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¥, T, ¢ are as described above. By Theorem 4.5.8, hi < mwaw_w_xnw
and |c| s mx&.?m.:n. Hence v(b) 5 [r 7| + | Mux...._. 5|k :

1 2y v nlel s e &1

c WWIH,M_X T« 2k
1 t8ly« 9 2 (k+1)"Tg by Corollary 1.4.1, so v(b) 3 :n+th

L,?.H (x_k+r |A]

2

Now observe that L{via}) = L A A
inww_w.vhm amxﬁh:yswiwv. HLHN:

~ w:wi% T L ~ L)+ Lir,) + EEHT

SN 2 -
Livie)) < x° + kL(g) + wv:iw

Assuming L(k) ~ 1,

, , -
P Lir,) + Lir)) + H.:»_HV < k{k+L(qg)

+§Jv+in~7v: 1197 ~ x{Lvia))+n(gy+k). -]
Let A and B be elements of Q{a) [x] such that B is non-

zero andgd L) 2 d i
© and degi{Z) 2 deg(g). Before discussing an algorithm for com.

puti, ot and i
hs ng the quotient and remainder of A ang B, let us recall the
th

H

SPresents i 1oy and 1
presentation we erzloy and consider the result we want to obtain

A and B = ¥
= are elements of Qly.x1/(¥(y)) representing a* = ep (a)

and B = y :
b v, (B}, such that no non-zers coefficient of A or B has

& as a root. We seek to obtain elemenrcs Q, R of Qly . x1/ (¥ (y))
'

wWho3e non-zero coefficients o not have o asg a root, such that
R ha

*
2@ R = Ve (R, waere A% = g%p* , 3 with R* = 0 or

* *
degiX } < deg(B j.

Sin - & 3y
Since every element of Q(a) is a uwit, Q and R are always

-« Therefore we could construct a division algorithm similar
Lo pHTRIM, Byt for poiyromials over 2{a).  Such an algorithm would
Jenerate a sequence of polynomia = C

poly 1s OOI>~ rw...lnmnw over Q{a).

The sequence is defined by

bt
™
~

where b = ldecf(B), c, = Hmomﬁowv. n,

i 1 = mmm?u»v and n = deg{B}.

However,while it has been shown by G. E. Collins that such an algo-
rithm has a polyromial bounded computing time, the computing time
analysis of it is by no means obvious. The problem arises in deter-
mining a bound on ,Zﬂwv « We have side-stepped this more complex
analysis by developing instead, an algorithm wnich computes a se-
quence corresponding to Oo = A, Ow.....nm =R in Qly.x1/(¢{y¥)),
by application of PMORMM.

Let n = deg(B), b = 1dcf(B), ¢ = ANRECP(b} and B = x + ¢
red(B), where the product is defined in Qly,x]/(¥{y)}. Then A and

B, considered only as elements of Qly,x]/{¥{y)), have a unique

quotient, Q, and remeinder, R, so that A = 0B + R. Let { = .

1

Since ©_(bE) 2" and §_(b) v (c} = 1, we have that A" = v {S)
o [ a x
eﬂﬁwv + Gpﬁwv = .,_.\o.ﬁnov.,_nn (bB) + GQT»V =¥ {Q)B + Gnnwv. Now
ammz\pﬂw: S &mm:»x < deg(B) = deg(B), and D... R* are unigque, SO
* hod * _ , -~
R =y (R, 0% = v D).
Algorithm APQREM first determines whether A = 0 or degla) <

deg{B). 1If further computation is reguired, then ¢ and mH

¢ red(B) are constructed. Next PMQRMM is used to determine Q, R.

mu =cQ 1s computed, and finally § = AREP Am.: , R = AREP(R).

Algorithm 4.5.3. L = APGREM(A,B)

(Algebraic Polynomial, Quotient and Rorainder

A, B are elements of Q{o)[x] such that B 1is non-zero. L

is the list (Q,R), where {Q = gquo(aA,B) and R = rem(a,B).



thean L 1is called a standard modular reoresentation of C.

Caefinition 5.2.5. Let A and B be elements of 1Ify,x] of positive

}. If

degree and S(a,B) = ﬁmw~mu.....m ), let

S, B = ﬁmw~m~

L = (). Otherwise, let L. be a modular representation of mw for

h+l

1

1 Sh = B .ee . 5
3 s n+1 and L Arw ha. ~rr+wv Then L 1s called a

modular representetion of S(A,BY. If hw 1s standard, 3 S 1 5 h + 1,

then L is called a standard modular representation of S(a.B).

1f A and B* are inputs to our algorithm and they are of
positive degree, then the first ‘thing the. algorithm will do is com-
cute L, a standard modular representaction of S(A,B) where A =
polp(a®) and B = polp(B*). Before we can present an algorithm for
computing L, however, we must first discuss a topic which we have so
far igrored. That is, what happens when the degree sequence of evﬁ>v
and owva differs from that of A and B, and similarly for ew.
Thz next four theorums show that the number of such homomorphisms is
finite and that we can detect their occurrence.

If ¢ 1is such a homomorphism then it must be rejected. Let

d = m:w.nm~....::+- be the degree sequence of A and B and
3= mmw‘mw‘....MN+wu the degree sceguence of ¢ (A) and ¢(B).
Suppose a, F4 m. I¥ ny # mu - 1 for some 3j then by (3) of
Theorem 1.4.2, S (64),6(0) = ¢(S_ (A,B)) = 0. But if n = mu -1
fcr some 3, then M< (2) of Theorem HWQ.N eﬁm:.AD.mvv = MD.DHA9A>v~GAm~v
# 0. In general, mm;uwﬂﬁﬂru~0AmVV 15 not noaw:nma when EM compute

3
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S(¢(ay,e(B)).

" Theorem 5.2.6. For a prime number p, let A and B be elements

of GF(p)ly.x] such that 3(A) = AWP~:HV. 3(B) = Axm.awv. and

n,z2n, >0. Let n

. degree sequence of A and
1 2 G YARERI WY be the deg qu

B, 3j an integer such that 3 € 3j £h + 1, and mw = :wxw + :mxw -
-1) :nwinmv + 1. pefine mm = {a: a € GF{p) & mmm?mgz = n

& mmmAGwhmvv = :wv. H:m:wm a).a

A 1

ﬂu.lur
m~...~w5 are distinct elements of
S such that n_. is not in the degree sequence of 6m (A} and

p 3 i

¢ (B}, then m < £},

a J
i

Proof. deg (S wﬁb,mvw = :u by {1) of Theorem 1.4.2. By Theorem
£XooL. n. .-
-1
5.2.1, ¢_ (S _,a.mB)) =S sty (a1, (B)). Hence, :if deg
! a; ny, 1 Ny 1 a; ag 4
(w (S Hﬁy.mvvv = n, then su is an element of the degree se-
a, n, .~ b]
* Ulw. . N . -
quence of ¥_ (B} and ¥_ (B) by Theorem 1.4.2. This implies tnat
nu.r m.w
v 1} < n,
degy, (S _,(”.B)] ng
i g-1 .
idcf (S Hﬁb.muv. By Theorem 5.2.5, 0
n. .-
3-1

and therefore that a; is a root of

(S (a,B)) « £'. B
Y oDy 1 3

It is easy to see that Theorem 5.2.6 implies that the total

number of interpolation points which fail to yield the correct dezree

h+l | . ; _ . . -
sequence is ¥ n, + oA, + Muuw wnwrm + swxw - ”Suxw Hwaaw - rwvw
h+l
-1 4 .} - + k_)E (n, .-1).
ny + o0, + {h Hv,awxw + n,K, i Axw mvpunu -1

pefinition 5.2.6. Let L= ﬁmw~....m=v be a list. We define the

Siolnen e el

3N initial segment of L to be the list Aww....~wuv if j £n and

the list Amw.....wsv if 3 > n.
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We will be comparing lexicographically initial segments of degrec
sequences in the following material. Recall that this term is defined

in Definition 2.2.1.
ﬂwmommaw.w.q. rmnv.>~m~m~uwum f' be as defined above.

P 3
<t d be the unw initial segment of the degree sequence of A and

5. For a an element of mm\ define mw ﬁovmﬁww umv wswﬂwmwmmml

ment of the degree sequence of @mﬂbv and ewﬁwv. Suppose R YARRY

3 ;th

s are édistinct elements of S_, mw is the j initial segment of
pat =
tne degree sequence of ¢ .ﬁvv. Gm.ﬂmv. and WH = mw = .. = mE # d.
i i
Then & €d and m< £..
a J
Proof. m‘ < d follows immediately from Theorem 5.2.2. By Theorem

.2, 4. < d& 1implies that n, is not an element of mw for some £,
2

3 <48 < . Since n»u T oaee ¥ Mw ’ n is not an element of a. .
J
1 m 2 pR

Suppose we Know n where 3 < 3 £ h + 1. Then we¢ can com~

51
Pute Mw = Dwﬁu *on,E, - ﬂ:uﬁwxwvﬁrw+wmw + 1. Next we compute

for £ elements, a, with a common degree sequence,

say d. Then Theoram 5.2.7 1mplies that the una element of d
. . . o
must be n_. Then knowing :u we can compute = nu + ﬁ:unwnn.lwv
4 o)

and hence mﬁemnwv.ﬁmnwvv for Mu elenwcnts, a, with a

common degreae seguence. At this point we know that the lists (14)

o
3 mwv....~ w,mv contain correct deta. We can discover the
= 3

anluckvy a's since we always apply more homomorphisms than there
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are unlucky a's which have a common degree sequence, and we only
save mAGwnrv.@mﬂmvv 1f its degree sequence 15 at least as great as
any that was previously computed. We throw away any old ones when
we find out that they were not maximal. If the length of 4 is 3

then we have computed a standard value representation of SI(A,B).

. : .
Otherwise, since we know =u. we can compute n.+w and repeat tho
3

above process. Initially we know n so this process always WOILks.

2

Theorenm 5.2.8. Let A and B be elements of Ily,x] such that

deg(A) = n, 2 deg(B) = n_ > 0. Let

1 5 be the degree

DoaTiprese iy

sequence of A and B, J an integer sucn tha

n,~n, .+l .
2751 . -
J mmwpw e - Define

ot
'
8w
+
\n
h
o
4
b
o

mw an integer such that mW > Mw_w

s = {p: p is a prime number & deg(¢ (A)} = n, & mmmﬂovﬂwvv = n,l.

