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Abstract

Direct manipulation has become the preferred interfacedntrolling graphical ob-
jects. Despite its success, the ad hoc manner with which istietfaces have been
designed and implemented restricts the types of intemactimtrols. This dissertation
presents a new approach that provides a systematic methmddmenting flexible,
combinable interactive controls. Thifferential approachto graphical interaction
uses constrained optimization to couple user controlsaplgcal objects in a manner
that permits a variety of controls to be freely combined. @ifierential approach pro-
vides a new set of abstractions that enable new types oéittten techniques and new
ways of modularizing applications.

The differential approach views graphical object manipafaas an equation solv-
ing problem: Given the desired values for the user specibatrals, find a configura-
tion of the graphical objects that meet these constrairdsolve these equations in a
sufficiently general manner, the differential approachticma the motion of the objects
over time. At any instant in time, controls specify desiratbs of change that form lin-
ear constraints on the time derivatives of the parametersoftimization objective
selects a particular value when these constraints do netrdete a unique solution.
The differential approach solves these constrained opditiain problems to compute
the derivatives of the parameters. An ordinary differdréguation solver uses these
rates to compute object motions.

This thesis addresses the issues in using numerical tag®ig provide interac-
tive control of graphical objects. Techniques are presketdesolve the constrained
optimization problems efficiently and to dynamically defgmguations in response to
system events. The thesis introduces an architecturedcaiiap-Together Mathemat-
ics, that encapsulates these numerical needs. A grapbikgtoonstructed with Snap-
Together Mathematics, provides the features of the difteéakeapproach yet hides the
underlying machinery from the applications programmer.

The thesis demonstrates the differential approach by agplyto a variety of in-
teraction problems, including manipulation of 2D and 3Deal§, lighting, and camera
control. Demonstrated interaction technigues includeshmethods for some specific
interaction tasks. A number of prototype applicationdudimg 3D object construction
and mechanisms sketching, demonstrate the tools and thesapp
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and as she stepped from out her shell
and looked around for luck;
“Quack,” said Jerusha,
“l seem to be a duck.”
— Mildred P. Merryman
“Quack!” said JerushgMer50]

Chapter 1

Introduction

Ever since computers have had graphical displays and pgidavices, graphical ma-
nipulation has been an important means of communicatingdset people and com-
puters. Such interfaces couple the behavior of some gralpbigect to the input de-
vice, continuously tracking its changes with motion. Sketd [Sut63], the earliest
interactive graphical application, introduced this stylénterface, which has come to
be known as direct manipulatidninput and output devices continue to evolve from
Sketchpad’s vector display and light pen. Yet after 30 yefsdvancements in the
hardware for interfaces, the basic notion of direct graghicanipulation remains the
same.

As computers capable of supporting direct graphical mdaimn have become
more common, it has become the dominant interaction methrozbhfiguring graphi-
cal objects. However, present approaches to realizinghgralpmanipulation severely
limit the types of interfaces which can be constructed. Tiesyrict the types of in-
teractive controls that can be provided to users and prawadecilities for combining
these controls.

This thesis considers how the numerical and graphical pegoce of modern com-
puters can be exploited to create an approach to realizeqghgral manipulation that
avoids the limitations of previous approaches. | will imtuce adifferential approach
to graphical interaction, in which constrained optimiaatis used to couple the mo-
tion of graphical objects to a user’s controls. To creatdnsarcapproach to graphical
interaction, we must consider what types of mathematiclrtigues to employ, what
interaction techniques to build with them, and how to incogbe them into interactive
applications.

L Although the term “direct manipulation” is generally dftried to Ben Schneiderman [Sch83], the
ideas predates his work.
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1.1 Implementing Graphical Manipulation

Direct manipulation has become the dominant style of giaglmteraction with good
reason: it provides a uniform mode of interaction that rddeminteraction with real
objects in the real world. The controls on a graphical obgeethandles that the user
can grab and drag. As the user drags a handle, the objecivéotlte motion of the
pointing device with continuous motion, providing kinestilc correspondence.

The success of graphical manipulation leads to a desireteméxts range to a
wider variety of graphical objects, control types, and aations. However, present
approaches to implementing graphical manipulation lim# tange. The task of imple-
menting direct manipulation requires mapping from the 'ssastions on the handle to
changes in the program'’s internal representation of theablajnd providing feedback
to the user of these changes. To date, the former has beeenrapted in an ad-hoc
manner. Each new type of handle must be specifically harftedra

Hand-crafting each handle places two significant restmdion the types of inter-
faces that can be created. First, it restricts the typesmdlea to those for which the
mapping to object parameters can be determined by the pnogea Second, it re-
stricts how handles can be combined, as any combination alssbe hand-crafted.
Because there is no standardized mechanism for defining dppimgs between han-
dles and parameters, defining new types of handles can bicaldifask.

To better illustrate these problems, consider a simple gi@npositioning a line
segment in a drawing program. Even with this simple graplologect, there are many
attributes that the user might want to specify, such as tegipns of the endpoints, the
position of the center, the length or the orientation. Ije#he program should permit
the user to control directly whichever attribute they degiand and mix-and-match
these controls as needed. That is, each attribute shoukldraassociated handle so
that the user can select controls that are most convenidmitdask, and a user should
be able to employ multiple, simultaneous controls to molg &pecify their intents.

A simple way for a program to represent the line segment isaie sts two end-
points. This representation makes itis easy to positiomdpe@int: simply set a pair of
parameters equal to the position of the mouse. Providingr ditindles is more difficult.
For example, to permit the user to manipulate the length elitte segment directly
requires the interface implementor to work out a bit of mathgcs to compute the
positions of the endpoints from the length. Had a differeptesentation been chosen,
implementing this control would have been easier. For exenipthe programmer
had chosen to store the center, orientation and length dfrteesegment, the set of
attributes that could easily serve as handles would berdifte

With the ad-hoc implementation methods, simultaneousrotsteither to support
multiple input devices or to express constraints on theatlgjeanges, require explicit
hand-crafting of each combination of controls. For exammlaintaining the position
of one endpoint of the line segment while the other is draggedbe implemented
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easily if the line is represented by the positions of its emds. However, an inter-
action that maintained an endpoint’s position while theteeof the line segment is
dragged would require some mathematical work by the intertiesigner if either of
the representations from the previous paragraph were used.

For an object as simple as the line segment, it might be pledsipredict all possi-
ble combinations of controls, or at least a sufficient setsf§ible combinations. How-
ever, combinatorics makes this impractical with more cooapéd objects. Similarly,
if we consider simultaneous control of multiple objects thcreased combinatorial
possibilities make explicit coding of all combinations iagsible. Controls on mul-
tiple objects, such as relative positions or differencesize, further compound the
problem with more potential handles, more possible contlaing, and less possibility
of predicting what the user will need.

Without a general mechanism for defining the mapping fromradlgato the ob-
ject’s parameters, it is difficult to define new handles andloimations. As a result, all
combinations of controls must be pre-designed by the prognaplementor, making
experimentation with combinations of controls difficulbdadynamic combination of
controls by the user impossible.

Even if combinatorics do not make it impossible to switchresgntations to pro-
vide alternate combinations of controls, other issueg lpossible interfaces with the
approach. Often, concerns such as numerical stabiligglfren from singularities, and
implementation convenience restrict the representatiosiscan be used for objects.
The tension between these implementation concerns andesds leads to interfaces
where the users must manipulate non-intuitive, but mattieally convenient, con-
trols, such as B-Spline knot points, or suffer with inferf@presentations, such as
the singularity-ridden Euler angles used by many systemstéwing 3D orientations
[Sho85].

In summary, the ad-hoc methods previously used to implediegitt manipulation
have many problems. As shown in the examples of the precediraggraphs, they

¢ limit the types of interactive controls that can be provitiedsers;
e prevent interactive controls from being freely combinedesired;

e restrict the types of representations that programmersisannside systems to
those that user controls can be conveniently mapped to;

o fail to provide a consistent set of abstractions for defimmeraction techniques;

e fail to provide a methodology for defining new controls, nmakit difficult to
experiment with new ideas;

e prevent the realization of some potentially desirablerfatee styles.
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Figure 1.1: A 3D scene in which a Luxo lamp is used not only as an objectérsttene, but
also for illumination. To create this image, the user mustfigure the lamp so that the light
falls in the desired location. The techniques of this thaliav the user to control the lamp by
manipulating the light's target directly, and have the lamepadjusted accordingly. The right
image shows an interactive scene composition system,ideddn Section 9.7, being used in
this manner. (Thanks to Drew Olbrich for the ray tracing.)

This thesis provides a systematic approach to implemedtnegt graphical manipula-
tion in a way that avoids these problems while keeping therdg&d benefits of direct
manipulation.

1.1.1 A Systematic Approach to Realizing Graphical Manipulaton

Our goal is to have flexible interactive controls that canrkelff combined. For some
interfaces, this increased power might be provided diyeotlisers who could mix and
match controls as needed for their problem. However, the@dwer also helps users
indirectly by giving interface designers more choices iratthey can provide to users.

Some of the benefits of this flexibility are illustrated in #sample of Figure 1.1.
Consider an interactive application that allows a user toimdate desktop objects,
for example to create pictures of office scenes. There arg thargs a user may want
to do with the lamp, for instance, they might want the lighshine onto a particular
place, place the lamp in a particular position, or orientiimep a certain way.

Inside the application, the configuration of the lamp migatrepresented as the
position of the base and the angles of each of the joints,raight be represented as
the position and orientation of each part of the lamp. The#aris preferable because
it maintains the connections between parts of the lamp. tturiately, to implement a
handle that permits the user to grab and drag the lightbydbpgrammer must some-
how devise a mechanism to update the joint angles accoydihgé ad-hoc approaches
to realizing graphical manipulation give little help in daéng such mathematics. Be-
cause the effort of deriving the handle’s implementatioruldanost likely be very
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specific to the Luxo lamp, traditiorfatlirect manipulation systems would most likely
be forced to provide the user with only direct control ovex ghint angles. While this
is sufficient to configure the lamp, it is not necessarily ament for tasks like posi-
tioning the light bulb or aiming the light.

This thesis presents a systematic approach for implengedirect graphical ma-
nipulation. A general-purpose mechanism maps betweenahelés provided to the
user and the parameters of the graphical objects. With suelparoach, a user of the
Luxo lamp example could not only manipulate the joint angbes could also grab any
part of the lamp directly, The programmer did not have to iexpl code the math-
ematics to map the manipulations into parameter changefactnthe flexibility in
controls permits definition of other less obvious handleg germit the user to have
direct control over attributes of interest. For examplesarunterested in shining the
light onto a particular location could simple grab the tamfehe lamp (the center of
the spot) and drag it to the desired location. The contratsbeafreely combined. For
example, a user could position the light’s target and siamglously specify the lamp’s
position on the table.

A systematic approach to realizing direct manipulation lsarbased on a general
purpose mechanism for mapping user controls to object peteas Creation of such
a mechanism requires us to view graphical manipulation amstained optimization
problem. To solve this problem in a practical manner, we rraat itdifferentially,that
Is to control how objects change rather than their final tatg€his thesis introduces
adifferential approachto graphical interaction that begins by taking the view of ma
nipulation as a mathematical problem. To realize the amprahe thesis will provide
mathematical techniques to solve the problem, implemiemté&chniques to address
pragmatic issues, and a system architecture to use theaagbpto build applications.
Example interaction techniques will be provided to showgtemise of the approach,
and applications will be demonstrated to show its viabhility

1.1.2 Classes of Users and Tools

There are different classes of people involved with an adve graphical application.
As in Myers’ survey [Mye93], we will need to distinguish tledato distinct categories.
Myers’ categories are users, interface designers, apiplicarogrammers, and tool cre-
ators. For the purposes of this thesis, we will lump intexfdesigners and application
programmers together as their tasks are similar: to buédahplication that the user
will employ in their graphical task with the tools providey the tool creators. The
application builders will be the users of application deypehent tools, but unless we

2The Luxo lamp is an example of an important special case: ticutated figure. Recently, sev-
eral commercial animation systems, such as Softimage 8baftd Wavefront [Wav94], have included
inverse kinematic techniques to manipulate such objegi®bitioning end-effector points. These meth-
ods, and their limitations, will be reviewed in Section 2.2.
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explicitly refer to the “user of the toolkit,” the term “usawill refer to the “end user”
of the graphical application.

