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Abstract

A maximal monotone operator in RM s completely closed, i.e.,
not only closed for points, but also closed for directions. Such a

completely closed operator is locally bounded at a point if and only

if it is bounded at that point.
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We discuss some properties of maximal monotone operators in R".
First we show that the recession cone of the function value set of a

maximal monotone operator at each point of its domain is exactly the

normal cone of the closure of its domain at that point. This implies :
that the recession directions of the function value are only determined

by its domain. Then we show that a maximal monotone operator is not

only closed for points but also closed for directions. We call such

operators completely closed. A completely closed operator is Tocally

bounded at a point if and only if it is bounded at that point. The
local boundedness of a maximal monotone operator in the interior of its
domain can be regarded as a corollary of this fact.

Suppose that F:RT5R" s a (set-valued) maximal monotone operator.
Recall that a set-valued operator is called closed if its graph is
closed. The abbreviations dom, int and c1 denote domain, interior and
closure respectively. Denote the recession cone of a set C by O+C.

Recall that if € 1is a nonempty closed convex set,

0°C = {z<R"| for some yeC and all A>0, y+AizeC}

[3] and that if xedom F, F(x) is a nonempty closed convex set by the
properties of a maximal monotone operator [2]. Denote the normal cone

of a convex set C at xeC by NC(X)' Recall [3] that
NC(x) = {ze Rn]<u-x, z> < 0, YueCl.

We have



Theorem 1. If F 1is a maximal monotone operator in R", then for each

X e dom F,

s PPN PN
0" (F(x)) = Ng(x)

where C = ¢l dom F.

Proof. From [6], we know C 1is convex. Suppose ze NC( ). For any

(u,v) e Graph F, we have uedom F < C,

<u-x, z> < 0.

Since xedom F, there is yeF(x). From the monotonicity,



<X=U, y-v> > 0.

Therefore, for any A > 0, and for each (u,v)e Graph F,

By maximality, (x,y+Az)e Graph F, i.e., {y+rxz|»>0} < F(x) for every
yeF(x). Therefore ze O+(F(x)).

On the other hand, suppose ze O+(F(x)). There is some ye F(x) with
{y+Az|»>0} < F(x) .
From monotonicity, for any (u,v) e Graph F,
<u-X, v-(y+iz)> > 0, ¥Ax > 0.
<U=X o z+%{y—v)> <0, ¥A>0.
Letting A = 4o, we have
<u=-x, z> < 0, Yuedom F.

By closedness, this is also true for uecl dom F; therefore, ze NC(x).
This proves the theorem.

We now show that a maximal monotone operator has strong closedness.

Definition 1. A set valued operator F in R" s called completely

closed if

(a) 1t is closed;



(b) for any xedom F, {Xi’ i=1,2,3,...} < dom F, with X5 = X,
yiezF(xi), i=1,2,3,..., HY1H + oo, yj/Hyiﬂ + z, it holds
that ze 0 (F(x)).

Theorem 2. A maximal monotone operator is completely closed.

Proof. It is known that a maximal monotone operator is closed.

Suppose the conditions of (b) hold. For any (u,v)eGraph F,

<Xi=Us Yi-v> >0, i=1,2,3,...,

<= (¥i-v)/|lysll> > 0, 9=1,2,3,....
Letting i -+ «, we have for each uedom F,
<X=u, z> > 0.

By closedness, this is true for any uecl dom F, di.e., ze¢ NC(x).
Since xedom F, from Theorem 1, we know that ze O+(F(x)). This
completes the proof.

A completely closed operator has better properties than a merely

closed operator.

Theorem 3. Suppose F is a completely closed operator in R". F s
locally bounded at xedom F iff F(x) 1is bounded. In this case, F

is upper semicontinuous at Xx.

Proof. The "only if" is obvious. If F is not Tocally bounded at x,
there must be a sequence {(Xi’yi)’ i=1,2,3,...} < Graph F, X; > Xs

Hyill + o, Without loss of generality, suppose yi/HinI ~z, ||z]| = 1.



From Definition 1, we know that ze 0 (F(x)), so F(x) must be unbounded.
Since closedness and local boundedness imply upper semicontinuity, the

theorem is proved.

Since¥fNCLX)*EV£O}4iﬁﬁ4@eintgejggfpgmgabovegthreeftheePems?~we~f~ »»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»» e

easily get the following already known result [4]:

Corollary. If F 1is a maximal monotone operator in R", then F is
locally bounded and upper semicontinuous at every xe int dom F and
unbounded at boundary points of its domain.

A referee has kindly pointed out the first two of the following

remarks:

Remark 1. The Theorem 1 can be readily extended to the infinite
dimensional case. So is the Theorem 2, replacing the strong topology on
the y variable by the weak topology. On the contrary, the Theorem 3
is no more true in the infinite dimensional case: One has only

llz]] <1, hence z may be equal to zero and the conclusion fails.

Remark 2. The Theorem 1 gives us some information about the structure
of the set F(x). A closely related result is the following: Llet F

be a maximal monotone operator, M the closed subspace generated by the
domain of F, and Mt its orthogonal. Then the operator

F(x) = projMF(x) is a maximal monotone operator in M, and ¥xedom F,

F(x) = F(x) + M*. For the proof, see [10].

Remark 3. It is not difficult to see that:
(a) If F is completely closed, o 1is a real number, then oF is

also a compietely closed operator.



(b) If F and G are completely closed operators, then F + G
is also a completely operator.

Hence, If F and G are maximal monotone operators, then - F and

G -_F are completely closed, though they are not-maximal-monotone—

operators.
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