Then if PyreceePy are distinct elements of S such that n 1s

not in the degree sequence of _ {(A),3 (B}, then

P; By 3
Proof. deg (S (A,B)) = n. by (2) of Thzorem 1.5.2. BEy
- n,_y7t 3
5.2 o ( =8 ; >
Theorem 5.2.1, cmuﬁmb. @B =3 |whom‘Avv.oo<~mvv. Hence,
i j-1 3-1 2 b S
if degl{o_ (S (A,B)}) = n, then n_ 1s an element of the degree
By by 31 b] bl
3
sequence of om (&) and uw (B) by Theorem 1.4.2. Thas implies thet
i i
deg(y (S {(3,B))}) < n. and therefore that p_|cont(ldcf
p. n, -1 3 i
i -1
(S {A,B))). Suppose M= an p. = E!. By Theorem 5.2.4, this
nunwtw i=1 "1 3
implies that M > _wn |w~>~wv“5. which is a contradiction since the
j=-1
p, are distinct. B

1
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Theorem 5.2.8 implies that if mw~mm.....m% are the primes which

fail to yield the proper degree sequence then =ﬁlw < _www + _w_w +
i=
h+l
-n. .+ -n, .+ o -n, h+liy —n_
=5+H _v_:m nuxw 1 _m_bw bulw 1 . _b_w+ uuwAnN :u|H+ _m_w+meuAaw sulw
j=3 "1 1 1 1
From this relation we can determine a bound on m.
Theoram 5.2.9. let A, B, S, j and E. be as defined above. Let

J
d be the unb initial segment of the degree sequence of A and B.

For p an element of S, define mm to be the und initial segment

of the degree sequence of emﬁwv and omﬁwv. Suppose m-....ma

are distinct elements of §, mw is the unb initial segment of the

degree sequence of am (A) and ew (8), and 4, =4, = ... = ma # d.

. 1 2
R m 1 . i
Then & < d and 0, pP. < E_.
P i=1 i 3
Prco:i. mm < d fcllows immediately from Theorem 5.2.2. By Theorem
5.2.2, WH < d implies that n, is not an element of wM for some &,
2
3242 3. Since 4, =d, = ... =4, n, is not an element of a.,
1 2 ™ L i
=3 f .
< < i < < . 3
1 £ 1 Y m. Hence, by Theorem 5.2.8, meM p; < B mu . g
Suppose we know Sunw‘ where 3 < ; € h + 1. Then we can compute
a standard value representation of wAem A>-¢m {B}} for mw primes,
i i
© , with a common degree sequence, say d. e’ is the least intager
* e’ n,-n. .+l n,in. 41
such tnat i 2 p, - E = wwm_ 2 wmm 1 . Then Theorem
i=1 V1 3 1 Tl
5.2.9 implies that the 3% element of d must be n.. Then knowing
. SNISu .:wn:u J :uuwtsu«w
ny we cun compute E, = N_wmw | _H = mu,_wmw _m_pv
&:d hence a standard value representation of mﬁac A>v~om {B)} for
- i i

mu primes, p;. with a common degree sequence. mu is the least
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Q.
integer such that :w“w p > Mu. At this point we know that the lists

(15) for mu~ mb....~mu contain correct data. We can discover the

unlucky p's since we always apply more homomorphisms than there are
unlucky p's which have a common degree sequence, and we only save
the value representation of onmﬁwv.emvav if its degree sequence is
at least as great as any that was previously computed. We throw away
any old ones when we find out that they were not maximal. If the
length of d is j then we have computed a standard modular repre-
sentation of S(A,B). Otherwise, since we know n_., we can compute

b}

and repeat the above process. Initially we know n, so this

Mu+H

process always works.

Up to this point we have done the following. We sketched a pro-
cedure for computing g.c.d.’'s in Q(a} [x]. We showed two wavs of im-
proving it, and in the process developed the structure, in (15), the
procedure would use. We formalized our results with a series of
definitions. Then we showad with the last set of theorems that our
procedure could be algorithmically realized. Our next step, then, is
to present the algorithms for doing this.

To construct a standard modular representation of S{A,B), we
first need an algorithm for computing a standard value representation
of wﬁomva\emﬂmvv. To construct this we need an algorithm for com—
puting mmfmﬁomﬁw‘v~emhomﬁmvvv. In other words, before we can com—
pute any other structure we need an algorithm for computing the sub-
resultant p.r.s. of A and B of the second kind where A and B

are elements of GF(p)([x]. The next theorem gives us a recursion
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relation to do this; we will implement it in the algorithm which
follows.

Theorsm 5.2.10. Let A and B be non-zero elements of GF(p) [x]

sucn that deg(aA) 2 deg(B). Let vwhw...:yim = 0 be the natural

.r.s. of A and B, n, = deg(A, 6§ =n, - =
p : ' 5 eg ( PT $ 70 TR and a; wmnmng.
6,71 mu 9Hlbu+ut$ au..ww mwlp
Define = and = {-
¢, = a, &an nu.L. (-1) mu mu.+w nu. for
2 €3 <nh. g\mvnnuvh for 353 £h+ 1,
5 3
Proof. By {1} of Theorem 1.4.2,
L3-2,
L Ta-ndin, .-n.) 6, -1
(16) S (n,B) = (-1 b 4 SR AP A
n, J
3
52 45*8a
ﬁ»up a1 wwu; for 3<3<h+ 1.
vew 537200 -n Yin. .-n ) = T3725 o oy 2 T2
Wew il yMmg n,} 1 n, w»nw?ﬂ:....i.w su; P uu; 2 wwuwaﬂﬁv
{n, ,-n.) modulo 2, since mw Z a modulo 2. So,
v 5
; r3=2, oy = V372 \ -
{17) wwnu.:,.u.. :u; Swi. nuL = Mwnwanff .:u.xl, su.v modulo 2.

e now prove the theorem by induction on 3. If

= 3, then by (16)

()
|t

& ta,-n_+1} & 41 & -1 (8. +1) {n_-n.)
A, . o2t 2 23
and 117}, nw:.w = {-1} mw m.um nw.pu = {~-1) 1 2
o+ 6. -1 8 - { i {n.,— 5, +& -
L2t T 1 A - Tt;hfrjm nyl iy &1 S
) 3 4 3=t ) a3 Ay :w:rmT
3uppose 2t nolds for 3. Then by (18) and (17)
372 A, 0y 6. -1 5,46
= (-1) 1=l 1 i+l 73 a J-1 0 J-2 At M+H~
3 i i+l .

s
a
Vo]

Hence

mmwmmaw.vt (n n.:+mu tny-n_+j-1)

= EES R b}
0u,+H = (-1)
3 - - 8 8
ou.+w mu 1 oulw 1 J.ufw . n+ w+f
2y 441 3y thial %441 :

3-2 . vy 3-1
{£ wE +1} in n.)}+6.Z7 HEMJ«C

i= i i+ =

= (-1} 1 i i+l 3 Jjx
»mulw :L..w mw+aw+r

T R L T

(T2 N
The result now follows by observing that »MM 1 EH.LL ?M#wnsuv,. +

-5y S - 7372 5 (8.+41) + 6. (6, +1) =
Mpuw aua%t = Mwnw (8,+1) (ny au.v + 1307 8,08+ S8y y+1)
$372 (6 41)(n, .-n, ) + 606, +1) = 327} (6.41i(n,, -n._,). There-
Li=1 i 1413+l 3 3-1 i=1 i i+l Ui+l

fore, by (16) and (17) the theorem is true for 3+l and by induction

is true in general. 8

Alcorithm 5.2.1. CSUBS2 (p,A,B,S,d)

el Ak et R ey

. nd _ .
(Congrucnce, Subresultant Segquence of the .m:. Kind)

The inputs are p, a prime number, and A and B, elements of
GF(p) [x] such that deg(A) 2 deg(B) > 0. The outputs are 5, the sub~-
resultant p.r.s. of A and B of the second kind, and &, the degree

sequence of A and B.

Description

(1) {Initialize.] »‘J. ~ BORROW(A); v.m + BORROW(B); ww 1DMH.?.QM. n,ﬂwv n

:H bt Omcmm?ywuu SN - Ombmoﬁ.uywvn DH -~ H..Hn j~2; d~ Mm,w»ﬁnw~m‘m,w»

FH.o; 5« mmzwom.nofmwv bmimommoiwwv ,0)).
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150
mwnw
{2) [Compute €, = a, .l mw “ Ny - ny; a, « nmbznm;ww: t - mw -1, Vie assume that h?wu ~ 1 and note that h < n, + 1. Hence
i< o : = + h
if <0 g, CRECIP(p,a)); if t 20, ¢, * CPONER(p.a,,t}. T30 Tyr Tg g h 20, = 0. Also, Ty + Ty + Ty 2 Mu,.uw ::T&WC
- - ) ~ §h - th -
(3) [Compute wu.ﬁ = nmaﬁyunwb%; >u “ nmxmzﬁbw.»w: erase vwn ?.H :U..+w+t+:»+m+i nwuwﬂs?ﬂ: Ew :TL@C X Emivrwnpgw nw+w+t
v - h \ - -
If Ay =0, 90 to (6); ny « CPDEG(A,); a, « CPLNC ). tny s Io tayong 0) X0y fnytmy} ~ ogn, = .
§ :J-a +3=1) 6 41 & -1 . . .
(4) [Compute c. = (-1} 3 3 m.u ad o and s - A ) Suppose A and B are relatively prime and their degree seguence
jrl 3 3*1 73 3+l T3+1T3+l
mw “n,-ngte nmox.mmﬁm:ww\mm*é: u - Omo,ﬁwwﬁm.mu-mmltw is normal, that is, P ST 1 for 2$i<h. Then h= n, + i
v « CPROD(p,t,u); Ou - OmeUG.nm.<: if awﬁmwlsw.ﬁlt z 1 modulo . and n.m = :m *2-1 for 2s5ish+1 usnw + 2.
+ 5 T2 _
2ce,vp - ey: S5 ommwocﬁ~wu~nw~ov.. j<« 3+ 1. Then we have ﬁnmcmmm (eemen) > Ty > L=y Py *D) ?wnbwl.;vsr
n
2 2
(5) [Determine if the loop is completed.] & « PFL(S,,S); d ~ PFA (ny*1) tnyonyvl) + 1 2 (g p+1) (ng=ng g *h = () ap-ngvl) + 2 ] 7
ny
e i . . . (n,+2-i) = (n,+1)(n,~n+1) + 2 § = i = (n_+1)(n,-n_+1) + n_(n.+1) -
?u.mv‘ if ng 0, go to (6); ww <~ vm~ ww + >w. n, - nyi o, © 2 2 172 1=2 2 12 242
A o s i 2={n+1)(n+1}) - 2 >n.n_ =mn, since n, + n_. + 1 > 2. -]
nyioay + 455 @y * ay; o, * €3i go to (3). 2 1 12 1 2
{6} [Finish~-up.] d -+ INV(d); S+ INV(S}; erase A., A.; return.
2 3 The next algorithm, CSVRS2, computes the standard value repre-
Theorenm 5.2.11. Let p be a prime number and A and B non-zero sentation of S(A,B), wiere A and B are elements of GF (el [y.x]
elerents of GF(p!(x] such that m = deg(A), n = deg(B) and m 2 n > 0. such that 3(a) = :J.BNT 3B = :nm.nwv and Py 2 my > 0. Let
Then tF (p.A,B) ~ ma. Ry, Ryee..my o be the degree sequence of A and B; S(A,B) =
CSUBS2
'
e : = -T1. ¥ - kK, t1, 3 .-
AmH.MN. m5+Hu mu A:w :u..u.+5~nw+5w :uxw.fbaw 1, and mu
L £. W ne T t AL s i mi
reo € use some results from [COALGY9] to aid us in determining gwuuu.:nw,,. ?wssu;oﬁ for 353 Sh+ 1. Note that Mu, - »..u‘ .
the followi tabl £ t. £1 b ds. A ) =
e following € of computing time bounds 1so, note that Zu Anu|w.‘:ult ﬁxwiﬁwv and MuNZ. = MU + :nwinwv. The algorithm computes
h h -1 d N N. = h - 1. . - . - -
or an 2 Vg v (A) = A, ¢ (B)=B and S(A,B) for f elements, a, of GF(p)
a a h+l
# of time for which have the correct degree sequence. It does this by comoutin
. g Yy cormg g
sreo eXeCcutlons u..ﬁ_u execution
’ mw sequences. By Theorem 5.2.7 this determines na and thus mu.
(13 1 ~ 1
mu images of S(A.B) with maximal degree sequences are computed.
(2) 1 < Ebw..:wg..s
Then mw and mw degree sequences are computed. This determines
{3} h or h-1l < (n, ;+1)(n,-n, _+1)
i+l i i+l .
:p and hence mn\ so MA more images are computed, and so on. It
(4) h-1 ~Li{n, .-n. _+1l)+n, _+1
i+l i+2 it2

{5} h-1 ~ 1

(6} 1 ~ h



saves exactly MW images of ww anéd throws the rest away.
S(A,B) is constructed in the following manner. In step (2), A

and B are computed.