The work of this thesis affects all three groups. While ourrapph can be em-
ployed to provide conventional interfaces, it may also belus provide new types of
interfaces for users. It gives the application programmea set of abstractions with
which to build interactive systems. Finally, for the toslkuilder, there is a new class
of services that must be provided, but these services carehbbnce the modularity of
the tools by: providing a standard interconnection medrarietween objects; allow-
ing the internal representation of the objects to be hiddem fapplications program-
mers; allowing tools to be provided to the application pemgmer that allow pieces
to be assembled by combination and composition to formawsten techniques; and
allowing the encapsulation of numerical constraint corapans.

One might consider applications where the user is expostetmathematics be-
hind their graphical application. For example, the CONDQRtam [Kas92] allows
the user to construct mathematical expressions that défengraphical objects. Al-
though such an application can be constructed using thevagiprof this thesis, this
thesis focuses on applications where the user is insulaved the mathematics, in-
stead directly manipulating graphical objects. In factpal@f this thesis is to hide as
much of the mathematics as possible inside the applicatiemslopment tools so that
only the tool creators need see it.

1.1.3 Graphical Manipulation as Equation Solving

To introduce the differential approach of this thesis, gragl manipulation must be
viewed as a constrained optimization problem. Graphicalimdation deals with how
a user configures a set of graphical objects to achieve sosiredgoals. For the lamp
example, the set of graphical objects consists of the Luxgp|dhe table top, and the
other objects on the table such as the blocks. | will oftenthleéermmodelto refer to
the set of objects.

In the class of graphical manipulation tasks considereligthesis, users manipu-
late objects whose configurations can be stored as a comtisérgal-valued parame-
ters, called the objectstate vectorFor a given object, there are potentially many sets
of parameters which might equivalently serve as a repratent as demonstrated by
the line segment example. garameterizatiors a particular representation of the state
of an object.

Objects usually have many attributes that may be of intéoesh observer. Since,
by definition, the state vector fully describes the confitjoraof the object, the at-
tributes must be determined as functions of these parasaefer this thesis, we re-
strict ourselves to the broad class of object attributeswban be computed by closed-
form, differentiable expressions over the state variablégss class includes many of
the types of models used in interactive computer graphicis as most parametric and
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implicit curve and surface representations, transforomdtierarchies, virtual cameras,
and many simple shading models. We will not consider thing$ s combinatorial
or discrete attributes, such as the number of sides of a polyay attributes computed
by recursive or iterated functions such as fractals.

A control is an attribute of an object that can be specified or directipipulated.
For example, if a system allowed the user to drag the posifitime lamp’s lightbulb or
the target location of the light, these attributes of thedamould be serving as controls.
A constraint is a control for which a fixed value is given, preventing th&uezof the
attribute from changing. Such controls constrain the beinaf objects by restricting
their motion so that the constraint is not violated. For theppses of this thesis, the
terms constraint and control are nearly interchangeabbenatraint is a control with
its value fixed, a control is a constraint whose value is bspegified dynamically by
the user, e.g. a value constrained to follow the mouse.

A single control generally does not uniquely determine digamnation of the object.
For example, if one endpoint of a line segment is specifiedetis still a continuum of
possible configurations for the segment. To combat suncter-constrainedituations,
it is often desirable to use multiple controls simultandpus the cases where there is
only a single input device, dragging manipulation might benbined with constraints
(e.g. controls that are restricted from changing). In asgeasen a single dragging
operation can be thought of as multiple controls if we coasghch axis of the pointing
device independently.

It is unreasonable to require the user to employ enough asriv uniquely de-
termine the configuration of the graphical objects. The ssaply may not know or
care about some attributes of some objects, or it might bertech work to specify
everything. In such under-constrained cases, the systeshsomehow choose one of
the possible configurations. Without mind reading, it is asgible to reliably select
the solution that the user most desires. Systems must fetfenply trying to select a
solution that is reasonable. One version of this is the ‘@hpie of Least Astonishment”
[BDFB*87] which suggests the system should try to select the ofatrwill surprise
the user the least.

For an analogy, think of a model as a large machine which haw &fobs for the
user to turn and many gauges whose values the user may bestettin. Suppose
there are a few gauges for which the user desires a particalae. The graphical
manipulation task is to find settings of the knobs such theghuges reach these desired
values. If each gauge to be specified corresponds directyktmb, the task is easy,
because each knob can be turned and set independently. Eiowssst gauges will
depend on complicated combinations of the knobs, makingrddr to find settings of
the knobs that achieve desired values. In this metaphokrtbles are the parameters
of the graphical objects, the gauges are attributes of tfectshthat the user may be
interested in, and the internals of the machine correspmtitetfunctions that compute
the attributes from the parameters. Traditional implemgons of direct manipulation
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require the user to control the knobs directly. The methdtisi®thesis permit the user
to use any of the gauges as controls by automatically adgiite knobs as needed.

1.1.4 Goals for Graphical Manipulation

Treating interactive control as the specification of valt@scontrols as in the last
section leads to a concise mathematical problem. The usddwike to specify some
set of controlsp. The system needs to find some configuration of the stateblesia
g, which meets this. Since the controls can be computed ascidanof the state
variables, we have

p = f(q). (11)
Solving the manipulation problem is, at one level, as shtgward as solving this
equation forq . However, there are many difficult goals which we might wamnt o
solution technique to meet:

1. flexibility in the types of controls, and therefore the d¢tiaons which compute
them;

2. freedom to combine controls arbitrarily, “mixing-andatohing” them dynami-
cally;

3. keepingthe good properties of direct manipulation, eogtinuous motion, rapid
feedback, tight coupling of the input device to objects adtreen,. . ; [Sch83]

4. choosing the “best” solution in under-constrained caaed finding a “reason-
able” answer even if there is no exact solution.

To aid the application implementor, there are several ajbatrs:

5. freedom in picking representations independently of asacerns;

6. a standard procedure for defining new controls that mzesithe amount of
difficult mathematical work in defining a new type of control;

7. a solving mechanism that is general purpose and encaégisigl@o that a single
common implementation can serve a number of applicatiodsarthat the ap-
plication developers need not worry about the details otdteing mechanisms.

We would like the techniques developed to realize the agbréaalso:

8. work over a variety of domains;
9. be fast and scale well;

10. require only readily available, easy to code numeritggdréthms. Reliance on
sophisticated numerical codes that must be purchased fsonrmercial vendors
or developed by expert numerical analysts would be unaabépt
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1.1.5 The Problems of Other Approaches

Our goals make solving Equation 1.1 fpimpractical for three general reasons:

¢ inorderto have flexibility in the types of controls, nondar equations may need
to be solved. Such equations are hard to solve;

¢ in order to have flexibility in the number of controls that apecified, we must
permit under-constrained and over-constrained cases;

e in order to provide the desired direct manipulation inteefaobject must move
with continuous motion. Therefore, the solver must be fasugh and provide
continuity in the solutions.

In order to provide direct manipulation with general cotgioy solving Equation 1.1,
we must solve arbitrary systems of non-linear equationsefiagugh to allow for fre-
guent enough updates to give the user the illusion of coatisumotion.

In order to meet goal 1, the equation solver must be able tdleanwide range of
functions, including non-linear equations. Without knedde about the functions to be
solved, sets of equations are difficult to solve. Not onlyaedinformation hard to find
in general, but each combination of equations might alsairegpecific knowledge.
Because of this, [PFTV86, Chapter 9] argues that not onl chmereliable, general,
non-linear solver exist, but that one cannot exist.

Without global information about functions and combinatipsolving techniques
must rely on local information, effectively searching falgions. Almost all non-
linear solvers are iterative methods that take an initiasguas to the solution and
repeatedly update the guess until they find a solution. Ssolvar can never determine
that there is not a solution: if it fails to find a solution itghit simply mean that it has
not searched hard enough. These solvers will be discusgbeéifin Section 2.2.2.

As computers grow faster, it might become practical to agrsusing a sophis-
ticated non-linear equation solver to provide direct malapon. However, such an
approach is unlikely to succeed for a number of reasons:

e despite their sophistication, the methods are heuristd@mancompletely reliable;

e because they are doing searches, it is difficult to prediat lomg it will take
them to find a solution;

¢ the solvers may fail to find a solution, but only after spegdiriong time looking
for it;

¢ the solvers do not degrade gracefully: it is difficult to lirthe amount of time
that they spend because their intermediate states may otideeto the answer;
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When we examine the previous approaches to implementindnigapnanipula-
tion, we see that they all fail to meet some of these goalsviéue work will be ex-
plored in more detail in Chapter 2.

Traditional Direct Manipulation — The traditional method for implementing direct
graphical manipulation has been to couple parameterstlyitecthe pointing
device. For example, with the luxo lamp, a conventionaladireanipulation
system would allow the user to connect a joint angle to a k&alme mappings
between the input and the values are possible, for exampgieneert the linear
motion of a slider to the rotary motion of the joint, but themast be some direct
way of computing the parameter values from the inputs.

Traditional implementations have been the mainstay ottdim&nipulation inter-
faces. Such interfaces have been very successful, largelghe fact that it meets
goals 3 and 9. However, its limitations have restricted fpe$ of interfaces
that have been constructed. Traditional direct manipaegeverely restricts the
types of functions which can be used as controls (goal 1) gmbvides no au-
tomatic way to combine controls (goal 2). Parameters mustiosen so that
the controls will map onto them easily (failing goal 5). Basa good represen-
tations must be developed for any new controls, and bechese tlosed form
mapping for controls must be found, developing new contcals be difficult
work (violating goal 6).

Parametric Modeling Approaches — Parametric modeling is a variant of the tradi-
tional direct manipulation approach. Such schemes pemditusers to create
models with parameter dependencies. These parametergestydspecified.
Parametric approaches permit a clever user to overcomeaitimedeficiencies
of the traditional direct approach. For example, if the gesr of the Luxo lamp
knew the user would want to control the height of the lamp, rmittthe joint
angles, they might have devised a way of representing thiggcoation of the
lamp so that height is a parameter, and the joint angles anputed from that.
Parametric approaches suffer from the same failures oftdin@nipulation, al-
though it does permit a clever user to sometimes have sonitoaudd flexibility
in the types of controls.

Traditional Constraint-Based Approaches — A constraint-based interfatetreats
Equation 1.1 by employing an equation solver. Typicallg tiser specifies val-
ues for various aspects of the model and then the systensdolvgome value of
the state vector which meets these constraints. We call swdmstraint-based
approach a “specify-then-solve” style.

3| use the terntonstraint-basednterface to mean that constraints are an abstractiongedvb the
end user of a system, rather than simply as an abstractiohbysgrogrammers.
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Although the problem of solving the equations required tetngoals 1 and 2
is difficult, a bigger problem with a specify-then-solve amgch is that it fails
to meet goal 3. After the user specifies the constraints, yee solves the
equations and then displays the result to the user. Objatis jo the new con-
figuration, leaving the user to puzzle out what happeneds Maikes goal 4 even
more difficult. It becomes critical to pick a good solutioreteoid confusing the
user. Picking the correct solution is also important beeaughout the rapid
feedback of direct manipulation it can be difficult to exggossible solutions.

A system designer might consider using interpolation teji®the desired con-
tinuous motion in a constraint solving system. After sofyfar a new configu-
ration a system might make a smooth transition by interpajdietween the old
state and the new. However, jumping between configuratiansat be avoiding
by simply interpolating. Unless something enforces thest@mts in the inter-
mediate states, the constraints may be broken, leading¢otoaly undesirable
behavior.

Specialized Constraint-Based Approaches The primary drawback of the tradi-
tional constraint-based approach is that it violates goah& desire for direct
manipulation. One approach to handling this is to resthietdlass of constraints
so that they can be solved faster. The best examples of thihampropagation
constraint solvers, such as DeltaBlue [FBMB90]. In essetimse algorithms
trade-off goals 1 and 2, in order to better meet goal 3. Asasifibct, some of
these algorithms provide techniques, such as constraerarichies [BFBW92],
to handle under-constrained cases (goal 4). Unfortunatetypagation solvers
restrict the set of possible controls and the ways conteridbe combined in ways
that are unacceptable for graphical manipulation (faigjogls 1 and 2). Also, for
each new control, a variety of bi-directional methods mésgbnerated, which
may not be easy for many types of functions (failing goal 6).

The problem of determining configurations that achieve teardd attribute val-
ues is an important problem in robotics and computer ananauch solving is
referred to asnverse kinematicsThe inverse kinematics literature, examined in
Section 2.2.4, includes numerical methods that solve te&eBys of non-linear
equations. A problems of particular interest to robotiesnely configuring artic-
ulated figures by positioning end-effectors, is partidylarell-studied. Highly
developed techniques have been developed and are commemplaugh to be
surveyed in robotics textbooks, such as those by Craig E}@8Paul [Pau81].
The techniques are now appearing in commercial computeraitn systems,
such as Softimage [Sof93] and Wavefront [Wav94]. The methndsuch sys-
tems are not general: they only permit manipulation of a w&grgcific control
on a very specific class of model (failing goals 1, 5 and 8),tspatally provide
only a single control at a time (failing goal 2). The diffet@happroach can be
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viewed as a use of generalized inverse kinematics to cregémeral approach
to implementing graphical manipulation.

