volume rendering,
projection from three to two dimensions (rotate, zoom and translate), clipping, hidden-
surface removal, shading, compositing, and animation (these operations could be
implemented in a rendering pipeline, as illustrated in Figure 1.4). A changing set of
mappings, RENDER - V — V', expresses the three-dimensional, animated, interactive

nature of logical displays in V.
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Visualization is a process that maps data objects to displays. We let U’ denote a
set of mathematical objects, and we let U/ denote a set of data objects used to represent
them. Then the overall visualization process may be viewed as a sequence of mappings
U'— U—V— V" The mapping from U’ to U expresses the way that scientists
implement their mathematics on computers, and the mapping from V' to V" is the generally
well understood physical display generation process (Foley and Van Dam, 1982; Lorensen
and Cline, 1987). Thus we will concentrate our interest on the mapping D : U — V. In
order to optimize the generality of visualization techniques to different scientific
applications, we seek scientific data models U/ whose primitive values are defined in terms
of abstract mathematical properties, whose aggregates are constructed using a few simple
rules that can be combined in complex ways, and that integrate a variety of metadata. We
also seek display models V" that are abstract and that include interactive displays.

While the proper abstractions for U and V" are necessary for display techniques that
are flexible and easy to use, the proper abstraction for the mapping D is also necessary. In

the next section we describe efforts to automate the choice of this mapping.

1.2.4 Automating the Design of Data Displays

As described in Section 1.2.1, the object-oriented and data flow approaches define
natural methodologies for designing programs (or data flow diagrams) for transforming
data into displays, but they still require considerable programming effort from their users.
In response to scientists' need for visualization techniques that are easy to use, there have
been a variety of efforts to automate the design of algorithms for producing data displays.
This goal is often called automating the design of data displays, since the research focuses

on automating the choice among the many different ways of displaying the same data.
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Mackinlay sought to automate the design of displays for data from relational
database systems (Mackinlay, 1986). His technique combined a relational data model with
Bertin's display model. A relation is a set of tuples of values. Sets of primitive values
called domains are defined for each position in a relation's tuples. Mackinlay classified
domains as nominal (without an order relation), ordinal (with an order relation but without
a metric or arithmetical operations) or quantitative (with a metric and arithmetical
operations). These primitive values are aggregated into sets of tuples to form relations
Mackinlay's data model also allowed functional dependencies to be defined between the
domains of a relation (these are restrictions on the sets of tuples that may form relations).

Mackinlay modeled displays as sentences in a graphical language. Sentences were
sets of 2-tuples, where each tuple pairs a graphical mark with a two-dimensional screen
location. He also attached attributes to graphical marks for specifying their size, color,
orientation, etc. The values of these attributes are similar to the primitive values Bertin
used for graphical marks. Thus, in Mackinlay's model a display could be interpreted as a
set of tuples, where each tuple contains two screen coordinates and the values of the
various attributes of a graphical mark.

Mackinlay defined expressiveness and effectiveness criteria for the mapping from
data relations to display sentences. The expressiveness criteria require that a display

sentence:

1. Encodes all the facts in a set (that is, the set of facts about a data relation), and

2. Encodes only the facts in a set.
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The effectiveness criteria provide a way to choose between different display sentences that
satisfy the expressiveness criteria. For example, an effectiveness critérion may specify that
quantitative information is easier to perceive when encoded as spatial position rather than
as color. Mackinlay also solicited visualization goals from the user. Effectiveness criteria
and visualization goals were expressed formally in terms of predicates and functions
applied to relational data and display sentences. These were used as the basis for a
backtracking search for an optimal display.

Mackinlay's display model was static and two-dimensional and therefore too
limiting for scientific visualization. Furthermore, while the relational model can, in theory,
be used for scientific data, it does not naturally fit the ways that scientific data are
aggregated. Robertson (Robertson, 1991), Senay and Ignatius (Senay and Ignatius, 1991,
Senay and Ignatius, 1994), and Beshers and Feiner (Beshers and Feiner, 1992) all sought
automated techniques for designing displays for scientific data.

Robertson's data model classified primitive values as either nominal or ordinal.
Nominal values were further classified as single or multiple valued (that is, sets of values)
and ordinal values were classified as discrete or continuous (this is a classification of the
topology of primitive value sets). Primitive values were aggregated as distributions over
an n-dimensional space. Robertson modeled displays as two-dimensional and three-
dimensional surfaces and their attributes (for example, color and texture). His
methodology solicited a set of visualization goals from the user, in terms of the scales of
the user's interest (that is, point, local or global) in different variables, and in terms of the
user's interest in correlations between various pairs of variables. Data displays were
generated by matching data attributes and relations to display attributes and relations,

according to the user's visualization goals.
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Senay and Ignatius' data model classified primitive values as qualitative or
quantitative, and aggregated primitive values as functional dependencies between
variables. Their data model included metadata for coordinate systems and data sampling.
Senay and Ignatius modeled displays using Bertin's graphical marks, and using specific
aggregates of marks (for example, icons and iso-surfaces). These were further classified
as to whether they encoded a single variable or multiple variables Displays were
generated by applying production rules for matching data characteristics with display
characteristics.

Beshers and Feiner's data model consisted of functions from one set of real
variables to another. Their display model sought to overcome the limitation to three
spatial axes by embedding small spatial coordinate systems (that is, small sets of graphical
axes) within larger spatial coordinate systems. Their display model formalized interactive
exploration of data by allowing the user to move small coordinate systems around within
larger coordinate systems. Their technique searched through a large set of possible
designs, evaluating them based on a set of user-defined visualization tasks.

While all of these efforts sought to automate the design of displays, their display
models were limited to specific types of displays and they enumerated specific display
techniques as the search spaces for their automated techniques. That is, their focus was to
automate the user's task of choosing among enumerated sets of visualization techniques.
In the next section we describe an alternative approach that defines certain general analytic
conditions on the mapping from data to displays, and then derives visualization mappings
that satisfy those conditions.

In each of the previous automated approaches described above, displays were
designed based on information about visualization goals provided by the user. Obviously,

some form of user input is necessary for users to be able to control display design.
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However, user interface issues are notoriously complex and it is not obvious that an
encoding or parameterization of visualization goals is the most effective way for users to
control visualization systems. It may be most effective to allow users to make their own
translation from their goals to some other form of controls over visualization. In
particular, an interactive system that lets users experiment with various ways of displaying
their data may be more effective than an automated system. An interactive system enables
users to experiment with small changes to their display controls and to see the effect of
those changes on the way that their data are displayed. Such experimentation is also often

the fastest way for scientists to learn how a visualization system works.

1.3 Major Contributions

The main contributions of this thesis can be summarized as follows:

1. Development of a system for scientific visualization that enables a wide variety of
visual experiments with scientific computations. This system integrates visualization
with a scientific programming language that can be used to express scientific
computations. This programming language supports a wide variety of scientific data
types and integrates common forms of scientific metadata into the computational
and display semantics of data. Any data object defined in a program in this language
can be visualized in a wide variety of ways during and after program execution. The
controls for data display are simple and independent of data type. Displays are
controlled by a set of simple mappings rather than program logic. These mappings
are independent of data type and separate from a user's scientific programs, which is
a clear distinction from previous visualization systems that require scientists to

embed calls to visualization functions in their programs. Furthermore, computation
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and visualization are highly interactive. In particular, the selection of data objects
for display and the controls for how they are displayed are treated like any other
interactive display control (e.g., interactive rotation). Previous visualization systems
require a user to alter his program in order to make such changes. The generality,
integration, interactivity and ease-of-use of this system all enhance the user's ability

to perform visual experiments with their algorithms.

. Introduction of a systematic approach to analyzing visualization based on lattices.
We define a set U of data objects and a set ¥ of displays and show how a lattice
structure on [/ and J expresses a fundamental property of scientific data and
displays (namely that they are approximations to the physical world). The
visualization repertoire of a system can be defined as a set of mappings of the form
D . U— V. Itis common to define a system's visualization repertoire by
enumerating such a set of functions. However, an enumerated repertoire is justified
only by the tastes and experience of the people who decide what functions to include
in the set. In contrast, we interpret certain well-known expressiveness conditions on
the visualization mapping D : U — Vin terms of a lattice structure, and define a
visualization repertoire as the set of functions that satisfy those conditions. Such a
repertoire is justified by the generality of the expressiveness conditions. We show
that visualization mappings satisfy these conditions if and only if they are lattice
isomorphisms. Lattice structures can be defined for a wide variety of data and
display models, so this result can be applied to analyze visualization repertoires in a

wide variety of situations.
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3. Demonstration of a specific lattice structure that unifies data objects of many
different scientific types in a data model U, and demonstration that the same lattice
structure can express interactive, animated, three-dimensional displays in a display
model V. These models integrate certain kinds of scientific metadata into the
computational and display semantics of data. In the context of these scientific data
and display models, we show that the expressiveness conditions imply that mappings
of data aggregates to display aggregates can always be factored into mappings of
data primitives to display primitives. We show that our display mappings are
complete, in the sense that we characterize all mappings satisfying the

expressiveness conditions.

1.4 Thesis Outline

The rest of this thesis is organized as follows. In Chapter 2 we describe the
architecture of a system for scientific visualization based on the goals described in Section
1.1. As described in Section 1.2, current visualization systems approach the goals for
flexibility by enumerating different data types and different types of displays. In Chapter 3
we develop an alternate approach to flexibility based on defining very general conditions
on the mapping from data to displays, and we analyze the repertoire of functions that
satisfy those conditions. We summarize the results of this analysis in terms of a set of
principles for visualization. In Chapter 4 we continue the presentation of our visualization
system architecture based on those principles. In Chapter 5 we discuss how the analysis of
Chapter 3 might be extended to data and display models appropriate for general

programming languages. Chapter 6 summarizes the conclusions of this thesis.




Chapter 2

System Design for Visualizing Scientific Computations

In Section 1.1 we defined five broad goals for scientific visualization. Specifically,

we seek visualization techniques that

1. Can be applied to the data of a wide variety of scientific applications.

2. Can produce a wide variety of different visualizations of data appropriate for

different needs.

3 Enable users to interactively alter the ways data are viewed.
4. Require minimal effort by scientists.
5. Can be integrated with a scientific programming environment.

In this chapter we develop a system architecture for visualizing scientific
computations based on these goals. This architecture is implemented in a system called
VisAD (Visualization for Algorithm Development).

2.1 A Scientific Computing Environment

The purpose of scientific visualization is to make invisible computations visible.

Thus, for example, Figure 1.2 is a visualization of a simulation of the Earth's atmosphere.
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This image includes depictions of heat (the red and green vertical slice), air flow (the
yellow ribbons), precipitated cloud ice (the blue-green iso-surface), and a chimney-shaped
balloon (the white object) floating over a patch of tropical ocean (the blue square). This
image shows just one instant from the sequence of changing atmospheric states produced
by the simulation. The total volume of data produced by this simulation is enormous, and
would be impossible to understand without such visualizations.

In order to make such complex computations visible, our fifth goal was to develop
visualization techniques that "Can be integrated with a scientific programming
environment." Our design meets this goal by including a scientific programming language
as part of the visualization system. This goal could be met in other ways, for example by
providing a library of functions for displaying data that is callable from common scientific
programming languages. However, the size and complexity of scientific computations and
data motivated our third goal that visualization techniques "Enable users to interactively
alter the ways data are viewed." In particular we noted in Section 1.1 that the user
feedback cycle illustrated in Figure 2.1 may be applied interactively to running
computations. This argues for a system architecture that can flexibly and intimately
integrate the user interfaces for programming, computation and display. This can best be

achieved by integrating a scientific programming language with a visualization system
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Run Computation

Visualize Results

Change Algorithm or
Computational Parameters

Figure 2.1 The place of visualization in the computational process (this is a copy

of Figure 1.3).

Robert Aune's simulation of a two-dimensional shallow fluid (Haltiner and
Williams, 1980) illustrates how the integration of visualization with a programming
language enables the feedback loop in Figure 2.1 to be applied to running computations.
The VisAD implementation of the shallow fluid model is described by the following

pseudo-code:



loop over model time steps {
/* get the user's interactive controls of the model */

parameter! = slider("namel", lowl, highl, defaultl);

parameterN = slider("nameN", lowN, highN, defaultN);
/* compute the next state of the model */

new = shalstep(oldest, old, parameterl, ..., parameterN),
oldest = old; /* save previous model state */

old = new;

} /* end of loop for simulation time steps */

Figure 2.2 shows a screen snapshot of the VisAD system running this program.
The system generates the icons seen in the lower-left corner of the screen based on the
calls to the slider function. As the program runs, the user is free to set values on these
icons, which are returned by the calls to the slider function. These values are passed to
the Fortran function shalstep, which computes a new fluid state from the states for the
previous two time steps. The window in the lower-right corner of the screen is a
visualization of the current state of the simulated fluid. Together, slider icons and this
visualization enable the user feedback loop illustrated in Figure 2.1 to be applied to the

running shallow fluid simulation.
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Figure 2.2. A snapshot of an executing shallow fluid simulation model. Part of a
VisAD program is seen in the text window on the left, slider icons used to
interact with the simulation are seen in the lower-left, and a visualization of the

data object new is seen in the lower-right window. (color original)
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Figure 2.2 also illustrates the integration of user interfaces for programming,
computation and display. The white window on the left side of the screen contains the
text of the fluid simulation program. The long dark horizontal bar highlights the program
statement currently being executed, and the short dark horizontal bars highlight
occurrences of the name of the data object being displayed (in this case, the name is new).
The user selects data objects for display by picking their names in this text window (i.e.,
pointing and clicking at their names with the mouse). The user similarly sets program
execution breakpoints by picking program statements in this window.

Our visualization system design provides an interactive interpreted language in
order to let scientists perform visual experiments with their algorithms and computations.
However, an interpreted language is relatively inefficient. Furthermore, scientists may
already have large amounts of software written in Fortran and C. Thus the VisAD system
supports dynamic linking between its interpreted language and these common compiled
languages.

We considered a visual programming language for our system, similar to those
used in data flow visualization systems. Such languages provide a graphical user interface
for designing the data and control flow of programs. However, we chose a text based
user interface for an interpreted language because it is more familiar to scientists and can
express large and complex algorithms more compactly. Our choice is supported by the
relative popularity of the IDL (Interactive Data Language) system among physical
scientists, compared to the data flow visualization systems. In fact, if the source code of
the IDL system was freely available we would have strongly considered using it as the
scientific programming environment integrated for the VisAD system.

One powerful effect of integrating visualization with a scientific programming

language is the ability to visually trace computations by watching displays of many
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different data objects. If an algorithm is not producing correct results, such integration
allows users to step through their computations, visually comparing the inputs and outputs
of short segments of code in order to find a bug. This capability requires that visualization
be applied to any selected data object occurring in a program, and thus provides additional
motivation for our first goal that scientific visualization techniques "Can be applied to the
data of a wide variety of scientific applications." Thus in the next section we study the

nature of scientific data.

2.2 Scientific Data

Physical scientists formulate mathematical models of nature to simulate complex
events and to analyze observations. Models of the Earth's atmosphere and oceans provide
one good class of examples. Temperatures, pressures, latitudes, altitudes and times are
expressed as numbers. The primitive elements of mathematical models are numerical
variables used to represent such physical quantities. These primitive variables are then
combined in various ways to build the complex objects of mathematical models. For

example, the state of a infinitesimal parcel of air may be described by the vector:

parcel = {temperature, pressure, water-concentration,

wind-velocity-x, wind-velocity-y, wind-velocity-z}

The values of temperature and other primitive variables vary over space, and may be

described by the functions:

temperature = temperature-field(latitude, longitude, altitude)

pressure = pressure-field(latitude, longitude, altitude)
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water-concentration = water-concentration-field(latitude, longitude, altitude)
wind-velocity-x = wind-velocity-x-field(latitude, longitude, altitude)
wind-velocity-y = wind-velocity-y-field(latitude, longitude, altitude)

wind-velocity-z = wind-velocity-z-field(latitude, longitude, altitude)

The state of the atmosphere may be described by the vector of functions:

state = {temperature-field(latitude, longitude, altitude),
pressure-field(latitude, longitude, altitude),
water-concentration-field(latitude, longitude, altitude),
wind-velocity-x-field(latitude, longitude, altitude),
wind-velocity-y-field(latitude, longitude, altitude),
wind-velocity-z-field(latitude, longitude, altitude)}

Finally, the state of the atmosphere varies over fime, and a history of the atmosphere may

be described by the function:

state = state-history(time)

We refer to these mathematical variables, vectors and functions as mathematical objects.
The dynamics of the Earth's atmosphere may be modeled by sets of (partial differential)
equations involving these mathematical objects, and, in general, physical scientists'
mathematical models are expressed in terms of such mathematical objects.

Recording and analyzing actual observations and predicting actual events require

implementations of mathematical models by hand or automated computations. Whereas
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mathematical models include infinite precision real numbers and functions with infinite
domains, computer memories are finite. Thus computer implementations of mathematical
models are approximations. For example, real numbers are usually approximated by
floating point numbers, and functions are usually approximated by finite arrays. That is,
values in the infinite set of real numbers are commonly approximated by values taken from
a finite set of roughly 2 ~ 32 values between -10 ~ 38 and +10 ”~ 38 (the set of 32-bit
floating point values) and the infinite sets of values of functions are commonly
approximated by finite subsets of those values (for example, atmospheric models usually
define discrete values for temperature, pressure and other state variables at finite grids of
locations within the atmosphere).

Thus we interpret data objects as representing mathematical objects. There are a
variety of mathematical types (for example, primitive variables, vectors, functions, vectors
of functions, and so on) so we define a variety of types of data objects appropriate for
representing mathematical objects. Specifically, we define primitive data types for
representing primitive mathematical variables - these could be integer or floating point
types. We define vector types for representing mathematical vectors - these are called
records, structures or tuples in different programming languages. We define array types
for representing mathematical functions - these are finite sets of samples of function
values. We use these as the data types of the scientific programming language that is
integrated with our visualization system.

As an example, we define the following data types for representing the
mathematical types defined earlier. These types could be used for an implementation of an

atmospheric model in the VisAD programming language.
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type femperature = real;

type pressure = real,

type water-concentration = real,
type wind-velocity-x = real,

type wind-velocity-y = real,

type wind-velocity-z = real;

type parcel = structure{femperature, pressure, water-concentration,

wind-velocity-x;, wind-velocity-y, wind-velocity-z;}

type latitude = real,
type longitude = real,

type altitude = real;

type temperature-field =

array [latitude] of array [longitude] of array [altitude] of temperature;
type pressure-field =

array [latitude] of array [longitude] of array [altitude] of pressure,
type water-concentration-field =

array [latitude] of array [longitude] of array [altitude] of water-concentration,
type wind-velocity-x-field =

array [latitude] of array [longitude] of array [altitude] of wind-velocity-x,
type wind-velocity-y-field =

array [latitude] of array [longitude] of array [altitude)] of wind-velocity-y,



type wind-velocity-z-field =

array [latitude] of array [longitude] of array [altitude] of wind-velocity-z,

type state =
structure {femperature-field, pressure-field, water-concentration-field,

wind-velocity-x-field, wind-velocity-y-field, wind-velocity-z-field.}

type time = real,

type state-history = array [time] of state;

These examples illustrate the ways that data types are defined in the VisAD programming
language.

As in Section 1.2.3, we let U denote the set of data objects used to represent
mathematical objects in /" Scientific displays can be viewed as a special kind of data
object so, as in Section 1.2.3, we let V denote a set of display objects. Next we consider

the nature of scientific displays.

2.3 Scientific Displays

The same data may be visualized in many different ways, as illustrated in Figure
1.1. Thus our second goal was to develop visualization techniques that "Can produce a
wide variety of different visualizations of data appropriate for different needs." In order
to satisfy this goal, our visualization system should include a flexible and general display

model.
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Bertin's display model was limited to static two-dimensional images While his
model was adequate as a description of the instantaneous contents of a workstation
screen, it fails to express the dynamic, three-dimensional and interactive character of
scientific displays. Thus we distinguish between a set V' of static two-dimensional images
(i.e., physical displays) and a set V' of logical displays. For a given physical display device,
J" is a finite and fixed set of static two-dimensional images (for example, it may be the set
of 1024 by 1024 arrays of pixels with 8 bits of intensity for each of red, green and blue).
Because }” is finite, a visualization mapping D : [/ — V' cannot be injective (i e., one to
one). This would be a severe constraint on any effort to analyze mappings from data to

displays. On the other hand, we can define a infinite set }” of logical displays that

1. Are three-dimensional.

2. Are animated.

3. Have infinite extents in space and time

4. Have varying resolution in space and time.

5. Are generated by a variety of rendering techniques.

The meaning of logical displays in V' is defined by a function RENDER - V — V"

The RENDER function projects three-dimensional displays onto a two-dimensional screen,

removes hidden objects during this projection process, clips displays to finite screen

boundaries, simulates scene lighting, simulates transparency and reflection, animates
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sequences of static images, and so on. The logical display model may include generic
scalar and vector fields, in which case the RENDER function may implement the
calculation of iso-surfaces and plane slices to represent scalar fields, and of arrows and
streamlines to represent vector fields. We note that there are many possible functions
RENDER : V — V', depending on parameters of the projection from three to two
dimensions, on parameters of simulated lighting, on the place in an animation sequence,
and so on. By giving users control over these parameters, and thus control over the
choice of the function RENDER : V -> V', we define the interactive nature of logical
displays in V. For example, control over the projection from three to two dimensions lets
users interactively rotate, pan and zoom logical displays.

The RENDER function implements the traditional operations of computer graphics
which have been extensively studied (Foley and Van Dam, 1982; Wyvill, McPheeters and
Wyvill, 1986; Lorensen and Cline, 1987).

2.4 Mapping Data to Displays

We have described a scientific data model U containing data objects of various
types, and a display model V' containing interactive, animated, three-dimensional displays.
Visualization is a computational process that transforms data into displays and can be
described as a function of the form D : U — V. The visualization repertoire of our system
can be described as a set of functions of this form. In order to satisfy the goal of
developing visualization techniques that "Can produce a wide variety of different
visualizations of data appropriate for different needs" we seek to define a broad
visualization repertoire. As described in Section 1.2, current systems define visualization
repertoires by enumerating such sets of functions. However, with an enumerated

repertoire there is no way to be sure that it includes all useful ways of displaying data. An




enumerated repertoire is justified only by the tastes and experience of those who decide
what functions to include in the enumeration.

In contrast, we seek to define a visualization repertoire as the set of all functions
satisfying Mackinlay's expressiveness conditions (Mackinlay, 1986). These conditions say
that displays express all facts about data objects, and only those facts. In the next chapter
we show how these conditions can be rigorously interpreted in terms of lattice structures
defined on data and display models. We have noted that scientific data objects are
approximate representations of mathematical objects. We define a lattice structure on our
data model I/ based on a way of comparing how data objects approximate mathematical
objects, and define a similar lattice structure on our display model /. We then define our
system's visualization repertoire as the set of visualization functions D : {/ — V that satisfy
the expressiveness conditions, as interpreted in the lattice structure.

This approach to defining a visualization repertoire has a number of advantages,

including:

1. The repertoire is complete, in the sense that it includes all visualization functions

satisfying the expressiveness conditions.

2. A single function D : U — V can be applied to display data objects of any type in the
unified data model U, simplifying the user interface for controlling displays. That is,
one set of display controls can be applied to display any data object defined in a
program. Because display controls are independent of data type, they are naturally
separate from a user's scientific algorithms. This is a clear distinction from previous
visualization systems that require calls to visualization functions to be embedded

into scientific programs. In Chapter 3 we show that selection of a function
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satisfying the expressiveness conditions can be controlled by a conceptually simple

user interface.

. Lattice structures can be defined for a wide variety of data and display models, so
our approach can easily be extended to other scientific data and display models In
Chapter 5 we outline how the approach may even be extended to a data model

appropriate for a general-purpose programming language.

. A lattice-structured data model provides a natural way to integrate various forms of
scientific metadata into the computational and display semantics of scientific data.
This reduces the user's need to explicitly manage the relation between data and

associated metadata.
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Chapter 3

An Analysis of Mappings from Data to Displays

Current scientific visualization systems enumerate different ways of displaying
data, or require users to write programs (possibly as data flow diagrams or in object-
oriented programming languages) to control how data are displayed. These approaches
either lack flexibility or require significant effort from users. In contrast, we take a more
systematic approach, analyzing the ways that data can be displayed from basic principles.

In this chapter we describe our approach to scientific visualization, based not only
on an abstract view of data and displays, but also an abstract view of the visualization
mapping between them. First, we recognize that visualization is a computational process
that defines a mapping from a large set of data objects to a large set of displays. Thus,
rather than analyzing visualization in terms of the way an individual data object is
displayed, we analyze visualization in terms of its effect on sets of data objects. (In fact, it
is arguable that data objects only have meaning in relation to other data objects, just as the
significance of the number pi can be explained only in relation to other mathematical
objects). Thus we let the symbol U represent a set of data objects, let the symbol V'
represent a set of displays, and let D : U — V represent the mapping from data to displays.
We define a visualization repertoire as the set of all such visualization mappings that
satisfy certain analytic conditions.

The simplest example of an analytic condition on D expresses the uniqueness
requirement that different data objects have different displays, so that users can distinguish
different data objects from their displays. This is just the condition that D be injective

(one to one). It can be expressed as follows:
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(GB.1) Vu,u' e U u=u"< Du)y=Du’)

Eq. (3 1) is a very weak condition on D. For example, if U is a set of two-
dimensional images and if ' = U (that is, the display model V' is also a set of two-
dimensional images), then any permutation of images satisfies Eq. (3.1). However, it is
easy to construct a permutation D of images such that the display D(u) generally does a
poor job of communicating information about the data object « to users. Thus we seek
stronger conditions on D.

In general, any condition on D must be defined in terms of mathematical structures
on Jand V. For example, Eq. (3 1) expresses a condition in terms of the mathematical
structure of equality on I/ and V. The advantage of Eq. (3.1) is that it can be applied very
broadly to visualization because all data and display models include an equality relation.
Therefore we also seek to define stronger conditions on D that express fundamental

properties of scientific data objects and displays.

3.1 An Analytic Approach Based on Lattices

In this thesis we focus on the observation that, for most scientific computations,
computer data objects and displays are finite approximations to mathematical models of
nature. That is, real numbers have infinite precision and functions of real variables have
infinite domains, whereas the computer data objects that represent these mathematical
objects are finite and therefore approximate. Because scientific data objects and displays
are approximations, we can define an order relation between them based on the precision
of approximation (for example, a high resolution image is more precise than a low

resolution image as an approximation to a radiance field). This order relation allows us to
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define lattice structures on data and display models, and to define analytic conditions on

visualization mappings based on the lattice structures.

3.1.1 Basic Definitions for Ordered Sets

Since our analytic approach to visualization draws on the theory of ordered sets,
we first review some basic definitions from this theory (Davey and Priestly, 1990; Gierz, et
al., 1980; Gunter and Scott, 1990; Schmidt, 1986; Scott, 1971; Scott, 1976, Scott, 1982).

Appendix A contains a more complete list of definitions.

Def. A partially ordered set (poset) is a set 1) with a binary relation < on D such

that, Vx, y,z € D

(a) x<x "reflexive"
by x<y&y<x—=>x=y "anti-symmetric"
(c) x<y&y<z=>x<z "transitive"

Def. An upper bound for a set M — D is an element x € D such that

VyeM y<x

Def. The least upper bound of a set M < D, if it exists, is an upper bound x for M
such that if y is another upper bound for M, then x <y. The least upper bound of M is

denoted sup M or \IM. sup{x,y} is written x v/ y.

Def. A lower bound for a set M < D is an element x €D such that Vy e M x < y.



43

Def. The greatest lower bound of a set M < D, if it exists, is a lower bound x for
M such that if y is another lower bound for M, then y <x. The greatest lower bound of M

is denoted inf M or \M. inf{x.y} is written x A .

Def. Asubset M c Disadown setif Vx e MVy e D. y<x =y e M Given
M c D, define {M = {yveD|dx e M y<x}, and givenx € D, define
Ix={yeD|y<x}

Def. AsubsetM c Disanup setif Vx e M Vye D x<y=>y e M Given
M < D, define TM = {y € D|3x € M. x <y}, and given x € D, define
Tx={yeD|x<y}

Def. A subset M ¢ D is directed if, for every finite subset 4 ... M, there is an

x € Msuchthat Vy e 4. y<x.

Def. If D and £ are posets, we use the notation (D — £) to denote the set of all

functions from D to £.

Def. If D and E are posets, a function fD—FE is monotone if

Vx,y € D.x <y = fix) < fly). We use the notation MON(D — E) to denote the set of all

monotone functions from D to £.

Def. If D and E are posets, a function f.D—>E is an order embedding if
Vx,ye D x<y < fix) <Ay).
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Def. Given posets D and E, a function f.D—E, and a set M < D, we use the
notation f{iM) to denote {f(d) | d € M}.

Def. A poset D is a lattice if for all x, y € D, x v y and x A y exist in D.

Def. A poset D is a complete lattice if for all M < D, IM and \M exist in D.

Def. If D and F are lattices, a function f.D->F is a lattice homomorphism if for all
x,y € D, f(x A y)=fx) Afy) and f(x v y) = f(x) v Ay). IffD—Eis also a bijection then

it is a lattice isomorphism.

3.1.2 Scientific Data Objects as Approximations of Mathematical Objects

In Section 2.2 we described the nature of scientific data as representing
mathematical objects. We noted that data objects are usually approximations to
mathematical objects, as for example floating point numbers approximate real numbers
and arrays are finite samplings of functions of a real variable.

The importance of the approximate nature of scientific data is reflected in the
common use of semantic metadata to document the how scientific data approximate

mathematical variables and functions. For example, in Section 2.2 we defined a data type:

type temperature-field =

array [latitude] of array [longitude] of array [altitude] of temperature;

Data objects of type temperature-field are approximate representations of the

mathematical function:
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temperature = temperature-field(latitude, longitude, altitude)

One important form of scientific metadata describes the locations of samples of
temperature-field arrays. Furthermore, temperature values in the array are represented by
finite numbers of bits, and another important form of metadata describes the
correspondence between finite bit patterns and real numbers. Such metadata may be
implicit in the specification of a floating point number standard, but may also be explicit,
as in the case of coded 8-bit or 10-bit satellite radiances. Metadata may describe how data
values are spatial or temporal averages of physical variables; this metadata quantifies how
data values approximate mathematical values. Metadata may explicitly document
numerical precision by providing error bounds for values that approximate real numbers.
Metadata may define missing data codes used to indicate failures of observing instruments
or numerical exceptions; we view such missing data codes as documenting values that
have the least possible precision.