In step (3), CSUBSZ computes $ = S(A,B) and 4, the degree
secuence of A and B.

In step (4), w is compared with d. d 1is the commen degree
sequence of all the previously applied homomorphisms, or else d = 0
if a 1is the first one. If &> d then a is unlucky so we return

te step (2) for the next homomorphism., If 4 < d then the old

nomomorpnisms are all unlucky, or else d = 0, so the variables are

initialized to their starting values: d = m~ L=20, f= mw~ m = 0,

3 =2 and &' points to n, in d. £ takes on the values mw+w

and mu+w. the bound on the number of mappings needed to compute

m4+wn 3 indicates now many of the mw have enough images; m counts

the numser of nomomorphisms which have been applied; and a' points

Suppose ¢ 1s not the degree sequence of S(A,B), that the first

n homomorphisms are unlucky. If aw~....&3 are the degree sequences

generated by use of these hcmomorphisms, then the 3+1St initial seg-

«

ments of the mv all agree. Then by Theorem 5.2.7, m < mw+w. But
since f % £ ,. CSVRS2 will derect tiis and act accordingly.
UJ.F

In stew {5, A and E are decapped from S  and erased, and

2= 2 nd L' are initialized for the loop consisting of step (6).

In step (6), for i = 3,4,...,h+1, mP is removed from W. If

3 =2 then L =0. If L # O then L is the list Aﬁw.hn~...~h§+ww

S1 3

where rw is a partially computed standard value representation of

S.. The variable L, = 0 if L = 0, otherwise bw is given the

value bw by decapping L. If 1 s j then enough images of m»

have been saved so mH 1s erased. If i > j then m» and a are

prefixed to bu = rw.

.

In step (7), L 1is set to the inverse of L , m 1is incrementad

by one, and 1f m < £ = m¢+w tnen control returns to step (2} for
another iteration. If TAIL(3') = 0 then 4= ﬁbd.swv. S0 we return.
1
If m=£ = £, then f 1is set to £, . and control returns to
j+1 Jtlk

step (2}. If m= f = nu+w then enough images for Mu+w have been
computed, so step (8) is executed next.

In step (8), d' 1s set to tail ta’y. By Theorem 5.2.7, 3’

now points to LR If tail(é") = 0 then 3j+i=h+l and L is

complete, so the algorithm terminates. Otherwise f 1s replaced by

Mu+w + AXH+WNV = mw+w and 3 1is incremented. Then control is returred
to step (2} for £l - £, more execut:ions of steps (2)-{(7) before
j+2 J+1

step (B8) again checks for a terminal condition.

Algorithm 5.2.2. CSVRS2{p,A,B,L,d)

{Congruence, Standard Value Representation of Subresultant
PRS of the 279 Kind)

The inputs are p, a prime number, and A and B, elements of
GF{p) [y,x] such that mxﬁwv 2 mxﬁmv > 0. The outputs are L, a
standard value representation of the subresultant p.r.s. of A and

B of the second kand, and 4, the degree seguence of A and B.
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Descraiption Proof. Let Ny Byreee Dy ) be the degree seguence of A and E.
(1) [Initialize.] T + CPDEGS(A}; Umo.ﬂmw?w\f\er T « CPDEGS (B); Clearly .uw ~ 1. ZN. Zw. z\_1 Zm and z.~ are <« the total number of
DECAP2 FNLAN\E ; d+ 0; a+ =1; L+ 0; aw + ny o= ony; mw “«n_;: homomorphisms used. Hence by definition of a standard value repre-
27
t +~ 0. sentation and Theorem 5.2.6, for 1 = 2,3,4,5, and 7, ZM M:M + vu +
- -~ N +h+l .
N . ; ~131 c ) - X ) - : .
{2) [Compute A and B.] a<+a+ 1; if a=p, stop; A ~ CPUEV(p,A,a); (h=Lidngky + npkyd = Gy kp) 2o 3y b = dnjky + ok d =y
£ oI (. 2 = . Y S, P . b+l N
1f CPDEG(A) < . (erase A; go to (2)): B + CPUEV(p,B,a); if ﬁxw + xww + 1= :,:wrm + :mzww - Ry * zwvﬁnr+w - Muuwﬂzunwupvy -
CPDEG(B) < mw~ (erase A, B; go to (2)). 1= :NTJ.WN + :mxw» % kn;n,. Now step (&) is executed h-l cimes
P R n 2
(3) [Compute mgwbyv.cwﬁm:.u CSUBS2 (p.A,B,S,d); erase A, B. for every execution of step (5), hence zm < xbde (h-1) < W:Hmw.
(4) [Compare degres sequences.] s « LEXORD(d,d); if s = O, erase Hg % h - 14 n,. From page 31 of [COL72], t, < kn, + kn, 4 ka,:
. ~ .. . 2 2 . R 3
d; 1f s = +1, {erase 5, @; go to {2)}; if s = -1, (erase d; hence ew < k :w:w. By Theorem 5.2.11, nﬂmcﬂmm»w\r.uv nm:wvm andc
. - - - 2.2 o } . fa 3y .
d+ d; d@' «+ TAIL(d); a, + :mn erase L; L « 0; f + xw - Amw‘ﬂc therefore Ty x xsv:m. By Theorem 2.2.4, nv ,.”omu,?ov <h < n, so
< : \ n 2 o " i 2 o y
ky + 1; m+ 0; 3« 2}. m» Mwspdw. Ty < .v.swsm and Tg & ko, ﬂq <h-1 Msu which
- - - A s s ~ A . 2
(5) [Remove i and B from S.] DECAP2(A,B,S); erase A, B; i <« 2; implies that T, knyn,. T, < n,. B
L' + 0.
Next comes PSMRS2, an algorithm which computes the standaxd
(6) iForm L'.] If S =20, goto {7); i< i+ 1; pacar(§_,8): L_ + 0;
3 3 medular represeantation of S{A,B}, where A ard B s&re elements of
if L # 0, DRECAP(L,,L); if i < j, erase ww.. if i > 3§, L, + PFA
N . 3 I{y,x] such that deg{a) ™ deg(b)} ~ 0. PSMRSI is the same algorithn
~m~Mm,bAmw~hw:~. L'« vm,m;hw~m..: go to (6).

as CSVRSZ, except as applied to modular instead of evaluation homc-

(77 [Is the 3=15% list of L complete?] L« INV(L'); m+ m + 1;
morphisms. HHence we limit our discussion to a comparisorn of the

if m < £, go to (2); if TAIL(d'}) = O, return; if t = 0, {(t -« 1;
differences between uile two alguritams.

n., * SECOND{@'); £+ £ + m:m|3m1.:;H+x s ifm < £, go to (2)).

2 AP "
PSHMRS2 computes a list whose elawments arg value representatizns,

{(8) {Compute bound Zor S 2 and loop.} &' + TAIL(d'}: if TAIL(4') =
3 whereas CSVRS2 needs homomorphlce lmages; hence in step (3) CSVRS2

0, return; 3+ 3+ 1; £+« £ + cmu.if: t ¢ 0; n, * n;; go to (2).
- calls CSUBS2 while PSMRS2 calls CSVRS2. Theorem 5.2.9 implies that

Thaoram 5.2.12. iet p be a prime number and A and B elements the value representations computed have the proger deGrec sScQuancs:
of GF{(g)[y.x] such that 3J(A} = ?ﬁ:wf 2(8) = :nml‘.wv and n, b this can be shown using an argument similar to the one used avove
n, > 0. If k = max(k_,k.} + 1 then t (p,A,B) « xm:ms + xbwau with Theorem 5.2.7.

2 1’72 CSVRS2 = 172 12
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n,-n. _+1 n,~n, _+1 n.-n n,-n
. i 20 3-1 1 73-1 23 173
Let E; = N_ﬁw wm_w and Eg = w_m_w _m_H .
where mHENT.ln.):..w 1s the degree sequence of A and B. Instead

of counting the number of homomorphisms applied, PSMRS2 forms the pro-

duct of the primes used and compares this with nm or mU.. Let mw

and E_ be successive values of E. Suppose M is this product of

el
~
o
A

D
L)
I

let > mw. It M > mw. it may be that M > mw. There~

fore, steps (B) and (9) are executed repeatedly until a 3j is deter-

s

min uch th Mz E, =
ed such that M m“:.HP or :u..l, LN Step (8) of CSVRS2 has
become step (9) of PSMRSZ.
swn:wi. am_..wl..ulu.

We alsc rote that E, = NTP_H Mw_w . m.@ = mu.:w_H hw_u.w

f .
and mu+w = 1.
Algerithnm 5.2.3. PSMRS2(A,B,L,d)

olyromial, Standard Modular Representation of Subresultant

PRS of the 274 Xingd)

The inputs are A and B, elements of I[y,x] such that deg

(A) = a=g(B) » 0. The outputs are L, a standard modular repre-

sentation of tre subresultant p.r.s. of A and B of the second

kind, and d, the degree sequence of A and B.

Descraprion

{1} {Initialize.] :w + PDEG(A); :w <+ PDEG(B); £ <« PNORMF(A)}; h «

3

MORMF (B); ¢ « IFROD(f,h}; t < IPCWER(h,n !Bq.ﬁ.v“ E_ + IPROD(f,t);

1

H%Zm.ubv.. erase t, £, h; W+ PRIME; L« 0; E<~ 0; d « 0; M < 0;

3m+nmh t*+ 0.

