Chapter 3

The science is in the technique, all the r est is just com-

mentary .

| Allen Newell

SCS Distinguished Lecture, Dec, 1991

Differ ential T echniqu es

This chapter introduces the basic techniques required to implement the dif ferential

approach. W e begin by reviewing how graphical manipulation can be viewed as an

equation solving problem. T o solve these equations dif ferentially

, we will solve a con-

strained optimization that computes rates of change of the parameters given the desired

rates of change of the controls. Basic methods for solving these optimizations will be

discussed.

Constrained optimization computes the rate of change of object parameters. T o

determine the objects’ trajectories, an ordinary dif ferential equation (ODE) must be

solved from an initial boundary value. Some of the basic issues in solving such equa-

tions as well as some methods will be introduced.

Additional exibility is provided by adding additional terms into the constrained

optimization problems. This is used to provide default behaviors for objects and to

permit the creation of soft controls that can be used to express preferences.

The chapter concludes with an alternate solving method that sacri�ces generality for

simplicity

, a simple example worked through in detail, and a summary of the symbols

and methods discussed. The subsequent chapters describe how these methods can be

implemented in an ef

�cient and exible manner .

3.1 The Differ ential Optimization Pr oblem

In the introduction, the basic notion of treating graphical manipulation as an equation

solving problem was introduced. W e control graphical objects by specifying what hap-

pens to the values of selected attributes called controls. These controls are de�ned by

functions,

p = f (q); (3:1)

where q is the state vector of the objects, p is the vector of values of the controls, and f

is the function that de�nes the controls. A full table of all mathematical symbols used

in this chapter is provided on page 62.

39

40 CHAPTER 3. DIFFERENTIAL TECHNIQUES

As was discussed in Section 1.1.5, it is not practical to solve Equation 3.1 for q given

p. Instead, we take a dif ferential approach to the problem, as described in Section 1.2.

Rather than specifying values for the controls, we will specify how they are changing

over time. At particular instants in time, we compute how the state vector must change

in order to achieve the desired changes in the controls.

Given a particular instant in time, the value for the state vector at that instant (q ),

and the desired values for the rate of change for the controls ( _ p ), we must compute the

necessary rate of change of the state vector( _ q). W e call this problem the differ ential

optimization. Since the value for the state and the control function are given, we also

know the value of the controls at the instant the optimization is to be solved.

Our need to deal with the time derivatives of the controls and state variables leads

us to take the derivatives of each side of Equation 3.1 to yield

_ p = dp

dt

= df (q)

dt

: (3:2)

Applying the chain rule yields

_ p =

@ f

@ q dq

dt

: (3:3)

For the general case of a vector of control functions, the derivative is a matrix called

the Jacobian, which is the matrix @ f =@ q and is denoted by J: Using this notation, we

get

_ p = J _ q: (3:4)

Like the controls themselves, the Jacobian J is a function of the state variables.

The matrix of functions that compute the elements of the Jacobian can be determined

by dif ferentiating the control functions with respect to the variables. Since the values

for the state variables are given, the value of the Jacobian is ef fectively given as well.

Methods for computing the Jacobian ef

�ciently will be discussed in Section 5.2, but

for now

, we simply assume we have some method to compute the Jacobian from the

variables, and treat is as if it were a given as well.

Since J is a known matrix, Equation 3.4 is a linear equation, even though p is a non-

linear function of q. The dif ferential approach has replaced the multi-dimensional non-

linear root-�nding problem with a linear system and an ordinary dif ferential equation.

Unlike non-linear equations, for which good solving techniques are unlikely to exist,

linear systems are relatively easy to solve.

3.1.1 Underdetermined Cases

Unless enough controls are speci�ed to uniquely determine a solution, Equation 3.4

will be underdetermined. There will be many possible ways for the state vector to

change to achieve the desired changes in the controls. As discussed in Section 1.1, the

system must select one of the ways for things to change. W e must use some heuristic to

3.2. SOL

VING THE DIFFERENTIAL OPTIMIZA

TION 41

pick a solution, because we lack any information as to what is desired. The rule chosen

for the dif ferential approach is to minimize the amount that the con�guration changes,

or , more precisely

, to minimize the rate of change of the con�guration. That is, if the

user ’ s controls don’ t ask for something to change, the system should avoid changing it.

This leaves open a variety of ways to measure change that will be explored in Section

3.4. Since the rate of change of the con�guration will be a linear function of the rate

of change of the variables, its magnitude will be a quadratic function, which we denote

by g :

When the linear system of Equation 3.4 does not uniquely determine _ q , it provides

constraints on its possible value. T o determine the particular value of _ q, we must solve

the problem

minimize E = g ( _ q) subject to _ p = J _ q : (3:5)

That is, we have cast the problem as a constrained optimization: minimize the value of

a quadratic objective function of _ q, subject to the linear constraints that the controls are

met. In the following sections, we discuss solution methods using standard techniques

that meet the needs of dif ferential manipulation.

3.2 Solving the Differ ential Optimization

The linear/quadratic constrained optimization problems are a standard class of prob-

lems for which a wide range of techniques have been developed. Good surveys can be

found in texts such as [Fle87] and [GMW81]. A standard technique is the Lagrange

multiplier method. A form of it is reviewed here for use in the dif ferential approach.