Other metadata provide indirect information about how precisely data objects
approximate mathematical objects. Values produced by simulations may include metadata
about the name and version number of the model that produced them, about the data used
to initialize the model, about parameter settings of the model, and so on. Values produced
by observations may include metadata about which sensors produced them, and may also
include, for example, observations of the instruments themselves for calibration, sensor
temperatures, angles to the sun or other navigation landmarks, and so on. These detailed
metadata are often the basis of complex computations for estimating sampling and

accuracy characteristics of values.
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The approximate nature of scientific data is a fundamental property of that data
that can serve as the basis for a mathematical order structure on a scientific data model.
As explained in the next section, data objects can be ordered based on how precisely they
approximate mathematical objects. This order relation provides us with a mathematical
structure on data and display models that can be used as the basis for defining analytic

conditions on visualization mappings.

3.1.3 A Mathematical Structure Based on the Precision of Scientific Data

We assume a set [/’ of mathematical objects and a set U/ of data objects. There are
only a countable number of data objects (objects that can be stored inside a computer are
limited to finite strings over finite alphabets) but an uncountable number of mathematical
objects. Thus each data object generally represents a large set of mathematical objects.
Given a data object # € U, let math(u) < U’ be the set of mathematical objects
represented by . Given two data objects v and «’, if math(u'y  math(u) then u’
represents a more restricted set of mathematical objects than # does and we can say that «’

is more precise than #. Thus we define an order relation on {/ by:

(3.2) wu<u' < math(u") < math(u)

For example, a missing value (which we indicate by the symbol L) can represent (i.e., is
consistent with) all mathematical values, so L < x where x is any data value.

Similar order relations have been defined for reasoning about partial information in
data base management systems (Read, Fussell and Silberschatz, 1993) and in the study of
programming language semantics (Scott, 1971). There is no algorithmic way to separate

non-terminating programs from terminating programs, so the set of meanings of programs
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must include an undefined value for non-terminating programs. This value is less precise
than any of the values that a program would produce if it did terminate so it is natural to
define an order relation between program meanings where undefined < x for all program
values x. In order to define a correspondence between the ways that programs are
constructed, and the sets of meanings of programs, Scott elaborated this order relation
into an elegant lattice theory for the meanings of programs (Scott, 1982). He equated

"x < y" with "x approximates y "

Thus Scott's order relation is similar to the order relation defined by Eq. (3.2), and
the undefined value in programming language semantics is analogous with the missing
value used in scientific computations. (We note that the source of undefined values is
non-terminating computations whereas the sources of missing values are sensor failures
and numerical exceptions). There are many other examples of how the order relation
defined in Eq. (3.2) may be applied. Metadata about accuracy often take the form of error
bars, which are intervals around values. Real intervals have been studied as a
computational data model for real numbers (Moore, 1966), and have been applied to
computer graphics (Duff, 1992; Snyder, 1992). An interval represents any real number it
contains, so Eq. (3.2) indicates that smaller intervals are "greater than" containing
intervals. We can combine the missing value and real intervals in a simple data model for
approximations of real numbers. The order relation on this data model is illustrated in
Figure 3.1. Note that the set of real intervals is not countable, but an implementation of
the real interval data model could be restricted to the set of rational intervals. From now
on we will not require that I/ be countable, but will recognize that an actual

implementation of U can only include a countable number of data objects.




[0.0,0.0]  [0.01,0.01]

N/

[0.0, 0.01]

(0.0, 0.1]

[0.5, 0.5]
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[0.945, 0.945]

/ N\

[0.93,0.95] [0.94, 0.97]

N/

[0.9, 1.0]

Figure 3.1. Order relation of a continuous scalar. Closed real intervals are used

as approximate representations of real numbers, ordered by the inverse of

containment (that is, containing intervals are "less than" contained intervals).

We also include a least element L that corresponds to a missing data indicator.

This figure shows a few intervals, plus the order relations among those intervals.

The intervals in the top row are all maximal, since they contain no smaller

interval.

We can extend the data model in Figure 3.1 to real functions by defining array data

objects that are sets of pairs of real intervals. The first interval in a pair represents a

domain value of the function, and the second interval represents the corresponding range

value. The two intervals define a rectangle that contains at least one sample from the

graph of the represented function. For example, the set of pairs

(3.3) {([1.1, 1.6], [3.1, 3.4]), ([3.6, 4.1], [5.0, 5.2]), ([6.1, 6 4], [6.2, 6.5])}

contains three samples of a function. The domain value of a sample lies in the first interval

of a pair and its range value lies in the second interval of a pair, as illustrated in Figure 3.2.
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62,65 |
[5.052] |

[3.1, 3.4]

[1.1,1.6] [3.6,41] [6.1, 64]

Figure 3.2. Approximating real functions by arrays.

An array represents any function whose graph contains a point in each of the
rectangles defined by its pairs. Adding more samples to an array restricts the set of
functions that the array can represent. Similarly, replacing pairs of intervals by pairs of
more precise intervals restricts the set of functions that the array can represent. Thus we
can define an order relation between arrays, as illustrated in Figure 3.3. Note that the

empty set is the least value of this data model since it can represent any real function.




{([1.33, 1.40], [3.21, 3.24]),
([3.72, 3.73), [5.09, 5.12]),
([6.21, 6.23], [6.31, 6.35])}

AN /

{([1.1, 1.6, [3.1, 3.4]),
([3.6, 4.1], [5.0, 5.2]),
([6.1, 6.4], [6.2, 6.5])}

[1.1,1.6], L)

{(
([3.6, 4.1], [5.0, 5.2]),
(1

6.1,6.4],1 )}

([1.1, 1.6], [3.1, 3.4]),

]
([3.6, 4.1], [5.0, 5.2]),
([6.1, 6.4], [6.2, 6.5]),
([7.3, 7.5], [8.1, 8.4])}

¢ (the empty set)

Figure 3.3. Order relation of arrays.

The sequence of satellite images in Figures 3 4 through 3.7 provides a practical
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illustration of an order relation based on precision. Each of these images contains a finite

number of pixels that are samples of a continuous Earth radiance field. The higher

resolution images are more precise approximations to the radiance field, and the sequence

of images form an ascending chain in the order relation.
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These examples of data models for approximating two simple types of
mathematical objects, real numbers and real functions, show how Eq. (3.2) can be used to
define order relations. In these examples we defined different sets of data objects to
represent different mathematical types. However, a scientific application may include
many data types, and it is impractical to provide a separate data model {J and a separate
analysis of visualization functions D . U/ — V for each different data type. Thus it is
desirable to define data models that include many different data types.

In the study of programming language semantics, objects of many different types
have been embedded in lattices called urniversal domains (Scott, 1976). In Section 3.2 we
will show how scientific data objects of many different types can be embedded in a single
lattice. Thus we assume that our data model U is a lattice. We further assume that {/is a
complete lattice. Any ordered set can be embedded in a complete lattice by the Dedekind-
MacNeille completion (Davey and Priestly, 1990), so this is not a very strong assumption.
Scott showed how to define a topology on ordered sets (Gunter and Scott, 1990) and in
this topology least upper bounds play a role analogous to limits. Thus we can think of the
assumption that U/ is complete as meaning that it contains the mathematical objects that
are the limits of sets of approximating finite data objects. Complete lattices are a
convenient mathematical context for studying visualization functions, as long as we
remember that actual implementations of data models are restricted to countable subsets
of U.

The notion of precision of approximation also applies to displays. Displays have
finite resolution in space, color and time (that is, animation). Two-dimensional images and
three-dimensional volume renderings are composed of finite numbers of pixels and voxels,
each implemented with a finite number of bits, and changing in discrete steps over time.

Computer displays are finite approximations to idealized mathematical displays (that is,
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displays defined in terms of real-valued functions) and it is possible to define an order
relation between displays based on the precision of these approximations. Thus we

assume that our display model V'is also a complete lattice.

3.1.4 Data Display as a Mapping Between Lattices

Data objects provide information about mathematical objects, and Eq. (3.2) says
that the order relations on {/ and V provide measures of the information in data objects
and displays (that is, how precisely they specify mathematical objects). The purpose of
visualization is to communicate information about data objects, and we will express this
purpose as conditions on D : U — ¥ defined in terms of the order relations on U and V'
In order to define conditions on D we draw on the work of Mackinlay (Mackinlay, 1986).
He studied the problem of automatically generating displays of relational information and
defined expressiveness conditions on the mapping from relational data to displays. His
conditions specify that a display expresses a set of facts (that is, an instance of a set of
relations) if the display encodes all the facts in the set, and encodes only those facts.

In order to interpret the expressiveness conditions we define a fact about data
objects as a logical predicate applied to U (that is, a function of the form
P U— {false, true}). However, since data objects are approximations to mathematical
objects, we limit facts about data objects to approximations of facts about mathematical
objects. In particular, we would like to avoid predicates that define inconsistent
information about mathematical objects. For example, if #] <, then u| and u, are
approximations to the same mathematical object (or objects), so we will disallow any
predicates that define P(u;) = frue and P(u,) = false. We can do this by restricting our

interpretations of facts about data objects to monotone predicates of the form
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P: U — {undefined, false, true}, where undefined < false and undefined < true.
Furthermore, a monotone predicate of the form P: U — {undefined, false, true} can be
expressed in terms of two monotone predicates of the form P: U — {undefined, tfrue}, so
we will limit facts about data objects to monotone predicates of the form
P U — {undefined, true}.

The first part of the expressiveness conditions says that every fact about data

objects is encoded by a fact about their displays. We interpret this as follows:

Condition 1. For every monotone predicate P: U — {undefined, true}, there is a

monotone predicate Q: V — {undefined, true} such that P(u) = Q(D(u)) for eachu € U.

This requires that D be injective [if u#; # u, then there are P such that P(u) #
P(u,), but if D(u)) = D(uy) then Q(D(u))) = O(D(uy)) for all O, so we must have D(u) #
D(uy)].

The second part of the expressiveness conditions says that every fact about

displays encodes a fact about data objects. We interpret this as follows:

Condition 2. For every monotone predicate Q: V — {undefined, true}, there is a

monotone predicate P: U/ — {undefined, true} such that O(v) = P(D-1(v)) for each v € V.

We show in Appendix B that Condition 2 implies that D is a monotone bijection
(that is, one-to-one and onto) from U/ onto V. Thus Condition 2 is too strong since it
requires that every display in ¥ is the display of some data object in U/, under D. Since U
is a complete lattice it contains a maximal data object X (the least upper bound of all

members of {J). For all data objects u € U, u < X. Since D is monotone this implies
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D(u) < D(X). We use the notation +D(X) for the set of all displays less than D(X). LD
is itself a complete lattice and for all data objects u € U, D(u) € +D(X). Hence we can
replace V" by 4 D(X) in Condition 2 in order to not require that every v € Vis the display of

some data object. We modify Condition 2 as follows:

Condition 2'. For every monotone predicate Q: +D(X) — {undefined, true},
there is a monotone predicate P: U — {undefined, true} such that Q(v) = P(D"1(v)) for

each v € 4D(X).

P D Q
(L, true} € U >V > (L true}
true € Uy > v 4 > true
true € Us > Vi > true
L < Uy >V, > 1L
L < Uy 7V, > 1

Figure 3.8. The expressiveness conditions specify that D : U — V defines a

correspondence between monotone predicates on U and V.

These two conditions quantify the relation between the information in data objects
and the information in their displays. Figure 3.8 shows D mapping the chain u| <u, <uy

< uy in U to the chain v{ < vy <v3 <v, in V, and shows the values of the monotone
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predicates P and O on these chains. The expressiveness conditions define a

correspondence between such predicates. We now use them to define a class of functions

Definition. A function D: U — V'is a display function if it satisfies Conditions 1

and 2.

In Appendix B we prove the following result about the class of display functions:

Prop. B.3. A function D: U —> Vis a display function if and only if it is a lattice

isomorphism from I/ onto +D(X).

This result may be applied to any complete lattice model of data and displays. In

the rest of this chapter we will explore its consequences in a more specific setting.

3.2 A Scientific Data Model

The scientific data model developed in Section 2.2 defined a set of data types for
representing mathematical types. We define scalar types for representing variables, fuple
types for representing vectors, and array types for representing functions. Based on the
ideas developed in Section 3.1.3, metadata that describe how precisely data objects
approximate the mathematical objects that they represent are integrated into this data
model.

The data model defines two kinds of primitive values, one appropriate for
representing real numbers and the other appropriate for representing integers or text
strings. We call these two kinds of primitive values continuous scalars and discrete

scalars. A continuous scalar takes the set of closed real intervals as values, ordered by the
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inverse of containment. Figure 3 1 illustrated the order relations between values of a
continuous scalar. A discrete scalar takes any countable (possible finite) set as values,
without any order relation between them (since no integer is more precise than any other)
Figure 3.9 illustrates the order relations between values of a discrete scalar. The value
sets of continuous and discrete scalars also always include a minimal value L

corresponding to a missing data indicator.

-3 -2 -1

NZ

Figure 3.9. Order relation of a discrete scalar.

The data model does not specify a particular set of scalars. Rather the data model
can be adapted to a particular scientific application by defining a finite set S of scalar types
to represent the mathematical variables of the application (for example, time, latitude,
temperature, pressure). These scalar types are aggregated into a set 7 of complex data

types according to three rules’
1. Any continuous or discrete scalar in .S is a data type in 7"
2.1f 4y, ..., t,, are types in 7 defined from disjoint sets of scalars, then struct{t|;.. .t,,} is

a tuple type in T with element types t;. Data objects of tuple types (that is, data

types constructed as tuples) contain one data object of each of their element types.
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3. If wis a scalar type in S and # is a type in 7 such that w does not occur in the
definition of r, then (array [w] of ) is an array type with domain type w and range
type . Data objects of array types (that is, data types constructed as arrays) are
finite samplings of functions from the primitive variable represented by their domain
type w to the set of values represented by their range type r. That is, a data object

of an array type is a set of data objects of its range type, indexed by values of its

domain type.

Each data type in 7 defines a set of data objects. Continuous and discrete scalars
define sets of values as described previously. The set of objects of a tuple type is the cross
product of the sets of objects of its element types. A tuple of data objects represents a
tuple of mathematical objects, and the precision of the approximation depends on the
precision of each element of the tuple. One tuple is more precise than another if each

element is more precise. That is, (xy, ..., X,,) < (¥, ..., ¥) if x; < y; for each /. Figure 3.10

illustrates the order relations between tuples.
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([0.3, 0.4], [2.0, 2.9])

NS\

(L, [23,24])  ([0.0,009],[2.0,2.9]) ([0.3,0.4], 1)

N/

LD

Figure 3.10. Order relation of tuples. Tuples are members of cross products.
This figure shows a few elements in a cross product of two sets of continuous
scalar values, plus the order relations among those elements. In a cross

product, the least element is the tuple of least elements of the factor sets.

The set of objects of an array type is similar to a function space. However, an
array's domain type generally defines an infinite set of values, whereas arrays are limited to
finite subsets of domain values. For each finite subset of domain values, define the space
of functions from this finite set to the set of objects of the array's range type. Then the set
of objects of an array type is the union of such function spaces taken over all finite subsets
of the domain's value set. We will make this definition rigorous in Section 3.2.3. The
order relation between array objects was illustrated in Figure 3.3 and is precisely defined

in Section 3.2.3.




63

While the development of this data model is complex, it offers several advantages
over more commonly used data models. First, a wide variety of scientific data can be
expressed in this data model by building hierarchies of tuples and arrays. Thus a system
based on this data model can be applied to a wide variety of scientific applications and can
be used to combine data from different sources. This is a significant advantage over most
existing scientific visualization systems.

Second, this data model integrates several forms of scientific metadata, including:

1 Each scalar type is identified by the name of the primitive mathematical variable that

it represents.

2. An array data object is a finite sampling of a mathematical function, and contains a
set of objects of the array's range type, indexed by values of the array's domain
scalar type. These index values specify how the array samples the function being

represented.

3. The interval values of continuous scalars are approximations to real numbers in a
mathematical model, and the sizes of these intervals provide accuracy metadata
about the approximations.

4. Any scalar object may take the value L, corresponding to a missing data indicator.

Most previous systems require users to store such metadata in separate data objects and to

manage the relation between data and metadata explicitly in their programs. A system
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based on this data model can integrate metadata into the computation and display
semantics of data, and thus reduce the burden on users.

In the next three sections we show how to define a lattice structure for this data
model. This lattice structure can be used to analyze visualization mappings from this data
model to a lattice-structured display model and thus define a repertoire of visualization

functions for a system based on this data model

3.2.1 Interpreting the Data Model as a Lattice

We treat the visualization process as a function from a set of data objects to a set
of display objects. Our data model defines a different set of data objects for each different
data type, suggesting that a different visualization function must be defined for each
different data type. However, we can define a lattice of data objects and natural
embeddings of data objects of all data types into this lattice. This lattice provides us with
a unified data model U for data objects of all data types in 7. Thus a visualization function
D : U — V applies to all data types in T and our analysis of the properties of these
visualization functions will be independent of particular data types.

In Section 1.2 we saw that many current visualization techniques achieve
generality by enumerating sets of data types and display techniques. The lattice U
provides an alternative to this approach by defining a unified data model and enabling a
unified analysis of visualization functions for different data types.

Define a tuple space X as the cross product of the sets of values of the scalar types
in S, and define a member of the data lattice as a subset of the tuple space X. In Section
3.2 2 we show how to define an order relation on this lattice, and in Section 3.2.3 we

show how the data objects of our scientific data model are embedded in this lattice.
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To get an intuition of how the embedding works, consider a data lattice {/ defined
from the three scalars time, temperature and pressure. Objects in the lattice [/ are sets of
tuples of the form (time, temperature, pressure). Consider the tuple data type
struct{temperature, pressure}. Data objects of this type are tuples of the form
(temperature, pressure), and we can embed them in the lattice [/ as illustrated in Figure

3.11

embedding of a tuple type
into a lattice
N\

(temp1, prest) 7 {(L, temp1, pres1)}

an element of the tuple type a member of the lattice of sets of tuples
(temperature, pressure) of the form (time, temperature, pressure)

Figure 3.11. Embedding a tuple type into a lattice of sets of tuples.

Similarly, we can embed array data types in the data lattice. For example, consider
the same lattice {/ defined from the three scalars time, temperature and pressure, and
consider an array data type (array [time] of temperature). A data object of this type is a
set of pairs of the form (time, temperature). We can embed such data objects into the
lattice {/ as illustrated in Figure 3.12.

The basic ideas presented in Figures 3.11 and 3.12 can be combined to embed
complex data types, defined as hierarchies of tuples and arrays, in data lattices. This will
be formalized in Section 3.2.3. These embeddings enable a unified, lattice-structured data
model so that visualization mappings apply to data objects of all data types. This is
important for a visualization system based on this lattice model because it implies that the

user interface for controlling how data are displayed is independent of data type.
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time1: temp1 .
time2: temp2 {(time1, temp1, L),
time3: temp3 embedding of an (time2, temp2, L),
array type into (time3, temp3, 1),
: a lattice
u hN
/7
3 (timeN, tempN, 1 )}
timeN: tempN
array of temperature values set of tuples with | pressure values
indexed by time values and with no two time values equal

Figure 3.12. Embedding an array type into a lattice of sets of tuples.

3.2.2 Defining the Lattice Structure

Now we can develop a rigorous definition of our lattice model for scientific data.
We will define lattices of data objects and displays in terms of scalar types. We use the
symbol R to denote the real numbers. A scalar type s is either discrete or continuous and

defines a set /; of values of type s.

Def. A discrete scalar s defines a countable value set /; that includes a least
element L and that has discrete order. Thatis, Vx,y € I (x<y =>x=1). Figure3.9

illustrates the order relation on /.

Def. A continuous scalar s defines a value set
[g={Ll} U {[x,y]|x,y € R&x <y} (that is, the set of closed real intervals, plus L) with

the order defined by: L < [x, y] and [u, v] < [x, y] © [x, y] < [w, v]. Figure 3.1 illustrates

the order relation on /.
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Given a continuous scalar s, the closed real intervals in / represent real numbers
with limited accuracy. A real interval is "less than" its sub-intervals since sub-intervals
give more precise information. Given a set 4 of closed real intervals, if the intersection
(A is non-empty then /4 is equal to that intersection (it is a closed interval), otherwise
\/4 is undefined. /\4 is the smallest closed interval containing the union LA, or L if the
union is unbounded.

It is interesting to note that, given a continuous scalar s, the order relation on /
encodes information about the ordering and topology of real numbers through the
containment structure of intervals.

We use the notation X4 for the cross product of members of the set 4. We can

now define an ordered set of tuples of scalar values, as follows:

Def. Let S be a finite set of scalars. Then the cross product X = X{/,|s € S} is
the set of tuples with an element from each /. Let a, denote the s component of a tuple
a € X Define an order relation on Xby: fora, b € X,a<bif Vs € S. a, < b, Figure

310 illustrates this order relation on tuples.

Let POWER(X) = {A | A < X} denote the power set of X (that is, the set of all
subsets of X). As discussed briefly in Section 3.2.1, we use the sets of tuples in
POWER(X) as models for scientific data objects. It is well known that it is difficult to
define an order relation on POWER(X) that is consistent with the order relation on X and
is consistent with set inclusion (Schmidt, 1986). For example, ifa, b € X and a < b, we

would expect that {a} < {b} Thus we might define an order relation between subsets of

X by:
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(34) VA BcX (A<BeoVaeA dbeB a<b)

However, given a < b, Eq. (3 4) implies that {b} < {a, b} and {a, b} < {b} are both true,
which contradicts {b} # {a, b} . As explained by Schmidt, this problem can be resolved by
defining an equivalence relation on POWER(X). The equivalence relation is defined in

terms of the Scott topology, which defines open and closed sets as follows:

Def. Aset A < Xisopen if T4 < 4 and, for all directed subsets
CcXVCed=CnAd=d.

Def. A set A < Xis closed if VA = A and, for all directed subsets C = 4, \IC € 4.

We use CL(X) to denote the set of all closed subsets of X.

Note that the complement of an open set is closed, and vice versa. Also, X and ¢

are both open and closed.

Def. Define a relation <g on POWER(X) as: A <g B if for all open C c X,
AnC#d=>BnC#¢ Also define a relation =g on POWER(X) as: A=g BifA <g B
and B SR A

As we show in Appendix C, =g is an equivalence relation. Clearly, if 4 =g B and
C=g D, then 4 < C & B < D, so the equivalence classes of =g are ordered by <g. In
Appendix C we also show that the equivalence classes of =g form a complete lattice,

ordered by <. These equivalence classes are our models for data objects. However, it is
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not necessary to work directly with equivalence classes. Given an equivalence class £~ of
the =g relation, let Mz = UE. As shown in Appendix C, M, is closed and £ <> M
defines a one-to-one correspondence between equivalence classes of =g and closed sets.
Thus we use [/ = CL(X) as our data lattice. The following proposition from Appendix C

explains how sups and infs are calculated in this lattice.

Prop. C.8. If W is a set of equivalence classes of the =g relation, then W is
defined and equals £ such that My ={}{M,, |w € W}. Similarly \/W is defined and equals
E such that M is the smallest closed set containing U{M,, |w e W} Thus the
equivalence classes of the =g relation form a complete lattice and, equivalently, CL(X) is a

complete lattice. If W is finite and £ = \[W, then My = Ui, 1w e wy.

To summarize, [/ = CL(X) is a complete lattice whose members are in one to one
correspondence with the equivalence classes of =g. The lattice I/ is our data model
Figure 3.13 illustrates the order relation on CL(X). In the next section we show that the

data types of a scientific programming language can be naturally embedded in /.
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{(A,B, 1), (A, L 1D, (LB, 1L, L 1}

{A, L, D), (L,B, L), (L, L, 1)}

[\

{A, L, D, L, 1)} {(L,B, 1), ., 1, 1)}

\/

(L}

1= the empty set (also denoted by ¢ )

Figure 3.13. Defining an order relation on sets of tuples. The sets are all down
sets and are ordered by set containment. We assume that the three scalars that

define these tuples are discrete, so that the down sets in this figure are all finite.

3.2.3 Embedding Scientific Data Types in the Data Lattice

In this section we formalize the data model presented in Section 3.2.1.

Def. A set T of data types can be defined from the set S of scalars as follows. Two
functions, SC : T — POWER(S) and DOM : T — POWER(S), are defined with 7, as

follows:

(35) seS=>seT(thatis,ScT)
SC(s) = {s}
DOM(s) = ¢.
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(3.6) (fori=1,. .nf;eT)&(i+j=SC()NSCL)=¢)= struct{ty,..;t,} € T
SC(struct{ty;.. :t,}) = USC(¥)
DOM(struct{ty;. .t,}) = U;DOM(1;)

B7) weS&relT&weSC(ry= (array [w]lofr)e T
SC((array [w] of 1)) = {w} u SC(r)
DOM((array [w] of 1)) = {w} w DOM(r)

The type struct{ty;...;t,,} is a tuple with element types #;, and the type
(array [w] of r) is an array with domain type w and range type . SC(f) is the set of
scalars occurring in £, and DOM(¢) is the set of scalars occurring as array domains in £,
Note that each scalar in § may occur at most once in a type in 7.

In an actual implementation of a programming language, data objects must be
represented as finite strings over finite alphabets, so only a countable number of data
objects can be defined. Thus we define countable sets of values for scalar types and

complex data types.

Def. For each scalar s € S, define a countable set H  / such that, for all
a,beH,anbeH,avbel=>avbheHgandforalla [ there exists A < H;
such that a = \I4 (that is, H, is closed under infs and under sups that belong to /¢, and any
member of I is a sup of a set of members of H) For discrete s this implies that f =/
(recall that we defined discrete scalars as having countable value sets). For continuous s,

H may be the set of rational intervals plus L. Note that, for continuous s, H cannot be a

cpo.



72

We can use the sets H to define countable sets of finite data objects of all types.
We define a tuple data object as a set containing one object of each of its element types.
We define an array data object as a function from a finite set of data objects of its domain
type (which is a scalar type), to the set of data objects of its range type. Now we define
countable sets of data objects of each type in 7, and define functions that embed these data

objects into the lattice U/

Def. Given a scalar w, let

FINH,)={AcH\ L1} |4 finiteand Va, b € A —(a<b)}.

If w is a discrete scalar, then a member of FIN(H,,) is any finite subset of H,, not
containing L. If wis a continuous scalar, then a member of FIN(H,,) is any finite set of

closed real intervals such that no interval contains another.

Def. For complex types ¢ € T define H, by:

(3.8) t=struct{ty; t,} > H,= Hl«1 x..xHy

(3.9) t=(array [w] of ¥) = H;=U{(4 — H,)| A € FIN(H,))}
Def. Define an embedding £,.H; -> U by:

(3.10) te S= Efa)=V(L,...a,..1)
G.11) t=struct{ty;. ;t,} = Ef(ay,...a,)) ={b;v..vb, | Vi b; € Eti (ap)}

(3.12) t=(array [w] of r) =
[acd—>H)=>Ea)={bvc|xeA&DbcE, ()& c e Efa(x))}]
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Def. For t € T define I, = E(H;).

In Appendix D we show that E; does indeed map members of H, to members of U,
and that this mapping is injective.

Recall that we use the notation a; for the s scalar component of a tuple
ae X{I|seS} NowX{|s e S}isnot alattice, so it is not obvious that byv. vb, in
Eq (3.11) and bve in Eq. (3.12) exist. However, as shown in Appendix D, for all a € H,
and for all b € E(a), by= L unless s € SC(f). Thus byv...vb, in Eq. (3.11) exists since
the types ¢; in Eq. (3.11) are defined from disjoint sets of scalars, and bvc in Eq. (3.12)
exists since the scalar w does not occur in the type r.

Because £, - H; —> U is injective, we can define an order relation between the
members of H, simply by assuming that E; is an order embedding. (If £; were not
injective, it would map a pair of members of H, to the same member of U/, and the
assumption that £, is an order embedding would imply that the order relation on H; is not

symmetric.)

Def. Given a, b € H,, we say that a < b if and only if £(a) < E(b).

Appendix D shows that the order relations on the sets /, implied by this definition
have simple and intuitive structure. If 7 is a scalar, then this is the same as the order
relation on [, If 7 = struct{ty,...;t,} and if (ay,...,a,), (by,...b,) € H,, then (ay,...a,) <
(by....b,) if Yi. a; < b; (that is, the order relation between tuples is defined element-wise).

Ift= (array [w] of ¥), ifa, b € Hyand ifa € (A - H,) and b € (B — H,), then



74

a<bifVx e 4. Efa(x)) <V{E.b(y)) |y € B & x <y} (that is, an array a is less than an
array b if the embedding of the value of a at any sample x is less than the sup of the
embeddings of the set of values of 4 at its samples greater than x).

In summary, in this section we have shown that data types appropriate for a
scientific programming language can be embedded in our data model U. Thus, results
about displaying data objects in U/ can be applied to the display of data objects of scientific

algorithms.

3.2.4 A Finite Representation of Data Objects

If § contains any continuous scalars, then most elements of I/ = CL(X) contain
infinite numbers of tuples. However, a closed set of tuples is only one member of an
equivalence class of =g as defined in Section 3.2.2. We can define an alternate

representation of a data object as the set of maximal elements of a closed set, as follows:

Def. Given 4 € U, define MAX(A)={a € A|Vb € A. ~(a < b)} Thatis,

MAX(A) consists of the maximal elements of 4.

The following proposition from Appendix E tells us that the equivalence relation
=g defines a one-to-one correspondence between the closed sets in U and the sets of their
maximal elements.

Prop. E.3. V4 € U 4 =g MAX(A4).

Thus, data objects in our data model can either be represented by closed sets, or by the

sets of maximal elements of closed sets. As the following proposition from Appendix E
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shows, if ¢ is a data type in 7, and if 4 € F; is the embedding in {/ of a data object of type
t. then MAX(A) is finite.

Prop. E.5. For all types € T and all4 e F,, MAX(A) is finite.

Our lattice model of data is motivated by the observation that data objects are
approximations to mathematical objects that may contain infinite amounts of information.
Since our data lattice is complete it contains objects, definable as limits of objects of types
in 7, that are models for mathematical objects containing infinite amounts of information.
The sets of maximal tuples in these objects are generally not finite, so we cannot make the
assumption that MAX(A) is finite when we apply Prop. B.3 to our scientific data model in
Section 3.4. Thus working with sets of maximal tuples offers no real advantage over

working with closed sets.

3.3 A Scientific Display Model

For our scientific display model we start with Bertin's analysis of static two-
dimensional displays (Bertin, 1983). He modeled displays as sets of graphical marks,
where each mark was described by an 8-tuple of graphical primitive values (that is, two
screen coordinates, size, value, texture, color, orientation and shape). His idea of
modeling a display as a set of tuple values is quite similar to the way we constructed the
data lattice [/, Therefore we define a finite set DS of display scalars to represent
graphical primitives, we define Y=X{Iy|d e DS} as the cross product of the value sets
of the display scalars in DS, and we define V as the complete lattice of all closed subsets of
Y. We interpret the maximal tuples of members of V as representing graphical marks (we

show in Section 3.4.4 that for any type ¢ € T and any data object a € Hj, the display D(a)
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(3.14) DS = {red, green, blue, transparency, reflectivity, vector,, Vector,, vecior,

contoury, ..., contour,, x, y, z, animation, selectory, ..., selector,,}

The transparency and reflectivity display scalars model parameters of volume rendering
techniques. The vector,, vector, and vector,, display scalars model flow rendering
techniques, and possibly interactive placement of seed points for tracing and rendering
flow trajectories (a three-dimensional flow field is defined by the values of these display
scalars attached to graphical marks). The contoury, ..., contour, display scalars model
iso-surface rendering techniques (iso-surfaces are rendered through the three-dimensional
field defined by the values of these display scalars attached to graphical marks). The
selectory, ..., selector,, display scalars explicitly model a user interaction technique. That
is, a user interactively selects sets of values for each selector; (for i between 1 and m) and
graphical marks are displayed only if their values for selector; overlap the user-selected set
of values.