1.2 The Differential Approach

Existing approaches fail to meet the goals for graphicalimaation, demanding the
development of a new approach. An advantage that we havétwveevelopers of pre-
vious approaches is that computer hardware has advandeggoint that the machines
on which graphical applications are run have consideratngputational and graphics
performance. Such machines make it possible to do noratrvmerical calculations
in between each frame of continuous motion animation. Tleigms that itis possible to
perform some numerical constraint calculations and stil/jgle a continuous-motion
direct manipulation interface. This thesis presents sadcpproach to graphical inter-
action.

Our goals make solving the manipulation problem of Equatidndifficult. Pre-
vious approaches have either restricted the equationgstiiated the desired direct
graphical interaction. In this thesis, | will present an eggeh which makes a differ-
ent kind of restriction: that we are interested only in dirg@phical interaction and
will always demand that objects move with continuous maqtiat jump between very
different configurations. The interfaces desired for greghnteraction have this prop-
erty.

Because we are considering cases where objects move caundigiuit is sufficient
to control them by controlling how they change over time. Bntrolling how objects
are changing, rather than controlling their configuratidinsctly, a variant of Equation
1.1 may be solved. Controls specify the attributes’ rateshainge and the system
solves for the state variables’ rates of change to make dipigdn. | call this approach to
graphical interaction based on this control by time denestthedifferential approach.

With the differential approach, at particular instantgine a solver must determine
the time derivatives of the state vector given the time @giwes of the controls. We
refer to this aglifferential optimizationSolving the differential optimization is a much
more mathematically tractable problem than solving Equneti. 1 directly. This means
that it is possible to provide direct graphical interact{ameeting goal 3), while han-
dling a general class of non-linear functions (meeting 49aand allowing these to be
combined in arbitrary ways (goal 2). Methods for solving diféerential optimization
problem address the issues of under-constrained and etemtined cases (goal 4).

The differential approach meets the implementation goslwell. By allowing
almost arbitrary non-linear functions to map between adstand parameters, it pro-
vides flexibility in selecting representations of objectdependently of how they will
be manipulated (goal 5). The solving methods require itfiermation about the con-
trol functions, in fact, all that is required can be foundaamatically given the control
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function (goal 6). The mechanisms behind the differenpakaach are general purpose
and can be encapsulated in a manner that not only hides treglyind mathematical
techniques, but also permits a single implementation teesas a building block for
almost any type of system requiring graphical manipulafgwals 7 and 8). The tech-
niques to realize the approach perform well enough to workusrent machines (goal
9), without resorting to numerical routines beyond thosstandard textbooks (goal
10).

1.2.1 Direct Manipulation in the Differential Approach

Digital computers provide the illusion of continuous matiof graphical objects by
repeatedly redrawing the image. The time between thesawsdnust be sufficiently
small in order for the illusion to be maintained. To suppdrect manipulation, a
system must sample the position of the mouse and update #iteops of the objects
at a rapid rate.

The differential approach breaks the numerical constsalving problem into two
parts: computing the rates of change of the parameterstatyar instants, and com-
puting the trajectory of the parameters over time, givenaies of change at particular
instants. The former problem is the differential optimiaatproblem, and the latter is
solving an ordinary differential equation (ODE). Betwe@agcle redraw, the ODE must
be solved to update the configurations of the graphical ¢thjd€ach of these solver
steps advances the configuration by solving some numbeiferfatitial optimizations,
each determining the rate of change at some particulaminsta

With the differential approach, the graphical objects adrsimply be moved with
the mouse. Instead, each step they move towards a targetations in ODE solving,
discussed in Section 3.3, provide speed limits on how quigkjects can move, so they
may not be able to reach their target in the time providedhdftarget is the position of
the mouse, this will cause the object to lag behind its tagetdually catching up as
the mouse slows down. This can make manipulation feel ae ibltlects are connected
to the input devices by springs, and will be discussed ini@e&.1.2. As computers
grow faster, more computation can be done between eachwednde maintaining
a rate sufficient to provide the illusion of continuous matid his allows raising the
effective speed limits of the objects, and can reduce the lag

1.2.2 An Alternate View of Graphical Manipulation

An alternatative view of graphical manipulationis to imaggraphical objects as phys-
ical entities that are manipulated as physical objectsenrdéial world: by pushing and
pulling on them. With such a view, implementing direct mangtion becomes a prob-
lem of implementing an interactive physical simulation.eTiesues in creating such
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simulations are explored by Witkin et al.[WGW90]. The techugg presented in that
paper form the basis for this thesis.

The differential approach can be viewed as a variant of thesiphl simulation
approach. The physics of the “world” is modified from that loé real world in order
to facilitate manipulation. Most significantly, inertiarsmoved by replacing Newton’s
law of motion,f = ma, by its first derivative equivalenf, = mwv. An object in motion
is only in motion while it is being acted upon by a force. Fompalation, this has the
advantage that objects remain where they are placed, thdeskidding around.

The mathematical methods used for implementing the difteakapproach pre-
sented in Chapter 3 are the same as those used for implegiehiisical simulations.
Many of the numerical methods and implementation techrsquthe thesis were orig-
inally conceived for implementing interactive simulatsorPresenting the differential
approach as constrained optimization, as done in thistjregher than presenting it as
a physical simulation, is largely a matter of taste.

1.3 An Approach to Graphical Interaction

The ultimate goal of this research is to improve the qualitgraphical manipulation
interfaces. The central focus of this thesis makes an iodgtep towards this goal,
providing a new set of abstractions which provide more flidixytin the type of inter-
action techniques that can be created. This increased ifigxidnes not necessarily
imply better interfaces — in fact, they give interface degig new ways to baffle and
confuse users. However, there are several reasons to ddfiat/the differential ap-
proach can lead to improved interaction techniques.

The differential approach permits building interfaces ebhhave many desirable
properties. It provides for continuous motion of the graphobjects. It permits in-
terfaces to provide controls to the user which permit diyembntrolling attributes of
interest. These controls need not directly connect to thepeters. It permits controls
to be combined, either by the user or by interface elements.

The example interaction techniques of Chapter 8 show thaigeoof the approach.
The examples which recreate prior techniques show thatitsieaetions provided by
the differential approach are sufficiently rich to creatahls interactions. Some of the
newer techniques, such as the through-the-lens camenalsooit Section 8.1.4 could
not have been considered with previous approaches to bgiidierfaces. Some of
the examples, like the artificial horizon of Section 8.3, ot good interfaces. But
with the differential approach, techniques can be explai#aout deriving the inverse
mathematics, so it is possible to learn that they are unadadbre investing a large
amount of time and effort in their development.

The differential approach provides a new set of abstrastfon building graphi-
cal interaction techniques. In the remainder of this se¢twe briefly introduce the
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Figure 1.2: A schematic representation of a simple graphical objece diject stores a set
of parameters internally in itstate vectorHowever, the outside world accesses the object via
its connectors, providing flexibility and parameter indegence.

abstractions, along with the terminology used throughloeithesis.

1.3.1 Graphical Objects and Connectors

For the purposes of this thesis, we are concerned with waatenmonly calledbject-
orientedgraphical editors. In such applications, the user dealsfiviite sets of graph-
ical objects which must be manipulated to create the desnedkel or drawing.

For the most part, graphical objects are the visible estitiat the user manipulates.
However, we will consider structural elements, such as thems that aggregate ob-
jects or the viewing transforms that map virtual worlds tesa coordinates as objects
as well.

For a graphical object, there are two “sides” which we mussater. On one hand
is what the programmer “sees,” the object’s internal regmetion. An important part
of this are the parameters that determine the configurafitimecobject. Each object
stores this set of numbers asstate vector.

To the user, the graphical object should appear as a graiipt. We assume
that the user is interested in the graphical entity, noténitibernal data structures used
by the programmer. For any object, there are many attrilibtgsnay be of interest to
the user, or to other objects in the program for that matter.

Ideally, we would like to think of a graphical object as a seldbox. Inside is the
programmer’s internal representation, including theestattor. To the outside world,
all that is visible are the many attributes which other pafthe program, or the user,
may want to observe. Our desire to think this way leads usdw dyraphical objects
schematically as Figure 1.2. The central notion is that thie $s internal to the object
and the object’s “outputs” are its attributes. How the ob@mmputes these attributes
is the concern of the object itself, not the outside world.

The state vector of an object fully specifies its configuratid@herefore, any at-
tribute of the object must be a function of these variabldss function must be known,
otherwise it would be impossible to compute the value of théate.

A graphical object may know how to compute many attributdse Jet of attributes
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of an object is not necessarily fixed — an object may have ménpates, and new
attributes may be created in response to the needs of somepath of the system or
the user. The schematic of Figure 1.2 may be slightly mistepith that it should not
imply that the depicted outputs are a fixed, small set.

We will call the outputs of graphical objeatennectorsAs the name implies, these
are the sockets into which the outside world will connecth® dbject. A connector
is an attribute that an object provides for the outside wtwrldccess. Throughout this
thesis, the notion of connector will be both a conceptua @ewell as a data structure
that realizes it.

1.3.2 Compound Objects and Dependencies

Many attributes can be computed as functions of other ateg rather than from inside
the object. For example, if we wish to know the length of a Begment, this attribute
could be computed as a function of the positions of endpoifkerefore, if the line
segment did not know how to produce its length as a connestmight create a
special ruler object that looks at the positions of two poiad “connect” it to the
endpoint outputs of the line segment.

An important notion in the ruler example is that the rulerembakes as its “inputs”
the “outputs” of another object. The ruler measures theadcst between two points,
without concern for what these points are. This is signifi¢anthree reasons:

¢ It means that the objects, such as the line segment, can éredext to have new
behaviors without being internally modified.

¢ It means that we need only one type of ruler, no matter how rdéferent types
of objects we might be measuring.

e We are not necessarily restricted to points on a single abjastead we could
measure the distance between two points on two differeictdj

Objects like the ruler have inputs that plug in to the outpaureectors of other
graphical objects. Considering such dependencies leadslisw schematic diagrams
such as Figure 1.3. The outputs of the connective objectatarbutes just like the
outputs of the simpler objects. The distance output of ther ghould be a first-class
citizen, just as the position outputs of the line segmenike the outputs on simpler
object, the connectors on the ruler object’s outputs acefatsctions of the state vector,
except that they are potentially functions of the stateareat the entire model (which
we will call theglobal state vector), rather than just the state vector of a singjkect
The function that determines the attribute’s value can bk by composition: first
computing the values of the inputs and then using these sakithe inputs to a function
which computes the distance.
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Figure 1.3: Compound objects are composed by plugging objects’ conreeirtto sockets,
like wiring together a circuit. A standardized protocobals independence in wiring.

This picture emphasizes an important notion in the thesis:idea of plugging
objects into the “outputs” of other objects. The facilitydygnamically plug and unplug
such connections in response to user actions or other systents is an essential part
of the differential approach, and will figure prominentitie design of the machinery
to realize it.

The key element for creating the vision of snap-togetheedaibjin the differential
approach is a standard protocol for the outputs so that amyttan be plugged in.
Since the connector outputs are primarily functions, tiggeggate connection operation
is function composition: building more complicated fucis from simpler pieces.
By supporting this operation in a dynamic environment, tteehinery to realize the
differential approach can permit the needed plugging ampdugging.

Compound objects, like the ruler, can come in many formsicBlly, they are used
to compute aggregate properties of many different objdats.example, the distance
between two points, or the relative orientation of two liegents. They may also
be used to compute conversions, for example from degreesltans. More complex
attributes can also be built this way, for example, we migimhpute the position of a
shadow as a compound operation that takes the position oihg floe position of a
light source, and the position of the floor as its inputs. iy in building new types
of attribute outputs is a useful feature of the differengipproach.
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Figure 1.4: Objects are manipulated by attaching controllers to thminectors. A controller
specifies how the value of a connector should be changingtr@iems can be plugged into
any connector. This diagram represents a model with twoskggnents that are attached. One
segment has its length constrained, while the other is l#riagged.