(2) [Compute A and B.] If W = 0, stop; ADV(s,W); A ~ CPMODIE,a)

if CPDEG{A) < n,, lerase A; go to (2)); B« CPMOD(p,B): if
Owumm:»ww < mw. (erase Mf B; go to {(2})).

(3) [Compute a standard value representation of S(A,B).] CSVas?
Cfmfmu\w.mf erase w. B.

{4) [Compare degree sequences.] s + LEXORD{G,d); if s = 0, erzs: &;

if s = +1, lerase L, &; go to {(2)); 1

s = ~1, {erase d; & - 4&;

Fhy

d’ « TAIL(d): n. + mmm erase L; L +~ 0; erase E; E « BORROW(EL);
& =

erase M; M+ PFA{1,0); 1 + 2).

(5) [Initialize for the next loop.] i ~ 2; L' « oO.

(6 [FormL'.] If L =0, go to (7); 1~ i + 1; omnﬁawu.wv” L, 0;

1f L # 0, DECAP(L,L); if 1 = 3, erase H.Lu“ 1f 1> 3, L, ~ PFa

G.m?:,.u.w%.,ﬁ L'« PFL(L,,1'); go to (6).
{(7) [Update L and M.] L « INV(L'); IMFI(M,p).

(8) [Clieck for completion of ru.L..w If ICOMP (M,E} = O, go to (2):
1if .H,.B,HUE..., = 0, (erase c, m.w~ E, M; retum); if t = 0, {t ~ 1;

i1

n, «~ SECOND{d'}; u + IPOWER{c,n

3 :bu..u.: v + IPROD{E,u); erase

2
u; E+ v; go to (8)}.

(3) [Compute bound for L. . and loop.] d =« TAIL(d ); if TAIL(d'; =

j+2
0, terase c, mw~ E, M; return); 3~ 3 v 1; t ~ O; u~ IFRODIC,c);
erase E; E~ u; n, + ng; go to (8).
Theorem 5.2.13. Let A and B be elements of Ify,x] such ther

3(A) = ?w.bwf 3(B) = ?NBNV and noca, e 0. If £ =

3 2 . (FR% L {FR
ME and k = :ﬁxﬁkw%uv + 1 then ﬁvm.éwmmﬁ:~mv Hrbwsmrf.: L{fhy -

1

kn.n +¢=wu
PRy T MRl



158

Proof. Let Bye fyreeeyn be the degree sequence of A and B.

L+1

In step (1), it follows from a result in [HEI70] that ﬂmzowzm.;v <

¥ L

kn, (£} and nmzomxm,nmv < xbm L(h). Also, nmmmouﬁm}u < L{E)L(h) <
L2

L{(fh)~. Fx a 1t - ) - 2

From resu in [COL734d}, nHmozmm?.:w nw+t < Fw :wi.v

2 2 2

L{} . { ) -

(h) an L{h) nHmmoc,m.ﬁ 4 L{BIL(E) A:w :w+$h3:smv EEN

r:..mvw.

From a result in [COL73d], nHZMHE.u\Nu % H.:wwv £ L{£) +

(a,-n,*DL() ¢ 0 LGR) + L) < ny Liem?.

N, zw‘ z.u~ N N are <

50 Mg < the total number of homomorphisms

applied. Hence by definition of a standard modular representation

and Theorem 5.2.8, for i = 2,3,4,5 and 7, N, 4 {1+ LR
S PN rib_wv +{l+n; -mn MMHW e nl
Ltleny + mun ny} L(E) + (1% n + NWM n )L < o0,

L(5) + & ny Lt g0 L6 + an, L) 4 nyn (L(E) + LW ) ~ njny Lich).

Step (6) 1is executed Z~1 times for each execution of step (5), hence

:N L(fh). Ng 2 &~1 < n

N, 4 (2-1) n,n, L{fh) A ngn, 9 2

6 2 17y while N, < N_ +

27 8 ="y
v 3 %
m./m ERE LN L{fh).

{(p.A) + ¢

In step {2), it follows from [COARLGES
#p {2l 2T L }oehat  topuen CPHOD
(9,B) 4 n k L(E) + n_k L(h L(£h). .
48 5 h) < wsw (£h) lience T, X nn, L{fh) kay
B 2 L2 )
L{fn) = xaasm L{fnh}”~. In step {3}, it follows from Theorem 5.2.12
that t (p m m& < v.wsmz iSm:w Thas implies that T
csvrgz BrREl LR By nyFka R, ! 3370
. 22 L 2.2, L2 N 2,
L{thiix nw._m + ?Bw;mh = r:.wsm H.Amn..:rbu.nm + :Hnw_. In step (4), by
- el
Theoram 2.2.4, t .4 J & ] > ¢ -
Theoram 2 rmxowca.nv < A nm and therefore q.a + em =< :HSN
. 2 - 2 2
(fhy s nin, L{fh}. Mow &_~ 1 T < H_ < -
L{fr nyn, L oWt so Tg 2 Ho Lan, L{fh) =< n.n, L{fh).
Note that < E, £ j 3 -
Note E Mul or some j, and hence L(E) £ (n, au.i.v
LiEY + Q..w - .\.u+w._ L{h) Mbw:;ﬁﬁ + Lihl} ~ ny L{fh). rherefore, in

159
step (7), from [COL73d}, nHé.uHG?E < L(¥} < L(E)} an L{fn}). Hence
2 2 -
T, 40,0, L{fh) n, L(fh} = nyn, L(fh)". 1In step (8), anOu.nqu.hv £
2
L(E)} 20 L(fh). From [COL73d}, numoz.mmnnawlbulwv‘m. C..mlnwv

2 2 .2 2
= { OWE
Li{c)” £ n, L{fh}”, and tip U:.u.cv < L(E)L{u) 4 50, L{fh)". IPOWER

(c,n,-n

2 wlwv and IPROD(E,u) are executed cnly when t = 0, hence n.m <

2

2 2 -
1% L(fh}". 1In step (9},

L{fn) + n,nyn, ﬁﬁmzm < n

n.n, L(fh) ny 2

1

(£,c) < LELIE) & ay LIER) LA = n L(EMZ; thus T

ﬂHmwOU 9

Em:m. ]

Having constructed a standard modular representation, L = {L
Lyree- Toey) for S{a,B) = (CIREFTRT /S, 1)+ the next guestion ve

face is the computation of any coefficient of S from rw. Ar

1
algorithm to do this will need a sub~algorithm for computing any
coeificient of omﬁmwv from a standard value representation of ¢ (5. ).
We first present this sub-algorithm, CICVR, and then the main algzs-
rithm, PCRCMR. The former is & straight-forward applicaticn of inter-
polation using CPINTI from [COL72]. The latter algorithm 1s a straight-
forward application of the Chinese remainder algoritim using CPCRA,

also from [COL72].

Algorithm 5.2.4. ¢ = CICVR(p,L.n)

(Congruence, Interpolation of a Coefficient from a

Value Representation)

p is a prime number, L 1is a value representation of sone non-

zero element, S, of GF(p)[y,x]., and n 1is a FORTRAN integer such

that O € n £ Qeg{S). ¢ is the coefficient of the term of S witn

exponent n, an element of GF(p)[v].
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Description

(1} [Initialize.] T+ L; ¢~ 0; D~ PFA{D,PFA(1,0)); m ~ FIRST
(SECOND(L)} - n.

(2) [Cotain the coefficient of Gmﬁmv; If T =0, go to (4); ADV2
{a,8,7); for i = 1,...,m do, § « TAIL(S); ¢ ~ SECOND(S).

(3) [Interpolate.] OMHZ_H,HF:Pm.mbL}.: go to (2}).

{4) [Finish-up.] Erase D; return.

Iheorem 5.2.14, Let p be a prime number, L the value repre-

sentation of some non-zero elemerit, S, of GF(p) [y,x}, and n an
inteyer such that 0 S n £ deg(S). If £ 1is the number of images

¥ - = & 2 -
of S in L and 2 deg(S), then nnunsﬂﬂmu\h.dv < £+ £{&~n}.

Proof. N, W, ~E. t gLt-n+1l,s0 T « E(-n#l) g £° + £
2roof, 5 £ P

L-n). It £ g & &

{ } t follows from page 32 of [COL72] that nomHzeH {(p,c,a,c,D,1)
< ideglc)+l} + {deg(D)+1l}. Hence for the U..Q,. execution of step (3),
2 2

M A ']

nnuﬁiafo.n\m\mb‘wv < 3. This implies that .H,w < N

PINTI

¢ = PCRCHR(L,n,V)

(Poiynomial, Chinese Remainder Algorithm for a Coefficient

from a Modular Representation)

0 «n < deg(S), and Vv
=3 tne list (y). ¢ 1s the cocfficient of the term of S with ex-—

ponent q, an element of I[yl.

Description

frebeteivebaton) it

(1) [Initialize.] T < L; ¢« 0; Q + PFA(1,0).

(2) [Obtain the coefficient of ommmv.w If T =0, go to {4});
ADV2 (p,L,T}; ¢ « CICVR{p,L,n).
{3) [Apply Chinese remainder algcrithm.] g + CRECIP(p.C ODip, s

c + 0mnw>5~m.m~;n.n.<: erase c, c: o+ e IMFI(Q,p): go to (2).

{d) (Finish-up.] Erase Q; return.

Theorem 5.2.15. Let. L = Gw\hw.mumT.lmumv Le .a modelar ro-

presentation of some non-zero element, S, of Ily,xl, n an integer

3 1 ol - &
such that O £ n £ £ = degiS) and V the list y. If the number of

images of v.w is ¢ £ for all 1, then Cocrodr e =
2 - .
ef” + ef{(2-n) + e

; b T 5o & .'l-w
Proof. zm~ Zu < e. By Theorem 5.2.14, nnHQ..wnw~h~vu L £ - (i~
so T, < Omw + @f{%~n). From page 30 of [COL72] we have that the

5 X
. , | )
time for tne ith execution of CPCRA is < {degic)+li L(j
A 2

This implies that T, £ fNj < e £. B

Suppose A* ard 8" are olewents of Qtaj {x]. In the notatlon

of Theorem 5.2.3, having determined r, computed mﬁ znd then vvm

-1
QﬁfmJ = Guﬂmtv , we want to compute the monic associate of m:H+w
. Thecafore we have the rollowing.
Suppose & 1S 4an element o i) {x], that 1s, an Clenont ok

* . ) he next algorithm cempute:r
Qly,x1/(¥{y}) representing A = tu:f. The next algor:ithm cempu

A S ¥ = * NoOGLS
B, the monic associate of A; that is, ca {(B) = B is the monlc
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associate of A", Suppose a = 1ldcf(A) and b = ANRECP(a}. Then we
could compute B by computing ASPROD(A,b,0) = bA. But if ¥ is not
irreducible, then we do not have a unigue representation for one.
Hence B = bi, as an element of Qly,x]/(¥(y!), will not be monic if
ab # 1, although Gﬂﬁm.,ov = 1 and eﬂ (B) = B* is monic. Instead of
doing this, we have the algorithm APMONA which yields a monic element
of Oy, x1/{?(y)i.