Display scalars can be defined for a wide variety of attributes of graphical marks,
and need not be limited to such primitive values as spatial coordinates, color components
and animation indices. For example, we may define a display model whose displays
consist of sets of graphical icons (i.e., graphical shapes) distributed at various locations in
a display screen. This display model could be defined using three display scalars:
horizontal screen coordinate, vertical screen coordinate, and an icon identifier. In this
display model a single value of the icon identifier display scalar would represent the
potentially complex shape of a graphical icon. We could define another display model in

which a set of display scalars form the parameters of two-dimensional ellipses. This
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display model would include five display scalars that represent the two-dimensional center
coordinates, the orientations, and the lengths of major and minor axes of the ellipses.

The possibility that logical displays may be interactive suggests that we have great
flexibility in the way we define a logical display model V, as long as we can define a family
of mappings RENDER : V — V" parameterized by user controls. For example, we can
build a display lattice } that models Beshers and Feiner's "worlds within worlds"
visualization technique (Beshers and Feiner, 1992). This technique is an attempt to
overcome the limitation to three spatial dimensions by nesting small coordinate systems
within larger coordinate systems. Data are plotted as a set of small graphs, each including
a small set of three axes. The location of the origin of a small coordinate system within a
containing coordinate system determines the values of the containing coordinates for the
plotted data. Users can interactively move the small graphs within the containing
coordinate systems to see how plotted values change with respect to changes in the values
of the containing coordinates. We can model this technique by defining a display lattice V/
in terms of two or more sets of three-dimensional graphics locations. The mapping
RENDER : V — V' would be paramterized by the user's controls over the locations of
small graphs.

The examples described above indicate that it is possible to define a wide variety of
display models in terms of tuples of display scalars. Thus we do not focus on any
particular display model. Rather, we just assume that there is a set DS of display scalars,
and that our display model V consists of displays that are sets of maximal tuples of values
of these display scalars.

The important point here is that the lattice model and its theoretical results are
easily extensible to a wide variety of different display models. If a user can express

rendering and interaction techniques in terms of a set of display scalars and user controls
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for the choice of the mapping RENDER - V — V7, then our lattice results are applicable to

that model.

3.4 Scalar Mapping Functions
So far, we have defined a particular lattice structure appropriate for scientific data

and displays. Now we apply the results of Section 3.1.4 to that structure.

3.4.1 Structure of Display Functions

Display functions are lattice isomorphisms. However, in the context of particular
data and display models defined in the previous sections there is much more that we can
say about them. Data objects of scalar types can be naturally embedded in the lattice U
(as we saw in Sections 3.3.2 and 3.3.3), and we can define similar embeddings of display

scalar types in the lattice V. These embeddings can be defined as:

Def. For each scalar s € S, define an embedding E ./, — U by:
Vb el E(b) = V(L,....b,....1) (this notation indicates that all components of the tuple

are L except b). Also define Uy = E(/) < U

Def. For each display scalar d € DS, define an embedding £,;/; — V by:
Vb ely ELb)=4(L,..b,.,L). Alsodefine Vy=EfIl)c V.

These embedded scalars play a special role in the structure of display functions.
As shown in Appendix F, a display function maps embedded scalar objects to embedded

display scalar objects. Furthermore, the values of a display function on all of U/ are
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determined by the values of the embedded scalar objects. The results of Appendix F are

summarized by the following theorem about mappings from scalars to display scalars:

Theorem. F.14. If D: / — V'is a display function, then we can define a mapping
MAPp. S — POWER(DS) such that for all scalars s € § and for all @ € U, there is
d € MAPp(s) such that D(a) € V. The values of D on all of {/ are determined by the
values of D on the scalar embeddings {/;. Furthermore,
(a) If s is discrete and d € MAPp(s) then d is discrete.
(b) If s is continuous then AMAP(s) contains a single continuous display scalar.

() If s = s' then MAP p(s) N MAP(s") = ¢.

This theorem tells us that mappings of data aggregates to display aggregates can
always be factored into mappings of data primitives (e.g., time and temperature) to display
primitives (e.g., screen axes and color components). This has been accepted as intuitively
true, as, for example, a time series of temperatures may be displayed by mapping time to
one axis and femperature to another. However, Proposition F.14 tells us that all mappings
that satisfy the expressiveness conditions must factor in this way. In Section 3.4.3 we
present a precise statement of how such a factorization is a complete characterization of
visualization mappings satisfying the expressiveness conditions.

Figure 3.15 provides examples of mappings from scalars to display scalars. The
upper-right window of Figure 1.1 shows a display defined by these mappings. In this
figure, time is mapped to animation so that the time sequence of images will be
represented by animation (as opposed to being stacked up along a display axis, for
example). Line and element are mapped to the x and z display axes and ir is mapped to

the y axis, so that an image in the time sequence is displayed as a terrain (i.e., as a surface
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with y as a function of x and z). vis is mapped to green, so that this image terrain is

colored green with intensity as a function of visible radiance.

type image_sequence =
array [time] of array [line] of array [elem] of structure {ir; vis}
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Figure 3.15. Mappings from scalars to display scalars.

3.4.2 Behavior of Display Functions on Continuous Scalars

In the previous section we saw that display functions map embedded continuous
scalar objects to embedded continuous display scalar objects. Continuous scalar values
are real intervals, so the values of display functions restricted to embedded continuous
scalars can be analyzed in terms of their behavior as functions of real numbers. First, we
define the values of display functions on embedded continuous scalars in terms of

functions of real numbers.

Def. Given a display function D:UU — V and a continuous scalar s € S, by Prop.
F.14 there is a continuous d € DS such that values in U, are mapped to values in V.
Define functions g¢R x R — R and 4R x R — R by:
VUL, LD L) € Uy DAL, D 1o L) = YL [, »), Agx, )], L) e Vg




Since D({(.L,....1D)}) = {(L,...,1)} and D is injective, D maps intervals in / to intervals in
1, 50 g{x, y) and hy(x, y) are defined for all z. Also define functions g’¢R — R and
h'eR — Rby g'i(2) = g4z, z) and h'((z) = hy(z, 2).

As shown in Appendix G, the functions g, and A can be defined in terms of the
functions g’ and 4, as follows. Given a display function D:{/ — V, a continuous scalar

s € S, and [x, y] € [, then

(3.15) glx, y)=inflg'(z) | x <z <y} and
(3.16) hyx,y)=sup{h'(z) | x<z<y}.

In Appendix G we also show that the overall behavior of a display function on a
continuous scalar must fall into one of two categories. Specifically, given a display

function D:{/ — V and a continuous scalar s € S, then either

(3.17) Vx,y,z € R x <y <zimplies that g(x, z) = g(x, ¥) & hy(x, y) < hy(x, z) and that

g(x, 2) < gy, 2) & hy(y, z) = hy(x, z),

or

(3.18) Vx,y,z € R x <y<czimplies that g x, z) < g,(x, y) & hyx,y) = h{x, z) and that
gs(xv Z) = gS()/’ Z) & hs(.y’ Z) < hS(x7 Z)

IfEq. (3.17) applies, we say that D is increasing on s. If Eq. (3.18) applies, we

say that D is decreasing on s.
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Appendix G shows that these categories also apply to the functions g’s and A’
Given a display function D:U — V, a continuous scalar s € §, and z < z', if D is increasing
on s then g'|(z) < g'(z") and h'(z) < h'(z"), and if D is decreasing on s then g'(z) > g'\(z")
and h'(z) > h'(z").

These categories enable us to prove (see Appendix G) that the functions g's and /',
must be continuous (in terms of the topology of the real numbers), and that they satisty a

number of other conditions, summarized in the following definition.

Def. A pair of functions g’¢R — R and /#';R — Ris called a continuous display
pair if
(a)  g'shas no lower bound and 4’ has no upper bound,
(b) Vz e R g'(z) S h'(2), and
(¢)  g'sand A’ are continuous,
(d) either g'c and /', are increasing:
Vz,z e R z<z' = g'(2) <g'|z) & h'{(z) <h'(2"),
or g's and h'; are decreasing:

Vz,z' e R z<z' = g'(z) > g'(z") & h'{(z) > h'(2").

Given a display function D:U — V and a continuous scalar s € §, then g'; and /'
are a continuous display pair. If we draw the graphs of the functions g'; and /', these
conditions tell us that their graphs must be smooth, both slanted up or both slanted down,
with the graph of 4’; above the graph of g's, no upper bound on the graph of 4’, and no
lower bound on the graph of g’;. A display function maps closed real intervals in a

continuous scalar to closed real intervals in a continuous display scalar, and the graphs of




functions g’y and A’; can be used to determine this mapping of intervals by applying Eqs

(3 15) and (3.16). The behavior of g’ and A’ is illustrated in Figure 3.16.
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Figure 3.16. The behavior of a display function D on a continuous scalar

interpreted in terms of the behavior of functions h's and g'.

3.4.3 Characterizing Display Functions

The results of the last two sections describe a variety of necessary conditions on

display functions. Here we summarize those conditions, and show that they are also

sufficient conditions for display functions.

Def. Given a finite set S of scalars, a finite set DS of display scalars,

X=X{I|seS}, Y=X{I;|de DS}, U=CL(X), and V= CL(Y), then a function

D:U — Vis a scalar mapping function if
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there is a function MAP . § — POWER(DS) such that

Vs, s' € S MAPp(s) N MAPp(s") = ¢,

for all continuous s € S, MAP(s) contains a single continuous d € DS,

for all discrete s € §, all d € MAPp(s) are discrete,

D(9) = ¢ and D({(L,...L)}) = {(L... D},

for all continuous s € S, g'; and A’ are a continuous display pair,

for all [u, v] € I, gu, v) = inf{g'(z) |u <z < v} and

hy(u, v) = sup{h'(z) |u <z < v},

and, given {d} = MAPp(s), then for all [u, v] € ML},

DAL, V] 1) = V(L Lgg(u v), g v, L) € Vg,

for all discrete s € S, for all @ € J\{ L},

DAL, a, ., 1)=be V4 for some d € MAP[(s), where b = {(L,...,1)},
and, foralla, a' € IN(L1}, a#a' = D((L,....a,. ., 1)) = DA(L, .. .a’. . 1)
forallx e X, DIx)=I\M{y|3s e S. x, = L & Ly =DH(L....x, . 1)},
where x represents tuple components of x, and using the values for D defined
in (e) and (f), and

forall u € U, D(u) =\/{D({x) | x € u}, using the values for D defined in (g).

This definition contains a variety of expressions for the value of D on various

subsets of U, Appendix H shows that these expressions are consistent where the subsets

of U overlap, and shows that D is monotone. This definition says that scalar mapping

functions factor into mappings from scalars (data primitives) to display scalars

(primitives), and that the factor mappings on continuous scalars are continuous real

functions. In Appendix H we also prove the following characterization of display

functions:
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Theorem H.8. DI/ — V is a display function if and only if it is a scalar mapping

function.

Appendix H also shows that the values of a scalar mapping function D can be

expressed in terms of an auxiliary function D' from X to Y. Specifically, for all u € U,

(3.19) D(u)={D'(x)|x € u}.

where D' is defined by

(3.20) D) =V{(L,. .ay...L)|seS&x,# 1L & DAL, x, ..1)=
L, ag. 1)}

This decomposition can be used as a basis for implementing scalar mapping
functions, and scalar mapping functions can be used as the basis of a user interface for
controlling the display process. We will describe this further in Section 3 4.4.

Theorem H.8 can also be used as a precise definition of the search space of display

functions for algorithms that attempt to automate the design of displays.

3.4.4 Properties of Scalar Mapping Functions

There is a problem with the interpretation of display objects in a display lattice.
Closed sets generally contain infinite numbers of tuples, so we cannot interpret each tuple
as a graphical mark. However, as described in Section 3.2.4, a closed set is just one

member of an equivalence class of the =g relation. A closed set v € } and its set of
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maximal tuples, MAX(v), are both members of the same equivalence class and thus either
can represent a display object. As shown in Appendix I, if D is a display function and if

v € D(F}) for some data type ¢ € T, then MAX(v) contains a finite number of tuples.

Thus, in order to physically render a display object v € V, we interpret the finite set of
tuples in MAX(v) as graphical marks, rather than the possibly infinite set of tuples of v.
Clearly, it is necessary for an implementation of the function RENDER : V — V' to assume
a finite number of input tuples.

In order to compute values of scalar mapping functions we use the auxiliary
function D’ from X to Y defined in Section 3.4 3. The values of D’ are determined by the
function MAP ), by the values of the functions g’y and 4’ for continuous scalars s € §, and
by the values of D on U for discrete scalars s € §. As shown in Appendix I, givent € T
and a data object 4 € F}, maximal tuples of D(4) can be computed directly from the

maximal tuples of 4 by

(3.21) MAX(D(A)) = {D'(a) | a € MAX(4))

As shown in Appendix D, the maximal tuples of data objects of type ¢ € 7 are
computed by
(322) teS&A=1(,. .,
MAX(A)={(L,.,a,.,1)}
(323) t=struct{ty, 1y} e T& A= {(ayv..va,) | Vi.a;e 4;} € F, =
MAX(A) = {(ayv...va,) | Vi. a; € MAX(4,)}
(3.24) t=(array [w]of r) e T& A= {ayva, | geC & a1€E,(g) & a,eE(a(g))} € F;
= MAX(A)={a; v a, | geCG & aeMAX(L,(g)) & a,eMAX(E(a(g)))}
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These expressions for sets of maximal tuples and the auxiliary function D’ provide a basis
for implementing scalar mapping functions. Given a data object 4, Egs. (3 22) through
(3.24) define a recursive procedure for calculating the maximal tuples of 4, and Eq. (3 21)
says that the function D’ maps maximal tuples of 4 to maximal tuples of D(4).

In Section 3.3 we described displays as sets of graphical marks. However, we can
also think of displays as defining functional relations from graphical space and time to
color. That is, the color of a screen point is a function of its location on the screen and its
place in an animation sequence. These two views of displays, as sets of graphical marks
and as functions, are not consistent. For example, consider the display lattice illustrated in
Figure 3.14. If a display in this lattice includes two tuples (fime, x, y, z, redy, greeny,
bluey) and (time, x, y, z, red,, green,, bluey) where red) # red,, green; # green; or blue,
# blue,, then these two tuples do not define a consistent function from space and time to
color. In order to analyze the circumstances under which these two views are consistent,
we divide display scalars into two groups: those that take the role of dependent variables
in this functional relation and those that take the role of independent variables For

example, the set DS defined in Eq. (3.14) can be divided as follows:
Independent variables: x, y, z, animation, selectory, ..., selector,,

Dependent variables: red, green, blue, transparency, reflectivity, vector,, vector,,

vector,, contoury, ..., COntour,,

Thus we can ask whether a display function generates displays that define

functional relations between independent and dependent variables in DSS. Define a subset



90

Viisplay © V consisting of those display objects that do not contain multiple tuples with
the same combination of values of independent variables. We will study the conditions
under which displays of data objects are members of V514,

First, define DOMDS = the independent variables in DS, and define
Ypoumps = X{ly|d € DOMDS} and Y= X{I;|d € DS} Let Ppoymps ¥ — Ypouns be
the natural projection from Y onto Y (that is, if @ € ¥ and b = Py ps(@), then for all

d € DOMDS, by =a,). Then we can define Vg4, as follows:

Def. Viispiay = {4 € V| Vb, ¢ € MAX(A). Pporps(b) = Pponps(c) = b =cj.
That is, if 4 is an object in Vy;gpy,), then multiple tuples in 4 do not share the same

combinations of values for display scalars in DOMDS.

Appendix I defines conditions on ¢ and D that ensure that displays of data objects
of type 7 are in Vg4, Specifically, D maps all data objects of type ¢ to displays in
Vaispiay 1If D maps all scalars in DOM(#) to display scalars in DOMDS. Symbolically,
MAPR(DOM(1)) € DOMDS = D(Fy) € Vyigpiay-

The inverse of this relation is almost true - we only need to disallow degenerate
cases. Details are given in Appendix I.

In summary, in this section we have shown that the number of tuples in a display
may be infinite, but that the number of maximal tuples is finite. We concluded that only
maximal tuples should be interpreted as graphical marks in an actual implementation. We
have also described a recursive procedure for computing the set of maximal tuples in a
data object and described how maximal tuples of displays are computed from maximal

tuples of data objects. This provides a basis for implementing display functions.
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We have also demonstrated conditions on data types and display functions so that
display objects are consistent with a functional view of displays. An implementation could
enforce these conditions on scalar mappings defined by users. We note, however, that the
VisAD implementation described in Chapter 4 does not enforce these conditions. Rather,
multiple tuples that are inconsistent with a functional view of display (i.e., occurring at the
same location and time) are merged using a compositing operation (that is, the system

computes the average colors of multiple tuples at the same location and time).

3.5 Principles for Scientific Visualization

In this chapter we analyzed the repertoire of visualization mappings from a lattice-
structured data model to a lattice-structured display model. In this section we summarize
the results of this analysis as a set of basic principles for visualization.

We showed how a lattice structure can express metadata about the ways that
scientific data objects are approximate representations of mathematical objects. We also

showed that this idea can be applied to scientific displays. Our first basic principle is that

1. Lattice-structured data models provide a natural way to integrate common forms of

scientific metadata as part of data objects.

We gave an example of how a lattice-structured data model includes data objects
of many different types, and we will describe another example in Chapter 5. Our second

basic principle is that
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2. Data objects of many different types can be unified into a single lattice-structured
data model, so that visualization mappings (to a display model) are inherently

polymorphic.

We have shown how lattice-structured data and display models can be adapted
very generally by applying Eq. (3.2). We have shown that Mackinlay's expressiveness
conditions on the visualization mapping can be interpreted in terms of such models and
that these conditions imply that visualization mappings are lattice isomorphisms. Our third

basic principle is that

3. Lattice-structured data models and display models may be defined in a very general
set of scientific situations, and the lattice isomorphism result can be broadly applied

to analyze the repertoire of visualization mappings between them.

We have shown how to define a lattice-structured data model that allows data
aggregates to be defined as hierarchies of tuples and arrays. We have shown how a similar
lattice structure can define a model for interactive, animated, three-dimensional displays.
By applying the lattice isomorphism result in this context, we have established our fourth

basic principle that

4. Mappings from data aggregates to display aggregates can be factored into mappings

from data primitives to display primitives.
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While our fourth principle has been accepted as intuitive in the past, here we have
shown that it completely characterizes all visualization mappings that satisfy the

expressiveness conditions.
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Chapter 4

Applying the Lattice Model to the Design of Visualization Systems

In Chapter 2 we developed the following design components for the VisAD

system for visualizing scientific computations:

1. That it is integrated with a scientific programming language. The system has an

integrated user interface for programming, computation and display.

2. That the data types of that programming language are constructed as tuples and
arrays from a set of scalar types. Data objects of these types represent mathematical

variables, vectors and functions.

3. That its displays are interactive, animated and three-dimensional. These logical
displays are mapped to physical displays by a variety of familiar rendering

operations.

In this chapter we will continue that development, guided by the broad goals
defined in Section 1.1, by the analysis of visualization repertoires in Chapter 3, and by the
basic principles defined in Section 3.5. To review, our goals are to develop visualization

techniques that

1. Can be applied to the data of a wide variety of scientific applications.
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Can produce a wide variety of different visualizations of data appropriate for

different needs.

. Enable users to interactively alter the ways data are viewed.

. Require minimal effort by scientists.

. Can be integrated with a scientific programming environment.

The basic principles are

(%)

. Lattice-structured data models provide a natural way to integrate common forms of

scientific metadata as part of data objects.

. Data objects of many different types can be unified into a single lattice-structured

data model, so that visualization mappings (to a display model) are inherently

polymorphic.

. Lattice-structured data models and display models may be defined in a very general

set of scientific situations, and the lattice isomorphism result can be broadly applied

to analyze the repertoire of visualization mappings between them.

- Mappings from data aggregates to display aggregates can be factored into mappings

from data primitives to display primitives.
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4.1 Integrating Metadata with a Scientific Data Model

Our first goal developed in Section 1.1 was that scientific visualization techniques
"Can be applied to the data of a wide variety of scientific applications." Thus in Section
2.2 we developed a flexible way to define data types based on the assumption that data
objects represent mathematical objects. However, as we described in Section 1.2 2,
scientific data includes metadata as well as data types. The first principle of Chapter 3
tells us that a lattice-structured data model provides a natural way to integrate common
forms of scientific metadata as part of data objects, and thus handle a greater variety of
data. In this section we describe the ways that our visualization design integrates
metadata.

The VisAD system allows data types to be defined as tuple and array aggregates of

named scalar types. Scalar types may be defined with any of the following primitive types:
1. Integers.
2. Text strings.
3. Real numbers (these values are always taken from a specified finite sampling of real
numbers, and intervals around these values are implicit in the spacing between

samples).

4 Pairs of real numbers (these values are always taken from a finite sampling of R2

and rectangles around values are implicit in the spacing between samples).
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5. Triples of real numbers (these values are always taken from a finite sampling of R3

and rectangular solids around values are implicit in the spacing between samples).

These types of primitive values do not precisely correspond to the scalar types defined in
Chapter 3. Integer and text string primitives do correspond to discrete scalars. Real
number primitives correspond to the continuous scalars of Chapter 3, except that the
intervals around values are implicit. They are included in our system as a compromise
between the computational efficiency of real numbers and the explicit accuracy
information of real intervals. Primitives for pairs and triples of real numbers do not
correspond to the scalars of Chapter 3. They are included in our system because they
occur commonly in scientific data and can be handled more efficiently as primitives.
Furthermore, metadata are integrated at the level of primitive values, so handling two- and
three-dimensional real values as primitives enables the system to integrate a wider variety
of metadata. Specifically, these primitives allow samplings of R? and R? that are not
Cartesian products of samplings of R.

The system integrates the following forms of metadata:

1. Sampling information: Every value in a data object is taken from a finite sampling of
primitive values. That is, the system includes internal structures that specify finite
samplings of the five primitive types, and associates every primitive value with one
of these structures. For array index values, this finite sampling determines the way

the array samples a function's domain, and thus determines the size of the array.

2. Accuracy information: This is implicit in the resolution of samplings, rather than the

explicit intervals described in Chapter 3.
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3 Missing data indicators: Any value or sub-object in a data object may take the

special value missing (indicating the lack of information).

4 Names for values: Every primitive value occurring in a data object has a scalar type,

and hence a name (that is, the name of the scalar type).

The integration of metadata into data objects has important consequences for
computational semantics. For example, consider the following data types appropriate for

satellite images:

type radiance = real;
type earth_location = real2d,

type image = array [earth_location] of radiance;
and the following declarations of data objects:

earth_location loc;

image goes_east, goes_west, goes_diff;

The scalar data object loc will take a pair of real numbers as a value - the latitude and
longitude of a location on the Earth. The array data object goes eas? contains a finite set
of samples of an Earth radiance field, indexed by {latitude, longitude} pairs. The value of
the expression goes_east[loc] is an estimate of the value of this radiance field at the Earth

location in loc. There are a variety of interpolation methods for making this estimate - the
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VisAD implementation simply takes the value of the sample in goes_east nearest to loc. If
loc falls outside the range of samples of goes east, the expression evaluates to missing.

Now consider the program fragment:

sample(goes_diff) = goes_east;
foreach (loc in goes_east) {

goes_difffloc] = goes_east[loc] - goes_west[loc];

The first line specifies that goes diff will have the same sampling of array index values
(that is, of pixel locations) that goes east has. The foreach statement provides a way to
iterate over the elements of an array. In this case it iterates /oc over the pixel locations of
the goes east image. The expression goes_east[loc] - goes_west[loc] is evaluated by
estimating the value of (the radiance field represented by) goes west at loc, and then
subtracting this value from goes_east[loc]. Any arithmetic operation with a missing
operand evaluates to missing, so goes_diff{loc] is set to missing if goes wesi[loc]
evaluates to missing. (Note that missing data are natural values for undefined arithmetic
operations such as division by zero.)

The VisAD implementation provides vector operations, so this computation may

also be expressed as:

goes_diff = goes_east - goes_west,

All the semantics of the previous program fragment are implicit in this statement.
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Satellite images are finite arrays of pixels. Pixel radiances are typically represented
by coded 8-bit or 10-bit values. The most important metadata accompanying satellite
images are called navigation, which defines the Earth locations of pixels, and calibration,
which defines the radiance values associated with coded pixel values. Missing data
indicators are also important for satellite data since telemetry failures are common. Our
visualization design can integrate all of these forms of metadata. Satellite navigation
metadata can be integrated as the samplings associated with the rea/2d indices of image
arrays, satellite calibration metadata can be integrated as the samplings associated with
real radiance values in image arrays, and missing data are integrated with any data type
These forms of metadata are implicit in the computational semantics of the VisAD
programming language. In Section 1.1 our fourth goal was that visualization techniques
should "Require minimal effort by scientists." The programming example above shows
that the integration of metadata into data objects relieves scientific programmers of the

need to:

1. Keep track of missing data.

2. Manage the mapping, including interpolation, from array index values to physical

values (such as Earth latitude and longitude).

3. Check bounds on array accesses.

The integration of metadata into data objects also affects their display semantics.

For example, Figures 4.1 shows satellite image data displayed in a Cartesian Earth

coordinate system defined by latitude and longitude. The system geographically registers
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this image data object using the integrated satellite navigation metadata, relieving the user
of the need to manage the association between images and their navigation information
when images are displayed. Figure 4 2 shows an image generated by a polar orbiting
satellite, displayed in an Earth-centered spherical coordinate system,

The integration of missing data also affects display semantics. Figure 4.3 is a
nearly edge-on view of a three-dimensional array of radar echoes. It is traditional to treat
the lack of echoes as missing rather than zero, since information about spectrum and
polarity is not available where there are no echoes. The missing values are simply

invisible in Figure 4.3.
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Figure 4.1. A satellite image displayed in a Cartesian Latitude / Longitude

coordinate system. (color original)
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Figure 4.2. An image from a polar orbiting satellite displayed in a three-

dimensional Earth coordinate system. (color original)
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Figure 4.3. Three-dimensional radar data. (color original)
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The VisAD system integrates accuracy information with its data objects only
implicitly as the resolution of value samplings. However, our system design could easily
integrate this form of metadata explicitly by using real intervals as described in Section
3.2. Interval arithmetic could be used for the computational semantics of interval values
(Moore, 1966), including the use of two and three-dimensional rectangles as values for
two and three-dimensional real primitives.

The samplings associated with values can be exploited for a simple form of data
compression. If a variable takes a value from a set of 255 samples plus missing, then that
variable can be stored in a single byte. Thus programs can written as if satellite radiances

are real numbers, but they may be stored as 8-bit codes in bytes.

4.2 Interacting with Scientific Displays

In Section 3 3 we discussed how a lattice-structured display model } can be
defined in terms of a set of display scalars (i.e., graphical primitives). The graphical
primitives of Bertin's display model were 2-D location, size, value, texture, color,
orientation, and shape. Shape and texture are different from Bertin's other primitives in
the sense that they can be composed as graphical aggregates. Thus we do not treat them
as primitives in the VisAD display model. The fourth principle of Section 3.5 tells us that
mappings from data aggregates to display aggregates can be factored into mappings from
data primitives to display primitives. Thus shapes and textures in VisAD's displays
represent shapes and textures in data according to this principle. For example, in Figure
4 4 an aggregate of primitive points form a complex shape. Each point corresponds to an
individual observation of an X-ray emanating from interstellar gas. The overall shape of
these points communicates a great deal about the functioning of the instrument that made

these observations.
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Figure 4.4. X-ray events from interstellar gas. (color original)
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Bertin restricted his model to physical displays: static two-dimensional arrays of
color. As discussed in Section 2.3, our design uses logical displays that may are animated,
three-dimensional and interactive. We distinguish between a set V" of physical displays
and a set of logical displays I’ We define a mapping RENDER * V — V" that implements
the traditional graphics pipeline for iso-surface extraction, projection from three to two
dimensions, clipping, animation, and so on. The VisAD system's display model is defined

in terms of the following display scalars:

(4.1) DS = {color, contour, .., contour,, x, y, z, animation, selectory, ..., selector,,}

Using the terminology of Chapter 3, a maximal tuple in ¥ = X{/,| d € DS}
represents a graphical mark in a display. Given a maximal tuple, its x, y and z values
specify the corresponding graphical mark's location and size in a virtual three-dimensional
graphics space, its color value specifies the mark's color, and its animation value specifies
the mark's place and duration in an animated sequence of images, as illustrated in Figure
3.14. The contour; display scalars are similar to color in that they help determine how a
mark appears, rather than where or when it appears. For each /, the contour; values in
tuples are resampled to a value field distributed over a three-dimensional voxel array
These fields are depicted by iso-level surfaces and curves rendered through the voxel
array. The selector; display scalars are similar to animation in that they help determine
when a mark appears, rather than where or how it appears. The user selects a set of
values for each selector;, and only those tuples whose selector; interval values overlap
with this set are included in the display. Note that just as the VisAD data model includes
two- and three-dimensional real primitives, the display model includes the three-

dimensional real primitive color, includes two- and three-dimensional real primitives for
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various combinations of graphical location (e.g., xy_plane), and allows selector scalars to
take the dimensionality of the scalars mapped to them.

In Chapter 3 we developed a detailed analysis of the repertoire of visualization
mappings from lattice-structured data models to lattice-structured display models. The
data and display models of the VisAD system do not precisely conform to the assumptions
in Theorem H.8, so it cannot be applied to VisAD in exact form. However, the VisAD
system does implement the essential structure of scalar mapping functions. Visualization
mappings of aggregate data objects are factored into continuous functions from scalar
types to display scalar types. VisAD deviates from the scalar mapping functions of
Theorem H.8 by including continuous functions of two- and three-dimensional real
scalars. Users control how data are displayed by defining a set of mappings from scalar
types to display scalar types.