1.3.3 Control of Graphical Objects

Since the attributes are the only view of an object that tleg@mmer is given, it
follows that these attributes must also serve as the hahglesich the object is con-
trolled. The vision of the differential approach is that atfribute output should be
able to serve as a mechanism to control the object, and tes¢ ttontrols should be

able to be freely applied as needed in any desired combmakious, any output should
also be able to serve as an input.

Our notion of using an output as an input can be best discusgeédtroducing
another kind of special object, tlzentroller. A controller is a simple object that plugs
into a connector and specifies what behavior the outsidedvetasires from it. With
this final abstraction, we are led to draw schematics suclgasd=1.4.

With the abstractions in place, we can now examine Figuréolsde the mathemat-
ical constraint problem. We have specified the outputs ofuhetions that compute
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the attributes being used as controls, and must determgni@pluts to these functions
(the value of the state vector) to achieve the desired values

As discussed in Section 1.2, we cannot solve this constpagitlem directly. In-
stead, we will solve it differentially. This means that mthhan specifying desired
values for attributes, controllers specify how they shdagdchanging over time. A
controller specifies a rate of change for the attribute ibisrected to.

It is important to notice that the controllers cannot intaaeously affect the values
of the connectors they control, nor the state variables efdbjects. Instead, they
specify how those connectors are changing, and over tinosgtbhanges will take
effect. This implies that there is a continuous flow of timeowhich the controllers
can act. At discrete instants, the set of active controllesy be altered, but values
cannot be changed.

What a controller can do is quite limited: it can simply spgtife desired rate of
change of an attribute. The diversity of interaction tegaeis comes not from diver-
sity in the types of controllers, but rather, from the wayytlaee applied. Interesting
interaction techniques result from:

e attaching controllers to interesting attributes;
e connecting controllers at interesting times;
e using controllers in interesting combinations.

Interaction techniques are defined by controlling connsatwer time. For exam-
ple, to drag a point, the connector that computes the pgotstion is connected to a
controller when the mouse button is pressed to initiate thg,cdand the controller is re-
moved when the mouse button is released. Similarly, a mézddanonnection between
two points is created by using an object which computes t@attement between two
points and creating a controller which drives the displaseito zero.

The differential approach provides a basic set of abstrastirom which interfaces
and interaction techniques can be built. The ability to wogether attributes and attach
controllers to them provides machinery that can be appfiedvide variety of manners.

One interface style which is enabled by the differentialrapph is to provide the
abstractions directly to the user, permitting them to miet aratch controls as needed.
For example, in the lamp demonstration, the user would baitted to grab and drag
many points involving the lamp, including the light’s tatgéhe bulb, and the corners
of the base. Attributes which are not positional, such a# pmgles or bulb brightness,
might be connected to sliders. The user could configure thp lay manipulating any
of these controls, or by constraining their values. Costaerke mixed-and-matched
by manipulating or locking their values. This interfacelstg similar to a traditional
constraint-based interface. Many of the issues which makstcaint-based interfaces
difficult to design must be addressed, such as how to prelsemalette of options to
the user effectively.
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Another way that the differential abstractions may be eygdias to build interac-
tion technigues which are more similar to the traditioneddi manipulation interfaces.
An example is the 3D translation widget discussed in Se@&i8r6. To the user, the
translation handles appear as they do in other systems \phiefde them. However,
this interaction technique can be concisely described Ifinidg sets of controllers
during dragging. While the differential approach is meredgdito recreate an existing
technique in such cases, it does have some interesting tsen€fie differential ap-
proach addresses the difficult question of how to define sutelndsting behaviors in a
way that is parameter independent, and easy to generalitbeocontrollers.

1.3.4 Impact on Application Architecture

Just as the differential approach frees the user from waogrgbout the object repre-
sentations, it can also hide such parameterizations frenptbgrammers of graphi-
cal applications, helping to foster encapsulation. Okjentrely expose mathematical
functional outputs for attributes that other pieces of th&tesn may be interested in.
The program manipulates the object by placing constramdscantrols on these ports,
and the differential solving mechanism takes care of anfjgshe parameters accord-
ingly.

The solving mechanism needs very little information abbetfunctions that are
being constrained and controlled. This means that objeetd not expose much infor-
mation about the functions they provide. It also simplifles¢omposition of functions
from pieces, such as object outputs. This allows creatioa wfility which permits
functions to be defined dynamically, for example in respdoseser actions. The core
functionality of the differential approach, the abilitydefine functions and place con-
straints and controls on them, can be built in a general @&rpwanner.

The general protocol for connecting the outputs of objeetsnits the creation of
general purpose objects, constraints, and interactidmigaes. Objects can provide
mathematical ports without regard for what will “plug-irg these ports. Constraints
and interaction techniques can be defined in terms of typastptits, without regard for
the objects that are being connected to. For example, weedgfaphical objects that
produce outputs that are the positions of points, and definstraints and interaction
techniques in terms of point position outputs.

1.4 Thesis Roadmap

This thesis introduces the differential approach, prestthniques to realize it, and
provides examples to illustrate its power and viabilitylléwing this introduction, the
thesis proceeds to review some relevant related work.

Chapter 3 introduces the basic set of mathematical techsigeguired to realize
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the differential approach. The methods treat manipula®equation solving. This
problem is handled differentially to make it feasible tov&l The fundamental com-
putation is solving a constrained optimization problemdmpute how the parameters
of objects are changing given the rates of change of the @sntBasic methods for
solving these constrained optimization problems are dgezl and extended to handle
under- and over- constrained cases. The chapter also eosbiol to use the computed
rates of change to actually create the motion, a problemleiirgpordinary differential
equations from initial values. The chapter concludes witinaple example, worked
through in detail.

In order to use numerical techniques in an interactive systieere are two central
challenges that must be faced. The computations must be tmgoeast enough, and
the computations must be defined dynamically in respondeetagers actions. These
issues are considered in Chapter 4 and Chapter 5 respgct@bhpter 4 considers
methods to achieve the needed performance in such solviitey. analyzing the com-
putational bottlenecks of the approach, a variety of mettaoéd presented to enhance
performance. One key element is exploiting the inherentsiyeof systems of equa-
tions to be solved. Other techniques include solving smptteblems while still giving
the user the illusion that the system is solving a larger leraband trading unneeded
accuracy for speed.

Chapter 5 considers the task of dynamically defining fumstia a way that they can
be rapidly evaluated with their derivatives. A tool callesbp-Together Mathematics
that allows functions to be built dynamically from smalleeges is presented. Snap-
Together Mathematics is an important element of the diffeaé approach because
it provides the software structure for dynamically mixingdanatching controls, and
provides a mechanism for encapsulating the mathemati¢geatpproach.

With the basic machinery in place, Chapter 6 considers hewdbls are applied
to create interaction techniques. It defines the set of aftgtns provided to inter-
face designers by the approach, and describes how theedhiffelr notion of time is
different than what is commonly used in interactive-sysgmogramming. The chap-
ter provides some basic examples of how the abstractiorenapéoyed, and provides
some extensions to the basic differential techniques tmpsuch things as inequality
constraints.

Chapter 7 discusses how the differential approach can lamsuolated into a graph-
ics toolkit. The Bramble toolkit was designed to aid in theelepment of graphical
editing applications with the differential approach. dars elements of the toolkit are
described, with an emphasis on how it supports the diffekapproach.

Chapter 8 describes interaction techniques built usingliséractions of the differ-
ential approach. It begins by discussing some basic stestelgthen provides concrete
examples of techniques to address various interactios thskddition to several novel
interaction techniques, many previous techniques areaésxu, in order to show how
the Differential Approach can be applied to these problems.
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Chapter 9 presents some example applications built witlapipeoach. The appli-
cations serve to demonstrate the viability of the approachta give some idea of its
promise in constructing tools for users. Chapter 10 coredute thesis by summariz-
ing the contributions, evaluating the various contentd, suggesting some directions
for future work.

1.5 The Thesis

It is the premise of this thesis that:

e The numerical and graphical performance of modern procgessm be applied
to address issues in graphical manipulation.

¢ A differential approachto graphical interaction provides a systematic implemen-
tation of direct manipulation. This approach allows a syste provide users
with a broad class of interactive controls that can be freeipnbined, yet pre-
serves direct manipulation, so it does not suffer from themilacks of other
previous approaches.

e Mathematical techniques to realize the differential applocan be provided,
and that these techniques can be realized such that the isSuneractive sys-
tems are addressed. In particular, methods permit the ciatimus to be defined
dynamically in response to user actions and to be performiidiently fast on
current generation hardware.

e The techniques of the differential approach can be encafesijlproviding a set
of abstractions with which to build interfaces as well asaggal purpose imple-
mentation.

e The differential approach can have a positive impact on tag thvat interaction
techniques are developed and that interactive systemsastracted, by help-
ing separate manipulation from representation and by amageneral purpose
constraints and interaction techniques.

e The differential approach can lead to interesting new adeon techniques and
applications, but can also serve as a substrate for implémgesxisting popular

interaction techniques.

1.5.1 Contributions

The contributions of this thesis are detailed in the finalptba Briefly and generally,
the contributions of this thesis are (in the order they walldsesented in the thesis):
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e To introduce a systematic approach to graphical interadisssed on the use of
numerical non-linear constraint techniques, which | ¢edldifferential approach.

e To present mathematical techniques for solving the pdaticzonstrained opti-
mization problems encountered in using the differentiairapch.

e To provide techniques to implement these mathematicahiquaks that address
the pragmatic needs of interactive systems.

e To provide atoolkit that encapsulates the differentialrapph, providing its fea-
tures to application developers while shielding them friwe details of its im-
plementation.

e To provide new interaction techniques and examples to adgreblems faced
by users of interactive graphical applications, and to show these techniques
fit in the context of graphical applications.

e To provide example applications demonstrating the vighdaf the approach.
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INTRODUCTION



| think the past is behind us. Real confusing if it was not,
but anyway.
— Blues Traveler
But Anyway

Chapter 2
Related Work

The differential approach uses constraint techniquesalizeegraphical manipulation.
Like other uses of constraints in computer graphics, tHerdiftial approach must ad-
dress a number of challenges in applying, solving, and implging constraints. This
chapter looks at previous work on applications of constsaamd constraint solving
technologies. It then looks at previous work on the creatibtoolkits for the con-
struction of graphical applications, as the differentigpeach will be used to create
such a toolkit in Chapter 7. Finally, previous work on parts 3D interaction prob-
lems used as examples Chapter 8 will be examined.

Both the basic idea of graphical manipulation, and the usew$traints to enhance
it, date back to Ivan Sutherland’s Sketchpad system [Sut&8flebart pioneered the
more general use of a graphical pointing device in computerfiaces, as chronicled in
[Eng86]. The style of interaction in which a pointing devamntrols a graphical object
in a tight coupling is commonly referred to as direct mangpioin, a term generally
attributed to Ben Schneiderman [Sch83]. His classificatianterfaces in terms of the
user experience led to later attempts to better define it [V)R8id even to arguments
as to why such categorizations are not helpful [WG87].

2.1 Uses of Constraints in Graphical Applications

Constraints have been used in graphical applications inymays. Some systems
provide constraint-based interfaces, that is, the useitseodystem are presented with
constraints to use in completing their tasks. Constragfini&jues have also been used
to aid the programmer of graphical applications, by prowgdhem with a tool to use in
the construction of their systems. The two uses of congsraie orthogonal: it is com-
mon to write an application with a constraint-based intfasing conventional tools,
and to use constraint-based tools to write applications @onventional interfaces.

25
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2.1.1 Constraint-Based Graphical Interfaces

The central idea of a constraint-based graphical inteiitaitt the user is able to make
persistent constraints: declarations that the systemtenagafter they are specified.
The canonical example application of a constraint-basaghical interface is drawing.

In a constraint-based drawing program, the user specifiasaeships among parts
of the drawing as persistent constraints that the systemtaias during subsequent
editing. For example, a user can attach an arrow to an olgedtthe position of the

arrow is altered as the object is moved.

Sketchpad pioneered direct manipulation permitting useidirectly manipulate
graphical objects by dragging them with the light pen. lbalstroduced constraint
methods, permitting users to specify relationships betvpegts, for example that two
lines should be parallel. Sketchpad would “relax” the drayintil the constraints were
satisfied, and continue to maintain the constraints duniligeguent manipulations.

Since this ground-breaking application, graphical malaithon has been continu-
ally refined and has become standard. Constraints have eotasesuccessful. Const-
raint-based approaches to drawing have been limited byculif§i in creating con-
straints, solving them, and displaying them to users. Tiseface issues, coupled
with implementation complexity and performance problehasie prevented the wide-
spread acceptance of constraint-based systems.