Let n = deg(A). APMONA first computes A = red(A) and b. Next

1t computes bA' = B' = me.muv.m.v. Therefore B = ' + B' = x* +
-
mwm n
s ~ — — = - - =t
o Since mnoAmw.mwv =1, B= :ulmwfmv where B S,% + mww .
Alscrithm 5.2.6. B = APMONA(A)

{Algebraic Polynomial, Monic Associate)

A ig an element of Qu){x}]. If A =0 then B =0, If A#

0 then B 1s the munic associate of A.

Descrintion

{1} {Ccmpute 8'.] B+« 0; if A = 0, return; n + PMDEG(A); A' +

BMRED{A}: if A = 0, {(t + PFA(1,0); s ~ PFL{EORROW(t), PFL

(BORKOW (L) ,0)): V « PVLIST(SECOND(A})j; B « PORDER(t,V); erase
t, Vi ALTER{n,TAIL{(TAIL(B))); B <« BFL(s.PFL(B,0)); return); a «
PMLOCF{A); b + ANFECP(a): B <« PHMSPRD(A',b,G); erase a, A', b.

(2) [Compute B from B' = ({(s ),B').] DEcBP2(s,B',8");

1'%
DECAF2(s,,5,,8); ¢ « PFL(PVBL(Y), PFL(s,,PFA(0,0))); B « PIP

); erase s, . B'; DECAP(X,B); B + PFL(X,PFL(c,PFA(n,B)));

(B',s 1

1
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t « PFA{1,0): s + wm.b~ﬁ~mm:hﬁm0wmbsﬁmwv ,0)); B+ PFL(s,PFL(B,0));

recurn.

he = ~ 1
Theorem 5.2.16. If A 0 then nwmxozvﬁz 1. Let A be a

non-zero element of Q{a){x}. Let n = deg(d), d = v(a), g =

k = deg(¥). If red{(A) = 0, then .nmrvu.noz.ygv ~ 1. If red(A) # O
then t @) < nkiniag) Ze
en Eapyonath) 3 nR thidg :
Proof. Assume A # 0. If red(A) = 0 then n.szoz.rﬂf ~ 1 since
~ 3 4 b
nmzxm_u?v 1 by Theorem 3.4.3. &Assume red(A) # 0. In step (1},
. N- jost =
by Theorem 3.4.3, nmxm.mcﬁz < nk L{é)"; by Theorem 3.4.2, ﬁmE.bn.q?C
L2 . 30 12,02, .
< kL(d)”; and by Corollary 4.5.2, n?zmhnmﬁmv < k7iL(dg) "+k"j. By
2 2 2
Theorem 3.3.5 and Lemma 4.5.4, t {(a',b,0) 4 nk“{kL(g)“+L(d)"~

PMSPRD

2

L ()2} < nk2 (2 (L@ %0 (@) 2+ § < nit (Lagy 2+k?). In step (23,

|. .l-_ » c _
by Lemmas 3.3.1 and 4.5.4, t,,.(8",s,) < nL(]B [{)L{s;) € ALV (B

Lis,) £ smwﬁbﬁmv.ﬁ.?ﬁw.:+rﬁvv L(a) < n{kL(g)+L(d)+k(L{d)+L(g) +k) }

2 R
L(d) < uxﬂvﬁmvm+rﬁmvwﬁmv+xrﬁavu < nxﬁvﬂmvw+r~mvm+xrv ~ nk{L(ag) +x":.

Lemma 5.2.1. Let A be a non-zero element of Q{u)x] and B =
APMONA(A). Let k = deg(¥) and g = |¢| . Then V(B) < o1y 2
gt 12 v @,

WH»@IOM. Let a = ldcf(A) and D = ANRECP{a)}. Then 1f A = :nw?xu
), by Lemma 3.3.1 and Lemma £.5.4, v(B) - viba) = kg © V(@i s}
kgt Tt <AwVAr+wv~x~ gt mm_wlpﬁnwx s 3l s (kg™ h 2 cﬁwvﬁx+wvwsw
KA v s D kg H2 v L, B

).



Descraption

(1} [Initialize.] n + PMDEG(B); if A = 0 or DMDEG(A) < n, (L +
PFL{0,PFL(BORROW(A) ,0}}; return); b + PMLDCF(B); ¢ + ANRECP (b);
erase b.

{2) [{Ccmpuze @~ w.u mu. +~ PMRED({B); mw “ wsmmwbﬁmw.?ovn erase w.._,n
H~ mzovaA?Per erase mﬁ. DECAP2(Q,R,H); § « PMSPRD(D,c,0);

erase m~ c.

{3) ([Form Q, R.] Q + Eﬁwﬁ: erase @“ R « Pwmm:m: erase R; L +

PFL{Q,PFL(R,0)); return.

Theorem 4.5.10. Let A, B be elements of Qf(a){x] such that B is
non-zexo., Let m = deg{A), n = deg(B). If A =0 or m<n then

n.u.mm,hx?‘mv ~1l. Assume A # 0, m 2n, and define k = deg(¥), e =

mepi), d = V(a), £ = V(B), g = EH. We have that nwmommz.?mv <
E, -

xﬁﬂls‘vtaﬁaww ;n.vhﬁvmi.;mvwv + ww E_.lb.;vmn?.thavw + xm (m-n+1)
Emwm.

Proof. Assume A # O, m 2 n. By Lemna 4.5.4,

2 2

1y svien?® < x )2

o L@)? + L.
-~ 2 i
By Lemma 3.3.1, Lv 1% = Livicrea®))? £ L@@ % + Livien? +

fan 2
L{Z}”. Hence

- i el
(2} LiviB)) % K202+ Lig)™ + H;ﬁmw.

. N 2 . 2 2 2 cm 2z 2
By Theorem 3.5.3, L(v(Q)}™ X (m—n+l)” {k"L(g)" + b?ﬁww: Y+ L(ay“.

Therefore
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3 Livien? « D AL B %) + L@ .

Similarly, by Theorem 3.5.3,

@) Lvidn? < @nvn K@) 2+ (92 + @2,

2

By Lenma 3.3.1, Liv@)? = Liv@en? 2 K%Li@? + LOv@)? + Livien’.

Hence from (1) and (3) we have
5) Livign? 4 ey A g 2L %)+ L.

In step (1), by Theorem 3.4.2, t

. .5
Corollary 4.5.2, n.ﬁzmmnm {b) < k

2
orsocr (B) £ KL(E)™, while by

+ 1 s g ? = K aenig) e
).

in step (2}, by Theorem 3.4.3, t (B) < (n+1}KL{£}° < (m+1)

PMRED
t (8.,c,0) < (n+l)k2{kLig)>
pusprp 5160 2 (ot i
bl

kL(£)°. By Theorem 3.3.5 and (1),

z2 2
+bmcﬁovvn4ﬂamvmw 4 cs..ww:nbﬁn +L{g)} +L{Z)"]. By Theorem 3.5.2 and

B0 < 1 tmenr) P e om0 @ Fen v B0 P e
2 a2 2 2 o]
Lid) ) < <% tmen+1) 2 (me ) { (m-n+1) 2k ?m+ﬂ5vh+§mvnv+§avrw = x?

2y, (&,n,

t
PMORMM

) 4 2 2 2 2 2. .2 o~
{m-n+1) (m+l) (kT+L{g) "+L{£)7) + Kk {m-n+1) " {m+1)Lid}”. By Theorenm

- S -
3.3.5, (1), and (3), (B.0,0) < (m-n+13k (KL{g) +Liv (3 Zeniv i 1) P

2 = 3 ol -
< Exs+5ww23|n+tmw~ Axm+b3vr+imvuv+58mw = Sn?torb (k“+L(c) "+

ﬁmu.:wmﬁb

J
L(£)2) + (men+l)k2L(d).

- hed -
By Theorem 4.2.3 and (5), t (D) % {men+ 1)k KL (g) 2+KL (v (0) )

A . 2. 23,2 2 2 N
+kL(e)+L{e) 7} < {m~n+D1) k" { {m-n+1) kT (KTHLIg) AL £ T) +RL(E) THkL{e) +

5 u ,
Lie)? < &7 tmene2) 2 L@ 2+ (6) ok tment DL @) P (mne ) Lie) £
m

(R) < (m=n+l)k"{KL(g) “+RL(V(R) )~
3

By Theorem 4.2.3 and (4),

2
+KL(e)+L(e) %) uwmaiitu?..+~.6v~+5mvmv + k

“AREP
2

2
(m-n+1)L(d)" + k

(m-n+1)L{e)“. |
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Theorem 4.5.12. Let a,b be elements of Q(a) such that b is
Algorithm 4.5.4. R = APREM(A,B)

non-zerc. If a = 0, then nwoﬁ.g ~1l. Assume a # 0. If k =
(Algebreic Polynomial, Remainder)

Geg(¥), & = v(a), £= (), g = [¥|, then thg(ard) < Koatng? +
A, B are elements of Q(a){x] such that B is non-zero. R = H;mvwv + wmhr.:w.
rem(A,B). 3,2 2 2
Proof. By Corollary 4.5.2, nvzwmomgv 2 KTKTHL(G) THL(E)YT) . By
Descriotion

Lemma 4.5.4, L(v(c)} < ki{k+L{(g)+L(£)}. Therefore, by Theorem 4.4

-hy

(1} L « APQREM(A,B); DECAP2(Q,R,L}; erase Q; return. trprop 2:¢) < xm:niovN+E&~+Ein:$ < wm?m ?~+E£N+ESNV .

v@?) = K ot@®nm® « u@?. g

Trneorem 4.5.11. Let A, B be elements of @Q(u)[x] such that B is .

Acn-zero. Let m = deg(d], n = deg(8). If A=0 or m<n then Theorem 4.5.13. Let a,b be elements of Q{u){x} such that b is
nw.mmmz?‘mv ~1l. Assume A # O, m 2 n, and define k = deg(¥), e = non-zero. Let m = degla), n = deg(b). If a=0 or m<n then
meplity, d = v(h}, £ =v(B), g = | 1+ We have that ... (A,B) < nwmﬁmbv ~ 1. Asswre a # 0, m 2 n, and define k = deg(¥), e = mep(2),

£ (aenr D) ) L@ B0 ¢ 1 mene D2 DL (@2 + K (menel)

d=v{al, £=vib), g= _iw. Wle have that (a,b) Mxmﬁuitfa*t

RDD
0P %02 + 1 @t 1) 2 @)L (@2 + 1 (ment ) L () 2.