We can illustrate the way that mappings from scalar types to display scalar types
control data displays by an example. The following data types are defined for a time

sequence of satellite images:




type earth_location = real2d,;
type ir_radiance = real,
type vis_radiance = real,
type variance = real,
type texture = real,
type time = real,
type image region = integer,
type image =
array [earth_location] of
structure {
ir_radiance;
vis_radiance;
variance,
texture;
}
type image_partition = array [image region] of image,

type image sequence = array [time] of image partition,

Each image pixel contains infrared and visible radiances, and variance and texture values
derived from infrared radiances. An image sequence is a time sequence of images, each
partitioned into rectangular regions (which are indexed by image region). These types
include seven scalars, so users control the way that data objects are displayed by defining
mappings from these seven scalars to seven display scalars. In the VisAD system these

mappings are defined using a simple text editor. Figure 4.5 shows a data object of the
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image sequence type displayed as a colored terrain, after specifying the following

mappings’

map earth_location to xy_plane;
map ir_radiance to z_axis;

map vis_radiance to color;

map variance to selector,

map texture to selector,

map image_region to selector,

map time to animation;

The user can use the same display scalar name selecfor in more than one mapping since
the system differentiates multiple occurrences of selector into selector, selector, etc.
Note that the VisAD system supplies default continuous functions from scalars to
display scalars when they are not included in the specification of scalar mappings (as they
are not included in the above mappings). The default functions are linear from the range
of samplings of the scalar values to the range of display scalar values. In practice these

defaults almost always work well and make the user's task easier
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Figure 4.5. A goes_sequence object displayed as a terrain (i.e., a height
function), with ir radiance mapped to terrain height (the y axis) and vis radiance
mapped to color. All sixteen image region values are selected for display. The

time sequence may be animated. (color original)






The second and fourth goals developed in Section 1.1 state that visualization
techniques "Can produce a wide variety of different visualizations of data appropriate
for different needs" and "Require minimal effort by scientists." The scalar mapping
functions used in VisAD are effective at realizing these goals, and this effectiveness can be
explained in terms of the basic principles developed in Section 3.5. The fourth principle
tells us that mappings from data aggregates to display aggregates can be factored into
mappings from data primitives to display primitives. Thus any way of displaying data that
satisfies the effectiveness conditions can be specified by a set of mappings from scalars to
display scalars. The second principle tells us that, because of the way that data objects of
many different types are unified into a single lattice-structured data model, visualization
mappings are inherently polymorphic. The fact that a single display mapping D : U — V'
applies to data objects of many types in U/ has a beneficial impact on the VisAD system's
user interface: a single set of scalar mappings control how all data objects in a user's
program are displayed. Once a user defines a set of scalar mappings, he can select any
data object for display merely by graphically picking its name. Display controls are
separate from a user's scientific programs, unlike previous visualization systems that
require calls to visualization functions to be embedded in programs.

In Section 3 4 we noted that our lattice-structured display model was inconsistent
with a functional view of display (i.e., the view that a display defines a functional relation
from location and time to color). We developed a set of constraints on scalar mapping
functions (these constraints also depend on the type of the data object being displayed)
that guarantee that they generate only displays that are consistent with a functional view
of display. However, we have chosen not to enforce these constraints in the VisAD
system. We use the VisAD system for experimenting with visualization ideas, and have

generally opted against restrictions on what users may do.
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For example, we have even used VisAD to experiment with visualization mappings
that do not satisfy the expressiveness conditions. For example, we experimented with a
way of mapping more than one scalar to a display scalar (display scalar values were
calculated as the sum of values they would have from each scalar alone). While this
feature did produce some interesting images, we generally found that it was not used by
scientists. This experience tends to confirm the value of the expressiveness conditions.

The third goal developed in Section 1.1 states that visualization techniques
"Enable users to interactively alter the ways data are viewed" The VisAD design
realizes this goals by making the specification of the mappings from data primitives to
display primitives easily edited to change the way data are displayed. Figure 4.6 shows
the goes_sequence data object from Figure 4.5 displayed according to four different sets
of mappings. In the top-right window it is displayed according to the same seven

mappings used in Figure 4.5, which are:

map earth_location to xy_plane;
map ir_radiance to z_axis;

map vis_radiance to color;

map variance to selector;

map texture to selector;

map image _region to selector;

map time to animation,

The display in the top-left window of Figure 4.6 can be generated by the following two

changes to the above mappings:
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map ir_radiance to color; /* red */

map vis_radiance to color; /* blue-green */

Notice that more than one data primitive can be mapped to color since it is a three-
dimensional primitive. The user determines how color is factored into components using
interactive color map icons like those shown in Figures 2.2 and 4.3

Next, the display in the bottom-right window of Figure 4.6 can be generated by

the following additional changes to the mappings:

map ir_radiance to selector,
map vis_radiance to color;

map time to z_axis;

Finally, the display in the bottom-left window of Figure 4.6 can be generated by the

following changes to six of the seven mappings:

map earth_location to selector;
map ir_radiance to x_axis;
map vis_radiance to y_axis,
map variance to z_axis;

map texture to color;

map time to animation;

Actually, the VisAD system allows data objects to be displayed according to four different

sets mappings simultaneously, and this was capability used to generate Figure 4.6.






Figure 4.6. A goes_sequence object displayed according to four different sets of
mappings. The top-right is the same as Figure 4.5, the top-left maps ir (red) and
vis (blue-green) to color, the bottom-right maps ir to selector and fime to the y
axis, and the bottom-left maps ir, vis and variance to the x, y and z axes, maps

texture to color, and maps lat_lon to selector. (color original)
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Flexibility in the ways that data are displayed can be useful for comparing data
objects of different types, as illustrated by the following example In 1963 E. N Lorenz
developed a set of differential equations that exhibit turbulence in a very simple two-
dimensional atmosphere (Lorenz, 1963). Roland Stull of the Atmospheric and Oceanic
Sciences Department of the University of Wisconsin-Madison teaches an Atmospheric
Turbulence course and has applied the VisAD system to an algorithm that integrates
Lorenz's equations in order to illustrate turbulence to students in his course. The data

types defined for this algorithm are:

type atmos_location = real2d,
type temperature = real,
type stream_function = real;
type atmos = array [atmos_location] of
structure {
temperature;
stream_function,;
}
type phase x = real;
type phase y = real,
type phase z = real,

type time = real,
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type phase_point =
structure {
phase x;
phase v,
phase_z,
'
type phase_history = array [time] of phase point;

The Lorenz equations describe temperature and air flow in a rectangular cell of a
two-dimensional atmosphere. The algorithm integrates the Lorenz equations as a path
through a three-dimensional phase space, recorded in a data object of type phase_history.
This object is displayed in both the lower-left and upper-left windows in Figure 4.7. The

lower-left window is defined by the mappings:

map atmos_location to selector;
map temperature to selector;
map stream_function to selector;
map phase x to x_axis;

map phase_y to y_axis;

map phase z to z_axis,

map time to selector;

The lower-left window shows two data objects displayed in different colors: red and
blue-green (the system automatically picks a different solid color for displays of data

objects that don't include any scalar values mapped to color). The phase history object,




displayed as a path of red points, winds chaotically between two lobes (this three-
dimensional shape is called the Lorenz attractor). A data object of type phase_point is
also displayed in this window as a single blue-green point, marking the point on the phase
space path corresponding to the rectangular cell of the two-dimensional atmosphere
displayed in the right window in Figure 4.7 That window shows a data object of type

atmos displayed using the mappings:

map atmos_location to xy_plane;
map temperature to color;

map stream_function to contour;
map phase_x to selector,

map phase_y to selector;

map phase_z to selector;

map time to selector:;

The color field indicates temperature, where warm areas are red and cool areas are blue.
The contours of the stream_function are parallel to air motion, and their spacing indicates
wind speed. The direction of air flow can be inferred from the knowledge that warm air
rises. As the program executes, this window shows the changing dynamics of the cell of
atmosphere, and the lower-left window shows the motion of the corresponding phase
space point. This animation makes it clear that the two lobes of the Lorenz attractor in
phase space correspond to clockwise and counterclockwise rotation in the two-
dimensional atmosphere cell.

The upper-left window in Figure 4.7 shows the phase_history object displayed

using the mappings:
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map atmos_location to selector;
map temperature to selector;
map stream_function to selector;,
map phase x to x_axis,

map phase y toy_axis;

map phase_z to selector,

map time to z_axis,

In the upper-left window two dimensions of the winding path in phase space are plotted
against fime, illustrating the apparently random (that is, chaotic) temporal distribution of

alternations between the two phase space lobes.




Figure 4.7. Three views of chaos. The right window shows temperatures and
wind stream lines in a cell of a two-dimensional atmosphere. The bottom-left
window shows the trajectory of atmospheric dynamics through a three-
dimensional phase space. The top-left window shows this trajectory in two

phase space dimensions versus time. (color original)
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The third goal developed in Section 1.1 states that visualization techniques
"Enable users to interactively alter the ways data are viewed " Achieving this goal
depends not only on the ease with which users can control displays, but also on how
quickly the system can generate displays. The transformation of data objects into physical
displays is factored into the two mappings D : U — V and RENDER : V — V', where V'is
a logical display model and V" is a physical display model. Logical displays in V" are sets of
tuples of display scalar values, and physical displays in V" are two-dimensional arrays of
colored pixels. The RENDER function can be computed quickly since it is essentially the
traditional graphics pipeline whose operations are commonly implemented in hardware.
Thus we have focused our optimizations on the function D.

The function D is specified by a set of mappings from scalars to display scalars.
Based on the embedding of data objects in the lattice {/ described in Section 3 2, a data
object  is interpreted as a set of tuples of scalar values. Each tuple in # is transformed to
a tuple in D(u) according to the mappings from scalars to display scalars. The VisAD
implementation of D exploits both parallel and vector techniques in order to achieve
interactive response times. First, the tuples belonging to a data object can be processed
independently and thus are partitioned among M processes which execute in parallel.
(These execute in a shared memory model, which is common on modern workstations and
relatively easy to port ) Second, the important branches in the algorithm for processing
tuples depend on data types rather than data values. Thus large sets of tuples take the
same path through the algorithm and can be processed in groups of N, allowing
computations to be optimized in tight loops over vectors of values for entire groups.
Typical values are M = 4 and N = 256. While such parallelization and vectorization

techniques are not novel, they are quite effective in producing a fast implementation of the

function D.
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As discussed in Section 1.2.3, display objects in }” are inherently interactive  Users

have the following interactive controls over the mapping RENDER - V — V"

I Control over the projection from a three-dimensional space to a two-dimensional

display screen (i.e, rotate, pan and zoom in three dimensions).

2. Control over time sequencing for scalars mapped to animation.

|8}

. Control over color maps for scalars mapped to color.

4 Control over the iso-levels of scalars mapped to the confour; scalars.

W

- Control over the selected sets of values for scalars mapped to the selector; scalars.

Users also have the following interactive controls over the mapping D : U — V'

and the selection of data objects:

1. Control over the way that data are displayed, by selecting, for each scalar, which

display scalar it is mapped to.

2. Control over the mathematical mapping from scalar values to display scalar values
This is particularly useful for scalars mapped to spatial coordinates (i.e., x, y and z)

and to color.
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3. Control over which data objects are displayed. (Note that multiple data objects can
be displayed simultaneously. Ultimately, display objects in } are transformed into
lists of three-dimensional vectors and triangles for rendering, and multiple data

objects are combined merely by merging their sets of vectors and triangles.)

A key to design of the VisAD system is that it treats the definition of scalar
mappings (items 1 and 2 above) and the selection of data objects for display (item 3
above) like any other interactive display control. This is in contrast to the automated
techniques of Mackinlay (Mackinlay, 1986), Robertson (Robertson, 1991), and Senay and
Ignatius (Senay and Ignatius, 1991, Senay and Ignatius, 1994). They each solicited a set
of visualization goals from the user, and then searched for a display design that satisfied
these goals The automated approach is motivated by the desire to minimize the user's
effort to generate data displays. However, a set of scalar mappings is no more complex
than a set of visualization goals. Furthermore, the scalar mappings control how data are
displayed in a direct and intuitive way, whereas the way that a display-design algorithm
interprets the user's visualization goals may not be intuitively obvious. By making control
over scalar mappings interactive, we enable users to explore a variety of different ways of
displaying the data objects in their algorithms. We believe that this interactive exploration
is likely to be more useful than displays generated by intelligent display generation

algorithms.

4.3 Visualizing Scientific Computations
In this chapter and in Chapter 2 we have developed a visualization system
approach based on the five goals listed in Section 1.1. Our visualization approach can be

directly applied to visualize executing programs because it is interactive and integrated



with a scientific programming language. This enables scientists to perform visual
experiments with their computations. Any data object defined in a scientific computation
can be visualized, and can be visualized in a wide variety of different ways. This enables
scientists to find high-level problems with their algorithms in the same way that interactive
debuggers enable them to find low-level bugs. Just as with a debugger, scientists can
control execution and set breakpoints. However, VisAD enables scientists to visualize
large and complex data objects and thus to understand high-level problems in their
algorithms. This visualization does not interfere with scientific algorithms, since there is
no need to embed calls to display functions in programs, and it does not distract scientists,
since they do not need to write display programs. Thus the VisAD system is easy to use.
At the simplest level, visualization serves to make data objects visible. We can
think of visualization like a microscope - making an invisible world visible. Further, the
visualization of data objects provides understanding of computational processes involving
those data objects. For example, consider a bubble sort algorithm written in the VisAD

programming language:

type time = real;
type temperature = real;

type temperature_series = array [time] of temperature;

sort(temperature_series temperatures; time n;)

{

time outer, inner,

temperature swap;




/* A bubble sort is organized as two nested loops */
for (outer=n, outer>1; outer=outer-1) {
for (inner=1, inner<outer;, inner=inner+1) {
/* compare adjacent elements */
if (temperatures[inner-1] > temperatures[inner]) {
/* adjacent elements are out of order, so exchange them */
swap = temperatures[inner];
temperatures|[inner] = temperatures[inner-1];

temperatures[inner-1] = swap;

Five data objects are declared in this program. The array being sorted is named
temperatures and has type femperature _series. 1t is an array of temperatures indexed by
time. The inner and outer loop indices into this array have type fime, as does the size # of
the array. The swap variable of type femperature is used to exchange elements of the
array. Figure 4.8 shows this program running under VisAD, and four of these data
objects are displayed in the window on the right (the size # is not displayed since it does

not change as the program runs). They are displayed using the mappings:

map time to x_axis,

map temperature to y_axis;
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Figure 4.8. Visualizing the computations of a bubble sort algorithm. (color

original)






The text that defines these mappings can be seen in the small window at the top of the
screen. The femperatures array is displayed as a graph (the set of white points) of
temperature versus time. The outer index is displayed as a small green sphere on the
lower horizontal axis. Note that the white points to the right of the green sphere are
sorted. The inner index is displayed as a small red sphere. It marks the horizontal
position of the current maximum value bubbling up through the femperatures array. The
small blue sphere on the left hand vertical axis depicts the swap variable. This display
changes as the algorithm runs, providing a clear depiction of how the bubble sort works
This is sometimes called algorithm animation (Brown and Sedgewick, 1984). VisAD's
displays are generally asynchronous with computations, but may be synchronized with

calls to the built-in function sync.

Run Computation

Visualize Results

Change Algorithm or
Computational Parameters

Figure 4.9. Visually experimenting with algorithms (this is a copy of Figure 1.3).
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The ability to make computations visible can be used to find problems with
algorithms, to experiment with different algorithms, and to tune algorithm parameters.
Each of these places a slightly different emphasis on the system-user feedback loop shown
in Figure 4.9 The time around the feedback loop in Figure 4.9 may be less than a second
when the user is tuning an algorithm, whereas minutes may be required for the user to edit
a program to experiment with algorithm structure. Figure 4 10 illustrates the system-user

feedback loop for finding the causes of problems with algorithms.

Run Computation and Save
Intermediate Data Objects

Use Visualization to Search
For Incorrect Final Results

Visually Compare Incorrect Data Objects to
Preceding Data Objects in the Computation

Step Back Through
Computation

Stop When the Comparison of Consecutive
Data Reveals an Incorrect Computational Step

Figure 4.10. Visually tracing back to the causes of computational errors.
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An algorithm for detecting clouds in GOES images provides a good example of
using VisAD for finding high-level problems with algorithms. Some of the data types

defined for this algorithm are:

type earth_location = real2d;
type ir_radiance = real;
type vis_radiance = real;
type ir_image = array [earth_location] of ir_radiance,
type image =
array [earth_location] of
structure {
ir_radiance;

vis_radiance,

type image region = integer;
type ir_image partition = array [image_region] of ir_image;

type image_partition = array [image_region] of image;

type count = integer,

type histogram = array [ir_radiance] of count;

The input to the algorithm is a data object of type image_partition; Figure 4 11 shows an

input data object displayed using the mappings:
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map earth_location to xy_plane;
map ir_radiance to z_axis,

map vis_radiance to color,

map image_region to selector;,

map count to selector;

The algorithm partitions images into rectangular regions and processes each region
independently. Two regions are selected in Figure 4 11 The small bump straddling the
two image regions on the left is a cloud. The output of the algorithm is another data
object of type image partition where the values of non-cloud pixels are set to missing.
Figure 4.12 shows the output generated from Figure 4.11 with the same two image
regions selected. The small cloud in Figure 4.11 is not seen, so its pixels have been
marked as non-cloud. This is clearly an error.

We can find the cause of this error by visually comparing data objects at different
stages of the algorithm's computations. Figure 4 13 shows three data objects of type
ir_image partition. Each data object is displayed in a different color: white, red and
green. The white ir_image_partition data object includes all pixels but is overlaid by the
red and green data objects. The algorithm selects cloud pixels as subsets of the non-
missing pixels in the red and green ir_image partition data objects. Since the bump on
the left is white rather than red or green, the error in the computation must have been
made before the calculation of the ir_image partition data objects colored red and green.
Pixels are selected for these two data objects according to whether their ir_radiance
values lie in clusters of certain histograms. Three data objects of type histogram are

shown in Figure 4.14 displayed using the mappings:
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map earth_location to selector,
map ir_radiance to x_axis;
map vis_radiance to selector;
map image _region to selector,

map count to y_axis,

The white histogram data object includes all ir_radiance values but again these are
overlaid by the red and green histogram data objects. The red and green histogram
objects include only those ir_radiance values lying in clusters. The ranges of ir_radiance
defined by these red and green histogram objects are used to select pixels for the red and
green ir_image partition objects seen in Figure 4.13. The white histogram object is
generated from the population of pixels within one image region pictured in Figure 4.11.
Thus Figure 4.14 makes it clear that the little bump cloud on the left in Figure 4.11 is not
large enough to generate a detectable cluster in the histogram object in Figure 4.14,
possibly because this population is evenly divided between two image regions. Thus we

have found the ultimate cause of the error in this computation.
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Figure 4.11. A close-up view of two regions of a goes_seqguence object
displayed as a terrain. Note the small bump, undoubtedly a cloud, straddling the

regions on the left. (color original)
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Figure 4.12. A close-up view restricted to the "cloudy" pixels in two regions of a
goes_sequence object displayed as a terrain. The small cloud seen on the left

in Figure 4.11 is not detected as a cloud in this figure. (color original)
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Figure 4.13. Three goes_sequence objects displayed as terrains, with ir
radiance mapped to terrain height (the y axis) but without vis radiance mapped

to color. (color original)






135

Figure 4.14. Three histogram objects displayed as graphs. The algorithm judges
red and green points to lie in clusters - these define ranges of ir_radiance values

that define the red and green pixels seen in Figure 4.13. (color original)
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An algorithm for detecting valid observations of interstellar X-rays provides a
good example of using the VisAD system for experimenting with algorithms. The Diffuse
X-ray Spectrometer sensed several million distinct events during its January 1993 flight on
the Space Shuttle (Sanders et al., 1993), each potentially an observation of an X-ray
emanating from interstellar gas. However, most of these events were not valid, so Wilton
Sanders and Richard Edgar of the University of Wisconsin-Madison needed to develop an
algorithm for detecting valid events. Some of the data types defined for this algorithm

are.

type time = real,
type wavelength = real,
type longitude = real;
type pulse_height = real,
type position_bin = real,
type goodness_of fit = real,
type occulted flag = int;
type xray_event =
structure {
time;
wavelength;
longitude;
pulse height;
position_bin;
goodness_of fit,

occulted flag,
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}

type event_number = int;
type count = int,
type count2 = int;
type event_list = array [event _number] of xray_event,
type histogram_2d = array [longitude] of

array [wavelength] of

structure {
count,

count2;

Figure 4.4 shows a data object of type event_list displayed using the following

scalar mappings:

map longitude to x_axis;

map wavelength to y_axis;

map time to z_axis,

map pulse_height to color;

map position_bin to selector;
map goodness_of fit to selector;
map occulted flag to selector,
map event_number to selector;,
map count to selector;

map count2 to selector,




138

In Figure 4.4 each X-ray event is displayed as a colored dot. Slider icons in the
upper-right corner were used to select a range of values for each event field mapped to
selector, and only those events whose field values fall in the selected ranges are displayed.
This provides an easy way to experiment with event selection criteria. During the
development of the event selection algorithm, a large number of different sets of mappings
were defined in order to experiment with selections based on different combinations of
event fields and thus to help Sanders and Edgar to understand the mechanisms that
produced invalid events.

Figure 4 15 shows a data object of type histogram_2d in a frame of reference

defined by:

map longitude to y_axis,

map wavelength to x_axis;

map count to z_axis,

map count2 to color;

map time to selector,

map pulse height to selector;
map position_bin to selector,
map goodness_of fit to selector;
map occulted flag to selector;

map event_number to selector,

This histogram 2d object contains frequency counts of X-ray events in bins of wavelength

and longitude The count2 values are redundant with the count values. Both are included
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so that one may be mapped to the x_axis and the other mapped to color The display of
this object is seen from an oblique angle so that it appears as a series of short colored
graphs, one for each longitude bin. Each colored graph shows count as a function of
wavelength, and thus provides a spectrum of X-rays in a /ongitude bin. Some types of
spurious events showed up as spikes in one-dimensional and two-dimensional histograms
(1.e, these spurious events had similar values in one or two event fields) and this provided
insight into how to remove these events. Displays of histograms of populations of events
selected by various algorithms provided insight into what further selection criteria were

needed.
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Figure 4.15. A two-dimensional histogram of X-ray events, with 10 degree
longitude bins along the vertical axis and small wavelength bins along the
horizontal axis. Viewed from an oblique angle, this object appears as a series of

short graphs showing the X-ray spectrum in each longitude bin. (color original)






An algorithm for detecting cumulus clouds in GOES images provides a good
example of using VisAD for tuning parameters of algorithms. Robert Rabin (Rabin et. al,
1990) of the National Severe Storms Laboratory, working at the University of Wisconsin-
Madison, developed an algorithm for detecting cumulus clouds based on infrared radiance,
visible radiance, and contrast (a quantity derived from visible radiance). Some of the data

types defined for this algorithm are:

type earth_location = real2d;

type ir_radiance = real,

type vis_radiance = real;

type contrast = real,

type ir_image = array [earth_location] of ir_radiance;
type vis_image = array [earth location] of vis_radiance;

type contrast_image = array [earth_location] of contrast;

Separate selection criteria were defined for each of ir_radiance, vis_radiance and
contrast, and Figure 4.16 shows data objects of types ir_image, vis_image and

contrast_image displayed according to the mappings:

map earth_location to xy plane,
map ir_radiance to color;
map vis_radiance to color;

map contrast to color,
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The visualization in Figure 4.16 was used to tune the cumulus cloud selection algorithm.
In the displayed data objects, ir_radiance, vis_radiance and contrast values that do not
satisfy the selection criteria have been set to missing and are invisible. The color maps
have been adjusted so that any non-missing ir_radiance is displayed as red, any non-
missing vis_radiance is displayed as blue, and any non-missing contrast is displayed as
green. Thus each pixel in the image takes one of eight colors, indicating the two x two x
two combinations of selections by these three criteria. Only those pixels colored white are
selected by all three criteria as cumulus cloud pixels (because white = red + blue + green).
We were able to interactively adjust these selection criteria using slider icons (similar to
those seen in Figure 2.2), to see how the selection of cumulus cloud pixels changed in
response to those adjustments, and to understand from their colors which criteria cause

pixels to fail to be selected.
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Figure 4.16. Visualizing the three criteria used to select cumulus clouds. Pixels
satisfying the infrared criterion are colored red, pixels satisfying the visible
criterion are colored blue, and pixels satisfying the contrast criterion are colored
green. Combinations of these colors indicate pixels satisfying more than one of
the criteria. Pixels selected as cumulus clouds are colored white. (color

original)
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4.4 System Organization

We have described our system design in stages, explaining how it is motivated by
the goals of Section 1.1 and the principles of Chapter 3. In this section we present on
overview of the way the system integrates scientific data, computation and display.

Figure 4 17 illustrates the overall organization of the VisAD system. The system's
computing components occupy the left side of this diagram and its display components
occupy the right side, linked only through the data component. Furthermore, information
from the system's display component does not flow into its data or computation
components, emphasizing that the system's display functions do not intrude on a user's
science programs.

Figure 4.17 also shows how the user interface is divided into five different
components, two relating to computation and three relating to display. The computational

user interface divides into

1. An editor for defining and editing programs. This editor is also used for defining

data types, since they are part of the text of programs.

2. Controls over program execution. These include controls for starting and stopping
execution, for executing single program statements, and for setting values on s/ider
icons that are read by calls to the intrinsic function s/ider (as illustrated in Figure
2.2). Execution breakpoints are set (and cleared) by graphically picking program
statements in the program text editor, and are indicated by highlighting statements in

the program text.

The display user interface divides into
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1. An editor for defining mappings from data scalar types to display scalar types.
These mappings control the transformation of data into logical displays. Data
objects are selected (and de-selected) for display by graphically picking their names
in the program text editor, and are indicated by highlighting their names in the

program text.

2. Controls over the rendering transformation from logical to physical displays (i.e.,
the RENDER function). These include controls over animation, over color maps,
over selecting ranges of values (for scalars mapped to selector), over contour levels,

and over the projection from three to two dimensions (i.e., rotate, pan and zoom).

3. Physical displays visible to the user.

Note that there are two deviations from the clean separation of user interface
functions and that both involve graphically picking and highlighting text segments in the
program text editor. Specifically, program statements are selected as breakpoints and data
objects are selected for display in this way. While we have not used a graphical user
interface for designing the data and control flow of programs in our system, we have
adopted these two graphical picking functions because they can be naturally integrated
with a text based programming interface.

The overall system organization shown in Figure 4.17 is consistent with a variety
of possible future system extensions. In particular, the display model could be extended
by adding more display scalars, and a module could be added to design default scalar

mappings appropriate for various aggregate data types. These would require changes to
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the system source code but would not be particularly difficult. However, based on the
goals developed in Section 1.1, the system is designed to make it easy for users to define
their own data types, displays and programs. By building such generality into our system's
user interface we seek to reduce the need for changes to the system itself.

The system diagram shows the connection to external functions through a socket
interface. This allows VisAD programs to link to functions written in C or Fortran and
possibly running remotely (i.e., on another computer connected via a network). The
ability to define such links to compiled functions is important for the robustness of
scientific computing environments. Mature scientific programming environments typically
include hundreds of user-defined functions.

The ways that scalar values can sample one-, two- and three-dimensional real
values is also extensible. The system supports a variety of built-in samplings for two-
dimensional map projections and for geographically registering common meteorological
satellites. While it is easy to define new built-in sampling functions, the system also
provides a way for users to define one-, two- and three-dimensional samplings within the
programming language.

Our system design defines a few simple capabilities that users can flexibly combine
to produce complex applications. Users can define complex data types as hierarchies of
scalars, tuples and arrays, they can express complex metadata by samplings and missing
data, they can define complex algorithms in a general scientific programming language,
and they can define a complete set of data displays by mappings from data primitives to

display primitives.
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Chapter 5

Applying the Lattice Model to Recursive Data Type Definitions

In Section 3.1 we showed that a function D - U—>} satisfying the expressiveness
conditions must be a lattice isomorphism. In Section 3.4 we applied this result to specific
lattice structures defined for scientific data and display models. However, this result can
be applied to any complete lattices and it is natural to apply this result to other lattice
structures for data and display models. The motive for new lattice structures must be new
data models, since display models are themselves motivated by the need to visualize data.
The data model defined in Section 3.2 includes tuples and arrays as ways of aggregating
data, but does not include linked list structures defined in terms of pointers. In this
chapter we describe several issues in extending our lattice theory to data types appropriate

for handling objects with pointers.

5.1 Recursive Data Types Definitions

The denotational semantics of programming languages provides techniques for
defining ordered sets whose members are the values of programming language expressions
(Gunter and Scott, 1990; Schmidt, 1986; Scott, 1971; Scott, 1982). An important topic
of denotational semantics is the study of recursive domain equations, which define ¢pos
recursively (cpo is defined in Appendix A).

Consider the following example of a recursive domain equation from (Schmidt,

1986). A data type for a binary tree may be defined by

(5.1) Bintree = (Data + (Data x Bintree x Biniree)) |
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Here "+", "x" and "(.) | " are type construction operators similar to the tuple and array

operators defined in Section 3.2.3. The "+" operator denotes a type that is a choice
between two other types (this is similar to "union" in the C language), "x" denotes a type
that is a cross product of other types (this is essentially the same as our tuple operator, so
that (Data x Bintree x Bintree) is a 3-tuple), and the " 1" subscript indicates a type that
adds a new least element, L, to the set of values of another type. Eq. (5.1) defines a data
type called Binfree, and says that a Bintree object is either L, a data object of type Data,
or a 3-tuple consisting of a data object of type Data and two data objects of type Bintree.
Intuitively, a data object of type Bintree is either missing, a leaf node with a data value, or
a non-leaf node with a data value and two child nodes.

The obvious way to implement binary trees is to define a record or structure for a
node of the tree, and to include two pointers to other nodes in that record or structure. In

general, self references in recursive type definitions are implemented using pointers.

5.2 The Inverse Limit Construction

The equality in a recursive domain equation is really an isomorphism. As
explained by Schmidt, these equation may be solved by the inverse limit construction. For
the Biniree example this construction starts with Bintreey = {1}, and then applies Eq.

(5 1) repeatedly to get:

(5.2) Bintreey = (Data + (Data x Bintree x Bintreeg)) |

Bintree, = (Data + (Data x Bintree| x Bintree|)) |

etc.




The construction also specifies a retraction pair (g;, f;):Bintree; <> Bintree; | for all /,
such that g; embeds Bintree; into Bintree;,| and f; projects Bintree;,| onto Bintree;
(retraction pair is defined in Appendix A). Then Bintree is the set of all infinite tuples of
the form (g, #1, 15, ...) such that #; = fi(t;+) for all i. It can be shown that Bintree is
isomorphic with (Data + (Data x Bintree x Bintree)) |, and thus "solves" the recursive
domain equation. The order relation on the infinite tuples in Binfree is defined element-
wise, just like the order relation on finite tuples defined in Section 3.2, and Bintree is a
cpo. We note that the inverse limit construction can also be applied to solve sets of
simultaneous domain equations

The cpos defined by the inverse limit construction are generally not lattices. In
order to apply Prop. C.3 to these cpos they must be embedded in complete lattices.
However, the Dedekind-MacNeille completion shows that for any partially ordered set A4,
there is always a complete lattice {/ such that there is an order embedding of 4 into U/
(Davey and Priestley, 1990).