There have been examples of research systems for condtesied drawing such
as Juno [Nel85], IDEAL [VW82], HILS [Whi88], CoDraw [Gro89], iEtureEditor
[KNK89], HotDraw [FB93], and Magrite [Gos83]. A very diffent use of constraints
is shown in the PED picture beautifier [PW85] that automdiiqahces constraints on
a rough drawing and solves them to clean up the drawing. Asmatbe of constraints
Is in the Visio [Sha93] diagramming program which permitBrdag object semantics
with equations with a spreadsheet interface.

Recent developments such as constraint inferencing, mdedyavailable solving
technology, and the faster computers capable of solvingtcaints at interactive rates
have renewed interest in constraint-based drawing. Sys$eich as Chimera [Kur93],
Grace [Alp93], IntelliDraw [Ald92], Rockit [KLW92], DesigWiew [Com92], Con-
verge [Sis91] and my own Briar (Section 9.1) all use constriaiferencing to couple
constraints and direct manipulation.

Constraint technigues have also been applied in 3D syst&ltmugh Sketchpad
[l [Joh63], the first interactive 3D application, did notieaconstraints, they are sug-
gested as a requirement for future systems. The Variat®aametry systems of Lin,
Gossard and Light [LGL81] renewed interest in the use of ttamg techniques for
designing 3D objects. Bruderlin [Bru86] and Rossignac g&ypresented constraint-
based solid modelers. Constraint-based solid modeletsuigadirect manipulation
input are presented by Sohrt and Bruderlin [SB91] and by Fad FD93]. David
Pugh’s Viking system [Pug92], uses constraints to mairngammetrical relationships
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defined by sketching. Converge [Sis91] models 2D and 3D tbjeith constraints.

Constraint methods have been applied to surface modeliogyiag users to ma-
nipulate surfaces without seeing the underlying represgiems. Fowler [Fow92] and
Welch, Gleicher and Witkin [WGW91] present simple constrangthods for control-
ling points on B-Spline surfaces. Celniker [CG91] desaibeethods that optimize a
shape interactively, which are extended in [CW92] to a broatiss of constraints.
Welch and Witkin [WW92] extend this work to a wider variety ofnstraints that per-
mit the user to stitch together pieces of surfaces.

The “energy constraints” work of Witkin et al.[WFB87] intrades the idea of mod-
elling using arbitrary functions of objects as controls.r&4 [Bar92c]| discusses the
philosophical attractiveness of using physical constsdor modelling.

Specialized interactive graphics systems use constrartielp users manipulate
complex objects. Mark Surles’ SCULPT system [Sur92a, Sur&ur92b] permits
the interactive manipulation of molecules. The Jack syqteB88a] uses constraint
methods to interactively position a human figure. In [PB3i¢ authors extend Jack
with more complicated constraints on human figures.

The differential approach and the tools created to impldritemere heavily mo-
tivated by the desire to build constraint-based applicatiand to study the issues in-
volved. Seeing 30 year old films of Sketchpad inspired thé&elés understand how
these techniques might apply in modern systems. The energjraints work was also
particularly inspiring because it demonstrated the ytdita wide range of controls, a
central theme in the differential approach. Of the systeissudsed, Briar, Converge
and Chimera best typify the applications motivating théedéntial approach.

2.1.2 Constraint-Based Tools for Building Graphical Applicaions

Tools for building graphical applications have employedstaints to ease the con-
struction process, for example, by automatically maintgjiconsistency multiple rep-
resentations of data or between views and data. The use straom methods to sim-
plify the construction of graphical applications was pieresl by Borning’s ThingLab
system [Bor81]. The early successors to Thinglab for constrg interfaces using
constraints are surveyed in [BD86]. Barth’'s GROW toolkiafB6] was another early
use of constraints to help the programmer lay out the vaeteraents of the interface.
The common use of constraint methods for maintaining ctersty of data can
trace its origins to non-constraint-based methods. Thell&tkaModel-View-Con-
troller model [KP88] for direct manipulation implementatiprovided the influence for
many other systems, despite its late appearance in theshedlliterature. The model
uses separate objects to handle input and output for apphazbjects. A critical piece
to implement the model is a mechanism for dependenciesctshjeust be notified of
changes to other objects, for example to update the displenvappropriate. The
dependency mechanism is a simple form of constraints kn@wnewaybecause the
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data only flows one way in the constraint. Distinctions amiypgs of constraints will
be explained in the next section.

More sophisticated algorithms for creating one-way camsts were introduced
later, and lead to more general dependency mechanismstésfaice toolkits. For
example, Hudson’s incremental attribute evaluation [Hjd®as used to create the
Apogee toolkit [HH88]. Similar one-way mechanisms werediseother toolkits such
as Coral [SM88], MEL [Hil91], and Garnet [MG®0].

Despite the simplicity and limited expressibility of onexyvconstraints, they are
an extremely useful feature in interface toolkits. They sufficient to update views
when data changes, keep dependant data consistent, andelsepers lay out inter-
faces. Simple solvers are extremely popular because effiarel simple mechanisms
for creating them have been widely available. As develogmensolvers make more
powerful techniques practical, newer toolkits explordrthevantages. Examples in-
clude Rendezvous [HBM3], ThingLab Il [Mal91], VB2 [GBT93], and Multi-Garnet
[SB92]. Rendezvous even permits creating constraintsacmultiple displays, main-
taining consistency between multiple users of a sharedcgtiain.

The existing constraint-based tools for developing gregdhinterfaces are inade-
quate for constructing the constraint-based applicatéors examining the interface
guestions | wanted to study. The lack of support for numédoastraints in existing
tools provided a niche to be filled with the work of this thesiss important to explore
whether numerical constraint methods could be encapsidaie provided in a toolkit.

2.2 Constraint Solving Technologies

The wide array of uses of constraint techniques has led tordaion of an even larger
selection of constraint solving technologies. Here, wevipi® a brief survey. Most

systems have only used a single solving technique. Oth&ragsincluding the early
Sketchpad [Sut63] and ThingLab [Bor81], used hybrids wimeudtiple solvers were

used to solve different parts of problems.

2.2.1 Propagation and Symbolic Methods

The simplest constraint methods allow the specificationepfesthdencies among ele-
ments of the data. Some mechanism is provided in order to swaleethat dependent
values are updated appropriately. These mechanisms ceat®pgher by replacing ac-
cesses with function calls to recompute the data, or by lgashianged data notify their
dependents. This latter approach is knowrnaogsl propagationbecause new results
first propagate to elements closely connected (i.e. londhe dependency graph. De-
pendency schemes are caltmtk-waybecause information flows only one way across
the dependencies. Despite their simplicity, one-way lpcapagation techniques are
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extremely popular because they are easy to implement etfigignd because they can
provide some important needs in user interface softwafiej&it methods for handling
one-way constraints by minimizing the number of evaluatiare discussed by Hudson
[Hud91], and extensions to one-way constraints for indiygeferencing variables are
provided by Vander Zanden et al.[VZMGS91, VZMGS94].

One way constraints describe dependencies on data. Fompéxaconsider the
constraint C=A+B. A one-way constraint would declare thadégpends on A and B,
and when either A or B changes, C is updated accordingly. iMuy constraints per-
mit the dependency to be determined based on the data, ajdito be computed
when A and B are provided, or B to be computed when A and C andged. Conse-
guently, multi-way solvers are more complex than one-wadyespwhich has hindered
their acceptance. Sophisticated multi-way local propgagatolvers such as DeltaBlue
[FBMB90], SkyBlue [San94], and the methods of Vander Zand&88, VZ89], are
now becoming more readily available. Sannella et al [SMFBEfgue that they are
as efficient as the simpler one-way solvers.

Local propagation solvers can be optimized by making thesremental, so that
only the elements affected by changes are recomputed.dfiffiigorithms that recom-
pute minimal numbers of dependencies include the Delta@&ver [FBMB90] and its
successors such as SkyBlue [San94]. These solvers alsdhsawgeresting property
that they are hierarchical [BFBW92]: they permit declarirgtain constraints to be
more important than others. The more important constrairgsolved first, and less
important constraints are used only when more importargtcaimts leave unspecified
degrees of freedom.

The popularity of local propagation solvers owes to theiityt their efficiency,
and the fact that arbitrary functions can be computed in gpeddencies. However,
even the most sophisticated local propagation solvers émav@aportant limitation: the
methods are local. Propagation constraints solve systéomstraints by treating the
constraints one at a time. Therefore, they can solve onyydfatonstraints for which
there is an ordering such that constraints depend only onque results. In graph
terminology, propagation constraints can solve only systéhat do not have cycles
in their dependency graphs; in terms of equations, locggation solvers can only
solve triangular systems. Sophisticated local propagatamvers, such as SkyBlue
[San94] can detect when their methods are insufficient, &mmaot solve simultaneous
equations.

For geometric problems, local propagation is insuffici&mr example, it is unable
to handle a pair of constraints that specify that a point isidigtant from two other
points. This requires solving two constraints simultarsiypuSolving two constraints
simultaneously is the backbone of geometric constructiagst permits intersecting
figures as done in compass and straight-edge constructidosipass and straight-
edge constructions need only to handle pairs of constrsimigltaneously as only two
objects are ever intersected. However, these objects nendeon the results that are
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propagated from previous computations.

Solving pairs of constraints simultaneously, for examplg@érmit compass and
straight-edge constructions, is an important special tasehas been added to some
propagation systems. Ruler and compass constructiomsysiéow the user to explic-
itly order dependencies on constructions. Examples imdNmma’s system [NKK88],
LEGO [FP88], DoNALD [Ben89], and GIPS [CFV88]. More sopitsted systems
have solvers that automatically plan the propagation p@&hsxample is the 2-forest
propagation solver used in PictureEditor [KNK89]. Even meophisticated solvers
use rule-based systems to find sets of constraints that reusdlibed simultaneously
and build propagation plans that use special case solubotise simultaneous cases.
Examples include Glenn Kramer’s TLA solver [Kra90] and Aleld’s system [Ald88].
Augmented term rewriting, introduced in Bertrand [Lel8B8¢aalso used in Siri [Hor91,
Hor92], generalizes and formalizes the rule based proagapproach.

The inadequacy of propagation methods was a motivatiorhfodifferential ap-
proach. The success of the methods showed that constrautslme a useful tool in
interactive systems. However, to achieve the desired fléyibf types controls and
simultaneous combinations, a new approach to using nuat@oastraints would be
needed.

2.2.2 Numerical Constraint Solving Techniques

Solving systems of linear equations for real numbers is g well studied problem.
Methods must address a wide variety of issues, includingision, stability, robust-
ness, and efficiency. An excellent introduction to the fislghiovided in the text by
Golub and van Loan [GL89]. Solving systems of non-linearstaints is much more
difficult. In fact, for an argument that no general guaradteethod can exist, see
Chapter 9 of Press et al.[PFTV86]. Generally, non-lineathmgs are designed for op-
timization, rather than equation solvingsood, general tutorials on optimization meth-
ods are given by the texts by Fletcher [Fle87] and Gill, Myiaad Wright [GMW81].
Some numerical methods operate like propagation methotisainthey operate
only on one constraint at a time. One example is relaxatioc$uccessively solves
each constraint. Relaxation has been used in several ear$jraint-based graphical
systems including ThingLab [Bor81] and Sketchpad [Sut8@}h relaxation, solving
a constraint may break previously solved ones. The protexsges over all the con-
straints until a solution is found, or the solver gives uph&tmethods that treat con-
straints individually include gradient (steepest) desead penalty methods, surveyed
by Platt [Pla92]. These simple methods do not work reliablydonstraint problems
and offer slow convergence even on problems that they de sdlve poor performance

IChapter 9 of Press et al.[PFTV86] explains why the two proislare not equivalent, and argues
why optimization is a more tractable problem.
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of these simple solvers has discouraged many people framg nsimerical constraint
methods for interactive graphics.

An important class of equation solving and non-linear opation techniques op-
erate by solving a sequence of linear systems. These eratthods take a sequence
of steps (hopefully) converging on a solution. At each iierg a linear system is
solved to determine what step should be taken. Numericdysinaexts, such as
[PFTV86], introduce the basic varieties of these methott& Best known are Newton-
Raphson methods, which have been used in a number of conidiesied graphics sys-
tems including Juno [Nel85] and Converge [Sis91].