2

Proof. This follows from Theorem 4.5.10. B

q = AQ(a,b}

Algorithm 4.5.6. C = ASQ(A,b)

(Algebraic Quotient) (Algebraic, Special Quotient)

a,b are botn elements of Q(a) or both elements of Q(a) [x], A is an element of Q(a)[x], b 1s a non-zero element of oa).
with b # 0 and tla. q = a/b. -1

Dencrintion

Description
{1 ¢~ 0; 1f a = 0, return; »f TYPE(SECOND(SECOND(b)))} = 1, go

(1} €+ 0: if A = 0, return; d +~ ANRECP (b); C + PMSPRD(A,d,0) ;

to {2): ¢ ~ ARNRECP(b):; g + RPROD(a,c): crase c; return. erase d; return.

3
A
I3

+ KPQREM(a,b); DECAP2(q,r,L); return.
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CHAPTER 5! GCD CALCULATIONS

Theoren 4.5.14. Let A Dbe an element of Q(a)[x], let b be

a non-zero element of Q{a}. If A = 0 <then nwmmﬁb.vv ~ 1. Assuxe Section 5.1. Introduction

A#0 and define h = v(a), £=v(b), g = ~€MH\ X = deg(¥), n = deg(a). In this chapter we will present two algorithms for computing
Ve have that ﬁbwoﬁw.wv M,mn+wvxmmwwAxw+vﬁov~+hﬁmvmv+bhvvmw. the greatest common divisor of two elements of ¢Qf{a)[x]. But first,
_ e X e, ) in this section we will discuss briefly the application of the
Proof. ssume A # O. By Corollary 4.5.2, Eanrecp (P) £ kKT (kT+LIg)

2 generalized Brown-Collins g.c.d. algorithm to elements of Qo) {x].

+ L{f)7). By Lemma 4.5.4, L(v(d)) < k(k+L(g)+L(f)}. Therefore, by This al ith b 3 wh it . Y v 3 fucib:
is algorithm can be used when it is known that ¥ is irreducible

Trheorem 3.3.5, £, . (5,4,0) < (1)K’ {kL(g) M1t HLivian?) «
- and I[0], for a certain algebraic integer £ in Q(a), is a u.f.4.

ey 22,2 2 2 2
(n+2)x” (k7 (k“+L(g) L)) + L) ). ]
Let us now discuss the algorithm and show why these properties are

necessary for our application. We begin by briefly describing how
it is applied to polynomials over the rational integers.

W. S. Brown ([BRO71}) and G. E. Collins {[COL72]}) independently
developed a g.c.d. algorithm for multivariate polynomials over the
rational integers which is superior to any other known algoraithm.
Suppose A and B, elements of Hﬁxw~...~x<u. are the inputs. The
algorithm determines that a certain finite number of prime integers
must be used. For each such prime p, A and B are mazpped into
mmﬁmwmxw~...~x<u by the modular homomorphism $_. Then c* = geca

P

AemA>v~ emﬁwvv Hmnoavcnmm.monwwwacnwmwnwnmscgvmnommﬁvamm

whicn can be detected and rejected by the algorithm, c* = ged(a,B)
modulo p. Then tne Chinese remainder algorithm for integers 1s
applied to these images to construct C.

We now discuss the computation of c*. Let a* = ¢ _(A) and

B" = Gmnmv. Suppose A* and B* are elements of GF(p)[x}.
Since GF(p) is a field, c* is constructed by computing the natural

p.r.s. of 2* and B*. Now suppose A" and B* are elements of



omﬁw.ﬁxw.xwu. If n > deg(C™), aj.-..,a  are distinct elements of
GF {p), and one knows nnﬁwu~xmu....~nnam=~xwv. then interpolation can

be used to compute Onﬁxw.xwu. The evaluation homomorphism em .
i

defined by ewwﬁchw~xmvv = Uﬁmw.xmv~ is used to determine O»AWH-KN_

in the following manner. The algorithm determines a suitable n.

monmmnzmu\ @m Abwvmbm em Awﬁvmnm nosw:nma~m:mnwm: momaem
i i i
(5*), v, (B*)1 using the natural P.r.s. For all but a finite number
i

of a., ged(y_ (&%), ¥

'
3 9 a ). These unlucky a.'s can

* =
. BN xc la,.x 5
i i

be detected and discarded by the algorithm. In case v > 2, evaluation

2

hemomorphisms and interpolation are applied recursively to compute C¥.
The Chinese remainder theorem for integers and the method of
interpolation sketched above, are both just special cases of a general-
ized Chinese remainder theorem dealing with isomorphisms of quotient
rings. G. E. Collins has shown that by making use of this generalized
theorem, the Lrown-Collins g.c.d. algorithm can be generalized to any
rolynomial ring I{x], where I is a g.c.d. domain and the generalized
Chinese remaincder theorem can be applied. This means determining an
infinity of guotient rings and homomorphisms mapping I onto these
Guotient rings.
Suprese A and B are inputs to such an algorithm for 1([x].
The nwiber of homororphisms whica must be applied is determined. If
¢ s cne such homomorphiesm, then ¢(A) and ¢(8) are computed.
Hext ged{;(a), ¢(B}) 1s computed. Just as in the specific cases
mentioned above, it may be that god(e(A), ¢ (B)) # ¢(gcd(A,B)). How-

ever, it can be shown that the nuwber of such homomorphisms is finite

and that they can always be detected. Using the lucky homomorpnisnms,

the Chinese remainder algorithm for 1 1is used to compute gcd(a,B)

from the homomorphic images. (Of course, the computation of gcd{s (A},
¢(B)} may consist of another application of the Brown-Collins algorithm.)

Now in our application, this means determining a g.c.d. domain G
of which Q(u) 1s the quotient field, so that every element of Q{a) [x]
1s similar to an element of G[x]; also, we must determine the homomor-—
phisms and quotient rings we will need.

Toward this end, let us consider, for & a real algebraic number,
the integral domains Ho and I{x}. Hp is the ring of algebraic
integers contained in Q(u); for discussions of algebraic integers see
[HAWR45] and [POL50}. I[u] is the ring formed by extending the
rational integers by a. Clearly, Q(x) 1is the guotient field for
both Ifa]l and Hn. We now present a definition, theorem and corollary

which will show us when Hn is a g.c.d. domaia.

Definition 5.1.1. Let I be an integral domain such that every non-
zero element of 1 which is not a unit can be written as a finite

product of irreducible elements of I. I is then said to be a factor—

i1zation domain, abbreviated f.d. If I is an f.d. and each non-zerc
non-unit element of I has a decomposition which is unigue up to tae
order and associates of the irreducible elements, then [ is called

a unique factorization domain, abbreviated u.f.d.

Theorem 5.1.1 follows immediately from Theorem 1 of Chapter 4,

Section 3 of [JACS1].
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Theorem 5.1.1. Ler I be an integral domain. I is a u.f.d. if

and only if I 1s a f.d. and a g.c.d. domain.

By Thneorem 7.5 of [POLS50], HR is a £.d. Therefore Corollary

5.1.1 follows casily from Theorem 5.1.1.

Corollary 5.1.1. Hn 1s a u.f.d. if and only if Hp is a g.c.d.

domain.

By this result 1t suffices for Hu at least, to consider the case
where a u.f£.d. exists. In generzl, not much is known about whether
Ho or I[a]l is a g.c.d. domain for arbitrary a. However, if a
18 quadratic then guite a great deal can be said. By Theorem 245 of
Sezticn 14.7 of [HAWR4S], if Q{a) is Euclidean then HQ is a u.f.d.
Furtnermore, in the following section of the same reference it is
shown that 1f m  1s a positive, sguare-free integer greater than one,

then @(Ym) 1s Euclidean if and only if m = 2,3,%,6,7,11,13,17,19,

21,29,33,37,41,57 or 73. Hence at least for these cases we know that

2]

- is a g.c.d. domain. Also, it follows from Theorem 6.6 of [POL50]

« = v, then for m = 2,3,6,7,11 or 19, I{aj = Hp. Hence

&

that 1
Ifa} 1s a g.c.d. domain for these cases.
On the other hand, 1t follows from the example in Section 14.6

of [HMAWRES) tnat 1f & = Y10 <then I, s not a u.f.d. ard hence not

a g.c.d. demain. By Theorem 6.6 of {POLS0}, 1I[/10] = H\Ho so
I{/10] is not a g.c.d. domain.

“e have shown that for some real algebraic numbers a, HQ is

2 u.f.d. and for others 1t is not. Even if Hp 1s a g.c.d. domain,

1t :5 still not quite the structure we need for G. But in some cases
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there 1s a subset of Ha~ I[8] where 8 is a certain algebraic integer,
from which quotient rings and homomorphisms can be determined; hence it
satisfies our conditions if it is a g.c.d. domain.

Let Y be the primitive irreducible integral polynomial satisfiecd
by o, k = deg{¥} and & = ldcf{¥). UNow consider 6 = Za. It is easy
to see that 8 1is a root of the wmonic irreducible integral polynomial
$ix) = mw'H<Amo. Hence 8 is an algebraic integer. It also follows
readily that Q{(8) = Q{a). This implies that ¢Q{a) 1is the guotient
field of I(8]. We will assume that I[6! 4is a g.c.d. domain.

Note that I[6] m,HQ. Also, if a 1s an algebraic integer then
HmmunHR Then it follows from sbove that if o = vm and m = 2,3,6,7,
11 or 19 then I{8] = HQ and I{6] 1is a g.c.d. domain.

¥We now need to maxke just one furtner assumption, this time about
¥. We assume that for an infinite number of primes p, »mﬁ@v is ir-
reducible. It should be noted that thers exist polynom:als which are
recducible modulo p for infinitely many primes, even though they are
irreducible over the rational integers. In rfact, an [¥NU€9]) an ir-
reducible polynomial 1s presented which is reducible modulo p for
every prime p. We are now ready to present the desired quotient
rings and homomorphisms.

Let H~<H@ denote the integral domain consisting of all un:-
variate integral polynomials of degree less than k = mmmﬁmv. whnere
addition and multiplication are done modulo Y. Since ¥ is 1r-

reducible and monic, it is clear that I[6] 1is iscmorphic to Hmwum.

Also, let p be a prime such that §* =3 (¥} is irreducible and let
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Ho mm:onmﬁSmw:nmmmNmaoacwom.hmn HmﬁKH@w denote the set of

all univariate polynomials over Hm of degree less than k, where
addition and multiplication are done modulo ¥*. It is well known
that mewum~ is a finite field of cardinality mx~ and we denote
this field by omAmxv. Pinally, we let mm denote the obvious homo~
morphism from HH<u® onto Hmﬂ<u.‘.

Since there are infinitely many primes p such that emﬁav is
irreducible, we are assured of having an infinity of quotient rings
and corresponding homomcrphisms. In the remainder of this discussion
we will assume that all the primes used enjoy this property.