The set of Bintree objects defined by the inverse limit construction includes infinite
trees. Denotational semantics must include values for non-terminating computations, and
non-terminating computations may produce infinite trees as their values. Since our result
that display functions are lattice isomorphisms depends on the assumption that data and
display lattices are complete, it is likely that any data lattice we define that includes
solutions of recursive domain equations must include infinite data objects.

The inverse limit construction defines the set of data objects of a particular data
type that solves a particular recursive domain equation. However, our approach in
Section 3.2 was to define a large lattice that contained data objects of many different data

types. It would be useful to continue this approach, by defining a lattice that includes all
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data types that can be constructed from scalar types as tuples, arrays, and solutions of

recursive domain equations. This is the subject of Section 5.3

5.3 Universal Domains

A fundamental result of the theory of ordered sets is the fixed point theorem,
which says that, for any cpo D and any continuous function fD — D, there is fix(f) € D
such that f{fix(f)) = fix(f) (that is, fix(f) is a fixed point of f) and such that fix(f) is less than
any other fixed point of f.

Scott developed an elegant way to solve recursive domain equations by applying
the fixed point theorem (Scott, 1976; Gunter and Scott, 1990). The idea is that the
solution of a recursive domain equation is just a fixed point of a function that operates on
cpos. Scott first defined a universal domain U and a set W of retracts of . W may be the
set of all retracts on U, the set of projections, the set of finitary projections, the set of
closures, or the set of finitary closures (these terms are defined in Appendix A). Then he
showed that a set OP of type construction operators (these operators build ¢po's from
other ¢po's) can be represented by continuous functions over W, in the sense that for op €

OP there is a continuous function f on W that makes the diagram in Figure 5.1 commute.

op

N
cpo's 7 Cpo's
im im
f
N\
w 7 W

Figure 5.1. The type construction operator op is represented by function f.



Note that im(w) = {w(u) | u € U} For unary op € OP this is im(fiw)) = op(im(w)).
Similar commuting expressions hold for multiary operators in OF. Then, for any recursive
domain equation D = O(D) where O is composed from operators in OP, there is a
continuous function F-W — W that represents O. By the fixed point theorem, / will have
a least fixed point fix(F), and O(im(fix(F))) = im(F(fix(F))) = im(fix(I'}), so im(fix(F)) is a
cpo satisfying the recursive domain equation D = O(D). The solution of any domain
equation (or any set of simultaneous domain equations) involving the type construction
operators in OP will be a cpo that is a subset of the universal domain /. Thus this
approach is similar to the way that we embedded data types in a complete lattice
(coincidentally denoted by UJ) in Section 3.2.3. Universal domains and representations
have been defined for sets OF that include most of the type constructors used in
denotational semantics, including "+", "x", "—" and "(.);".

A common example of a universal domain is the complete lattice POWER(N),
which is just the set of all subsets of the natural numbers N. In general, the embeddings of
data types into universal domains, as defined by papers in denotational semantics, are not
suitable for our display theory. For example, a single integer (that is, an object of type N),
and a function from the integers to the integers (that is, an object of type N — N), may be
embedded to the same member of POWER(N). A display function applied to the lattice
POWER(N), with these embeddings, would produce the same display for the integer and
the function from the integers to integers. Such displays cannot effectively communicate
information about data objects, so other embeddings of types into universal domains must

be developed.
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5.4 Display of Recursively Defined Data Types

Since the goal of visualization is to communicate information about data to people,
an extension of our theory must focus on the data lattice /' However, since a display
function D is a lattice isomorphism of {/ onto a sublattice 7, we should be able to say
something about the structure of /. If a subset 4 < U is the solution of a recursive
domain equation (that is, 4 is the set of data objects of some recursively defined data
type), then D(A) < V is isomorphic to 4 and must itself be the solution of the recursive
domain equation.

For example, if the set A is the solution of Eq. (5.1) for Bintree, then the set D(4)
must also solve this equation. The isomorphism D provides a definition of the operators
"+ "x"and "(.);" in D(A) and thus also defines a relation between "tree" objects and
their "subtree" objects in D(4). The isomorphism does not tell us how to interpret these
operators and relations in a graphical display, but it does tell us that such a logical
structure exists. Given the complexity of this structure, it is seems likely that display
objects in D(4) will be interpreted using some graphical equivalent of the pointers that are
used to implement data objects in 4.

Two graphical analogs of pointers are commonly used in displays:

1. Diagrams. Here icons represent nodes in data objects, and lines between icons

represent pointers,

2. Hypertext links. Here the visible contents of a display screen represents one or more
nodes in a data object, and an icon embedded in that display screen represents an

interactive link to another node or set of nodes. That is, if the user selects the icon
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(say by a mouse point and click), new display screen contents appear depicting the

display object (and possibly other objects) referenced by the icon.

In order to extend our display theory to data types defined with recursive domain
equations, we need to extend our display lattice J to include these graphical
interpretations of pointers. A difficult open problem is to find a way to do this that
produces a display lattice complex enough to be isomorphic to a universal domain as

described in Section 5.3
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Chapter 6

Conclusions

This thesis was motivated by physical scientists' need for visualization techniques
that can be applied to the data of a wide variety of scientific applications, that can produce
a wide variety of different visualizations of data appropriate for different needs, that are as
interactive as possible, that require minimal effort by scientists to use, and that can be
integrated with a scientific programming environment. Our approach has been to achieve
generality and simplicity by developing appropriate abstractions for scientific data, for

scientific displays, and for the visualization mapping from data to displays.

6.1 Main Contributions and Limitations

The main contributions of this thesis can be summarized as follows:

1. Development of a system for scientific visualization that enables a wide variety of
visual experiments with scientific computations. This system integrates visualization
with a scientific programming language that can be used to express scientific
computations. This programming language supports a wide variety of scientific data
types and integrates common forms of scientific metadata into the computational
and display semantics of data. Any data object defined in a program in this language
can be visualized in a wide variety of ways during and after program execution.
Displays are controlled by a set of simple mappings rather than program logic.
These mappings are independent of data type and separate from a user's scientific

programs, which is a clear distinction from previous visualization systems that
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require scientists to embed calls to visualization functions in their programs.
Furthermore, computation and visualization are highly interactive. In particular, the
selection of data objects for display and the controls for how they are displayed are
treated like any other interactive display control (e.g., interactive rotation).
Previous visualization systems require a user to alter his program in order to make
such changes. The generality, integration, interactivity and ease-of-use of this
system all enhance the user's ability to perform visual experiments with their

algorithms.

. Introduction of a systematic approach to analyzing visualization based on lattices.
We defined a set {/ of data objects and a set J" of displays and showed how a lattice
structure on [/ and V expresses a fundamental property of scientific data and
displays (namely that they are approximations to the physical world). The
visualization repertoire of a system can be defined as a set of mappings of the form
D U— V. Itis common to define a system's visualization repertoire by
enumerating such a set of functions. However, an enumerated repertoire is justified
only by the tastes and experience of the people who decide what functions to include
in the set. In contrast, we interpreted certain well-known expressiveness conditions
on the visualization mapping D - I/ — Vin terms of a lattice structure, and defined a
visualization repertoire as the set of functions that satisfy those conditions. Such a
repertoire is justified by the generality of the expressiveness conditions. We showed
that visualization mappings satisfy these conditions if and only if they are lattice
isomorphisms. Lattice structures can be defined for a wide variety of data and
display models, so this result can be applied to analyze visualization repertoires in a

wide variety of situations.
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3 Demonstration of a specific lattice structure that unifies data objects of many
different scientific types in a data model U/, and demonstration that the same lattice
structure can express interactive, animated, three-dimensional displays in a display
model . These models integrate certain kinds of scientific metadata into the
computational and display semantics of data. In the context of these scientific data
and display models, we showed that the expressiveness conditions imply that
mappings of data aggregates to display aggregates can always be factored into
mappings of data primitives to display primitives. We showed that our display
mappings are complete, in the sense that we characterized all mappings satisfying

the expressiveness conditions.

These results have several limitations. Foremost, they do not include data objects
with pointers. Thus our visualization techniques are not applicable to the data objects of
general programming languages. This thesis developed a single lattice-structured scientific
data model in which real numbers are approximated by intervals and functions are
approximated by finite sets of samples of their values. However, there are other ways to
approximate numbers and functions based on Eq. (3.2) and these may serve as the basis
for other lattice-structured models for scientific data. The display model developed in this
thesis models the ways that computers generate displays, but does not model the ways that
people perceive displays. Finally, this thesis only considered conditions on visualization
mappings based on lattice structures, and did not consider conditions based on other kinds

of mathematical structures.
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6.2 Future Directions
The work presented in this thesis can be extended to other lattice-structured
models for data and displays, and to analytic conditions on visualization functions based

on types of mathematical structures other than lattices. Specific future directions include:

1. Extend the VisAD system's display model to include more display scalars, such as
transparency, reflectivity and flow vectors. These would be interpreted by including

volume and flow rendering techniques in the mapping RENDER - V — V",

2. Extending the VisAD system to supply default mappings for controlling the displays
of data objects. This could be accomplished by integrating VisAD with others' work
on automating the design of displays (Robertson, 1991; Senay and Ignatius, 1991,

Senay and Ignatius, 1994; Beshers and Feiner, 1992).

3. Extending the lattice results to data objects with pointers (i.e., data objects of
recursively-defined data types). In Chapter 3 we showed how to embed scientific
data objects of many different data types in a lattice. In Chapter 5 we showed how
this might be extended by describing Scott's technique for embedding data objects of
many different recursively-defined data types in a lattice. We also described
graphical analogs of data objects with pointers. However, we described why Scott's
embeddings are not suitable for visualization. Thus, finding ways to extend Scott's
embeddings to a form suitable for visualization is an important next step. This
would enable us to extend the VisAD system to a general programming language

rather than a scientific programming language.
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4. Defining lattice structures based on forms of approximations to numbers and
functions other than intervals and finite samplings. Whenever data objects can be
identified with sets of mathematical objects we can apply Eq. (3.2) (ie,u<u' <
math(u") < math(u)) to define a lattice structure on a data model. For example,
functions may be approximated by finite sets of Fourier coefficients rather than finite

sets of function values.

5. The analytic approach has great potential for making the study of visualization more
rigorous and systematic. It is difficult to explicitly identify all of the assumptions of
a synthetic approach to visualization, whereas assumptions must be explicit in an
analytic approach. Analytic conditions on visualization mappings must be based on
some mathematical structures defined on data and display models. In this thesis we
have explored the consequences of a single set of conditions defined in terms of
lattice structures. However, the full potential of the analytic approach can only be
realized by exploring a much wider set of conditions based on a variety of
mathematical structures. Data and display models may also have topological
structures, metric structures, symmetry structures, structures based on arithmetic
operations, and type hierarchy structures. Each of these kinds of structures can be
used to define conditions on visualization mappings. Such conditions may be able to
express a wide range of visualization goals, and mathematical analysis of
visualization mappings satisfying various conditions may provide a rigorous

foundation for visualization.

6. Defining structures on display models that express principles of human perception.

For example, a metric can be defined for the perceived distance between displays (as
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measured by psychology experiments or predicted by psychological models).
Alternatively, perception of displays may be invariant to certain operations (e.g.,
time translation or spatial translation), which may be expressed by defining

symmetry groups on sets of displays.
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Appendix A

Definitions for Ordered Sets

The appendices contain all the formal definitions, propositions and proofs for
developing a model of the display process based on lattices. Here we list some basic

definitions from the theory of ordered sets.

Def. A partially ordered set (poset) is a set D with a binary relation < on D such

that, Vx, y,ze D

(a) x<x "reflexive"
b) x<sy&ysx=>x=y "anti-symmetric"
(c) x<y&y<z=mx<z "transitive"

Def. An upper bound for a set M < D is an element x € D such that

VyeM y<x
Def. The least upper bound of a set M < D, if it exists, is an upper bound x for M
such that if y is another upper bound for M, then x <y The least upper bound of M is

denoted sup M or \IM. sup{x.y} is written x v y.

Def. A lower bound for a set M c D is an element x € D suchthat Vy e M. x<y.
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Def. The greatest lower bound of a set M < D, if it exists, is a lower bound x for
M such that if y is another lower bound for A/, then y <x. The greatest lower bound of M

is denoted inf M or \M_ inf{x.y} is written x A y.

Def. A subset M < Disadown setif Vx e MVy e D. y<x =y e M. Given
M c D, define M = {y e D|3x e M y<x}, and given x € D, define
lx={yeD|y<x}

Def. AsubsetM c Disanup setifVx e M. Yye D x<y=y e M Given
M c D, define TM={y € D|3x € M. x <y}, and given x € D, define
Tx={yeD|x<y}

Def. A subset M — D is a chain if, for all x, y € M, either y<xorx <y.

Def. A subset M ¢ D is directed if, for every finite subset A < M, there is an

x € M suchthat Vy e 4. y <x.

Def. A poset D is complete (and called a cpo) if every directed subset M < D has a

least upper bound \/M and if there is a least element L € D (thatis, Vy € D. L <y).

Def. If D and E are posets, we use the notation (D — E) to denote the set of all

functions from D to E.

Def. If D and F are posets, a function £ D—E 1s strict if f{(L) = L.



Def. If D and E are posets, a function £ D—FE is monotone if
Vx,y e D x<y= fix) <Ay). We use the notation MON(D — E) to denote the set of all

monotone functions from D to £.

Def. If D and E are posets, a function £ D—>E is an order embedding if

Vx,ye D x <y f(x)<Ay).

Def. Given posets D and E, a function £ D—FE, and a set M < D, we use the

notation fiM) to denote {f(d) | d € M}.

Def. If D and E are cpos, a function fD-—FE is continuous if it is monotone and if

SNM) =AM for directed M < D.

Def. If D is a ¢po, then x € D is compact if, for all directed M < D,
xs\VIM=3yeM x<y.

Def. A cpo D is algebraic if for allx e D, M ={y € D |y <x & y compact} is
directed and x = \IM.

Def. A cpo D is a domain if D is algebraic and if D contains a countable number of

compact elements.

Most of the ordered sets used in programming language semantics are domains.

Def. A poset D is a lattice if for all x, y € D, x v y and x A y exist in D.



164

Def. A poset D is a complete lattice if for all M < D, \IM and \M exist in D
Def. If D and E are lattices, a function £ D—FE is a lattice homomorphism if for all
x,y € D, f(x ny)=Ax) AAy) and f(x v y) = f(x) v Ay). If fFD—E is also a bijection then

it is a lattice isomorphism.

Def. A binary relation = on a set D is an equivalence relation if Vx, y, z € D

(a) X=X "reflexive"
(b) X=y>ysx "symmetric"
(c) x=y&y=z=>x=z "transitive"

Def. id denotes the identity function on D. Given a function f:D—D,

im(f)y={fd)|d e D}.

Def. If D is a ¢po, a continuous function £ D—D is a retraction of D if f= fof.
A retraction f:D—>D is a projection if f < idp, and a finitetary projection if in addition im(f)
is a domain. A retraction f.D—>D is a closure if f > idp and a finitetary closure if in

addition im(f) is a domain.

Def. If D and E are cpos, a pair of continuous functions f:D—FE and g:£—D are a
retraction pair if g o f < idp and fo g = idg. The function g is called an embedding, and f

is called a projection.
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Appendix B

Proofs for Section 3.1.4

Here we present the technical details for Section 3.1.4. We can interpret

Mackinlay's expressiveness conditions as follows:

Condition 1. VP € MON(U — {1, 1}). 30 € MON(V — {L , 1}).
Yu € U. P(u) = O(D(w)).

Condition 2. VO € MON(V — {1, 1}). 3P € MON(U - {L , 1}).
Vv e V. O() = P(D"\(v)).

Prop. B.1. If D:U — V satisfies Condition 2 then D is a monotone bijection from
U onto V.

Proof. D is a function from U to ¥, and Condition 2 requires that D! is a functon
from " to U, so Conditon 2 requires that D is a bijection from U onto V. Next, assume
that x <y, and let O, =Av € V. (if (v 2 D(x)) then | else L). Then by Condition 2 there is
a monotone function P, such that Vv € V. O, (v) = P(D-}(v)) Since D is a bijection, this
1s equivalent to Vu € U. O,(D(u)) = P(1). Hence, O (D(y)) = P(y) 2 P(x) = O (D(x))
=1s0 O(D(y)) =1 and D(y) 2 D(x). Thus D is monotone H

By Prop. B.1, Conditon 2 is too strong since it requires that every display in }'is
the display of some data object under D. Since U is a complete lattice it contains a

maximal data object X (the least upper bound of all members of {J). For all data objects
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ue U u<X Since D is monotone this implies D(#) < D(X). We use the notation YD)
for the set of all displays less than D(X). ID(X) is a complete lattice and for all data

objects # € U, D(u) € +D(X). Hence we can replace ¥ by 4{D(X) in Condition 2 in order
to not require that every v € Vis the display of some data object. We modify Condition 2

as follows:

Condition 2'. VO € MOND(X) — {1, 1}). 3P € MON(U — {1, 1}).
Vv e $D(X). O(v) = P(D1(v)).

Def. A function DU/ — V'is a display function if it satisfies Conditions 1 and 2'

The next two propositions demonstrate the consequences of this definition.

Prop. B.2. If D:U—V is a display function then:
(a) D is a bijective order embedding from U onto ID(X)
(b) VvelV (Fu e U v<DW)= Jue U v=Du))
(c) vM < U NIDM) = DNIM) and VM < U. ND(M) = D(\M).

Proof. For part (1), D is a function from {/ to V, and Condition 2' requires that D-1
is a functon from +D(X) to U, so D is a bijection from U onto LD,

To show that D is an order embedding, assume that D(x) < D(y), and let
P.=\u € U. (if (u 2 x) then 1 else L). Then by Condition 1 there is a monotone function
O, such that Vi € U. O(D(u)) = P, (u). Hence, P (y) = O(D(y)) = OAD(x)) = P(x) = 1

so P.(y) =1 and y > x. Now assume that x <y, and let
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O, =M € V (if (v 2 D(x)) then 1 else L). Then by Condition 2' there is a monotone
function P, such that Vv € V. Q(v) = P.(D"1(v)). Since D is a bijection, this is equivalent
t0 Y € U QD)) = Pu). Hence, O(D() = Py(y) 2 Po(x) = 0o(D(x)) = 50
O/(D()) =1and D(y) = D(x). Thus D is an order embedding.

For part (b), note that if 3u’ € U v < D(u’), then v < D(X) and v € +D(X) so
Ju e U v=D(u).

For part (c), Vm € M. m <\IM so Vm € M. D(m) < D(\IM) and so
VD) < D(VM). Thus, by part (2), 3u € U D(u) =\ID(M), and Vim € M. D(m) < D(u)
so Vm € M. m < u and thus UM < u. Therefore D(M) < D(u) =\ID(M), and thus
D\IM) =\ID(M).

Next, Vim € M. \M < m so Ym e M. D(\M) < D(m) and so D(\M) < N\D(M).
For any m € M, \D(M) < D(m), so, by part (2), 3u € U D(x) = \D(M), and
Vm e M. D(u) < D(m) so ¥Ym € M. u < m and thus u < /\M. Therefore
ND(M) = D(ir) < D(I\M), and thus D(\M) = \D(M). B

As a corollary of Prop. B.2, next we show that display functions are lattice

isomorphisms, and are continuous in the sense defined by Scott.

Prop. B.3. D:U — Vs a display function if and only if it is a lattice isomorphism
of {J onto VD(X), which is a sublattice of V. Furthermore, a display function D is
continuous.

Proof. Assume D:U — V'is a display function. Foranyx,y € U, letM = {x, y}.
Then, by Prop. B.2, D(x \v y) = D(x) v D(y) and D(x A y) = D(x) A D(y), so D is a lattice
homomorphism. Next, a, b € $D(X) = a, b<DX) = av b, an b <DX) =
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D(a v b), D(a A b) € D(X), so ID(X) is a sublattice of ¥ By Prop. B 2, D is bijective,
so it is a lattice isomorphism.

Assume D: U= D(X) is a lattice isomorphism If x <y then D(y) = D(x v y) =
D(x) v D(y) = D(x). If D(x) < D(y) then y = D-}(D(y)) = D-{(D(x) v D(y)) =
D-YD(x v y))=xvy=x Thus D is an order embedding. Hence it is injective
[that is D(x) = D(y) = D(x) < D(y) = x <y and D(x) = D(y) = D(y) < D(x) = y <x, so
D) =D() = x =]
so DL is defined on D(U) ¢ V. Given P € MON(U — {L, 1}), define
O=we V{PD1IW))| v <v&v e D(U)}. The set of v’ such that v’ <v and
v' € D(U) always includes D(L), so Q is defined for all v € V. O is a function from V' to
{1, 1}, and Q is monotone since

vy <y = V|V Sy &vie D)} < (Vv <vy & v e D(U)}. Then, forallu € U,

O(D(uyy =\{P(D-1(v) | v' < D(w) & v' € D(U)} =
PDY D)) v PO () | v < D(w) & v' & D)} =

[since P and D-1 are both monotone, v/ < D(u) = P(D}(v)) < P(D-Y(D()))]
P(D-N(D(uy)) = P(u).

This is equivalent to P = Q o D. Thus D satisfies Condition 1.

Given O € MON(V — {1, 1}), define P = Au € . Q(D(u)). P is a function from
[/to {L, 1}, and P is monotone since Q and D are monotone. Clearly
Yu e U Q(D(u)) = P(u). Since D is a lattice isomorphism it is a bijection from [/ onto
ID(X) so this is equivalent to VvedD(X). O(v) = P(D-1(v)). Thus D satisfies Condition 2'

and is a display function.
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A display function D is an order embedding and thus monotone. For any directed

set M < U, \ID(M) = D\IM) by Prop. B.2, so D is continuous. ®
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Appendix C

Proofs for Section 3.2.2

Here we present the technical details for Section 3.2.2. Our lattices of data objects
and of displays are defined in terms of scalar types. Each scalar type defines a value set,
which may be either discrete or continuous, and which includes the undefined value 1.

We use the symbol R to denote the set of real numbers.

Def. A discrete scalar s defines a countable value set / that includes a least

element L and has discrete order. Thatis, Vx,y e [ (x<y = (x=L1L & y# 1))

Def. A continuous scalar s defines a value set
Io= {1} U {[x,y]|x,y € R&x <y} (thatis, the set of closed real intervals, plus 1) with
the order defined by: L < [x, y] and [x, y] <[, v] < [u, v] < [x, y].

Prop. C.1. Discrete and continuous scalars are cpos. Discrete scalars are domains.
However, a continuous scalar is not algebraic because its only compact element is 1, and
hence it is not a domain.

Proof. A discrete scalar s is clearly complete. To show that a continuous scalar s
is complete, let M be a directed set in /,. We need to show that
VM =({[u, v]| [, v] € M} is an interval in /. Set x = max{w | [u, v] € M} and
y=min{v|[u,v] e M} Ify<x,seta=x-y,y'=y+a/3andx'=x-a/3s0) <x.

Then 3[uy, vi] € M. v; <y’ and 3[uy, vo] € M. 1y 2x', 50 [uy, vi] N [y, vp] = ¢. But M
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directed implies that 3[u3, v3] € M. [u3, v3] < [1}, v{] M [uy, vo]. This is a contradiction,
sox <yand [x, y] =VM
Let s be continuous and pick [x, y] € [;. To see if [x, y] is compact, set
A, =[x-27 y+2"] Then[x,y]= V,4,and {4,} is a directed set, but
—34,,. [x, y] < 4,, (that is, there is no interval 4, contained in [x, y]. Thus L is the only

compact element in /; (for s continuous). ®

We define a tuple space as the cross product of a set of scalar value sets, and
define a data lattice whose members are sets of tuples. Note that we use the notation X4

for the cross product of members of a set 4.

Def. Let S be a finite set of scalars, and let X = X{/; | s € S} be the set of tuples
with an element from each /. Let a; denote the s component of a tuple @ € X. Define an

order relation on X by: fora, b e X, a<bif Vs € S a, < by

Prop. C.2. Let A c X If by=\{a,|a € A} is defined for all s € Sthen b =\/4 If
cs=N\ag|a e A} forall s € S then ¢ = \4 (that is, sups and infs over X are taken
componentwise). Thus, X is a ¢po.

Proof. Vs € § Va € 4. ag < b, so b is an upper bound for A. If e is another
upper bound for 4, then Vs € §. b < e (since b, is the least upper bound of {a,|a € A}).
Thus, b < e, so b is the least upper bound of 4. The argument that ¢ = /\4 is similar.

Let A ¢ X be a directed set, and let A, = {a;|a € A} If {a;] i} is a finite subset
of A, then {q; | i} is a finite subset of 4, so e € 4. Vi. a; <e Then for eachs € S,
eg € Agand Vi. a;o < e, s0 A is a directed set, and thus by =VA4, € I, As we just

showed, b =VA4 € X, so X is complete. ®
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Def. We use POWER(X) = {4 | A < X} to denote the set of all subsets of X'

As explained in Section 3 2.2, POWER(X) is not appropriate for a lattice structure,
so we define equivalence classes on POWER(X) using the Scott topology. The Scott

topology defines open and closed sets as follows.

Def. A set A < Xis openif T4 c A and, for all directed subsets
CcXVCedAd=>CnAd=¢

Def. A set 4 ¢ X is closed if L4 < A and, for all directed subsets C' < 4, VVCeAd

We use CL(X) to denote the set of all closed subsets of X.

Def. Define a relation <g on POWER(X) as follows: 4 <g B if for all open
CcX,AnC#d=BnC=d Also define a relation =g on POWER(X) as follows:
A ERB if A SRB and B SRA,

Prop. C.3. The relation =g is an equivalence relation.

Proof. Clearly VA.A <g A and thus V4. A =g A. And
A=R B> A<gB& B<gA <> B=gA. f A<g Band B <g ( then for all open £ C X,
ANnEz#¢=>BrnE#dandBNE#zd=>CnE#d,s0ANE=o=CnE#¢, and
thus A <g C. So =g is reflexive, symmetric and transitive, and therefore an equivalence

relation. W
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If A =g Band C=g D, then 4 <g C' <> B <g D. Thus the equivalence classes of

=g are ordered by <g. Now we show that the closed sets of the Scott topology can be

used in place of the equivalence classes.

Def. Given an equivalence class E of the =g, relation, let My = UE

Prop. C.4. Given an equivalence class £ of the =g relation, then My € £

Proof. Pick some 4 € E. Then 4 ¢ My so A <g Mg For all open C < X, we
have Mg " C#¢o=>IBe E BN C#d (sinceMrp= UE), but BN Cz2d=>A4nC=o
(since B<p A). ThusMp<pAandMgp=pAsoMpcE B

Prop. C.5. Given an equivalence class £ of the =g relation, then My € CL(X).

Proof. Given a € Mg and b < a, we need to show that My =g My {b} and
hence that b € M. Clearly Mg <g My {b}. Forallopen C c X,ifb € Cthena e (
(since b<sa)soMpn C#¢. Thus Mg {b} <g Mg and b € My

Next, given a directed set D < Mg, let b =\ID. Clearly My <g My {b} For all
open Cc X,ifbe Cthendce D.ce Csoce My C. ThusMgu {b} <g Mg and
beMgp

This shows that M is closed. W

Prop. C.6. Given equivalence classes £ and £' of the =g relation, then
EspE oMpcMpand E=E"< Mp=Mp. If4c Xis a closed set, then for some
equivalence class £, 4 = M.

Proof. Note that £ <p ' < Mp <g Mp. f Mg < Mg thenforall Cc X

(whether (' is open or not), My~ C = ¢ = Mg C # ¢ and thus My <g Mg If
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—My < Mg then there is @ € My such that @ ¢ Mg The complement of My, denoted
X\ M, is open, and a € Mg ~ (X\ Mg but M~ (X\Mg) = ¢, so —-Mp <g Mp»

E=E = Mp=UE=UE" =M. Conversely,

Mp=Mp => Mg <gMp & Mp spMp > E<SRE'& E<g E'=> E=L" Thus £ <> My
is a one-to-one correspondence between closed sets and equivalence classes of =g.

If A < Xis a closed set, then 4 belongs to some equivalence class £ so 4 < My
and A =g M. If 4 # M then thereis a € My suchthata ¢ A. X\ 4 is open and
aeMpn(X\A)but A N (X\A4)=¢, so =My <g A. This contradicts 4 =g M so
A=Mp ®

The last proposition showed that there is a one to one correspondence between the
equivalence classes of =g and CL(X). Next, we show that these closed sets obey the usual

laws governing intersections and unions of closed sets in a topology.

Prop. C.7. If L is a set of closed subsets of X, then (L is closed. IfL is finite,
then UL is closed. Furthermore, for all x € X, {x CL(X).

Proof. If x e [ L and y <x, thenforall4 € L, x € 4 and 4 c A, soy € A and so
y e L. Thus YL < (L. If Cis a directed subset C = ()L, thenforall4 € L, C < 4
andVVC € 4. Thus VVC e ()L and [ L is closed.

Now assume 7 is finite. Ifx € UL and y <x, then forsome 4 € L, x € A and
ldc A, so yedandsoy e UL Thus JUL UL Let C be a directed subset ' < UL
and assume that VC ¢ UL. Then VA4 € L. \IC ¢ A so, since all 4 € L are closed,
VAdel -CcA ThusVA el 3c;e€C.cye A Now, {cy|A4 < L} is finite, so
deeC. VAel cy<c ButvVdel cye A=>c & A(since 4 € L are down sets), so

¢ ¢ UL This contradicts C < UL so we must have VC € UL. Thus UL is closed.
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Clearly $(dx) < dx. If C < lx s a directed set (or any subset of \x), then

Ve e (e <xsoV( <xand thus IC e {x Therefore 4x is closed.

Now we show that the equivalence classes of the =g relation, and equivalently

CL(X), form a complete lattice.

Prop. C.8. If W is a set of equivalence classes of the = relation, and then \¥ is
defined and \W = E such that My = ({M,, | w € W} Similarly, /I¥ is defined and /W =
E such that M is the smallest closed set containing J{M,, | w € W}. Thus the
equivalence classes of the =g relation form a complete lattice, and equivalently CL(X) is a
complete lattice. If W is finite and £ = /W, then My = U{M,, |w € W}.