Methods that use linear system solving are susceptiblediolggms when the con-
straints are redundant, inconsistent, or ill-conditian&dtandard method to cope with
these problems is the technique known as regularizatiorampthg. The technique
will be discussed in Section 3.2.1, but briefly, it alters linear system by limiting
how much any particular equation can contribute to the smufThe method is the ba-
sis for the Levenberg-Marquardt method for solving nomdinequations [GMW81]. It
has also been applied to the animation of articulated figoyddaciejewski [Mac90],
and to the related problem of robotic control by Wampler [V8&in Damping methods
are equivalent to the robust pseudo-inverse techniqueskdiura [Nak91].

The “snakes” work of Kass et al.[KWT88] used numerical opzation to per-
form computer vision tasks. This work pioneered the use tifopation in interactive
graphical applications. The system permitted a user taetijrenanipulate curves by
resolving the optimization between each redraw. Useracteon is created by includ-
ing the user’s input as part of the optimization objectiveechnique that will be used
in Section 3.5.

It is possible to view the methods of this thesis as a form oflrear constrained
optimization solving in which each iteration is displayedthe user. Unlike most
solvers, the methods are more tuned towards generatingtriragectories towards
the goals, rather than getting to the goals as quickly asiges8ecause the user can
interact with the optimization process, a system can beaotsely guided out of local
minima. Mark Surles used a similar approach in his SCULPTesyg$Sur92a, Sur92c].
He used a different alternate Lagrange multiplier formatathan the one presented in
Section 3.2.

2.2.3 Physical Simulation

The computer graphics community is becoming increasinghrested in using tech-
niques of physical simulation for animation and modellirghysically-based mod-
elling and animation typically provide constraints in arde mimic the mechanical
and structural relationships found in the real world.

A simple method for implementing physical constraints isusing springs to at-
tach things together. This is called thenalty methodthecause broken constraints are
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penalized to pull them back to a solved state. To model mgié constraints, the stiff-
ness of the springs must be increased, making the equatiomstmn harder to solve
numerically. The penalty method and its problems are restiely Platt [Pla92].

Lagrangian dynamics provides a constraint method thavelemew equations of
motion for constrained objects. A standard text used todhice the methods is Gold-
stein [Gol80]. The methods effectively permit switchingateepresentation where the
constraints are implicit. Unfortunately, the methods arpassible to automate for gen-
eral cases as they require the ability to find algebraic mwlsato systems of non-linear
equations.

A method more applicable to computer graphics is the Lagramgjtiplier method.
In this method, constraints create reaction forces thatedamut any applied forces
that would cause the constraints to be broken. The consfi@ices are computed
by solving a system of linear equations. Constraint stadtibn methods, introduced
by Baumgarte [Bau72], also use the constraint forces tdinthe accumulation of
numerical error due to drift.

Methods derived from constraint stabilization have beeedusy the computer
graphics community to find initial solutions to constraiatswell as to simulate their
behavior. Barzel and Barr’s dynamic constraints [BB88] tingestabilization forces to
cause models to self assemble from various configuratidatt.a@d Barr's augmented
Lagrangian constraints for flexible surfaces [PB88b] alsed.constraint stabilization,
but attempted to avoid solving the linear system for the aage multipliers by esti-
mating them from previous values. In a later paper [Pla92}t Bxplains why this was
a bad idea, and provides a more standard Lagrange multg@igration of dynamic
constraints.

Issues in using the Lagrange multiplier and constraintilstabion methods in in-
teractive systems were discussed by Witkin, Gleicher anid\l8VGW90]. The sys-
tem of Witkin and Welch [WW290] used the basic methods of [WGW9Qjriavide an
interactive system for animating deformable objects. €heshniques evolved into
the differential methods of this thesis, first presenteddn\P1a] and [GW92]. For
the methods described here, constraint stabilizationasraplished by choosing con-
trollers that continually “go towards” a value, rather tisamply attempt to maintain a
constant value by creating a 0 derivative. This will be diésct in Section 6.3.

The animation system of Witkin and Welch [WW90] provided a nemdf inno-
vations that influenced the differential approach. Theeyspermitted specification
of objects’ mass distributions in order to control an obgedefault behavior, an idea
generalized into the use of metric definition in SectionB.Zhe system also presented
a predecessor to the controllers of the differential apgrodhe paper describes a vo-
cabulary of controllers used to describe animation by $pieg forces and impulses
on objects over time.

Non-interpenetration or collision constraints are a sgetyipe of physical con-
straint. They differ from other mechanical connectionshattthey are represented
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by inequality rather than equality equations. Methods fonugating collisions were
first provided by Moore and Wilhelms [MW88] and Hahn [Hah88].a\Vid Baraff
has treated the physical simulation of collisions exteglgi{Bar92a], first introducing
methods that properly handle collision and contact of petirhl objects [Bar89], and
then extending this result to curved surfaces [Bar90],aa&$ with friction [Bar91a],
and deformable surfaces [BW92]. Gascuel [Gas93] providiisiom constraints for
other types of deformable objects.

As discussed in Section 1.2.2, the differential approachisthesis is a descendent
of previous work in physical simulation, discussed in [WGW30he differential ap-
proach can be viewed as a form of physical simulation whexevibrld has a different
set of laws than the real world. Rather than follow Newtofs ma laws of motion,
objects obey Aristotle’s = mwv. Objects move only when pushed, rather than having
inertia.

2.2.4 Inverse Kinematics and Dynamics

The problem of determining the configuration of parametecgiired to achieve de-
sired values of object attributes is called inverse kinérsatThe inverse kinematics
problem is important to robotics as it is used to compute gonditions of robots actua-
tors required to achieve needed end-effector positions.pfoblem is, therefore, well
studied, especially for the special case of most interesthotics: articulated figures.
An articulated figure is an object made of rigid links coneédby joints.

Basic robotics texts, such as those by Craig [Cra86] or FRau$1] present meth-
ods for solving inverse kinematic problems for articuldigdres. Craig splits solution
strategies into two broad classes, closed form solutiodshamerical solutions. His
text, like many others, dismisses numerical solutions dose of their iterative nature,
numerical solutions generally are much slower than theesponding closed form so-
lution; in fact, so much so that for most uses we are not coreckewith the numerical
approach.”

Inverse Kinematics techniques are becoming well known iwithe computer
graphics community. Commercial systems, such as Softif#@f@3] and Wavefront
[Wav94] now permit users to manipulate articulated figugepdsitioning their end ef-
fectors. Badler and et al.[BMW87] describe extensions todsded inverse kinematics
that permit positioning articulated figures by placing riplét constraints on them. Wel-
man [Wel93] surveys inverse kinematics methods and dissussw to interactively
position articulated figures using them.

More general methods for inverse kinematics use iterativaarical algorithms
to solve the non-linear equations. Nakamura presents su@pjproach in his text
[Nak91]. Nakamura’s techniques are very similar to thosthefifferential approach,
including his use of damping to handle singular systems.

Inverse dynamics, or robot control, is a related problemnieeise kinematics.
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Rather than solving for configurations, the methods deteerforces and torques re-
guired to achieve desired effects. Inverse dynamics hasdéqaored for use in com-
puter animation. Armstrong et al.JAGL87] and Wilhelms [/l present systems that
use inverse dynamics to aid in the animation of articulagparés. Issacs and Cohen’s
DYNAMO system [IC87] combines inverse dynamics with kin¢it&using a general
formulation that can handle objects other than articuléitrdes.

2.2.5 Numerical Methods for Interactive Graphics

As will be further discussed in Chapters 4 and 5, there arerakissues in employing
numerical techniques in interactive systems. The two magsare fast solving and
dynamic definition of the problems.

One issue in employing numerical computations in intevacsiystems is that the
derivatives of the functions representing constraintstto@somputed. While there are
several methods for computing derivatives, such as symddblicreating the equations
or estimating the values with finite differences, the methoidAutomatic Differentia-
tion have been shown by [Gri89] to be at least as efficient andrate. Anintroduction
to Automatic Differentiation provided by Iri [Iri91], and survey of tools is provided
by Juedes [Jue9l].

Research in Automatic Differentiation focusses on the bigaraent of compile time
tools for large problems [BGK93]. For computer graphicsigxnatic Differentiation
techniques were developed to operate on expression grapheitey represented in
program data structures, as will be discussed in Chapteh&sd& methods permit the
functions being differentiated to be dynamically definedn iAplementation of the
techniques was employed in the system built for SpacetimestCaints [WK88]. A
later system using the methods is Kass’ CONDOR [Kas92] wheimitted the user
to interactively specify constrained optimization probkeby direct manipulation of
expression graphs.

My implementation of Automatic Differentiation, called &mTogether Mathemat-
ics, encapsulated the methods into an application indegrendolkit and is discussed
in Chapter 5. The first version of Snap-Together Mathematers introduced as part
of work on interactive physical simulation [WGW290]. The first-€toolkit for Snap-
Together Mathematics was detailed in [GW91b]. Based on tipep Kaufman repro-
duced the system [Kau91]. A variant of the original Snapefbgr Mathematics was
used inside of the Briar drawing program (Section 9.1), araved into the current
implementation introduced in [GW93] and described in Chapte

The critical performance issue in most numerical constrai@thods is solving a
linear system, as discussed in Chapter 4. Exploiting dpatke fact that a matrix
contains many 0 elements, is a standard technique for spe#te solution of linear
systems. The text by Duff et al.[DER86] provides an intrdducto the techniques.
For the differential approach, the direct methods, likesthdiscussed Duff et al, are
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less appropriate than iterative methods. Detailed disons®f iterative methods, and
specifically the Conjugate-Gradient methods used in tieisifhare provided by [PS82]
and [She94].

Steven Sistare’s thesis describing Converge [Sis90] desvan analysis of the
performance issues in using numerical techniques in anaictige drawing system,
and includes methods for dynamically selecting linearesyssolvers and partition-
ing the constraint problems. Mark Surles’ work on intenaetinanipulation of protein
molecules extensively treated the performance issueduimgdhe linear systems in-
volved in solving the optimization problems [Sur92b, SwuPBecause his task was
to manipulate predefined models that had a very specifictateidis methods do ex-
tensive pre-analysis. The structure of the matrix founchi@ngistry problems permits
solutions with linear time complexity.

2.3 Graphics Toolkits

For a variety of reasons, constructing interactive appbos is an extremely difficult
task [Mye94]. In order to aid with this process, a varietyauils, surveyed in [Mye93],
have been developed. The most often used are graphicdbredoolkits.

Basic graphics toolkits, such as GL [Sil91], PHIGS [Com&B]d X [SG86], pro-
vide drawing primitives and basic elements for interagtgauch as events and windows.
Graphical interface toolkits support graphical applieasi by providing high level sup-
port for interaction techniques and graphical object managnt, aiming to insulate the
programmer from low level details such as window managem&much as possible.
Such toolkits have become a part of the construction of almbgraphical applica-
tions. However, most toolkits leave the majority of the woflgraphical editing to the
applications programmer.

Some research tools, such as ArtKit [HHN90], Garnet [M@D] and Coral [SM88]
provide support for graphical editing in addition to the mtypical buttons and sliders.
Tools specifically designed to support 2D graphical editoctude Unidraw [VL89],
ArtKit [HHN90], MEL [Hil91] and GRANDMA [Rub91]. Rendezvos [HBP"93] is
specifically designed for creating multi-user graphicatied applications. All of these
tools provide mechanisms for creating direct manipulatiparations.

More recently, toolkits have been developed to support 3plgcal applications
at a higher level than low level graphics packages such asr®HUGS. Such toolkits
are almost always object oriented, and provide high levstrabtions of interaction
techniques. Examples of such toolkits include MR [SLGS8R]}entor [SC92], UGA
[CSH™92], BAGS [ZCW"91], Alice [PT94], VB2 [GBT93], and GROOP [KW93].

Many of the toolkits mentioned contain support for advanoéeiface techniques,
such as ArtKit's snapping, GRANDMA's gesture recognitiam,Inventor’s 3D ma-
nipulators. However, no previous high-level toolkits p®/non-linear constraints or
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interaction techniques for both 2D and 3D applications.ikaiy, many user interface
toolkits use constraint techniques to help programmersl lntieractive applications,
as discussed in Section 2.1.2. In all cases, constraintadetire limited to propaga-
tion, and the focus is on abstractions to help programmetsyecessarily to provide
constraints to the users.

Providing an embedded interpreter in an interactive appba is not an uncom-
mon technique. The utility of such extension languagesssigised in [BG88], which
describes the success of the EMACS editor. Graphics tgolitich center around
such interpreters include Tk [Ous91], MR [SLGS92], Alicd 2], UGA [CSH'92],
and ezd [Bar91b].