With the cuotient rings and homomorphisms we have established,
an application of the generalized Brown-Collins g.c.d. algorithm is
possible. We begin with A and B, elements of Qfa)[x}. In light
of the above discussion, it suffices to consider A and B as ele-
ments of I[8][x]. We then substitute the indeterminate y for
occurrences of 8, and consider A and B as elements of H~<uaﬂxu.
The algorithm determines the number of homomorphisms which must be
épplied. IF wm 1s one such homomorphism, wvﬁwv and mwAmv are
computed, and then mnmﬁwwva~ mmﬂmvv is determined. Since mwﬁvxv
1s a finite field and every elemsnt is of bounded length, the natural

p.r.s. 1s used to obtain the g.c.d. If cm 1s unlucky, we discard

nrmnmw5wn~onuonipmo. :nmammﬁwv~ mwmwvv D ®mﬁmnmAw~mvw. H:n:mwuﬂnmx
case we apply tne Chinese remainder algorithm for Hh<u@. When enough
homomorphisms have been used, we have the polynomial Cly,x) ~ gcd

(A{y,x), B(y,x)), and hence C(8,x} =~ gcd(A(9,x), B(6,x)).
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We note that & = v2 is a case for which all of the above hy-
potheses are satisfied. In this case 6§ =a and Y{y) = mﬁwu =
%m - 2. By Theorem 95 of Section 6.11 of [HAWR45], 2 is a quadratic

nonresidue of all primes p of the form p = 81 * 3, of which theixr

: s e 3 3 N :
are an infinite number. Hence for such primes ¥  is irreducible.
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Section 5.2. An Algorithm Using Subresultants

In this section we are going to apply the theory of subresultants
to obtain a g.c.d. algorithm for elements of Q(a)[x]. We have dis-
cussed subresultants before; in particular, some references, defini-
tions and important results abcut them appear in Section w.a,vmmwaswzm
with Definition 1.4.11. The reader might want to review some of this
material before proceeding further.

Suppose A and B are elements of Q(a)[x]. We are not going
to compute the subresultants of A and B. Instead, if A= polp (A)
and B = polp(B), we will construct a subresultant p.r.s. of A and
B considered as elements of I{y,xl. We can then apply the homo-
morphism ep\ which maps Ify,x] onto Q(a){x], to obtain gcd(A,B).

The reason we take this approach follows from Section 5.1. We
were unable to apply the generalized Brown-Collins g.c.d. algorithm
in every algebraic extension field; in particular we could not find
a way to apply i1t when o = /10. Censequently, we cannot always use
the efficient method of modular homomorphisms in  Q{a) [x] which we
described in that sccticn. However, if we perform our calculations
in Ily,x} and tnen apply ep~ we can make use of modular homo-
morphisms. Befcre explaining how we accomplish this, we present two
general theorems which we will use numerous times in this section.

Let R, wn be integral domains and let ¢ be a homomorphism
from R to mw. Let ¢ also refer to the usual induced homo-

merphasm of ¢ from R[x] to wxﬂxu. Let A, B be elements of

t 3
Rix] such that m = Geg(A), n = deg(B) > 0. Let A = ¢(A), B =
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*
¢{B) and assume m = deg(A }, n = mmmhwnv.

Theorem 5.2.1. For j such that 0 $ 3 $ min{m,n), oﬁquw~wVV =

* *
man ,B ), where Mu is as defined in Definition 1.4.12.

Proof. Define M, zu. zu 4 0 <£i<3j, for A,B as in Definiticn
— .
*

*
1.4.12. pefine M , M., M. ., 0 $1 <3 in a similar manner for
J

monm5<awnn»xznﬁ=\v.ammwzmeﬁzvnﬁemnvv. Hﬁmn
k,2 k,2
* * *
$(M) = M since deg(d ) = m and deg(h } = n. By the definiticn

a

and hence &M } = M,

j.i 3.

*
of M., M,

3 3
for 0 < 1

*
, this implies that (M.} = Lu
£ 9 f = J

£ j. Therefore, ORMqu~wvv oﬁMwuo mwnAZu

[}

1xh)
PR
3
. vx» =
Jex

i3
mmﬁfxuﬁw:x = )

73 fda \ Hﬂu,
hwn 0ﬂwnnﬁzu~.~vx ¥ ]

i Li-0 -0 det (M

o]

mu EfmJ. g

Theorem 5.2.2. Assume m 2 n. Let nw.sw‘...~=ﬂ+w be the degree

*

x  x
seguence of A,B. Let n Myypee,m be the degree seguence of

2 2+1
* * * .
A , B . Then each n. is some bu. Also, & £ h.
Proof. Let A= A, bw = m..,..uﬁ+- >7+N =0 be a p.r.s. for
* * * * * * - & *
A,B, and A, =4 , A, =B ,ee.,h. ., A, =0 ap.r.s. for A, B .
i 2 il i+2
* * R
By hypothesis, ay = o, and n, = n,. et 3 <17 &+ 1. By (1)
1 2
of Theorem 1.4.2,
x * *
(1) S« ,B) A .

By Theorem 5.2.1,



(2)
¢S +(a,3)) =5 ,a%,5"
i bw

By (1) ana (2),

3
(3 (S «{A,B)} H@»
n’ 5

1

By (3 A
), mm@@:i?m: 2 Qmwﬂgwswg.w:w
i

H
Am:wﬁ?m: < R by definition, go

deg (S «{a,8)) = p*
n, i

i

Bv (3), 2 }
v ) Lﬁmuwwg.m: # 0  and hence
i

(5)

mawg.mv #0
1

By (5) and part

(€; *
R, = oo, [ *
i 5 r n, = :u.tw -
By part (2) of Theorem l.4.2,
{7
ma _1(aB) ~a, .
31 3
Assume pf = - T i
5 :u,..w 1. Then by (7},
8
(8} S «{A,B} ~ &
o, ~ 5o
i 3

2y (4) ana (g),

{3) *

Thus (%) holds under the hypothesis p* = n
1=

f
{3) of Theorem 1.4.2, there exists a j

= *

= de *
Q«.#Mv = R;. But deg

such that

5-1 =1 and hence by
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(6}, (9) holds in any case. This completes the proof of the first
part of the theorem, and the second part now follows by observing
that the %-element set Tam.... ~=m+ww is contained in the h-element

set ?NT...::.THV. B

Definition 5.2.1. Let R be an integral domain and A and 3B

elements of RIx] of positive degree. Then we define S(A.E) to .e

the subresultant p.r.s. of A and B of the second kind.

* *x »
ﬁcﬂv m:awUmmwmamnnmomnﬁp:xu.bmmcumam@?.vw

* *
deg(B ) > 0. Let A and B stand for polp(A ) and muonAwJ. We
wish to consider A and B as elements of Ify,x]. Let Yy be the

evaluation homomorphism mapping I[y,x] onto Qf{«){x]. Since «.wﬂm.v

= *
A and ¥ (B) =B, gcd (A¥,8%) = gsdly, (a3, v, (Bl1, and by our con-

ventions about representations of elements of Q(a)[x], Theorem 5.2.1

and Theorem 5.2.2 obviously apply.

*
Without loss of generality let us assume that ep a) = A and

w (B =B . Let d= {n ,n_,....n_.,) be the deyree seguence of A&
1772 h+l

and B8 (remember that d 1s determined by a p.r.s. over the intejezsl).

x . * * * . . - * . N J'

Let d = wamf...:f,wy be tne degree sequence of & and B .
*

by Theorem 5.2.2, let Ry TR BY Theorem 5.2.1, roﬁm:nrz.
S S*EJ =35 , (A*,B"). lience deg(y (S (A,B))) = deg(S » (a",3"°
n n a n n,

r 2+1 r 141
bm+w. 8y part (1) of Theorem 1.4.2, m~, (3,8) = A_ and thersfore
r

deg A.w: (A,B)) = n_= SM.Z,. This implies that

x
{10) ﬁﬁzmnmhmaﬂﬁy.w:v # 0.
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Now suppose r < 3 £ h + 1. We know that Gcﬁm (3,8)) = § Aw*.m*v.
n .

n

. ] J
But since Su < n_= dmi\ part (3) of Theorem 1.4.2 implies that
(11) enAmn (5,B)) = 0, r<3jsh-+1.

b
Hence,
(12) eo@anmﬁmn (A,B))} = 0, r<j<h+ 1.
3

e have proved the following theorem.

Trhzorem 5.2.3. Let S(A,B) = (S ) and ¢, = wunmﬁm¢v~

175270 Sha 3

1 <3jsh+ 1, Let r be the greatest integer such that eaanﬂv # 0.

Then n_ =

* s ~ x ok
p = Py, @nd canmnv ~ gcdi{a™,B%).

vle could apply Theorem 5.2.3 in a straight~forward manner. That

is, compute ~mm~....m and then apply ee to the leading

53 hel

coefficient of each mM in order of least degree. After we have
derermined r 1in this way we map wh into Qf{u) {x] and compute

its monic associate. However, i1f we consider how we will construct

the S, we se2 that we can rather simply improve the efficiency of
our algorathm.

The use of modular ncmomorphisms and the Chinese remainder
algorithn for intaegers is the best known method for computing sub-
recultents of multivariate integral polynomials. Recall that we
usea this technique ia Section 4.5 for computing reciprocals in

Glaj; we also discussed this method briefly in Section 5.1. Also,

it is applied to g.c.d. calculations in {BRO71] and [COL72] and
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resultant calculations in [COL7le]. Briefly, the method as we will
use it consists of the following.

We determine a bound on _m _

slawr 3<4is$h+ 1. These bounds

detexrmine that a number of distinct primes, p, will be needed to com—

pute S{a,B). For each p we compute omﬁwv = A and ounmv = B,

elements of GF(p)[y,x]. Then we compute S(A,B) = ).

5 & &
(8145500450
Let & be the degree sequence of A and B. For all but a finite

number of primes wnich we can detect and discard, d = d and S, =
owﬁmhw. Thus the Chinese remainder algorithm for integers can be
applied to the number of these images needed to compute mw.

From the next theorem we obtain the bound we need for

Theorem 5.2.4. et 1 be an integral domain and let A and B

be elements of I[x] sutch that n = deg(Ad), n, = deg (B), and

1 2

n, /n, > 0. If n is a semi-norm for I[{x]}, where semi-ncrm is

defined in section 2 of [COHO73}, and if ¢ is any coefficient
n,-3 5w|u

of muﬂw~mv~ 0<s3J < aw:m:w~s , then ni{c) < n(a) n(s) .

det(M_ .)x~. By Theorem 1 of {COKOT73],

- el
Proof. S (a,B) = myuo o

3

I < i z,vwzdmnm34 wanm
_ﬂmmnﬁ3u~wvv LV n{ 3.1k Sorek

kY row

of M. . M. . consists of n,-j rows of B coefficients and
3.1 .1 1 n
n,-3 rows of A coefficients, hence nAaoﬁﬂzu )} = n(A)
'
n,=J
1
n(B) . 8

Note that Theorem 5.2.4 implies that |[S_{_ < [al, iBi

Therefore, in light of the SAC-1 implementation of the Chinese re-
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mainder algorithm for integers (see Theorem 1.4.7 and the following

material), to compute mw we will need mw distinct primes m-...~
N gmw s s ~:w|=w nwvnw mwlw :munw
me~ where Teat™ Bk _v 1 *w and :W&H P < m_w.H
n,-n,
[s],* . Clearly, e, e £ +++ s e .
1 3 4 h+l B

Let us now attempt to improve our method. For the sake of simpli-
city let us assumc for the time being that for any prime we use, 4= d.