T o begin, we consider minimizing a speci�c quadratic objective function, simply

minimizing one half the magnitude of _ q squared. The value of _ q that minimizes that is

the same value that minimizes the magnitude of _ q. The speci�c constrained optimiza-

tion problem we consider in this section is then

minimize E =

1

2

( _ q � _ q ) subject to _ p = J _ q: (3:6)

W e will consider the general case of quadratic objectives in Section 3.4.

T o provide an intuition for how Lagrange multiplier methods work, consider an ex-

tremely simple case: a particle in 2 dimensions, with its state represented as its Carte-

sian coordinates, q � fx; y g: W e will place a control on the particle that is its distance

to the origin, p = f (q) = x

2

+ y

2

: Suppose we specify _ p to be 1.

As shown in Figure 3.1, there are many possible values for _ q which achieve the

desired value for _ p: In this case, it is clear to see that the one with smallest magnitude

is the one which is in the same direction as the gradient of f : Any component of _ q not

along this line will not be helping to achieve the desired controls. W e can therefore

restrict _ q to be some multiple of the gradient, that is, _ q can be expressed as a scaling

factor times the gradient. This scaling factor is called the Lagrange Multiplier .

42 CHAPTER 3. DIFFERENTIAL TECHNIQUES

desired p

multiple contribution q

multiplLagrange multi�J�solution minimi must much possiblsubject

unconstrained minimizatio lesser

there might minim

it constraint

J

�(3:7

some

�intermediate multipliers

gradient qJ

�(3:8

Substitutin�(3:9

its �substitutq

-determinedthis

controls multiple solutions obviouslsolution will system p p

is

contributionsp pp

p positive p

they

multipli con icting notoriously solution singularities, decomposition[PFTV86controls isthe the

unique will than quantitativ intuitio values in should

derivation

[Nak91 we must getting multipliminimum1=2(J

� q(J q)would minimmagnitud�

(Jq(J q�(�)(3:10 minimum

�

JJ

�I�(3:1 identity

(JJ

�I)�(3:12 small

single multipindividual individual damping limited the

individually damping dimensionl .

state the solving

introduction solutio15 [ function

(qt)(3:13

f optimization

q(ttan problems time following q(t)�nd q(�t)time optimization)

solution solving evaluation only information

simplest Euler simple

q(t �tq(t�(t)(3:14

Euler q(twith piece step computing solving optimization.

solvingwithin consider simple will positi

point points origin

Euler quickly approximation point approximating destination quickly overshoot

drives around should solver causes

thepushed tangent a using cases, small tracks the

solving

limit control in�nitesimally solving limit amount limit solving

if Euler limitrestriction motion still might multiple

would second

optimizatiosteps will optimization so computed multi-step

(q(t)q(t

�tpossible 2 some

q(t)if approximatio der is a its al.[PFTV86most multi-st

evaluations to Kutta

prototype implementation

number the implement

sometimes substantiallysmall many multi-st

[PFTV86 another these methods settings

history technique prototype implementatiler

secondexampleRunge-Kutta evaluationsas

Step-S

solving

amount it with methods some computation mightadjust really

provides opportuniti methods that information

the example, particular to

its adaptation simple based simulati motion potentially optimization solutio

optimizati default be only optimization magnitud possiblaltering control movingshown selecting

asomething properly

segmen objective changelength change change simplest

q simple can an

[it89a

about might what representations must

than could something used serve to attributes as ffunction qg by G optimizationminimimagnitude q(3:15 minimum1=

gmagnitudmightscaling notational

q G (3:16 will (G

SG simple qthis the its somethin

The an

thisthis somemanipulation An suggested

[it89bimagine object distribut

pixel tiny distributiohow applied mass distributio[WW90cation distributioof simulated solvingmotionthe distributmatrix

[Gol80

mass matrix

,integral

,metric by minimizinmotion the distribut set mass within utilitautomatically optimizationslightly optimi

xb(3:17 this and we not

only that multiply

1=it out simpli and

Mb multiplconstraintsacombination

A

�(3:18

M�

W

A

Wb(3:19

AWb(3:20

� xnotsimil(A�I)Wb(3:21

the is in

3.4.1 p

manipulation signi�cant would

approximation

simply still its its move, the movement movement the simpl minimin position the

the minimamount of would scaling notational scaling diagonal

Scomponent-wismultiplicationSqminim would minim

q

(q)(3:22

notation

SS(3:23 problem standard should attributes

attributes attributes gonly derivatives with

Ss

qq(3:24

Equation

M q q(3:25

diagonal remove units of

not completely

minimi length orientation line

minim control optimizatiof important manipulated al.[ constraints provide The optimization al.[KWT88

q minim

qwe minim q

q)(3:26 objective

Equation

q as solutioninsight intuition how consider that control direction

the qmust qcomponent multipli

sumq qq

q (3:27 controls, substit

Jq

q )(3:28 contributionlinear

this

q

qdamping optimization qq(fand

(g(�might to

O(t;

(qp)(3:42

�

(p)(3:43

pq is desired pthe

straight minim that is is continuous there solving

Equation q