Proof. By Prop. C.7, [ 1{M,, | w € W} is closed and, by Prop. C.6, must be M, for
some equivalence class £. Now, Vw € W. Mpc M,, so Vw € W. Mg <g M,, and
VYw e W. E <gw. If E'is an equivalence class such that Vw € W. E’' <g w, then
Vwe W Mg cM,, soMgp cMgand E'<g E. Thus E=\/W

By Prop. C.7, the intersection of all closed sets containing J{M,, | w € W} must
be a closed set and, by Prop. C.6, must be M for some equivalence class £. Now,

Vwe W.M,cMgsoVwe WM,<pgMgand Vwe W w<g L.
If £ is an equivalence class such that Vw € W. w <p E’, then Vw € W M,, € Mg+, so Mg

contains U{M,, | w € W} Thus My c Mg and E <g E’ Therefore E=\IW.
If W is finite, then U{Mw | w € W} is closed and equal to Mg, where £ = \\w m

Now we prove two propositions that will be useful for determining when sets of

tuples are closed.
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Prop. C9.Ifac X,Bc Xanda<\IBthena=V{arb|b e B}

Proof. Let ag and b, denote the tuple components of @ and . The order relation,
sups and infs of a cross product are taken componentwise, so it is sufficient to prove the
proposition for each tuple component. That is, we will show that
vseS a,<\{a,nb,|be B}

For discrete s, I, has the discrete order. If\/{b,|b € B} = L then a,= 1 and
Vs € S b, =1, and the conclusion is clearly true. Otherwise, let ¢ = V{b,| b e B}.
Then Vb € B (by=Lorb,=c,). Ifa,=1then Vb e B a;Ab;=_1 and
a,=1=V{agn bg| b e B}. Otherwise a;=c;and Vb € B. a; n b= b and
a,=c,=\{bs| b e B} =\l{a,nb|b e B}

For continuous s, the members of /; are real intervals, or are L. Let a; = [xg, il
and b = [x(by), y(bs)], where we use x = -c0 and y = +oo for a; = L or by = 1. The order
relation on / corresponds to the inverse of interval containment, sup corresponds to
intersection of intervals, and inf corresponds to the smallest interval containing the union
of intervals. First, note that Vb € B.anb <aandthus\{anb|b e B} <a. So,itis
only necessary to show that a < \{a A b| b e B}, or, in other words, that the intersection
of the intervals [min{x,, x(b)}, max{y,, ¥(b)}] for all b € B is contained in the interval
[x,, »,]. This intersection of intervals is
[c, d] = [max{min{x,, x(b)}| b € B}, min{max{y,, ¥(b;)}| b € B}]. Now,

a, <\I{bg| b € B} says that x; < max{x(h,) | b € B} and min{x(b,) | b € B} <y. So for
at least one b € B, x; < x(b,) and min{x,, x(by)} = x;, and thus
¢ = max{min{x,, x(b,)}| b € B} > x,. Similarly d <y, and so [c, d] < [x,, y], showing

the needed containment. W
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Prop. C.10. If Y ¢ CL(X) then B = {\IM | M < Y & M directed} is closed.

Proof. First, we show that B is a down set. By Prop. C.9,
a<\IM=a=V{arm|me M}, so we need to show that /{a A m | m € M} is directed
when M is. Given a finite set {a A b; | b; € M} there is ¢ in M such that Vi b; < ¢, and
thus \V;6; < ¢ Now Vi b, <\b;=> Vi anb;<an\libj=>\anb)<anVb<anc
Howeveranc e \{anm|me M}, so{anm|me M} is directed, a € Band Bis a
down set.

Next, we show that B is closed under sups. Let M be a directed subset of B and
we will show that @ =\IM € B. For each m € M there is a directed set O(m) < UY such
that m =\/Q(m). Define O’ =U{O(m) | m € M} and O = {VC | C < O’ & C finite}  Note
that Q" exists (and = a) so VC exists. For each finite C < (’, each ¢ € ( belongs to a
member of ¥ Thus C is a subset of a finite union of members of ¥, which is a closed set,
so /(' must belong to this same closed set and therefore belongs to Y. Thus O < UY.
Pick a finite set {q;} < Q. Each g; is the sup of a finite subset C; = O, and V,qg; is the sup
of the finite subset U;C; of Q" Thus \/;q; € O so Q is a directed subset of [J¥ with

a=\0 =\Q' so ais a member of B. Thus B is closed under sups, and is a closed set. M
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Appendix D

Proofs for Section 3.2.3

Here we present the technical details for Section 3.2 3.

Def. A set T of data types can be defined from the set S of scalars. Two functions,
SC and DOM are defined with T, such that Vie T SC(f) < S & DOM(f) < S.
7. SC and DOM are defined as follows:

(D1) seS=>se T(thatis,Sc7)
SC(s) = {s}
DOM(s) = ¢.

(D2) (fori=1, ntel)&(i#]=SC)SCH) =)= struct{ty, t,; € T
SC(struct{ty;. .;t,}) = USC@,)
DOM(struct{ty;.. 1, }) = U:DOM(1;)

(D3) weS&reT&weSC(r)= (array [wW]ofr)e T
SC((array [w] of 1)) = {w} L SC(r)
DOM((array [w] of r)) = {w} v DOM(r)
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The type struct{ty,...;t,,} 1s a tuple with element types ¢;, and the type
(array [w] of r) 1s an array with domain type w and range type r. SC(?) is the set of
scalars occurring in ¢, and DOM(?) is the set of scalars occurring as array domains in 7.

Note that each scalar in § may occur at most once in a type in 7.

Def. For each scalar s € S, define a countable set H < /; such that for all
a,beH,anbeH,avbel;=>avbeH,andsuchthatVael,. JAc H, a=\V4
(that is, H is closed under infs and sups, and any member of / is a sup of a set of
members of /). For discrete s this implies that H = I (recall that we defined discrete

scalars as having countable value sets). Also note that, for continuous s, H cannot be a

cpo.

Def. Given a scalar w, let

FIN(H,)) = {A c H)\ L} | 4 finite & Va, b € 4. —~(a < b)}.

Def. Extend the definition of H,to ¢ € T by:

(D.4) t=struct{ty, 1,} = H,= H,l x..xHy

(D.5) 1= (array W] of ¥) = H;=U{(4d - H,) | A € FIN(H,,)}
Def. Define an embedding £, H; — U by:

(D6) teS=>E ) =L, a, 1)
(D.7) t=struct{ty;. ;t,} = Ef(ay,...a,)) = {byv..vb, | Vi b; € Eti (@)}
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(DB) t=(array [w]ofr)=
[ae(4d—H)=>Efay={bvc|xeA&be L) &c e LJalx))}]

The notation L(L,...,a,..,L) in Eq. (D.6) indicates the closed set of all tuples less
than (L,..a,..,1). As we will show in Prop. D.1, for alla € H,and for all b € E/(a),
bs= 1 unless s € SC(f). Thus byv...vb, in Eq. (D.7) is the tuple that merges the non-L
components of the tuples by, ., b,,., since the types f; in Eq. (D7) are defined from
disjoint sets of scalars. Similarly, bvc in Eq. (D.8) is the tuple that merges the non-1

components of the tuples b and ¢, since the scalar w does not occur in the type r. Prop.

D .2 will show that E; does indeed map members of H; to members of U.

Def. For ¢ € T define F;, = E(H,).

Prop. D.1. Given f € Tand 4 € F,, for all tuples b € 4,
VseS (s¢gSC()y= b,=1).
Proof. We prove this by induction on the structure of 7. This is clearly true for
t € S For 1 = struct{ty,...1,,} pick b=byv..vb, € A € I;, where b; € B; eFti, Then
by=bygv. vb, By induction, Vi. Vs. s & SC(1;) = b;z= 1, so
Vs (Vi.s ¢ SC(t)) = by=1,and so Vs. s & U:SC(t,) = by=1 But SC(1) = U.SC(@y).
For 1 = (array [w] of ) picka=bv ¢ e 4 € F;, where b € B € I}, and
ce CeF, Thenas=bgvc, Byinduction, s#w = b;=1ands ¢ SC(r) = c;=1,

soVs s g {whuwSC(r)=b,=1 ButSC()={w}uSC(r) M

The following propositions show that £, maps members of H, to closed sets, and

that this mapping is injective.
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Prop. D.2. For all a € H,, E(a) is a closed set.
Proof. We prove this by induction on the structure of ¢ Forz € §,
Efa)= (L, .a, ,1)is closed, by Prop. C.7. For ¢ = struct{t,,....t,}, we need to show

that Efa) = {b|v...vb, | Vi b, EEti (a;)} is closed, where a = (ay,. ,a,). To show that

E(a) is a down-set, pick b < byv..vb, € Efa). Then Vi b A b; < b; and hence
Vibab ek t; (a;) (since these are down sets). Thus, by Prop. C.9,
b=(bnrb)v . v(bAb,)e Efa). Toshow that £, (a) is closed under sups of directed
sets, pick a directed set C' < Eya) and for all ¢ € Clet ¢ = b((c)v...vb,(c) where
Vi. bi(c) Eti (a;). We need to show that C; = {b,(c) | ¢ € C'} is a directed set. Pick a
finite subset {bi(cj) |/} < C; Since C is directed, there is m € (' such that Vj. csm
Note that m = bj(m)v...vb,(m) where Vi. b(m) € C;. Since the ¢; have disjoint sets of
non-L1 components, Vi. Vj. b(¢;) < bi(m). Thus C; is directed, and VG, eE t; (a;). Hence
VC=VCyv.. W, € Efa), and thus E,(a) is closed under sups of directed sets.

For t = (array [w] of r), we need to show that
Efa)y={bvc|xc A& b e E,(x) & c € Efa(x))} is closed, where a € (4 — H,). Define
Efa), = {bvc|b € E\(x) & ¢ € Ea(x))} Note that E{a), = Espyyergry (@, a(x)))
[where struct{w; r} is a tuple type and (a, a(x)) € Hgpyergry] @nd thus, by the argument
above for tuple types, E(a), is closed. Also note that E{a) ={E/a), | x € 4}
However, A is finite, so £/(a) is a union of a finite number of closed sets, and thus is itself

closed. M
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Prop. D.3. The embedding £, : H; — U is injective.

Proof. We prove this by induction on the structure of #.

Let ¢ be a scalar and @ # 5 Then —(a < b) or —(b < a). Assume without loss of
generality that —~(a < b). Then (L, .a,. 1) e ¥(L,...a,..,1)=E(a)but
(L, a1y e YL b, . 1)=E(b),so Efa) = E(b).

Let 1 = struct{ty;...;t,} and a = (ay,....a,) # (by,...,b,) = b. Then k. a; # by and,
by the inductive hypothesis, £ ‘ (ap) =E 1 (by). Assume without loss of generality that

d¢;, € E’k (ap). ¢ & Etk (by). and for all i # k pick ¢; € £y (a;). Then

cyv..ve, € Ef(ay,....ay)), but, since ¢, & Etk (b;) and since

VseSVizk ¢ L ==L, cv.ve, € E((by,...b,)). Thus
E((ay,...a,) = E((by, ...b,)).

Let t = (array [w] of ¥) and a = b where a € (4 — H,) and b € (B — H,). Then
either A # BorA =B & 3x € A. a(x) # b(x). In the first case (that is, 4 # B), assume
without loss of generality that Ix € A. x ¢ B. If Jye B.x<ythen—dze 4 y<z
(otherwisex € A & z € A & x <z). ThuseitherIx € 4. ~(Iy e B x<y)or
dy € B. —~(3z € A. y <z). Assume without loss of generality that
Jxed —~(3yeB x<y) Thene=(L, x,. ,l)eE,(x)and ~(3y € B ¢ € E,,()).
Pick f € E,(a(x)). Then evf e E(a) but evf e E(b), so Efa) # E«b). In the second
case (that is, 4 = B & Jx € 4 a(x) # b(x)), by the inductive hypothesis, £,(a(x)) #
E(b(x)). Assume without loss of generality that 3x € 4. If € E(a(x)). f & E{b(x)). Pick
¢ € E,(x). Thenevfe Efa)but evf e Ey(b), so Efa)=L/(b). W

Because £, - H; — U s injective, we can define an order relation between the

members of H, simply by assuming that E, is an order embedding If £, were not injective,
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it would map a pair of members of H, to the same member of U/, and induce an anti-

symmetric relation on H,.

Def. Given a, b € H,, we say that @ < b if and only if E{a) < E/(b).

The order that £, induces on H; has a simple and intuitive structure, as the

following proposition shows.

Prop. D.4. If ¢t is a scalar and a, b € H, then Efa) < E(b) ifand only ifa < b in /,

Vi E t; (a)< E t; (b;) (that is, the order relation between tuples is defined element-wise).

Ift = (array [w] of r),ifa, b € Hyand ifa € (A — H,) and b € (B — H,), then
Efa) < E(b)if and only if Vx € 4. E(a(x)) <\V{E(b(y)) |y € B & E,(x) < E,(y)} (that
is, an array a is less than an array b if the embedding of the value of @ at any sample x is
less than the sup of the embeddings of the set of values of b at its samples greater than x).
Proof. Recall that members of U are closed sets ordered by set inclusion, so
Efa) < E(b) < Efa) < E(b). Let t be ascalar. If a < b in/, then
Efa)=UL, a,.. L)={L, ¢ . D]c<alc

(L, e, D) le<by=4L, b, . L)y=E(b).
Now assume that £(a) < E(b). Then

Efa)=WL, a.. . L)={L, . .L]c<a}c

(L. e, ) e<by=4(L, ,b...,.L)=E(b)

so(L,...a...L)e{(l,. ,c..L)lc<b}soa<binl,
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Let ¢ = struct{ty,. ;t,}. IfVi. Eti (a;) C;Eti (b;) then
Ef(ay,. an) ={cv..ve, | Vi ¢ e By (ap)} =
{eyv. ve, | Vi e Er (b))} = E((by,..by)).
Now assume that £,((ay,. ..a,)) < E((by,. ,b,)). Then
Ef(ay, ap) = {cpv..ve, | Vic e By (a)} <

{Cl\/'”vcn | Vi ¢ e Eti (bl)} = Et((blv*wbn))

[Parenthetical argument: assume that ¢;, & [y ' (by),ci ek ; (ay) for i # k, and

However, i # j = SC(1;) N SC(#) = ¢ so, by Prop. D.1, djs = Lfor s € SC(ty)yand i = k

Thus ¢;, = dj, for s € SC(f;) and so ¢;, = dj. This is impossible, so
v Ve, € Ef(by,..by)) and ¢; e By (ap) fori = k= ¢ € El«/’ (by) ]

Thus Vi (c; e £y (a) = ¢; € Eti (b)), or in other words, Vi. £ (a;) Ly (b))

Let t = (array [w] of ¥),a, b € Hranda € (4 — H,) and b € (B — H,). Assume
that Vx € 4. £ (a(x)) < V{E.(b(y)) |y € B& E(x) <E(y)}. Then
Vx € 4 Eya(0) = ULE(60)) |y € B & E, () < E,(0)}

E(a)={ev f|xeA & ecE,(x) & feE(a(x))} =
U{ {e v fleck,(x) & feEa(x))} | xed}.

Now, f € Efa(x)) = 3y € B. E,(x) < E,(y) & f € E,(b(y)) and
e e E,(x) & E,(x) <E,(y) = e € E (), so (continuing the chain)



Utle v flecE(x) & feE a(0)} | xed} <

Utle v flecE ) & feELb() & Ex) <E(y) & y € B} | xed}
Ut{e v fleeE, () & feE(b())} |y € B} =

levflyeB & eck,(y) & feb (b(y)} = £(b).

Thus Ea) < ELb)
Now assume that £/a) < E(b). That is,

Efa)={e v f|xed & ecE,(x) & feE(a(x))}
Utte v /| ecE, () & feELb())} |y € B} = E(b).

Since w ¢ SC(r), ek, (x) & feE a(x)) & evf € E(b) = JyeB. ek, (y) & feE,(b(y))
[this is a result of the parenthetical argument in the tuple case of this proof]. Pick x € 4
and f € E(a(x)), and define e = (L,.. ,x, .,1). Then 3yeB eck (y) & feE(b(y)). Now
ceE()=>x<y=E (x)<E ) sofe {E(())|yeB&EX)<E W)=
V{E(b(Y) |y € B& E,(x) <E,(y)}. Thus

Vx e A Efa(x)) <\{E(b() |y e B&E(X)<E ()} ®




Appendix E

Proofs for Section 3.2.4

Here we present the technical details for Section 3.2.4.

Def. Given 4 € U, define MAX(A)={a € A|Vb € A. —~(a <b)}. Thatis,

MAX(A) consists of the maximal elements of 4.

Zorn's Lemma. Let P be a non-empty ordered set in which every chain has an

upper bound. Then P has a maximal element.

Prop.E.1.VA e U AC IMAX(A), and hence 4 = IMAX(A).

Proof. Pick A € Uand a € 4 and define P, = {x € 4 | a <x}. For all chains
(¢ P, Cisadirected set and C c 4,50 b= \/C < A (since 4 is closed). If C is not
empty, then @ < b so b € P, Thus, every chain in P, has an upper bound in P, so by
Zorn's Lemma, P, has a maximal element d. If there is any ¢ € 4 such that d < ¢ then

a<csoc e P, contradicting the maximality of din P, Thus d € MAX(4) and
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a € Y\MAX(A). Therefore 4 IMAX(A4). Clearly MAX(A) < 4, and, since 4 is closed,

IMAX(A) =44 < A and so 4 = IMAX(A). W

Prop. E.2. VA, B € U 4 =B < MAX(A) = MAX(B).

Proof. Assume A and B are in U. Clearly, 4 = B = MAX(A) = MAX(B). To show

the converse, assume 4 # B and, without loss of generality, thata € 4 & a ¢ B Since

A c IMAX(A), there must be ¢ € MAX(A4) with a < c. However, since B is a down-set,
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¢ ¢ B, and hence ¢ ¢ MAX(B) Thus MAX(A) # MAX(B) ™

Prop. E3. VA € U. A =g MAX(A4).

Proof. First, MAX(A4) <g A4, since MAX(A) c A. Now,ifAnC=¢forCc X
open then 3a € A ~ C. Now, 4  {MAX(A) so 3b € MAX(4). a < b. However, since
isopenb € Csob e 4 Cand MAX(A) ~ C#¢. Thus 4 <g MAX(A) and
A =g MAX(4) =

Prop. E.4. Given a tuple type t = struct{t;...;t,} € I, A € Fyand
a=apv.va, € A, where Vi a; € 4; Fti’ then a € MAX(A) & Vi. a; € MAX(4)).
Proof. Note that a and the @, are tuples, and the sup of tuples is taken
componentwise, so Vs € S. a, = a;,Vv...va,,. Also note that
i#j= S5C(@t) N SC(t;) = ¢. If there is some / such that a; ¢ MAX(4,), then
db; € Aj. a;<b;sob=ayv. . vbjv..va, e A Now,a;<b;=>3s € S. a;; < b;; and (since
J#Ei=a=1=b;)a;=a;;and b= b, soa<b. Thus a ¢ MAX(A). Conversely, if
a & MAX(A) then 3b € A. a< b witha=ayv..va,, b=b;v. vb,, and
Vi.apb; € A;. Forsomes e S, a;<b; Thus by> L soJj. s € SC(f), and so

ag < by = a; < b; (since ay = a;gand by = bjs). Thus a; ¢ MAX(4;) W

Prop. E.5. For all types t € Tand all 4 € F;, MAX(A) is finite. If7 € § and
A= i«(l,..v,a,w,i) € Fythen MAX(A) = {(L,...,a,. ,1)} Ift=struct{t|, ..t,} € T and
A={(ayv..va,) | Vi a; € A;} € Fythen MAX(4) = {(ayv...va,) | Vi.a; e MAX(4))} If
t=(array [wl of ¥) € Tand 4 = {ayva, | geG & ajeE,(g) & ayeE (a(g))} € F, then
MAXA)={a, v a, | geCG & a) € MAX(E,(g)) & a; € MAX(E . (a(g)))}.
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Proof. We will demonstrate this proposition by induction on the structure of 7. Let
teSandletA € I, Thendael; A= \L(L,m,a ,,,,, 1), so MAX(A) = {(L, .a, L)}
MAX(A) has a single member and is thus finite.

Let t = struct{ty,...,t,} € Tand let A € F;. By Prop. E 4,

MAX(A) = {(ayv.. .va,) | Vi. a; € MAX(4;)}. By the inductive hypothesis, the MAX(4,)
are finite, so MAX(A) is finite.

Let = (array [w] of ¥) € Tand let 4 € F;. There is a finite set G € FIN(H,,) and

a function a € (G — H,) such that

A= {alva?, | gEG & aIEEw(g) & GZEEr(a(g))} =
Ut{avay | a)eE,(g) & ayeE(a(e)} | geG) = Ul4y| geG)

where we define 4, = {ajva, | a)eE,(8) & ;<eE(a(g))} Each A, is an object in

Fistructqw, y o1 the tuple type struct{w; r}. By Prop E 4,

MAX(A4g) = ay v ay | a) € MAX(E,(2)) & a; € MAX(E,(a(g)))} =
(Log L) v ay | ay € MAXE(a(@)

Pick g # g'in G, and b € MAX(A4,) and b’ € MAX(Ay). Then there are

by € MAX(E(a(g))) and by" € MAX(E (a(g"))) such that b= (L,...g,..,1) v b, and
b'=(L,. .g, . L)yvby Ifb>b'"theng> g'since by, = by,,'= L However, this
contradicts the defintion of FIN(H,,). Thus no b € MAX(A4,) is larger than any

b" e MAX(Ay) for g = g'in G. Thus



MAX(4) = MAXU(4, | geGY) = UIMAX(A,) | geG} =
Ulla) v ay | a; e MAX(E,(2)) & ay € MAX(E(a(g)))} | geG} =
{ayvay | geG & a; € MAX(E,(g)) & ay € MAX(E(a(g)))}.

G is finite, and by the inductive hypothesis, MAX(E, (g)) and MAX(E (a(g))) are finite, so
MAX(A) 1s finite ®
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Appendix F

Proofs for Section 3.4.1

Here we present the technical details for Section 3.4.1. First, two definitions are

given to provide the context for the work in this and subsequent appendices.

Def. Let S denote a finite set of scalars, let X = X{/;| s € S} denote a set of
tuples, and let U/ = CL(X) denote the lattice of data objects consisting of closed sets of

tuples whose primitive values are taken from the scalars in .S’

Def. Let DS denote a finite set of display scalars, let Y= X{/;| d € DS} denote a
set of tuples, and let = C'L(Y) denote the lattice of displays consisting of closed sets of

tuples whose primitive values are taken from the display scalars in DS

Now we prove four propositions that we will use as lemmas in other proofs.

Prop. F.1. For all 4, B € U, YA AIB= i«(A A B).
Proof. V4 AdB=14 " IB={C|C<A} n{C|C<B}={C|C<A&C<B)}
={C|C<AABY=1(AAB) N

Prop. F.2. D(¢) = ¢ and D({(L,...,.1)}) = {(L,.. . 1)}
Proof. First, notethat Ve e U ¢ <wandVu e U u# ¢ = {(L,...,1)} <u. That

is, ¢ is the least element in U, and {(L,...,1)} is the next largest element in /. If
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D($) =v> ¢, then Ju € U. D(u1) = ¢ and u < ¢, which is impossible. Thus D($) = ¢.
Similarly, if D({(L,..,L)}) =v> {(L,. . 1)}, then Ju e U/ D(u) = {(L,..,1)} and
u<{(L. 1)} However, the only # < {(L, 1)} is ¢, and D(¢) = ¢, s0

D{(L, . LhH={L 1)} =

Prop. F.3. If D:U — Vis a display function, then its inverse D! is a continuous
function from D(U) to U.

Proof. First, D-1 is a function since D is injective, and D-l is monotone since D is
an order embedding. D-! is continuous if for all directed M < D(U), \ID-1(M) = D-1(\M).
However, since D is a homomorphism, D-1(M) is a directed set in /. Thus, since D is
continuous, \ID(D-1(M)) = DNID-1(M)), and so D-Y\D(D-L(M))) = D-L(DND-1(M))).
This simplifies to D-1(\/M) = \ID-1(M), showing that D-1 is continuous. H

Prop. F.4. If D:U — V'is a display function, then
vM < D(U). \ID-1(M) = D-L(\IM).

Proof. Given M < D(U) let N = D-1(M) c U By Prop. B.2, ID(V) = D(\IN),
which is equivalent to \IM = D(\ID-1(M)), and applying D-! to both sides of this, we get
DY\M) = D-(DND-L(M))) =D\ (A1), m

Now we define an open neighborhood of a tuple in X, and prove two more
lemmas. Note that in the following we will use the notation a; to indicate the s

component of a tuple a € X{/;|s € S}.

Def. Given a tuple @ € X{/,|s € S} such that a, # [x, x] for continuous s, define

neighbor(a) as the set of tuples b such that:
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s discrete = by > ag
s continuous and a; = L = by > ag
s continuous and a; = L = b > ag

(that is a, =[x, y] and by =[u, v] => x <u and v < ).

Prop. F.5. For a € X{I;|s € S}, the set neighbor(a) is open (in the Scott
topology).

Proof. Clearly neighbor(a) is an up set. Let C be a directed set in X{/;|s € S}
such that d = VIC belongs to neighbor(a). The sup is taken componentwise, so
d,=\l{c,|c e C} for each s. Ifsis discrete, then 3¢S € C. ¢S =d;>a, Ifsis
continuous and a, = L, then for any ¢ € C, ¢, > a;. If s is continuous and ag = L, then a;
and d are intervals such that d; = [u, v] < [x, y] = a;, withx <w and v <y Here
u=max{p|dce C [p,q]=c, and v=min{q|3c € C. [p, q] = ¢4} so there exist
¢Sy, ¢S, € C such that ¢85 = [p}, 9] and ¢5,5 = [p,, q,] withx <pj and g, <y. Since C
is directed, there must be ¢§ € C such that ¢5 > ¢5; v ¢5, , so ¢5;> a,. Foreachs e Swe
have shown that there is ¢§ € C such that ¢S, > a,. Since S is finite, and C is directed,

there is ¢ € C such that ¢ >\{c* | s € §} > a and ¢ € neighbor(a). Thus neighbor(a) is

an open set. W

Prop. F.6. Given a set C < U, B=\/C and an open set 4 in X{/ | s € S}, then
AnBzd¢=>dce(C. Anc=d.
Proof. B and all ¢ € C are closed, so B is the smallest closed set containing Uc

All the ¢ e C are down sets, so UC is also a down set. Thus, by Prop. C.10,
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(VM | M < UC & M directed} is closed and hence equal to B. We are given that there is
ay € A N B, so there must be a directed set M in [JC such that y = \IM/. However, since
A is open, there must be m € M n A4, and since M < |JC, there is ¢ € C such that

mecmA B

Now we define the embeddings of scalar objects and display scalar objects in the

lattices U and V.

Def. For each scalar s € §, define an embedding £/, — U by:
Vb e I; E«b)= (L, b, L) (this notation indicates that all elements of the tuple are L.

except b). Also define U, = E([;) < U.

Def. For each display scalar d € DS, define an embedding £ ,;/; — V by
Vb e ly Efb)=(L, ,b,.,1). Alsodefine V;=E l)cV

Next, we use an argument involving open neighborhoods to show that a display
function maps embedded scalar objects to displays of the form Yx, where x is a display

tuple. Prop. F.8 will show that these {x must be embedded display scalar objects.

Prop. F.7. If D:U — V'is a display function, then for all s € S,
Vb el, 3x e X{I;|d e DS} DA(L,...b,...L1))=Ix.

Proof. Givens € Sand b € [, leta=(L,....b,....L1) and let z = D(i«a)u Then
z=\{ly|y ez}, and by Prop. F.4, La =D-1(z) =\[{D1({y) | y € z} (note Ly < z s0
D-1(dy) exists).
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Now we know that @ € \[{D-1({y) | y € z}. If we could show that
V(D) |y e 2} =U{D-1({y) | y € z} then there must be x € z such that @ € D-1({x)
However, the D-1({y) are closed sets, and, by Prop. C.8, we can only show that
V(Dl{y) |y e 2y =U{D-1(y) | y € z} if z is finite. Thus we need a more complex
argument to construct x € z such thata D-1(dx).

Define a sequence of tuples a,, in U, forn =1, 2, .., by:

if 5 is continuous and b = a, = [x, y] for some interval [x, y], then
Ay = [x-1/n, y+1/n]

if 5 is continuous and b =a,= 1, then a,; = L

if s 1s discrete, then a,,; = a;

forall s" € Ssuchthat s’ #s, g,y =1

Also define z, = D(Ya,,) < D(da) = z, and note that Ya,, = \/{D-1({x) | x € z,}. Now
neighbor(a,,_|) is open and \a,, ~ neighbor(a,,_,) # ¢, so by Prop. F.6 there must be
X, € z,, such that D-l({x,)) ~ neighbor(a,_) # . Say y is in this intersection. Then
y € neighbor(a, |) = a,.; <y andy € D-l({x,) = {y < D-1(x,) so
ba, | <y <D-1({x,) Furthermore, x, € z, = D-}({x,) < D-l(z,) = La,, so we have
la, | < D-l(Ix,) < a,, or equivalently 4x, | < D(a,_;) < {x, Thusx,_; <x,and the
set {x,} is a chain and thus a directed set. Since X{/;|d e DS} is a cpo,
x=\{x,} € X{I;|d € DS}. Sincez e U, zis a closed under sups and thus x € z.

Now, ¥n. x,, < x 50 Vn. da, < D\(Ix,,1) < D-'({x). Thus da =V, a, <D-1(lx)
(note that a € D-1({x)) and D({a) < x. On the other hand, x € z = x <z =DHa), and
so Da)=lx. &
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Prop. F.7 showed that a display function maps embedded scalar objects to displays
of the form yx, where x is a display tuple. Now we show that these $x must be embedded
display scalar objects, and that embedded scalar objects are mapped to embedded display

scalar objects of the same kind (that is, discrete or continuous).

Prop. F.8. If D:U — V' is a display function, then
Vse S VYae Ug 3de DS D(a)e ¥V,
Furthermore, if s is discrete, then d 1s discrete, and if s is continuous, then d is continuous.
Proof. A value v € Uj has the form u = i(L,u a,..1). Ifa= 1 then
D(u) = {(L,....L)} which belongs to V; for all d € DS. Otherwise, by Prop. F.7,
Ive X{I;|de DS} D)= Ivand by Prop. F.2, dv> {(L,...,1)}. If {visnot in any Va,
then some (..,e,....f,. ) € dv withe = L #f. We consider the discrete and continuous
cases separately.
First, consider s discrete. We have L(.. ,e,...,L,..) <{vand 3u’' € U such that
D@y =1(. .e,.. . L.)<dv=D(u),sou <u Butthe only ' less than u are ¢ and
{(L,...1)}, and D does not carry them into <(....¢,..., L,...). Thus {v must be in some V.
Second, consider s continuous. Define Wer= (L,....e,...f,. .,L) (that is, e and fare
the only elements in this tuple that are not 1). Also define v, = WL, e, L, ,1)and
ve= V(L L), Then v, vy < dw,p< by =D(u) so
Juug, up<u (D(up) =v, & D(up) =vy). Now, v, # {(L,..,L)} sou, # {(L, ,L1)} and
da,# L (L, .4, .Ll)e€u,andhence V(L. . a,,. L) <u, Similarly,
Haf~¢ 1. i(J_,,,,,aﬁ,.,,L) <uy ByProp F.1, i«(L,.U,ae nag... L) <u, nup However, a,
and ayare real intervals (since they belong to a continuous scalar and are not 1), so a, A ay

is the smallest interval containing both a, and a Let a, be this interval. Then
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Ay =a, N ag# 1, and iz(J_, .,,ag,m,J_) Sug AUy Thus u, A Up# {(L,..,1)} On the other
hand, v, A ve={(L, 1)} But this contradicts D(u, A 1) = v, A Vj; 50 Ly must be in
some V.