The first subresultant we want to compute is so we need ¢ {

Sh1 b, She1)

for 1 £k £ e . We will later show that to compute ¢ (

hel p, Sher) 1

is necessary to compute the entire subresultant p.r.s. of em (a) and
k
¢_ (B} of the second kind. Therefore., since mw < el for all 1,

we have 3 (S.}] for 1 <k =Z e, for all
p i i

struct the entire sequence S(A,B) from the same p.r.s.'s computed to

Hence, we could con-

determine mr+w. However, given the necessary images, the application

oI Theorem 1.4.7 to the computation of mH is independent of its

application to Vu~ where 3 # i. In other words, we need not apply

Theorem 1.4.7 to those mH which we do not need. Instead, we save

&ll the images generated and apply the Chinese remainder theorem to

mv+w. then m:‘ and so on until we find mu. In fact, in light of

Theorem 5.2.3 we need only construct H&nmﬂmr. ), Hmnmﬁmvvs...-wunm
+

1

hmﬁ+wv and mm.
Let us summarize what we have determined to this point. For
(p} (p, ) {p, )
2k 2k ok
<k 2 ¢ & =
1<k < SN let mﬁvwrh>v~ cMWAmyu Amw . mw \...~ms+w ).
Thaen let
(&) (p,) (p_ )
- = F1 a2 ey
L. = . S S, yeees 5. ’
{13) 3 ﬁmw P + Py j wmu. vU 3
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wu contains all the data necessary to compute mu~ and hence any

coefficient of mu. by using Theorem 1.4.7. Our procedure, then,
consists of constructing L .wb....~wr+w. Then, beginning with
j = h + 1, we compute nuw = Hmom«muv from Wu. Next we determine
whether Gnﬂnuv = 0. 1If GQAnuu = 0 we decrement 3j and repeat.
Otherwise we have determined r, so we compute mH from wn. Then

we compute ¥ (S ) = 8 » (A%,B*} ~ gcd(a*,BY).
ar n
2+1

Up to this point we have not considered the computation of

S(o_ (A}, ¢_ (B)}. If we do so, we will see that we can again im-—
Py Py
prove the efficiency of our implementation of Theorem 5.2.3.

In general, the question we wish to address is the computation
of S(a,B), where A and B are elements of GF(p)ly,x] of positive
degree. Assume for simplicity that deg(A) > deg(B). The most effi-
cient method for the computaticn of subresultants in GF(p} {y,x] lies
in the application of evaluation homomorphisms and interpolation.
Recall that we discussed this technique briefly in Section 5.1. Also,
it is applied to g.c.d. calculations in {BRO71] and [COL72] and re-
sultant calculations in [COL7le]. Section 4.6.4 of [KNU&9] also
mentions its application.

The method of computing polynomials by interpolatiocn is well
known. Let Cl{y,x} be an element of Grplly,x]l; n an integer
such that n > wKAnvn NIRRT LN distinct elements of GF(p); and
suppose we Know oamw~xu. nﬁmw~xv~....nﬁms.xv. Then by 1interpolatica

we can compute the coefficients of C, univariate polyncmials in vy,

and hence C{y.,x). The method as we apply it consists of tiie following.
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Let d be the degree sequence of A and B, and S(a,B) =
3 : < ig
ﬂmw~mm~....mr+w~. We determine a bound on wwnmwv~ 3 i h+ 1.
These bounds determine the number of distinct elements, a, of GF{p)
which will be needed to compute mw. Por each a we use an evalua-
tion homcmorphism ﬁm to compute emﬁwv = A and ¢ (B) = B, elements

cf GF(p)Ix). Then we compute S{A,B) = (§ P

)

H.mw v+wv. We compute

the natural p.r.s. of A and B and apply Theorem 1.4.2 to do this.

Let & baz the degree seguence of A and B. For all but a finite

number of elements of GF(p) which we can detect and discard, 4 =

aw:m Wp u <‘wav. Thus interpolation can be applied to the number
[

of these inmages needed to compute ww.

Prom tne next theorem we obtain the bound we need for QKAmwv.

Theorem 5.2.5. Let I be an integral domain and let A and B
be elements of I[y,x} such that 3({a) = Axw.swv. 3{B) = ﬁxm.:mv. and
> 0. Tt 3 < -2)k, + -2 for 0 £ & £ min
n,, n, > 0. Then qwﬂwpﬁw~mvv mnw va tn, VXN o
&nw.nwv.
s A

Proof. Recall from Definition 1.4.12 that m~ﬁ>~wv =¥t 5 det
¢4 VKP. M. . 1s a n, +n_ - 2J sguare matrix consisting of n_-%

.1 PR 1 2 2
rows of A coefficients and :HIN rows of B coefficients. det
(14, .} 15 the sum of »:P + fy, - 22)! polynomizls in y, each of

i,1
which 1s the product of one element from each row of 3m = Hence
if t© 1s any such polynomial, m<Anw pe Abwlnvrw + ﬁswlnvxw. -

Ncte that Theorem 5.2.5 implies that u<~mwv < Anmnswwww +

-1 = -~ 3 -n, + 1. <
;MVWN. Let £, A:m :Mvvw + Anw :wvwm 1. Clearly mu

m:w i
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£, %+ £ ., F i £ i ffi-
4 hel or any i, the nw points mw....~mm‘ are suffi
w

cient to compute mw.

For the sake of simplicity, let us assume for the time being
that for any a, d = d. The first subresultant we want to compute 1s
mr+- and hence for each a we must compute the entire sequence

i - { . T s
mﬁemﬁ Y. <m~mvv Therefore, since m» m:+w for all 1, we have

ew Awwv mOHHmum mw monmwww.mm:nmtmoocwanczmnﬂcnnmum
3

entire sequence wHN mw...lmr+H from the same p.r.s.'s computed to
determine mv+w.
We are sure that the reader has noticed the similarity between
the development of the application of modular homomorphisms for ele-
ments of Ify,x], and that of evaluation homomorphisms for elements
of GF(p)ly,x}. BAs mentioned in Section 5.1, these are both just
applications of the generalized Chinese remainder thecrem. We now
carry this analogy one step further by minimizing the number of

applications of interpolation.

Suppose A and B are the elements of Iily,x] we discussed

earlier and that mH-bo~....vm is the corresponding list of praizes.
oc htl . RN
For some k, let A= ¢ (&), B= ¢ (B) and S(A,B) = (5 .S, .
. j= o 1 2
>A...uxv k K
eee S, J. Let a ,...,a be the interpolating points discussed
e+l 1 f
h+l RCIS] (a)) (a)
. . . a B
above, and for eacn i let mAemanwv~ cmwﬁmvv = Amw .mw TS WA
i
Then let
{a)) ta,) (ag.)
- _ - 1 - 2 - - nu
(14) ﬁw~u = nww~ mu r 8. mu feeesBe mu }
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. ;hvwv Definition 5.2.2. Let € be an element of GF(p){y,x]. If C =0
H% 5 contains all the data necessary to construct 5. , and hence
‘ ,quv 3 let L =0. If C# 0 let f be an integer such that f > 3§ (C).
any coefficient of § » by interpolation. We now combine (13) and . Y
J Let mw.....mm be distinct elements of GF{p) such that deg(Cly.x}) =

{14) to determine the structure we will actually use in our g.c.d.
deg(Cfa.,x)) for 1 <i <f, and L= {a ,Cla,,x), a,, Cla, X} seu-,
\ . i 17 2 2
algorithm.

. Y nﬁmm.x:. Then L is called a value representation of C.
For A and B consider the list L, described in (13). For
J Suppose A and B are elements of GF(p)[y,x] of pcsitive cegree
each k, 1 £k £ e_, consader ¢_ (A}, ¢ (B} and the list bx . th
3 Py Py +3 such that 3(R) = (ky.ny), 3(B) = (k,my), and C is the i element
for ,vu (A) and ¢ _(B) described in (14). Then by substituting
“k ) Fx of S(A,B), i 23. If £=(n,-n )k, + (n.-n_ )k, + 1 then L is
- - Py - 3 2 171 1 i 72
Hﬁ ., for mu in rui we obtain
" called a standard value representation of C.
(15) L.=f(p.,L ., p,L ;.. L .),3<3snh+1.
= M & T
3 SRS M +3 €5 €yrd Definition 5.2.3. Let A and B be elements of GF(p){y,x] of
Given the list hu~ one could Snmﬂ%wwnm over w_:u. m.u.u.....m.mu..u positive degree and S(A,B) = (Sy¢S50-000Sp 0. If S(A,B) = (8,:5,,
- s ~{pes}
and determine the list Hu = (o,, mH R - mu.m,mu ), and then let L = (). Otherwise, let L, be a value representation of ww
4, . A
- 3
apply Theorem 1.4.7 to Fu. to compute mu.. Alternatively, the same for 3<£1s<h+1 and L= Fu.bh?...ﬁ::(vw.. Then L 1is called
technique cou.d be used to compute any individual coefficient of s~ a value representation of S(A.B). It rw is standard, 3 = i s h + 1,
We now nave determined the data structure we will actually use 1n then L 21s called a standard value recresentation of S(a.m).

our algorithm. To apply Theorem 5.2.3 we will first compute hw~
Definition 5.2.4. Let C be an element of Ify,x}. If C = 0 let

ra?... 1t Beginning with 3 = h + 1 and L., we interpolate over
- - - J L=20. If C#O0 suppose Pyse--1P, are distinct primes such that
L, ., L PR A to determine ldcf($ _ (S.)), ldcf($  (5.)),...,
1.37 72,3 e..3 P, 3 P, 3 ; . e i
] 1 < P, _\.._.anmﬁov and ki -1 Py 7 w_n_a. Let L, be a value representat:on
id=f(c_ (s.)i. We then apply Theorem 1.4.7 to those images to - 1= 1 -
Nmu ? of ¢4 (C). Let L = Amu,ihwf.. :om%.mv . L 1s called a mogulzr
compute ¢, = Enmﬂmuv. If epanuf_ =0 then j > r so we decrement N -
’ N representation of C. Let A and B be elements of I{y,x] of
J and repeat this process. Otherwise J = r and :u, = Dy,qr SO we
P positive degree. Suppcse C is the it? element of S(A,B), i > 3.
rin:sh computing S from L_. Then we compute ¥ {5 1 =S ., (o ,B%), n_-n, n,-n,
r r e r ng-1 . . e - R B
. . i m . n, = deg (A} and n, = deg(B). If mHuH b2 wwm:w ‘1 -
and fanally C = ged{a’,B ), the monic associate of vas 7,87 . 1 Dm..? DH..D‘
tel e (a1 i i i i N cice
~ I, P, S 2:A], ! :. and L. is standard for 1 <1

= = : . - . ) 3 =2
We formalize the above discussion with the following definitions. 1=
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