Previous toolkits have attempted to aid in the developmérnmteraction tech-
niques, and their incorporation into systems. For exantpdenet provides a basic set
of interactors [Mye90] from which more complex behaviora b& constructed. UGA
[CSHT92] and Alice [PT94] allow prototyping 3D interaction tedtues procedurally.
GITS [OA90] defines interaction techniques with constigihbwever it is limited to
the design of 2D widgets and it precompiles constraint gmhst In [ZHR93], inter-
action techniques are interactively linked together in @st@int-like fashion to build
more complex 3D widgets.

2.4 Interaction Techniques and Applications

Development of 3D interaction techniques was a major mbtiador the differential
approach and is the source of most of the examples in thesthesi

2.4.1 Manipulating 3D Objects

Sketchpad’s 3D successor, Sketchpad 11l [Joh63], intredwgraphical manipulation
of 3D objects and first faced the issues of manipulating 3@abjwith 2D pointing
devices. Since then, many researchers have explored tlesis€atalogs of interac-
tion methods are provided by Evans et al.[ETW81], Nielson @skn [NO86] and
Osborn and Agogino [OA92]. The problem of specifying a 3Matimn using a mouse
has received close attention, such as the work of Chen eNEB8] and Shoemake
[Sho92]. Techniques which rotate and translate objectgusiferences to other points
of interest in the scene are explored by Bier [Bie86] and 9Bje Methods based on
interactions between pairs of objects are provided by [@&n9

In order to make interfaces easier to learn and use, desigrptore how to make
them self-revealing. Houde [Hou92] considers iconic haa@nd movements based
on the objects’ meanings. 3D Widgets [C832] use graphical objects which disclose
potential behavior in the same view as the objects they nudatg. The authors have
subsequently built an interactive tool for rapidly profaityg these widgets [ZHRO3].
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Inventor [SC92] is a popular toolkit for constructing 3D &pations that employ a
widget style interface.

2.4.2 Controlling Virtual Cameras

The problem of specifying a viewing transformation or vatteamera configuration
is an important problem for 3D graphics. This work deservestion here not only
because it is a problem to which the differential approadhb&iapplied to yield inter-
esting results (Section 8.1.4), but also because the wpikdyg the general problems
that the differential approach is designed to address.

Most camera formulations are built on a common underlyingehor perspective
projection under which any 3-D view is fully specified by gigithe center of projec-
tion, the view plane, and the clipping volume. Within thiarfrework, camera models
differ in the way the view specification is parameterizede3éparameterizations are
typically designed to provide controls that are useful fitiner interaction or interpo-
lation.

Much of the work on interactive camera placement in compgtaphics has
been concerned with direct control of these standard pdemmeSeveral researchers
have addressed the problem through the use of 3-D interfasd#ading six degree-
of-freedom pointing devices [WO90, TBGT91, BMB86] and mopedalized de-
vices such as steerable treadmills [Bro86]. Issues ingbiveusing the standard
LOOKAT/LOOKFROM model to navigate virtual spaces are cdesed by [MCR90].
In [DGZ92], the LOOKAT/LOOKFROM model is embedded in a prdaeal language
for specifying camera motions.

The difficulty with using camera parameters directly as paatis that no single
parameterization can serve all needs. For example, soegitns more convenient
to express camera orientation in terms of azimuth, elenatia tilt, and other times
in terms of a direction vector. These particular alterregiare common enough to be
widely available, but others are not. A good example inveltfee problem, addressed
by Blinn [BIli88b] of portraying a spacecratft flying by a plan&linn derives several
special-purpose transformations that allow the imageepasitions of the spacecraft
and planet to be specified and solved for the camera positlueneed for this kind of
specialized control arises frequently, but we would rati@rderive and code special-
ized transformations each time it does. The differentigrapch permits using these
interaction techniques without deriving the inverse tfamsations.

Registering graphical objects and a real image by recogeamera parameters is
considered in Section 8.2.4. Problems involving the reppwé camera parameters
from image measurements have been addressed in photoghg/memputer vision,
and robotics. All of these are concerned with the recoveryanameter values, rather
than time derivatives. Algebraic solutions to specific peafs of this kind are given

2Also see chapter 6 of [Sch59] for amazing mechanical soistio photogrammetry problems.
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in [Mof59] and [Gan84], while numerical solutions are dissed in [Low80, Gen79,
McG89]. In [TTA91], constrained optimization is employedgdosition a real camera,
mounted on a robot arm, for the purpose of object recogniti@ttors considered in
the optimization include depth of field, occlusion, and imagsolution. The use of
constrained optimization for camera placement in animat@roposed by Witkin et
al.[WKTF88].

2.4.3 Controlling Lighting and Surface Properties

Shadows play a particularly important role in 3d images. yTtentribute greatly to
viewers’ abilities to perceive depth [Wan92]. Techniquasdisplaying special cases
of shadows can be implemented in real time on graphics watiksts [Bli88a, Hud92],
and the most sophisticated graphics hardware is even apbthtawing more general
shadows in real time [SKvWO2].

Controlling scene parameters by directly manipulatingilination effects has been
explored by several researchers. A desire for appearaasmdbmanipulation is ex-
pressed in [VWJB85]. Poulin and Fournier [PF92] describbrigpies for positioning
light sources by specifying the positions of specular higjtts and shadows. Dragging
drop shadows on the floor and walls is used to position objedtdZR*92]. Hanra-
han and Haeberli [HH90] discuss techniques which allowsigepaint on images and
have the surface’s colors updated appropriately. Painiitly Light [SDS"93] per-
mitted controlling intensities of light sources in a simifashion. Kawai, Painter and
Cohen’s Radioptimization [KPC93] permitted controllingHt sources by specifying
the desired lighting on various surfaces. The methods usedstrained optimization
on the results of a radiosity computation.



The science is in the technique, all the rest is just com-
mentary.
— Allen Newell
SCS Distinguished Lecture, Dec, 1991

Chapter 3

Differential Techniques

This chapter introduces the basic techniques required pdeiment the differential
approach. We begin by reviewing how graphical manipulatan be viewed as an
equation solving problem. To solve these equations difiteaty, we will solve a con-
strained optimization that computes rates of change ofah@peters given the desired
rates of change of the controls. Basic methods for solviegdloptimizations will be
discussed.

Constrained optimization computes the rate of change doblarameters. To
determine the objects’ trajectories, an ordinary difféiedrequation (ODE) must be
solved from an initial boundary value. Some of the basicassa solving such equa-
tions as well as some methods will be introduced.

Additional flexibility is provided by adding additional @ into the constrained
optimization problems. This is used to provide default véira for objects and to
permit the creation of soft controls that can be used to esspeeferences.

The chapter concludes with an alternate solving methodtwifices generality for
simplicity, a simple example worked through in detail, arsienmary of the symbols
and methods discussed. The subsequent chapters descnlibdse methods can be
implemented in an efficient and flexible manner.

3.1 The Differential Optimization Problem

In the introduction, the basic notion of treating graphitanipulation as an equation
solving problem was introduced. We control graphical otsjey specifying what hap-
pens to the values of selected attributes called contrdiesd controls are defined by
functions,

p= f(q), (3 1)

whereq is the state vector of the objectsis the vector of values of the controls, aind
is the function that defines the controls. A full table of alitilematical symbols used
in this chapter is provided on page 62.

39
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As was discussed in Section 1.1.5, itis not practical toesBlguation 3.1 fog given
p. Instead, we take a differential approach to the problendeasribed in Section 1.2.
Rather than specifying values for the controls, we will sfydwow they are changing
over time. At particular instants in time, we compute howstate vector must change
in order to achieve the desired changes in the controls.

Given a particular instant in time, the value for the stateteeat that instantq ),
and the desired values for the rate of change for the cor{jsd/sve must compute the
necessary rate of change of the state vegjor{Ve call this problem thélifferential
optimization Since the value for the state and the control function arergiwe also
know the value of the controls at the instant the optimizatsoto be solved.

Our need to deal with the time derivatives of the controls state variables leads
us to take the derivatives of each side of Equation 3.1 talyiel

. dp _ df(q)
b= = (3.2)
Applying the chain rule yields
. of dq
b= %E (3.3)

For the general case of a vector of control functions, thevdgve is a matrix called
the Jacobianwhich is the matrixof /0q and is denoted by. Using this notation, we
get

p=1Jq. (3.4)

Like the controls themselves, the Jacobiais a function of the state variables.
The matrix of functions that compute the elements of the Jiacocan be determined
by differentiating the control functions with respect te thariables. Since the values
for the state variables are given, the value of the Jacobiaffactively given as well.
Methods for computing the Jacobian efficiently will be dissed in Section 5.2, but
for now, we simply assume we have some method to compute tobida from the
variables, and treat is as if it were a given as well.

Sincel is a known matrix, Equation 3.4 idiaear equation, even thoughis a non-
linear function ofg. The differential approach has replaced the multi-dimamedinon-
linear root-finding problem with a linear system and an cadyrdifferential equation.
Unlike non-linear equations, for which good solving teciugs are unlikely to exist,
linear systems are relatively easy to solve.

3.1.1 Underdetermined Cases

Unless enough controls are specified to uniquely determis@wgion, Equation 3.4
will be underdetermined. There will be many possible waysth@ state vector to
change to achieve the desired changes in the controls. Assdied in Section 1.1, the
system must select one of the ways for things to change. Weusesome heuristic to
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pick a solution, because we lack any information as to whagssred. The rule chosen
for the differential approach is to minimize the amount tiha@t configuration changes,
or, more precisely, to minimize the rate of change of the goméition. That is, if the

user’s controls don’t ask for something to change, the aysteould avoid changing it.
This leaves open a variety of ways to measure change thabevékplored in Section
3.4. Since the rate of change of the configuration will be edirfunction of the rate
of change of the variables, its magnitude will be a quadfatiction, which we denote
by g.

When the linear system of Equation 3.4 does not uniquely ohétexq , it provides
constraints on its possible value. To determine the pdatimalue ofg, we must solve
the problem

minimize F = ¢(q) subjecttop = Jq. (3.5)

That is, we have cast the problem as a constrained optimizatiinimize the value of

a quadratic objective function @f subject to the linear constraints that the controls are
met. In the following sections, we discuss solution methagisg standard techniques
that meet the needs of differential manipulation.

3.2 Solving the Differential Optimization

The linear/quadratic constrained optimization problemesaastandard class of prob-
lems for which a wide range of techniques have been develdpedd surveys can be
found in texts such as [FIe87] and [GMW8L1]. A standard techei$ the Lagrange
multiplier method. A form of it is reviewed here for use in tti€ferential approach.

To begin, we consider minimizing a specific quadratic olyectunction, simply
minimizing one half the magnitude gfsquared. The value @fthat minimizes that is
the same value that minimizes the magnitudg.of he specific constrained optimiza-
tion problem we consider in this section is then

1
minimize £ = 5(('1 -q) subjecttop = Jq. (3.6)

We will consider the general case of quadratic objectivesaation 3.4.

To provide an intuition for how Lagrange multiplier methadsrk, consider an ex-
tremely simple case: a particle in 2 dimensions, with itsestapresented as its Carte-
sian coordinatesy = {z, y}. We will place a control on the particle that is its distance
to the origin,p = f(q) = z* + y*. Suppose we specifyto be 1.

As shown in Figure 3.1, there are many possible valuesyfahich achieve the
desired value fop. In this case, it is clear to see that the one with smallest iadg
is the one which is in the same direction as the gradierft 8ihy component ofy not
along this line will not be helping to achieve the desiredtome. We can therefore
restrictq to be some multiple of the gradient, thatdscan be expressed as a scaling
factor times the gradient. This scaling factor is calledlthgrange Multiplier.
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v

Figure 3.1: A point on the plane with a radial control. Many possible eslwfq will yield
the desired value gf. The one with least magnitude has the same direction as tdéegtaf

f

If there were multiple controls, each would make a contidouto . For each
control, the contribution is some multiple of its gradievife therefore have a vector of
Lagrange multipliers, which we denote Ayq is determined by the linear combination
JTA.