Next we show that discrete scalar values map to discrete scalar values, and that
continuous scalar values map to continuous scalar values.

Let u= \L(_L,‘ a,..,L) e Us for discrete s with D(u) = v = $(J_, b, L)y e Vyand
b # L. If dis continuous, then 35’ 1 < b’ < b such that
{(L, ) < i«(L ,,,,, b, Ly=v'<v Thus 3u" D(") =V where
(L, D)} <u'<u= i(J_,m,a,,”,L). Thus #'= (L, ...a',....1) where a' < a, which is
impossible for discrete s, so ¢ must be discrete.

Letu= i«(L,.",,a,. L) € U for continuous s with D(u) =v = ~L(J_,. Wb LyelV,
ThenJa’. L <a'<aand {(1, 1)} < lz(L,.M,a’,/.ﬂ,J_) =y <u, S0
DU(L,. . DY ={(L, 1)} <D(")=v'<v. Thisis only possible if V';is continuous. H

Next we show that embedded objects from different scalars are not mapped to the

same display scalar embedding.

Prop. F.9. If D:UU — Vis a display function, then for all s and 5" in S,
(s2s' &u e U&uy e Ug&uy#L#uy & D(uy) e Vy& D(up) e Vy) =>d=d
Proof. Let v, = D(u,) and v, = D(up,). Assume that v, and v, are in the same
and let u, = i(L,..,,a,"ﬁﬂ,L,«..,,L),
up =L, L, b, L),
V= i«(L,M.,e,,M,J_) and
vy =YL, fi.,L), wherea# L#bande= L =f
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This notation indicates that u, and u, are in different U, and that v, and v, are in the same
Vy

First, we treat the continuous case. u, A uy = {(L,...,1)} and, by Prop. F.1,
Vg AV = Y(L,...e nf..,1). eand fare real intervals, and e A fis the smallest interval
containing both ¢ and £ Thus e A f# L so v, A vy # {(L,...,1)}, which contradicts
D(uy ~nup)=v, A vy Thus v, and vy, must be in the same V.

Second, treat the discrete case. Note that
v up={(L, a1 1), (., L..b,..1) (L. ,1)} and
D(u,vup)=vyvvy={(L,. ,e,..L1), (L. /. .1, L. D}
Letx = i(L,w,a, b )=

(L a b D (L an L D) (Ll b ) (L L)y >, v g,

Set y =D(x) Theny > v, v vy sothereis (L,...g,...,L) €y (all elements of this tuple are
1 except g) such that (L,....e,....L) = (L, g .. Ly=(L.  f..,L1). [Infact (L, .g,...,L1)
may not even be in the same Vthat (L, ..e,...Ll)and (L,....f,. ., 1) arein.] Now if
(L,....g.....,L) =y then e < g and f < g which is impossible in the discrete order of /,
Thus ¥(L,...g,....L) <yand so 3w <x. D(w) = {(L,....g,....L). However, the only w less
than x are ¢, {(L,...,1)}, u,, up and u, v up. This contradicts g # ¢ and g #f. Thus v,

and v, must be in the same V,; W

As a corollary of Prop. F.9, we show that only embedded scalar objects are
mapped to embedded display scalar objects (that is, non-scalar objects must be mapped to

non-display scalar objects).

Prop. F.10. If D:U — V'is a display function, then
Vde DS (Dw)eVy=>3seS uel).
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Proof. If # € Uis not in any scalar embedding, then 3(. ,e,. f,..) e u ex L=f
Assume D(u)=v e V,; Then (L, .e,..L,...Lyewand (L, L, [ ,L)euso
YL, e, LDy <uwand V(L. L. f L) <u and thus DU(L, e, L, L) eV,
and D(V(L,...L,..f... 1)) € V; However 4(L,...e,... L, . Lyand ¥.(L, L, f . L)are
in two different scalar embeddings and, by Prop. F.9, cannot both be mapped to V', Thus

D(u) cannot belong to any display scalar embedding. ™

Next, we show that all embedded objects from a continuous scalar are mapped to
embedded objects from the same display scalar. Note, however, that embedded objects
from the same discrete scalar may be mapped to embedded objects from different display

scalars.

Prop. F.11. If D:UJ — V'is a display function and if s is a continuous scalar, then
Vug, up € U (D(uy) € V& D(up) € Vp & uy# L#uy)=>d=4d).

Proof. Let v, = D(u,) and v, = D(u;). Assume that s is continuous and that v,
and v, are in different V;. Let

U, = i/(J_,.M,a,M,,J_),

vy = Y, L, f. L), wherea# L#bande= L=f
This notation indicates that #, and uj, are in the same U/, and that v, and v, are in different

V, Now vy A vy ={(L,...1)} and, by Prop. F.1, ug Aty = L(L, .anb, L) Sincea

and b are real intervals, a A b is the smallest interval containing both a and b, so
an b= 1. However, this contradicts D(u, A up) = v, A vy Thus, v, and v, must be in

the same I/, W
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Now we show that a display function maps objects of the form {a, for
a e X{I;|s € S}, to objects of the form dx, forx e X{l;|d e DS}, and conversely.
Furthermore, the values of display functions on objects of the form {a are determined by
their values on embedded scalar objects. Given this, it is an easy step in Prop. F 13 to
show that the values of display functions on all of U are determined by their values on

embedded scalar objects.

Prop. F.12. If D:U — Vis a display function and if a is a tuple in X{/, | s € S}
then there exists a tuple x in X{/;| d € DS} such that D(¥a) = Ix. Conversely, if x is a
tuple in X{/;| d € DS} such that 34 € U x € D(A4), then there exists a tuple a in
X{I,|s € S} such that D({a) = lx. From Prop. F.8 we know that for all s € S,
a1l =>3deDS Iyyely gz L& UL, vy L) =D, a,..,L))),
and similarly, from Prop. D.3 we know that for all d € DS,
xgzl=>3se S by el (by# L& UL, . xg. . L)=DA(L. b, ..1))),
Here we assert that foralls € S, a,# L = a;=bg, and foralld € DS, x;# L = x;=y,.
That is, the tuple elements of @ determine the tuple elements of x, and vice versa,
according to the values of D on the scalar embeddings U.

Proof. This is similar to the proof of Prop F.7. Givena € X{/|s € S}, let
z=DHa). Thenz=V{ly|y e z}, and by Prop. F.4, a=D-1(z) =\[{D-1(ly) | y € z}
(note 1y < z so D-1(1y) exists).

Define a sequence of tuples a,, in U, for n =1, 2, .., by:
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s discrete = a,¢ = d;
s continuous and a; = 1 = a,; = a;

s continuous and a; = [x, y] = a3 = [x-1/n, y+1/n].

Also define z,, = D(~Lan) < D(a) = z, and note that ian =\{Dl(Ix) | x € z,}. Now
neighbor(a,,_,) is open and Ya, ~ neighbor(a,_|) # o. By Prop. F.6 there must be
X, € z,, such that D-1(Ix,)) ~ neighbor(a,,_;) # ¢. Say yis in this intersection. Then
y € neighbor(a, |) = a, | <y and y € D-1({x,) = Ly < D-1(ix,) so
ba, | <dy <D-1(x,). Furthermore, x, € z, = D-1({x,) < D-l({z,) = La,, so we have
la, | <D l(Ix,) <a,.

Now consider the tuple components of a,, and x,,. Define x,,' by
WL, xpds L) =DA(L,...a,. ., 1)), and set x,; = L for those d not corresponding to
any a,, # L Also define @, by ¥(L, . x4 ,L) = DAL, .a,,. ..1)) for those d such

that x,; = L, and set a,; = L for those s not corresponding to any x,,;# L. Note that

\L(,L,,,,,xnd,,ﬂ,,L) < izxn sodw e U i(J_,m,x”d ,,,,, 1) = D(w), and, by Prop. D.3, w must
have the form (L, _a,,..., L), s0 a, exists for x,; = L First, we use D-1(dx,) < la, to
show that:

(@) Y, xe D <lx, >
(L g L) =D V(L . L)) <D M(Hx,) <da, =
Aps < Ay =
WL, La,e, D) <L
YL, Xp D) =DE(L, a,.L) <
DAL, a,e L) =UL, x4 L) =

t
Xnd < Xpd
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The transition from the fourth to the fifth line in (a) shows that if a,,; and a,,{' are in the
same scalar s, then x,,; and x,,;/ are in the same display scalar d. Next, we use

la, < D-l(ix,,)) to show that:

b YL ae L) <da, =
WL, x L) =D, a,,. .. L) < DAa,) < dx,0 =
Xnd < X(n+1yd =
YL g D) < WL X L) =
WL, ap, D) =DM x4 1)<
DL Xy b)) = VL@ 1y L) =

1
s < An+1)s

The transition from the fourth to the fifth line in (b) shows that if x,,; and x,,1)4 are in the
same display scalar d, then a,,; and a,.1), are in the same scalar s.

Putting (a) and (b) together shows that a,,;' < a,; < ¢(,+1)s and X3 < X4 < X4 yg
for all s and d If d is a discrete display scalar, then there is an # such that
Vm = n. x,,4=x,4 and define x;,=x,; 1f d is a continuous display scalar, then there
either all the x,,; are L or there is an » such that
Vijznizj=xy=[u,v]clu,v]=x, In the first case, define x; = L and in the
second case define x; = [u, v] =({[u;, v;] | i > n} Inany case, x; =V x,; and defining x
as the tuple with components x4, x =V x,, Since z is closed, {x,,} is a directed set, and

Vn. x, € z, thenx € z.
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By definition, @ =\/,,a, We have already shown that Ja,,_; < D"1({x,), so
a, | € D'l(Ix,) € D-1(dx). Since D-1({x)is closed, a e D1({x) and thus Ja < D-1({x).
However, x € z, so D-1({x) < da and thus a = D-1({x). Define x' and @' by
WL g D) =DEUL, L) and V(L. xpa.. L) = DAL, ,ay,.L)). Then
we can apply the logic of (a) and (b) (using La < D-1(dx) < la) to show that
ay <ag<ay and xy < x4 < x4 which is just ag = ag and x; = x,;. Thus D takes the set of
tuple components of @ into exactly the set of tuple components of x.

For the converse, we are given a tuple x in X{I; | d € DS} such that
J4 € U x € D(4). Thendx<D(A)and Iz <A dx=D(z)=\{DAb) | b € z} After
this, the argument for the converse is identical, relying on properties of D that are shared
by D-1. D1 is a homomorphism from D(U/) to U, and Props. F.3 and F.4 show that Dl is
continuous and preserves arbitrary sups. In the argument D-! is only applied to members

of I that are less than 4x, where D1 is guaranteed to be defined. W

Proposition F.13 will show that the values of display functions on all of {J are
determined by their values on the scalar embeddings U, which is particularly interesting
since most elements of {J cannot be expressed as sups of sets of elements of the scalar

embeddings /.

Prop. F.13. If D:UJ — V'is a display function, then its values on {/ are determined
by its values on the scalar embeddings U

Proof. Forallw € U, u=\{{x|x € u} ByProp. B.2, D(u) = V{D{x) | x € u)
Now, each x € u is a tuple so by Prop. F.12, D({x) is determined by the values of D
applied to the tuple components of x. Thus D(u) is determined by the values of D on the

scalar embeddings {/;. W
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The propositions in Appendix F are combined in the following definition and

theorem about mappings from scalars to display scalars.

Def. Given a display function D, define a mapping MAP: § — POWER(DS) by
MAPR(s)={d e DS |3a e Uy D(a) € V,}.

Theorem. F.14. Every display function D:U — Vis an injective lattice
homomorphism whose values are determined by its values on the scalar embeddings U,.
D maps values in the scalar embedding U to values in the display scalar embeddings V;
for d € MAPp(s). Furthermore,

s discrete and d € MAP(s) = d discrete,
s continuous and d € MAP(s) = d continuous,
s# 8" = MAPR(s) "MAPR(s') = 9,

s continuous = MAP(s) contains a single display scalar.
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Appendix G

Proofs for Section 3.4.2

Here we present the technical details for Section 3 4.2. First, we prove three
lemmas that explore the relation between closed real intervals in terms of the lattice

structure.

Prop. G.1. Given a continuous scalar s € S, and [x, y] € [, then
WL e vl D) =L,z 2], L) [ x <z <y}

Proof. L(L,...,[z, z],.., L) = {[u, v] | u <z < v} s0
L,z 2], D x<z<yy={[u,v] | Vz. (x<z<yDu<z<v)) =
{lu,v]|lu<x<sysv}= (L. [x ), L) =

Prop. G.2. Given a continuous scalar s € S, and a set 4 < /\{ L} such that
Ju' V[u,vl€e A u'<uand v V[u, v] € 4. v <V’ then
YL, Jinflu | [u, v] € A}, sup{v|[u, v] € 4}],...,1) =
ML, [, V], L) | [, v] € 4}
Proof. Let x = inf{u | [u, v] € A} and y = sup{v | [u, v] € A} This infand sup
exist since the lower and upper bounds #' and v’ exist. Then
(L,...[a b],...0) e LWL, .[x,y], . L)
a<x<y<hbo
Vie,vled a<u<v<b e
Vu, vl € 4. (L, [a, b],..L) € W(L,. . [u,V],...1) &
(L. fa, 6], 1) e (L, [, v],. L) | [u, v] € A}



Thus Y(L,...[x, y],., L) = UL, [, v],. L) [ [, v] € 4} W

Prop. G.3. Given a display function D:U — V, a continuous scalar s € §, and
[x,y] € I, then D(Y(L, .[x,y], . L) ={DR(L, [z z].. . 1)) |x<z<y

Proof. x <w <y = ND(L, . [z z],... L)) | x <z <y} < DA(L
so there is 4 € U such that D(4) = ND(L, [z, 2], .. L) |x<z<y} =
(DAL, [z 2], ..L)) | x <z <y} (by Prop. C 8) and such that
xswsy=d4<d(L, [w,wl,...L) Thusd <N, [w,wl,. L) |x<sw<y}=
(WL, w, wl, L) | xsw<y) =4(L,.[x v]....,.1) (by Prop. G.1).

On the other hand, x <z <y = (L, ..[x, ], . L) < (L. [z z],.. 1) =
DAL, [x v, . L) < DAL, [z z],. . L)), so DM(L,....[x, ¥],....1)) < D(4) and thus
WL, [x, p),. L) <A, Therefore ¥(L,....[x, y],....L) =4 so
DAL, . [x, y],... L)) =DA) ={DA(L,.. [z z],... L) [x<z<y} W

Now we define the values of display functions on embedded continuous scalar

objects in terms of functions of real numbers.

Def. Given a display function D:UJ — V and a continuous scalar s € S, by Prop.
F 8 and Prop. F.11 there is a continuous d € DS such that values in U are mapped to
values in V. Define functions ggR x R — R and ;R x R — R by:
V(L. [ v L) € Uy DAL, e ] D) = (. lgslx, v), A, )1, L) € Vg
Since D({(L,...,1)}) = {(L,...,1)} and D is injective, D maps intervals in / to intervals in
1, so g((x, y) and hy(x, y) are defined for all z. Also define functions g'¢. R — R and
KR = Rby g'(z) = gz, 2) and h'(2) = hy(z, 2).
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In Prop. G 4 we show how the functions g, and 4, can be defined in terms of the

functions g’ and A’

Prop. G.4. Given a display function D:{J — V, a continuous scalar s € .S, and
[x, ¥] € L, then gy(x, y) = inf{g'{(z) | x <z <y} and hy(x, y) = sup{h'y(z) | x <z < y}.
Proof. By Prop. G.3, D((L,.. .[x, y],...,L)) =
DAL,z 2], L) [ x<z <y} = ﬂ{i(i_,..,,[g’s(z), h'(2)],...1) | x<z<y}. By
Prop. F.8 this is d(L, .[a,b],..L)for somea, b € R Define
A={[g'y@), W] | x <z <y} Then V[g'(2), h'@)] € 4 a<g'(z) and
V(g'(2), h'(z)] € A h'((z) < b, and, by Prop. G 2,
DAL, [x, y], . L) =L, [ab],.. L) =

WL, linflg' (@) | x <z <y}, sup{h'(z) |x <z <y}], 1) W

Next, we prove a two lemmas useful for studying the functions g and Ag.

Prop. G.5. Given a display function D:l/ — V, a continuous scalar s € S, and a
finite set A < /;\{ L}, then
glinflu | [u, v] € A}, sup{v | [u, v] € A}) = inf{gu, v) | [u, v] € A} and
hfinf{u | [u, v] € A}, sup{v|[u, v] € A}) =sup{hy(u, v)|[u, v] € A}.

Proof. Since A4 is finite, inf{u | [, v] € A} and sup{v | [u, v] € A} exist, so, by
Prop. G.2, V(L,...,[inf{u | [u, v] € A}, sup{v | [u,v] € 4}],... 1) =
L, e, v, L) [ [, v] e 4) = N, v], L) | [, v] € A). Let
a=gdlinflu|[u,v] € A}, sup{v|[u, v] € A} and
b =hgyinf{u|[u,v] € A4}, sup{v|[u, v] € A}). Then
(L, fa, b, L)=
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DO(L,. [influ| [, v] € A}, sup{v | [u, v] € 4}], 1)) =
NDE(L, [, v], D) [[u,v] € 4) =

UL, g, v), A, W], L) | [w,v] € 4} = (by Prop G 2)
(L, Linflggu, v) | [u, v] € A}, sup{hgu, v) | [u,v] € 4}], 1), so
a=inf{gyu, v)| [u,v] € A} and b = sup{hy(u, v) | [u,v] € 4} ®

Prop. G.6. Given a display function D: I/ — ¥ and a continuous scalar s € S, then
[a, b] < [x, y] < [g4a, b), hga, b)] < [g(x, y), hy(x, )]
Proof. [a, b] < [x, y] & {[a, b] > 4[x, y] =
DAL, [gda, b), Aga, b)].. 1) > DAL, [g4(x, »), A, )], L) <
[gs(a, b), ha, b)] < [g4(x, y), hy(x, y)]. M

Now we show that the overall behavior of a display function on a continuous

scalar must fall into one of two categories.

Prop. G.7. Given a display function D:U — V and a continuous scalar s € S, then
either
(a) Vx, y, z € R x <y <zimplies that g,(x, z) = g(x, y) & hy(x, ¥) < hy(x, z) and that
gs(x, 2) < g5y, 2) & hy(y, 2) = hy(x, 2),
or
(b) Vx,y,z € R x <y <zimplies that g(x, z) < g(x, y) & hy(x, y) = hyx, z) and that
g(x, 2) = gy, 2) & hy(y, z) < hx, z).
Proof. Let x <y <z Then, by Prop. G.5, g((x, z) = min{g,(x, y), g, z)} and

hy(x, 2) = max{hy(x, y), hy(y, 2)}. TEgx, 2) < gy(x., ¥) and h(x, y) < hy(x, 2) then
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2,0, ) = g(x. 2) and h(y, 2) = hy(x, 2), 50 [g5(%, Y. Aglx, »)] < [g50. 2). Ay, 2)] and by
Prop. G.6, [x, y] < [y, z], which is impossible. Thus either g(x, y) = g,(x, z) or

hy(x, y) = hy(x, z). However, both equalities cannot hold, since

V(L g ), e L D) = 4L g, 2), Agx, 2], L) =

VL, e vL D) =4 [x, 2], L), which is impossible. Thus

g(x, 2) = gdx, ¥) & hy(x, y) < hy(x, z) or gy(x, 2) < gy(x, y) & hy(x, y) = hy(x, z). A similar
argument applies to the relation between [y, z] and [x, z], so

24(x, 2) = 240, 2) & hyly, 2) < hy(x, 2) or g(x, 2) < g1, 2) & h(y, 2) = hy(x, 2)

Since gy(x, 2) = min{g,(x, ), £y, 2)} and hy(x, 2) = max{hy(x, y), Ay, 2)}, if
g4(x, 2) = g (x, ¥) then A(x, y) < hy(x, z) so0 hy(x, z) = h(y, z), and if gy(x, z) = gy(y, 2) then
hy(y, z) < hy(x, z) so hy(x, z) = hy(x, y). Thus, forallx, y, z € R, x <y <z implies that
(c) g4(x, 2) = g((x, y) & hy(x, y) < hy(x, z) and gy(x, 2) < g(y, 2) & hy(y, 2) = hx, 2),
or
(d) g, 2) < g, ¥) & lx, y) = hy(x, 2) and g(x, 2) = g0, 2) & hy(y. 2) < h(x, 2)
We need to show that either (c) is true for all x <y <z, or that (d) is true for all x < y < z.

Now let x <y <z<w. Apply (c) and (d) to x <y <zand x <z < w, but assume
that (c) applies in one case and that (d) applies in the other case. That is, assume that
g4(x, w) = gJ(x, 2) < g((x, y) and hy(x, y) = hy(x, z) < h(x, w), or that
g(x, w) < gyx, 2) = gy(x, y) and Ay(x, y) < h(x, z) = hy(x, w). Under both of these
assumptions, gy(x, w) < gy(x, ) and hy(x, y) < Ay(x, w), which is impossible (applying the
result of the previous paragraph to x <y <w). Thus either (c) applies to bothx <y <z
and x <z < w, or (d) appliesto bothx <y <zandx <z < w.

Similarly, apply (¢) and (d) to x <y <w and y <z <w, but assume that (c) applies
in one case and that (d) applies in the other case. That is, assume that

g4x, w) < gy, w) = gz, w) and Ay(z, w) < hy(y, w) = hy(x, w), or that



g,0c, w) = gy, w) < gz, w) and hy(z, w) = hy(y, w) < hg(x, w). Under both of these
assumptions, gy(x, w) < gz, w) and h(z, w) < hy(x, w), which is impossible (applying the
result of the previous paragraph to x <z <w). Thus either (c) applies to bothx <y <w
and y <z < w, or (d) appliesto bothx <y <wandy<z< w.

Now let x <y <z<x'<y'<z' The results of the last two paragraphs can be
applied to show that (c) and (d) are applied consistently to the following chain of triples:
x<y<z
x<y<x'
x<x'<y'
x<y'<z
y<y'< z'
z<y'<z
x'<y'<z'

Thus either (c) applies to both x < y <z and x’ <y’ <z, or (d) applies to both x <y <z and
x'<y'<z

Given any two triples x <y <zand x'<y’'<z’ pick x" <y" <z" withz <x" and
z'<x" Thenx<y<z<x"<y"<z"andx'<y'<z'<x"<y"<:z"so either (c) or (d)
applies uniformly to the triples x <y <z, x" <y" <z"and x' <y’ <z" Thus either (c) or

(d) applies uniformly to all triples, proving the proposition.

Next we define names for the two categories established in Prop. G.7.

Def. Given a display function D:U — V and a continuous scalar s € §, by Prop

G.7, either (a) or (b) is applies to all triples x <y < z. If (a) applies, say that D is

increasing on s, and if (b) applies, say that D is decreasing on s.
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Prop. G 8 is useful for showing how the categories established in Prop G 7 apply

to the functions g’y and A's.

Prop. G.8. Given a display function D:{/ — V, a continuous scalar s € S, z € R,
and a set A < J\{L} such that [z, z] =4, then
g'|(a) = sup{gya, b) | [a, b] € A} and
(@) = inf{hy(a, b) | [a, b] € 4}.

Proof.
Lz 2], D)=, Ju v, L) usz<v) =
(L, Ju,v], . D)|3a,ble A usa<sbs<sv=
UL, [a, b,... L) | [a b] € A}. This union of closed sets is closed (since it equals
(L, [z z],...,1)), so, by Prop. C 8,
L, [z 2], 1) =\{{(L,...[a, b],...L) | [a, b] € A}. Then, by Prop. B 3,
DL, [z 2], . L) =V{DA(L,. .[a b],...01)) | [a b] € 4} =

V[a, b] € A ga, b) < g'{a) < h'(a) < hya, b). Therefore
sup{ga, b) | [a, b] € A} < g'{(a) and h'(a) < inf{hy(a, b) | [a. b] € A}.

Now assume that sup{g,(a, b) | [a, b] € A} < g'(a) and pick u such that
sup{gJ(a, b)|[a, b] € A} <u < g'(a). Then forall [a, b] € 4, g((a, b) <u so
WL, gda, b), hda, b)), L) <L, [u, h'(a)],...,L). Therefore
V(L lgda, b), ha, B)],..L)|[a, b] € 4} <
YL, (@), L) < W [g'@), Al(@),. L),
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which contradicts

Vi, lgda, b), hga, b)), L) | [a, b] € A} = UL, ..[g'(@), h'{a)],.. .L). Thus
g'{(@) = sup{gy(a, b) | [a, b] € A}. A similar argument shows that

h'(a)=inflhfa, b)|[a, bl e A} ™

Now we show how the categories of behavior established in Prop. G.7 apply to the

functions g’y and A’y

Prop. G.9. Given a display function D:UJ — V, a continuous scalar s € S, and
z <z if Dis increasing on s then g'y(z) < g'|(z) and h'((z) < h'(z"), and if D is decreasing
on s then g'y(z) > g'y(z") and A'(z) > h'|(2").

Proof. First assume that D is increasing on s. Then, by Prop. G .8,
g'(z) = sup{gyz, x) | z<x}. ByProp. G.7,Vx>z Vy>z gz, x)=g4z,), so
Vx >z g'(z) = gz, x). Similarly, Vx >z g'(z") = g{z', x). Pick x>z">z Then, by
Prop. G.7, g'i(2) = g4z, x) < gy(z', x) = g'|(2).

By Prop. G.8, h'(z) = inf{hy(x, z) | x <z}. By Prop. G.7,
Vx <z. Vy<z h(x, z) = hJy, z), so Vx <z h'(z) = hy(x, z). Similarly,
Vx <z'. h'(z") = hyx, z'). Pickx <z<z' Then, by Prop. G.7,
h'(z) = hy(x, 2) < hy(x, 2"y = h'(2").

Next assume that D is decreasing ons. Then, by Prop. G.8,
g'\(z) = sup{gyx, z) | x <z}. By Prop. G.7, Vx <z. Vy <z g(x, z) = g/, 2), s0
Vx <z g'(z)=g4x, z). Similarly, Vx <z’ g'(z") = g((x, z'). Pickx <z<z' Then, by
Prop. G.7, g'((z2) = gy(x, 2) > g(x, z) = g'{(z).

By Prop. G.8, h'(z) = inf{hy(z, x) | z <x}. ByProp. G.7,

Vx >z Vy>z hyz,x) = hydz, y), so Vx >z h'(z) = hyz, x). Similarly,



Vx >z h'y(z) = hyz' x). Pickx>z">z Then, by Prop G7,

I(2) = hz. %) > h(z' ) =h'(z) ®
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Next we show that the functions g’ and A’ must be continuous functions of real

variables. The key idea is that g’y and /', are either increasing or decreasing, so if they are

discontinuous there must be a gap in their values, which contradicts Prop. B.2.

Prop. G.10. Given a display function D:U/ — V" and a continuous scalar s € S, the

functions g’y and 4’ are continuous (in the topological sense).
Proof. Assume that D is increasing on s. Then, by Prop. G.9, g's and A’ are

monotone increasing. Now assume that g’ is discontinuous at z. Then

(a) de>0.Vd>0. dw.
z-0<w<z&g'(w)<gz)-¢ or
z<w<z+0&g'|(z) te<g(w)

Fix ¢ satisfying (5). If

(b) . (w.<z&g(2)-e<g W)

then

©  Vwow.<w<z=gl(z)-e< g < g

and if

() Fws (2 <wy & gwy) <g@) +e)

then

(e) Vw. z<w<w, = g'(2) <g'{w)<g'y(z) +e

Now, ((c) & (e)) contradicts (), so (—(b) or —(d)).
D) =Vw w<z=>g'(w)<g'(2)-¢

and
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—(d)=Vw z<w = g'(z) +te < glyw).

In the —(b) case, since z < w = g'(z) < g'(w), there is no w € R such that
g4(2) - £ <) < g'(2). Now, [g(2). h'i@)] € [g's(2) - /2, W(2)] 50
YL, [g'(2) - &2, W'y2)], . L) < YL, . [g'(2), A'(2)]....L). Thus, by Prop B2, there is
u € U such that D(u) = 4(L, Llg'(2) - €12, h(2)],. .,1), and by Prop. F.9 and Prop. F 10,
uel, Letu= \L(J_, Ja, b1, ..1). Then, by Prop. G.4,
g'(2) -e/2=gya, b) =inf{g'{w) | a<w < b} However, since there is no w such that
g'(z) - e < g'{(w) < g'(2), this is impossible. Thus g’ cannot be discontinuous at z.

In the —(d) case, since w <z = g'(w) < g'(z), there is no w € R such that
g'd(2) < g'((w) < g'(2) + ¢, and furthermore, z <z’ = g'(z) < g'((z"), so there is z' such
that g'(z) + € < g'(z"). Now, [g'y(2), h'(z")] c [g'(z) +€/2, h'(z")] so
WL, g2 +&/2, W(z)],... 1) < U(L,...[g'(z"), h'{z))].....L). Thus, by Prop B.2, there
is u € U such that D(u) = i(L,w,[g'S(z) +¢€/2, h'(z")],...,1), and by Prop. F.9 and Prop.
F 10,4 € Uy Letu=1(L,  [a, b],...1). Then, by Prop. G4,
g'(2) +el2=gJa, b)=inflg'(w) | a<w< b} However, since there is no w such that
g'(2) < g'((w) < g'(z) + ¢, this is impossible. Thus g’; cannot be discontinuous at z.

The proof that 4’ is continuous, and the proofs that g’c and /4’ are continuous

when D is decreasing on s, are virtually identical to this. B

Prop. G.11 completes the list of conditions on the functions g'; and 4’ that will

allow us to define necessary and sufficient conditions for display functions.

Prop. G.11. Given a display function D:U — V and a continuous scalar s € S, then
g'¢ has no lower bound and 4’ has no upper bound. Furthermore,

Vze R g'z) < h'(2).



Proof. If Ja. Vz g'|(z) > a then,
DAL, [0, 0],. 1) =L, [g'(0), A'(0)], . L) =L, ,[a-1, A'{(0)],...L)
[since a-1 < a < g'(0)], so there must be # € U such that
D@y =4(L,. Ja-1, #'{(0)],...,L). By Prop. F.9 and Prop. F. 10, u € U; However, by
Prop. G 4, there is no [x, y] € / such that
DAL, e,y ) =YL, a-1, /'{(0)], .L) Thus g’ has no lower bound. The
proof that 4’; has no upper bound is virtually identical.

If g'((z) > h'{(z) then [g'|(2), h'|(2)] & I, which is impossible, so
VzeR g(z)shyz). W

The results of this appendix can be summarized in the following definition.

Def. A pair of functions g’¢ R — R and 4’ R — R are called a continuous display
pair if.
(a) g’ has no lower bound and 4’; has no upper bound,
(b) Vz e R g'|(z) £ h'y(z), and
(c) g’ and A’ are continuous,
(d) either g'; and A’y are increasing:
Vz, 2 e R z2<z' = g'(2) <g' () & h'(z) < h'(2"),
or g's and A’ are decreasing:

Vz,z' e R z<z' = g'(z) > g'((2) & h'(z) > h'(2").



Appendix H

Proofs for Section 3.4.3

Here we present the technical details for Section 3.4.3.

Def. Given a finite set S of scalars, a finite set DS of display scalars,

X=X{I|seS}, Y=X{I;|de DS}, U=CL(X), and V= CL(Y), then a function

D U — Vis a scalar mapping function if

(a)

(b)
(c)
(d)
(e)

®

there is a function MAP,: S — POWER(DS) such that

Vs, s' € S. MAPp(s) " MAPR(s") = ¢,

for all continuous s € S, MAP n(s) contains a single continuous d € DS,
for all discrete s € S, all d € MAPp(s) are discrete,

D(¢) = ¢ and D({(L,...D}) = {(L. .. D)},

for all continuous s € S, gy and 4’ are a continuous display pair,

for all [u, v] € I, gfu, v) = inf{g'(z) | u <z < v} and

hy(u, v) = sup{h'(z) | u <z < v},

and, given {d} = MAP[(s), then for all [u, v] € [\ L},

DL, [u, v],. . ) = V(L. [gdw, v), hu, v)],..,L) € V,,

for all discrete s € §, foralla € J\{ L},

DAL, a, . 1)=b e V,for somed € MAP(s), where b = {(L,.., 1)},
and, foralla, a’ € [\{ 1}, a#a' = D(i«(i_,m,a,.‘.,J_)) = D(i(L,.‘ alo.1l)
forallx e X, Dx)=dV{y|Is e S x;# L & by = DL, ... x,. L)},
where x; represents tuple components of x, and using the values for D defined

in (e) and (f),
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(h) for all u € U, D(u) =\V{D(x) | x € u}, using the values for D defined in (g).

This definition contains a variety of expressions for the value of D on various
subsets of {/ The next proposition shows that these expressions are consistent where the

subsets of {/ overlap. This involves showing that D is monotone.

Prop. H.1. In the definition of scalar mapping functions, the values defined for D
in (d), (e), (f), (g) and (h) are consistent. Furthermore, [J is monotone.

Proof. (e), (f), (g) and (h) do not apply to ¢ and thus do not conflict with the
definition of D(¢) in (d). (e) and (f) do not apply to {(.L, ..,1)} and thus do not conflict
with the definition of D({(L, ,1)})in (d). The definition of D({(L,....L)})in (d) is
consistent with (g) and (h) if the sup of an empty set of objects is defined as (L,...,L). (e)
and (f) apply to disjoint sets and thus do not conflict. For all s € §, (g) applies to objects
x € U/, but defines D({x) as the sup of the singleton set containing the value of D({x)
defined by (e) or (f), and is thus consistent with that value. (h) applies to objects x € U,
and is consistent with (e) and (f) if it is consistent with (g) on these objects. Thus we need
to show the consistency of (g) and (h).

If u = {y then (h) defines D(¥y) =V{D{x) | x € 1y} =\{D{x) | x <y} To
Show consistency with (g), it is necessary to show that x < y = D(dx) < D({y) for the
definition of D in (d), (e), (f) and (g) (that is, that D is monotone). Clearly D in (d) is
monotone, in itself and in relation to D in (e), (f) and (g). If s € S is discrete, then for all
a,a €l\M1l},a#a = —(a<a’),so D in (f) is monotone by default. If s € S'is
continuous then for all {u, v], [u, v'] € I\ L},

S L, v Dy < W e, v, L) =

[w', v]cu,v]=



linflg'((2) | u' <z<v'}, sup{h'(2) |u' <z<V'}] <
linflg'a)lu<szsvy, sup{lh'(z) |lu<z<vi] =
DAL, Ju, V], L) < DAL, [, v, L)),

Thus D in (e) is monotone. Forall x, x" € X

x<x'=

VsedS x;<x' = (since D in (e) and (f) is monotone)
Vse S DAL, x, . L)<DA(L, . .x, 1)=

D(¥x) < D(x".

Thus D in (g) is monotone, so D is consistent in (g) and (h).
All that remains is to show that D in (h) is monotone. Forallu, u’' € U,

u<u' = ucu soV{DHAx)|x e uy <V{D{x)|x € u'}. ThusD is monotone. ®

As we will show in Prop. H.5, the values of a scalar mapping function D can be
decomposed into the values of an auxiliary function D' from X to Y. Now we define this
auxiliary function, show that it is an order embedding, and prove two lemmas that will be

useful in the proof of Prop. H.5.

Def. Given a scalar mapping function D:U — V, define D"X — Y by
D'y=V{(L, ay. 1) |seS&x,#= L& DAL, x, .L)=¥UL a4 1)}

Prop. H.2. Given a scalar mapping function D:UU — V, D' is an order embedding.
Proof. Givenx, x' e X, x<x'© Vs € §. x;<x';. Let

D((L, . . xg. . L)=(, a4 .,1)and D((L,. x'. .. L) =(L, . ,a,. L) where

d € MAP(s). Note that x; <x's = (L,....x5.., L) < (L. x5 L) =

(L, ag. L)<, ...a'g....1) (since a D is monotone) so a, and a’; are in the same /;.
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Foralls e S, x;<x ;& (L, %, ..L)<(,. . x. 1)

WU, ag L) =DE(L,. xg 1) <DAL,. X L) =4, a'y L)

(L, ,a, Ly<(l,..ay Lyeoag<ay Thus

(Vse S x,<x'y) = (Vd e DS az<a'y). Since Vs, s' € S MAPp(s) " MAPp(s") = ¢,
c=D'(x)=>(VdeDS cy#zL=3se8 DR, x, . L)=V4L. cg L))

(that is, ¢; = ay), and thus (Vd € DS. a; < a'y) < D'(x) < D'(x). Therefore, by a chain of

logical equivalences, x <x'<> D'(x) < D'(x"). &

Prop. H.3. Let D:l/ — V' be a scalar mapping function. Then, forall v € U,
x € uand b < D'(x) = a, there is y < x such that b = D'(y).
Proof. For all d € DS, b+ L implies that
ds € S D((L,....xg....)0) =(L,...a4..,1)and by < a, For discrete s,
by<az &by# L = by=ay; Thus D((L,..x...1))=(L,..bg L) Letys=x;
For continuous s, let ay = [inf{g'(2) | u <z < v}, sup{h'(z) | u <z < v}] where
x; = [u, v]. There are e, f € R such that b, = [e, f] where
e<inflg'(2)|usz<vy <sup{h'z)|u<z<v<f
Since g’ is continuous and has no lower bound, Ju". g'((#") = e, and since A’y is
continuous and has no upper bound, 3v". A'(v") =f Now g'; and A’ are either increasing
or decreasing.
If g’; and A’ are increasing then #' < wand v < V', so e = inf{g'{(z) | u' <z <V'}
[since u' <z = g'(u") < g'(z)] and f= sup{h'(z) | u’ <z < v'} [since
2V = h(2) <h'((v)]. Then
by=le, fl=1inflg'(z) | u' <z <V}, sup{h'((z) |u' <z <v'}] and
D'((L,...,[u", v, . L)y=(L,. ,bg ., L). Lety,=[u'", V]
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If g’s and /4’ are decreasing then v' < w and v < ', so e = inf{g'(z) [ V' <z < u'}
[since z <u' = g'|(u’) < g'|(2)] and f=sup{h'(z) | v' <z < u'} [since
vi<z= h'(z) <h'(v)]. Then
by=le, f1=[inflg'(2) | v'sz<su'}, sup{h'(z) | v'<z<u'}] and
DL, v, u, . L)=(L .bg. L) Lety,=[v,u'l.

Thus for all d € DS such that b, # 1, there is y < x; such that
D((L, . Ye L)) =(L, ,bg. .,L). Foranys e S such thatygis not determined by any by,
sety,=1. ThenD'(y)=5H M

Prop. H.4. Given a scalar mapping function D:U — V, and a directed set M C X,
D'\M) =\ID'(M).

Proof. Given a directed set M c X, let x =\/M and y = D'(x). Since D'is an order
embedding, D'(M) is directed so z = \ID'(M) exists. Also, Vin € M. m <x, so
Vm e M D(m)<yandthusz <y Forallde DS, ify,;# L then thereiss € S such that
WL g L) =DEA(L,. xg....1)), and s0 (L,....yg 1) =D'((L,...xg....L)). Since
sups are taken componentwise in X, x, = \{mg | m € M}

If s is discrete, then Im € M x; = mg so
(L, ygpL)=DY(L, . ,mg.., L)) < D'(m) < z, and thus y; <z, Since z <y, and thus
zy <y, this gives y, =z

If s is continuous, then x, = [«, v] and m, = [u,,, v,,] are real intervals (we adopt
the convention that #,, = -0 and v,, = o for mg=1). Then [u, v] is the intersection of the
[u,,,, v,,], for all m € M, so u = sup{u,, | m € M} and v =inf{v,, | m € M} and thus
va=la, b)=[inflg'{z) |u<z<v}, sup{h'{z) |lu<z<v}] Alsoletz;={e, f].
Then, since MAP p(s) contains only d,

e = sup{infig'y(z) | uy, <z<vy } | m e M} and




f=inf{lsup{h'(z) | u,, <z<v,} | meM}

If g’; and A’ are increasing then, since they are continuous,

a=inf{lg'(z) | sup{u,, | m e M} <z <inf{v, |me M}} =g'(sup{u,, | m e M})=
sup{g'(u,,) | m € M} = sup{inf{g'(z) |u,,<z<v, } | meM}=ecand

b =sup{h'(z) | suplu,, |m e M} <z <inf{v, |meM}}=h'(inf{v, |meM})=
inf{h'(v,,) | m e M} =inflsup{h'(z) | u,, <z<v,} | meM}=f

If g; and A’ are decreasing then, since they are continuous,

a=inflg'(z) | sup{u,, |me M} <z<inf{v, |meM}}=g'(inf{v,,|meM})=
sup{g'(v,,) | m € M} = sup{inf{g'(z) |u,, <z<v, }|meM}=eand

b=sup{h'(z) | sup{u,, | m e M} <z <inf{v,,|me M}}=h(sup{u, |me M})=
inflth'(u,,) | m e M}y = inf{sup{h'(z) |u,, <z<v,} |meM}=f

In either case, y,; = [a, b] = [e, f] = z,4.
Thus y; =z, for all d € DS such that y; # L. However, we also have z <y so

zg=1 wheneveryy,=1,soy;=z,foralld e DSand thusy=z. M

Now we show how a scalar mapping function ) can be defined in terms of the

auxiliary function D",

Prop. H.S. Given a scalar mapping function D:U/ — V, forall u € U,
D) ={D'(x) | x € u}

Proof. First, we show that for all w € U, u is closed = {D'(x) | x € u} is closed.
Assume x € # and b < D’(x). Then, by Prop. H3, Jy <x. 6 =D'(y). Further,
y<x=>yeusobe {D(x)|xecu} NowassumeN < {D(x)|x € v} and N is directed
Then there is M < u such that N = D'(M), and, since D’ is an order embedding, M is
directed. Thus /M € u and, by Prop. H.4, \IN=D'\VM) € {D'(x) | x € u}. Thus
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{D'(x) | x € u} 1s closed.

Second, we show that for all x € X, D({x) = {D'(y) |y <x} By(g)inthe
definition of scalar mapping functions, Vy € X. 3b € ¥. D(dy) = Lb. Furthermore,
comparing (g) with the definition of D", ¥y € X. D({y) = {b < D'(y) = b. Then, given
DHx)=la,b<aclb<lae3y<xy DUy)=1b< 3y<x D(y)=b Thus
Dx)=lda={b|b<a}={Dy)|y<x)

By Prop. C.8, /{D({x) | x € u} is the smallest closed set containing
U{D(Hx) | x € u}. However,

U{DEx) | x e uy =UJ{{D'G) |y <x} | x € u} = {D(x) | x € u}, which is closed, so
V(Dx) | x € uy = U{D{x) | x € u}. Thus, forallu e U,
D@)=\{D(x)|x e u} = {D'(x)|x cu} ®

The next two propositions show that a scalar mapping function satisfies the

conditions of a display function.

Prop. H.6. A scalar mapping function D:/ — V'is an order embedding (and thus
injective).

Proof. By Prop. H.5, forall u € U, D(u) = {D'(x) | x € u} Members of U are
ordered by set inclusion, so
usu' sucu =>Dw)={D'x)|xecu}c{D'x)|xeu}=Du)= D)< D).
By Prop. H.2, D'is an order embedding, and thus injective, so = {(D’)"1(x) | x € D(u)}.
Therefore D(u) < D(u") = D(u) < D(u") =
u={(DYlx)|x e D)} c{DY(x)|xe D)} =u'"=u<u

Thus D is an order embedding. W
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Prop. H.7. A scalar mapping function D:{/ — V'is a surjective function onto
LD(X)

Proof. Assume that v' <v = D(X). We need to show that there is #’ € {J such that
v'=D(u"). As we saw in the proof of Prop. H.6, if there is such a «’, then
w' = {(DYl(x)|x ev'} Thusletu’ = {(D)(x)|x e v'}, and we will show that this is a
closed set, and thus a member of U.

Assume that y € u'and b <y Then D'(b) < D'(y), and since D'(y) € v'and v'is
closed, D'(b) € v'so b € u’ Now assume that N < «#’ and N is directed. Then
M = D'(N) c v'is directed (since D' is an order embedding), so M € v' and
(DY Y\VM) € v’ By Prop. H4, \IM = D'AIN) so UIN = (DY {(UM) € ' Thus u'is

closed. W

The results of the last three sections show that display functions are completely

characterized as scalar mapping functions. This is summarized by the following theorem.

Theorem H.8. D:l/ — Vis a display function if and only if it is a scalar mapping
function.

Proof. If D:U/ — V' is a display function then Theorem F 14 shows that D satisfies
conditions (a), (b), (¢) and (f) of the definition of scalar mapping functions. Theorem
F. 14, along with Props. G4, G.9, G.10 and G 11 show that D satisfies condition (e).
Prop. F.2 shows that D satisfies condition (d). Prop. F.12 shows that D satisfies condition
g), and the proof of Prop. F.13 shows that D satisfies condition (h). Thus D is a scalar
mapping function.

If D:UJ — V'is a scalar mapping function then Props. H.6 and H.7 show that D is a

display function. ®



Appendix I

Proofs for Section 3.4.4

Here we present the technical details for Section 3 4.4. Define a set of display

scalars as follows:

DS = {red, green, blue, transparency, reflectivity, vector,, vector,, vector,,

contoury, ..., COntour,, X, y, z, animation, Selectorl, seleclorm}

Also define a subset of display scalars
DOMDS = {x, y, z, animation, selector, ..., selector,,} and define
Ypoups = X{z|d € DOMDS} and Y= X{I,;|d € DS}. Let
Ppomps Y = Ypowps be the natural projection from Y onto Y (that is, if a € ¥ and
b =Pponps(@), then for all d € DOMDS, b;= ag). Then we can define Vo0, as

follows.

Def. Vispiay = {4 € V| Vb, c € MAX(A). Pponsps(h) = Pponps(c) = b =c}.
That is, if 4 is an object in Vyp/4,, then different tuples in 4 cannot have the same set of

values for all display scalars in DOMDS.

In Prop. 1.4 we will define conditions under which the displays of data objects are
members of Vy;s1q, First, we prove three lemmas. Note that we use the notation ay for

the d component of a tuple a € X{I;|d € DS}.




Prop. L.1. Given a type f € T and A € D([), then, for all tuples a € 4,
Vd e DS (d ¢ MAP(SC()) = a,= 1).

Proof. There is B € F; such that 4 = D(B). By Prop. F.12 for any a € 4 there is
b e U such that Ya = D). Since ya<4,1b <Bsob e B Furthermore, by Prop.
F.12,ifay# 1 then thereis s € S and b # L such that
WL, ay. . L)=DA(L, b, 1)) and d € MAP(s). By Prop. D.1,
Vse S (by#L=seSC). Thusay =1 = de MAPH(SC(f)). &

Prop. 1.2. Given a tuple type ¢ = struct{t;,.. ;t,,} € T, A € D(F}) and
a=apv..va, € A, where Vi .q; € 4; D(Ft,- ), then a € MAX(A) < Vi a; e MAX(4,).
Proof. Note that a and the a; are tuples, and the sup of tuples is taken
componentwise, so Vd € DS. a;= aj,v...va,,; Also note that
i#j= SC(t)) n SC(t;) = ¢, and, by Prop. F.9,
i #j = MAPp(SC(1;)) " MAPR(SC())) = ¢. If there is some / such that a; ¢ MAX(4,),
then 3b; € A;. a; < b;sob=ayv..vby. va, e A Now,a;<b; = 3Id e DS a;;< by
and (since j # i = a;g= 1 = bjy) ag=a;gand by= b4, so a < b. Thus a ¢ MAX(A).
Conversely, ifa ¢ MAX(A) then3b € 4. a<bwitha=av..va,, b=bv. .vb,, and
Vi a;b; € A; Forsomed e DS, a;<by Thus by> L so 3j. d e MAPp(SC(1)), and so

a;<b;=a;<b;(sinceay=a;gand by;=b,;). Thusa; ¢ MAX(4;). M
d d oY d— %id d— ¥ vl yi

Prop. L.3. Given a tuple type f = struct{t;;..;t,} € T, and given B; Fti and

A; = D(B;) for i=1,..,n, then:

(a)  ifb; € B;and La; = D({b;) for i=1,..n, then L(a;v.. va,) = DW(b v vb,))
(b)  4;=1{a;|3b; € B;la;= Db}

©  V{dayv va,) | Vi a; e 4;) = {ayv..va, | Vi a; € 4;}
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Proof. First we prove (a). Note that the a; and b, are tuples. By Prop. D 1,
Vizj VseS (b= Lorb;,=1) s0(byv vb,) exists. Also, by Prop. D.1 and by Prop.
F.12,Vd € DS . d ¢ MAPR(SC(t;)) = az= L, and by Prop. F.9,
Vi #j. MAP(SC(t))) n MAPp(SC()) = ¢, so Vi#j. Vd € DS. (a;g= L or ¢jq = 1), and
so (a;v. va,) exists. Given ya; = D({b;) then by Prop. F.12, the components of 4,
determine the components of a;. If \x = D({(&;v.. \vb,)) then the components of
(bv...vb,)) determine the components of x. Since Vi=j. Vs € S. (bjz=L1or b;;= 1), the
components of (b;v...\vb,) are just the components of each of the b;, so x = (a;v. vay),
proving (a).

By Prop F 12, for all ; € B, there is a; € A; = D(B;) such that ba;=D(h)), so
A, o {a;|3b; € B;ya;=D(Hb;)} Conversely, by Prop. F.12, for all a; € 4; there is
b; € B; such that Ya; = D({b;), s0 4;  {a; | 3b; € B;La; = D(5,)}. Together these
prove (b).

Clearly, /{{(a;v.. va,) | Vi. a; € 4;} 2 {ayv..va, | Vi. a; € 4;}. Pick
a e \l{{(ayv..va,) | Vi a; € A;}. By Prop. C.10, there is a directed set
McUt(ayv...va,) | Vi a; € 4;} such that a =\IM. However,
Uidayv..va,) | Vi a; € 4;} = {c | (Vi Ja; € 4)). ¢ < (apv..vay)}.
Now, for ¢ < (ayv.. vay), by Prop. C.9, ¢ = ((crap)v...v(cra,)) where (craq;) € 4;, so
cel{apv.va,|a e 4;}. ThusMc {ayv..va, | a; € A;} such that a = \IM. For each
m e M, let m= (mv...vm,;) where m; € A;. Then, since sups of tuples are taken
componentwise and since Vi # j. Vd € DS. (m;jg= L or m;z= 1)),
a=\IM= {(\mv.v(\Im,)) | m € M}. However, (\m;) € A; since 4; is closed, so

a e {a)v. va,|a; € A;}. This proves (c). W




Now we show that MAX(A) is finite for data objects of types 7 € 7, and
demonstrate conditions on # and D that ensure that displays of data objects of type ¢ are in
Viisplay

Prop. L4. If D is a display function, then for all types € T'and all 4 € D(F}),
MAX(A) is finite. Furthermore, MAP (DOM(t)) € DOMDS = D(Fy) < Va’isp/ay-

Proof. We will demonstrate both parts of this proposition by induction on the
structure of . Note that if #' is a subtype of ¢, then MAP p(DOM(t")) = MAP p(DOM(t)).
Thus, if ¢ satisfies the hypothesis of the second part, then its subtypes also satisfy the
hypothesis of the second part.

Let ¢ € S (note that MAP p(DOM(t)) = & € DOMDS) and let A € D(F;). Then, by
the Theorem F.14, 3d € MAP(f). A € V4 Furthermore,

AeVy=3aely A=3(L, .a 1), so MAX(A)={(L, .a, .L1)}. MAX(A)hasa
single member and is thus finite. Therefore 4 € V4, and thus
teS=DE) S Visplay

Let t = struct{ty,..;t,} € T. Given 4 € D(F}) there is B € F; such that 4 = D(B)
and 3B, eF[l .. 3B, EFI,1~ B={(byv..vb,) | Vi b; € B;}. Alsolet A;=D(B;). Then

A=D(B)=

DN{b|beBY)= (by Prop. B.3)

V(D) | b e B} =

V{(D(b)v. vb,)) | Vib; € B;} = (by Prop. 1.3 (a))
Vi{d(a;v va,)| Vila;=Db;) & b; € B;} = (apply Prop. 1.3 (b) to each /)
Vil(ayv va,)|Via, e 4} = (by Prop. 1.3 (c))

{(ayv..va,) | Via; € A;}
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Thus 4 € D(F,) = 34, € D(Ftl)~» 34, € D(Fy ). A= {(ayv .vay,) | Vi a; € 4;} and by

Prop 12, MAX(A) = {(a|v...va,) | Vi. a; € MAX(4,)} By the inductive hypothesis, the
MAX(A;) are finite, so MAX(A) is finite. Now assume that MAP p(DOM(t)) = DOMDS
but that 4 & V;spi4y (that is, assume that the second part of the proposition is not true).
Then 3b, ¢ € MAX(A). Ppornmps(t) = Ppoaps(c) & b#=c. Let b=byv.. vb, and
c=cyv..vc, where Vi b;, ¢; € A;. The sups are taken componentwise for the tuples b
and ¢, so foralld € DS, b;= b 4v. vb,gand cy;=civ. Ve g Now
Ppormns(t) = Pponpsic) = Yd € DOMDS. by = ¢, Pick d € DOMDS, and we will
show that Vi b;;=c,4 If3i d € MAPp(SC(¢)) then Vi’ #i. d ¢ MAPp(SC(¢;7)) and
hence Vi'# i bjy= 1 =cpys0 that b;;= by=cy=c;4, and hence Vi. b;z=c;q. If
Vi d ¢ MAPp(SC(t;)) then Vi. b;;= 1 = ¢;4. Either way, Ppormps(b) = Ppopps(€)
implies that Vd € DOMDS. Vi. b;;= c;4 and so Vi. Ppopyps(®:) = Ppoups(c;). On the
other hand, b # ¢ = Je € DS. b, # ¢, However, e ¢ MAPp(SC(¢)) = b;, = L = ¢;, and
Vi e ¢ MAPR(SC(¢;)) would imply b, = L =c,. Thus 3j. ¢ € MAP(SC(Z;)), and for this
J» bje=be=c, = ¢, (since b, = L =¢;, fori #j). And this implies that, for this j, b; # c;.
However, by the inductive hypothesis, b; = ¢;, since we have already shown that
Pponmns(b)) = Pporps(c;). Thus the assumption that 4 & Vg g, has led to a
contradiction, 50 D(Fy) € Vigpiay

Let 1= (array [w] of r) € T. Given 4 € D(F}) there is
B € F; such that 4 = D(B), and there is a finite set G € FIN(H,,) and a function

a € (G — H,) such that

B={byvb,|geC & b|cE,(g) & byeE/(a(g))} =
Ut{b,vb, | bieE,(g) & byeE(a(g))} | geG}
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Define Bw(g) = Fky(g)ef,, B,.(g) = Er(a(g))EFra A,(g) = D(Bw(g))ED(Fw) and
Afg)= D(B.(g))eD(F,). Then

B=U{{byvby | b eB,(g) & byeB,(g)} | geG}

This is a finite union of objects in Flyqrgy. y fOr the tuple type struct{w; r}. Thus, since

the union of a finte set of closed sets is the sup of those sets, and since D preserves sups,

A =D(B)=U{D({bvb, | bjeB,(g) & byeB,(2)}) | gG}

which, as shown in the tuple case of this proof, is equal to

Utlavay | ajed,(g) & ayeA4,(g)} | gG}

Recall that MAX(A) is the set of maximal elements of 4, so it is clear that if 4 = 4| U 4,

then MAX(A) € MAX(A,) © MAX(4,). Thus

MAX(A) « UMAX({ay v ay | ay € A,(8) & ay € A,@)}) | g < G}

and so, by Prop. 1.2,

MAX(A) < Ut{ay v ay | a) € MAX(A,(2)) & ay € MAX(A,(2))} | g € G}
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G is finite, and by the inductive hypothesis, MAX(4,,(g)) and MAX(A,(g)) are finite, so
MAX(A) is finite.

Now assume that MAP,(DOM(f)) ¢ DOMDS. As shown for scalars,
MAX(A,,(2)) has a single member, MAX(4,,(g)) = {a;(g)}. Applying Prop. F.12,
A,() = Ya1(g) = D(E,(2)) = D(Vb)(g)) where b (2) = (L. g, .L). Ifg# g, then
bi(g) = bi(g) and a;(g) # a,(g"). Also, given g, there is d € MAP p(w) such that
a;(g)=(L, ,a14g), L) Sincew e DOM(t), then MAP p(w) < DOMDS and
d € DOMDS. Thusg =g = ay(g) # a)(&) = Ppornps(@1(@)) #* L pomps(ai(g))-

Now pick e, f € MAX(4) and assume that Ppopps(e) = Pponpsth) Let
e = e)vey and f = fivf, with e € MAX(4,,(g,)). /1 € MAX(A,(gp). ¢ € MAX(A,(g.))
and f, € MAX(A4,,(gp). From what we have just seen,
g = &= Ppoumpste1) # Ppoymps(f). However, since w ¢ SC(7),
MAP p(w) n MAPp(SC(r)) = ¢ so
Ppouvpster) # Ppormpst) = Pporps(e) # Pponpsf)- This contradicts our
assumption, so we must have g, = grand, since MAX(A,,(g)) has a single member for each
g, e;=f1. Now ey, f, € MAX(A,(g,)) and MAP p(w) n MAP(SC(r)) = ¢ implies that
Pporms(e) = Ppoupsth = Pponps(es) = Ppoups(f2)- By the inductive hypothesis,
A48 € Viisplay: 30 Pponps(e) = Pponps(h) = ea =fp. Thuse =ejve; =fivh =1,

establishing that 4 € Vgjgpyqy and that D) S Vigplqy ®

The next proposition shows that the auxiliary function D’ provides a way to

compute the maximal tuples of display objects.

Prop. LS. If D is a display function, if D" is the auxiliary function defined in
Appendix H, if f € Tand if 4 € F, then MAX(D(A)) = {D'(a) | a € MAX(A)}



Proof. By Prop. H.5, D(4) = {D(a) |a € A}. By Prop. H.2, D’is an order
embedding, so, givena, b € 4, —(a < b) & —(D'(a) <D'(h)). Thus
a € MAX(A) < D'(a) e MAX(D(4)). &

The inverse of the second part of Prop. 1.4 is almost true. The next two

propositions make this precise.

Prop. L6. If D is a display function, if t = (array [w] of r) € T, and if

DL, gy, L) =1b, € Vi, & dy, dy & DOMDS),

then 34 € D(Fy). A4 & Visplay-

Proof. Let G = {g|, g»} € FIN(H,,)), pick C € H,, and define f € (G—H,) by
flg1) = Cand flgy) = C. Pickc € E(C) such that D(¢)=laanda e MAX(DELO))).
Then (L,....g},....d)ve and (L,....gy,...,L)ve are both members of E/f) € F; Note that
D(i«((L,M,gl ,,,,, Lyve)) = i(a\/bl) and D(V((L,. .., g9, L Ive)) = $(avb2), so avby and
avb, are both members of D(E(f)). Clearly b, MAX(DE(L,. g1.--1))) and
by € MAX(DH(L,. .&2,---,1))) (since by and b, are maximal in $b1 and ibz),
Furthermore, since w ¢ SC(r), dy ¢ MAP(SC(r)) and dy & MAP(SC(r)), so avb; and
avb, are members of MAX(D(E(f))). Foralld € DOMDS, b;= L and by,;=1, so

PDO]\/[DS(G\/bl) = PDOA/[DS(ava). Since w & SC(I'), dl & MAPD(S(,Y(I)) and
dy & MAPp(SC(r)), so aq, = 1 and dg, = L. However, g| # g, so b # b, and hence

("Vbl)dl # (avhy) d, and (avby) d, * (ar\/bz)d2 (d} and d) may or may not be the same).

Thus (avby) # (avby), so D(EN) & Viispla, ®
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Prop. L.7. If D is a display function, if 7 € T, and if ¢ has a sub-type ' such that
4" € D(Fy). A" & Viisplay, then 34 € DWFp). A & Viispiay-

Proof. By an inductive argument, it is enough to prove this when #'is an immediate
sub-type of ¢ First, let ¢ be a tuple ¢ = struct{t;, t,} wheret' =1, Let A = A" and pick
ay, ai' € MAX(Ay) such that Ppoypsay) = Ppopps(ay’) and ag # ay". For i # , pick
4 ED(Ft,- ) and a; € MAX(A;) Then define 4 = {bv..vb, | b; € A;} € D(Fy). For
i #J, MAPR(SC(1)) " MAP(SC(1))) = ¢ so a = ayv vy va, € MAX(A) and
a'=av. . va'.va, € MAX(A). Now
PpoppstarV--Vay) = Ppoyps@)V.. VP poyps@n) and Ppoypstar) = Pponps(ai’) so
Pporvpstayv. . vapv .. vay,) = Ppoypstayv.. vag'v. va,). However,
ap =y so apv. vapy. vay #aNv. vapy. va,. Thus 4 € Vg,

Next, let ¢ be an array ¢ = (array [w] of ). In the proof of Prop. [.4 we saw that
MAX(B') has only a single member for any 5' € D(F,,), and hence B' € V;sp/q,. Thus
t'=rand A' € D(F,). Pick G ={g} e FIN(H,,), pick b, c € MAX(A') such that
Pposmns(d) = Pporps(c) and b # ¢, and define f € (G—H,.) by
Ag) = E WD Y(A) (A'eD(F,) implies that D-1(4") exists, and D-1(4") € F, implies that
E,-W(D-1(AY) exists). IfDAA(L,....g,....L)) = Ya then a € MAX(D(E,(g))) and so avb and
ave are members of MAX(D(EAf))) (since MAP p(w)mMAP p(SC(#))=¢). However,

Pponpstavd) = Ppoppstave) but avb # ave. Thus A € Viigpi, B
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