More formally, to be a solution to the constrained minimiaatproblem,q must
satisfy two criteria. Firstgq must satisfy the linear constraints, given by Equation 3.4.
Secondlyg must minimizeE’ as much as possible, subject to the constraints. In the case
of an unconstrained minimization, we would require thatgrediento £ /dq vanish,
meaning that there is no direction to charigéhat would result in a lesser value for
E. With constraints, there might be a way to chargéo further minimizeFE, but
only if these changes are prohibited by the constraintst iBh# the gradient of the
objective function is not zero, it must lie in the row spacehs constraint gradients.
This requirement is expressed by defining the objectivetiongradient to be a linear
combination of the constraint gradients,

oF T
3 JA, (3.7)
for some value oA. The vector\ is an intermediate result which we call thagrange
multipliers.
In the case of the simple objective function of Equation 816,gradientFE /dq is
simply q, giving
qg=J"x. (3.8)

Substituting this into Equation 3.4, gives
p=JITX, (3.9)

a linear system which can be solved for its one unknadnThis intermediate result
can be substituted back into Equation 3.8 to yield the deginal result,q.
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3.2.1 Over-determined Cases

To this point, we have focussed on techniques that handtases where an insufficient
set of controls are specified to uniquely determine a salutie now must consider
the problem of handling cases where too many controls spiagfsolution. Such cases
may involve redundant controls, where multiple controlspécify the same solution,
or conflicts, where there are no solutions to all of the cdstro

Conflicting controls are obviously a problem as there is not&m which will meet
the controls. However, redundant controls manifest thérasan exactly the same
way. Consider a system subject to two identical contgeleind p,. The net result
should be that; moves in the manner specified. Bits created by the sum of the
contributions of; andp,. How much does each contribute? Dgeggontribute a little
andp, alot? Doe9);, contribute a huge positive amount gidh huge negative amount?

When controls are over-specified, whether their values abofinot, they cause the
Lagrange multipliers to be under-specified. The makdixwill be singular. Redundant
or conflicting controls are inevitable, and are notoriounsyd to detect. It is important
that our solution method be robust in the face of these samgigls, and that it will do
something reasonable with conflicts.

One approach to handling the over-constrained cases wetuto &mploy a linear
system solver which could handle Equation 3.9 even when #itebms singular. For
example, singular value decomposition (SVD) [PFTV86] ddug used. The SVD has
many attractive properties, for example it provides infation as to which controls are
redundant. Unfortunately, SVD is expensive to compute olmtr@ast, if we can restrict
the problem so that the solver only needs to solve non-sangyktems, we can exploit
this property to solve them efficiently, as will be discusse@hapter 4.

Rather than force the solver to handle singular matriceswillenstead modify
the matrices so that they have a unique solution. We will mbiag exact solution to
the original linear system, but we are trading accuracyrfgsroved behavior in bad
cases. Because we are interested in interaction, rathehtgh accuracy quantitative
methods, we will make such tradeoffs often, as discussédduin Section 4.5.

The technique for making the matrices non-singular is dalEemping. The basic
intuition is that we generally prefer to avoid large valuessthe Lagrange multipliers,
therefore, in cases where the Lagrange multipliers aretendened, we should min-
imize their magnitude. The derivation here most closeliofes that of Nakamura’s
derivation of a robust pseudo-inverse [Nak91].

In cases where the controls are over-determined, the swlienot be able to
achieve all the desired values for them. Instead, we muie et getting as close
as possible, that is, to satisfy them in a least squares séasimd Lagrange multipli-
ers that achieve this minimum, we minimizg2(J”X — q) - (J*X — q), In addition,
we would like to minimize the magnitude af, although since this is not as important,
we can scale this term by a small amount, which we will palThe function we wish
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to minimize is .
E=S(TA=a)- (J'A =)+ n(A-A). (3.10)

The minimum of this quadratic is found by differentiatinglmespect to\, and setting
that equal to 0, yielding
0=JI"X—Jq+ pIX, (3.11)

wherel is the identity matrix. Recalling Equation 3.4, a little reamgement yields
p=(JT" + DA, (3.12)

a variant of Equation 3.9 which has small amounts added tditdgonal of the matrix.

Rather than having a single scaling factor for the magnitfdée vector of La-
grange multipliers, we could have an individual one for e@adividual multiplier. This
would enable damping selectively, or to damp some controlerthan others. Selec-
tive damping allows the creation a a limited constraint dvieiny: if two constraints
conflict, and one is damped but the other is not, the undamgestraint will domi-
nate the damped one. When two conflicting controls are botlpddntheir effects are
blended. By individually adjusting their damping valude tontrols can be weighted.
The larger the damping value, the less weight the contrelives.

The damping technique presented here has three major drksviairst, it penal-
izes large values of the multipliers whether they are ureterdhined or not. This can
cause a problem when the multipliers legitimately need tatgge to satisfy the desired
controls. Secondly, damping is applied whether there anflictng controls or not.
Finally, it introduces a new dimensionless paramgteBecause it has no real mean-
ing to the original problem, values for it are difficult to denine. For the differential
approach, damping values must be determined empirically.

3.3 Solving the Differential Equation

The methods of the previous section permit us to computeatss of change of the
state vector. We now consider how to use the rates to find ajectories of the con-
figurations over time. We must solve the problem of computiregtrajectory of the
state given its initial value and time derivatives, a prablaf solving an ordinary dif-
ferential equation (ODE) from an initial boundary conditiddere, we provide a brief
introduction to handling this problem in the context of thiéedential approach. For a
more complete, but still practical, introduction to ODEwgan methods, see Chapter
15 of [PFTV86].

The value ofg is actually is a function of time, defined by a function thatnputes
its time derivative. The form that we have this function dedinn is

q="1f'(q,1), (3.13)
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wheref’ is found by solving the differential optimization. Giveretiialue forq (which
corresponds te(t) for some timet), we can computé . This is a standard form for
an ODE.

For the types of problems we encounter with the differerg@droach, we cannot
solve the ODE in closed form. Instead, we must solve it nucadlyi by discretizing
time into a series of small steps. In computing a step, tHevidhg problem must be
solved: given the state at the current tig€,), find the state at some time in the future,
q(t+At). The time derivativej (i.e. the result of the differential optimization) does not
directly provide the solution to this problem. It only sdexs how the state is changing
at the instant that it is computed. The problem of updatirgdtiate given the ability
to find its time derivatives is solving an ordinary differehtequation from an initial
boundary condition.

Solving the ODE is difficult because when we perform an ewadado find g for
a particularg , we are only finding out about a particular instant in time . Nege no
information about the futurey might remain constant for the duration of the step, but
it might also change drastically over the course of the step.

The simplest method for solving an ODE is to fidt the beginning of the step
and assume it remains constant over the course of the stepisTknown as Euler’s
Method, and has the simple update rule of

alt + At) = q(t) + Atg(t). (3.14)

Euler’s method approximategt) with as a piecewise linear function. The size of each
piece is the step size. If the step is too large, the apprdiomevill not be good. Notice
that each step requires computing a nghy solving the differential optimization.

To understand what is meant by “good” in ODE solving withie ttontext of the
differential approach, consider a simple example. Oncéagae will use a point in
the plane, however, this time, we will select a control teats angular position about
the origin. Suppose we provide a desired velocity for thistid of 1 unit per unit
time, the starting configuration has the point a unit distaineam the origin along the
positivez axis, and the specified derivative always points tangefgaircle. As time
progresses, we will expect the point to move around themiiga circular path.

If an Euler’s method ODE solver is applied to this example,ghoblems of ODE
solving are quickly apparent. At the initial position on thexis, the gradient of the
control points vertically. Any step in this direction wigéd the point off the circle itis
expected to follow around. As more and more steps are takemdint will continue
to spiral away from the circle, speeding off the page, as shiaWrigure 3.2.

Because of error in approximation, the point spirals outivarer time. However,
if smaller step sizes are taken, the behavior is better. iSh#te point spirals outward
more slowly, better approximating the expected circle sisishown in Figure 3.3. In
fact, by going more slowly, we may reach a desired destinatiore quickly because
we are less likely to overshoot or drift away from the targ&oing slowly can be
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Figure 3.2: A point on the plane with a control that drives it tangent tdrale around the
origin. Although it should (ideally) travel in a circular g ODE solver error causes it to spiral
off the page.

RRATA

Figure 3.3: A pointis pushed in a direction tangent to a circle about tigim, using an Euler
ODE solver and various step sizes. In all cases, the poirdls@way from the target circle,
although with small step sizes, the point tracks the cirelid.

accomplished two ways, either by reducing the duration efstiep or by reducing the
velocities.

In solving the ODE, there is effectively a speed limit. If dojext attemptsto change
faster than this, it may speed out of control or even missatidation entirely. For
a given velocity, solving can be made more stable by reduthiegstep size, in the
limit of infinitesimally small step sizes, ODE solving wilelexactly correct. However,
since each step may require significant computation, thebeuthat can be executed
is limited. Alternatively, this speed limit can be viewedtiwa constant step size: for
a given step size, how fast can an object go without becomsgable. If we think
of steps as taking some fixed amount of time to compute, thnstates directly to an
apparent velocity in the image.

The speed limit given by ODE solving varies according to a benof factors.
Most significantly, it depends on the path that the objedts.tarhe more non-linear
the function is, the more poorly the linear approximatiofi fiti it. At the extreme,
if an object is truly moving in a line, Euler’'s method achisube exact motion, and
there is no speed limit. In a sense, the speed limit can beadas a restriction on the
types of controls used to define the motion: given that the sitee is fixed, how badly
non-linear a control can be used and still have the objectenaba reasonable rate.
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If we take smaller steps to achieve better performance, \gatase multiple ODE
solver steps for each redraw. For example, if we would likengontain 10 frames per
second and updating the image or solving the differentih@pation takes 30ms, we
might use two Euler steps between redraws. As we will see ap@n 4, typically the
differential optimization is the most time consuming pdrtte process, and becomes
more so as the problems grow larger. With a faster compietjrne to compute each
step will be decreased, so more steps can be computed pawrefectively raising
the speed limit.

Using multiple samples per step is what is calfedlti-step solving.We might
phrase the problem as follows: the starting poirarfdq(¢)), computeq(t + At) as
well as possible using samples. Using two Euler steps has- 2, and uses a 2 piece
piecewise linear approximation.

Given that we have some number of samples that we can maketép axe can
consider how to best use these samples to approxiqiateFor example, if we can
take 2 samples, we might use a 2 piece linear approximatitakyg two Euler steps.
Alternatively, we might use these same two samples to fit aljmda. This would be
called a2nd-ordermethod. The particular case of a parabola is simple to ¢remtee
a parabola has a linear function for its derivative. Thidfieatively done by using the
initial step as a trial step, evaluating the derivative & point, and using this for the
duration of the step. This is called th@dpoint methoar the 2nd-order Runge-Kutta
method. It is applied to the example problem in Figure 3.4.

According to Press et al.[PFTV86], the most popular mukpsnethod is the 4th-
order Runge-Kutta method. As implied by the name, it usesaduations per step.
According to the literature, this method is generally paree to be superior to higher
order methods. The 4th order Runge Kutta method has beemndferned solver for
the prototype implementations in this thesis.

A higher order method is only better than taking a larger neind$ lower order
stepsifit provides a higher speed limit for the same numbevaluations. This will, of
course, depend on the problem to be solved. However, inipeatie 4th-order Runge-
Kutta method seems to be a good method for implementing ffexehtial approach.
Empirically, it usually performs at least as well, but soimets substantially better, than
taking 4 small Euler steps, or 2 Runge-Kutta 2 steps.

There are many other multi-step methods. Predictor-Caréechniques [PFTV86]
are another popular strategy. Such methods use past stepsiiot future values and
then correct for the error of the prediction. However, thesghods are difficult to
apply in dynamic settings because the dynamic nature of thiglggms make it diffi-
cult to maintain a history to use in prediction. Often, theik be no history so some
technique like Runge-Kutta will be needed to start the pgsce

For the prototype implementations of this thesis, fourtteoiRunge-Kutta and Eu-
ler's methods solvers are used.
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Figure 3.4: Left, a second order Runge-Kutta method, and right, an Buieethod are used
in the example problem of Figure 3.2. The evaluations usethbyRunge-Kutta solver are
shown in grey. Notice how the Runge-Kutta solver stays clas¢he circle using the same
number of evaluations as the Euler solver.

3.3.1 Adaptive Step-Sizes

So far, we have considered solving an ODE with fixed step siregead, we might
consider adapting the step size to the problem. When a steqads, it could be checked
to see how good it was. If it caused an unacceptably large ahaderror, it could be
redone with a smaller step size. Adaptive step size methads the advantage that
they can slow down to accurately handle problems when thegrbe difficult. Also,
because they check their results, they are less likely teechad errors.

Adaptive step size methods have some severe drawbacks whdmith the dif-
ferential approach. The most significant problem is thay tire continually adjusting
the step size which alters the amount of computation requoeadvance simulation
time a specified amount. If the computation rates are fixezlaiparent velocities of
objects will fluctuate. This can be disconcerting to the .ua&so, the extra evaluations
to perform checks and computing alternate steps might tertsgtent on making more
steps since error correction is built into the controls,@#mwllers can adjust their val-
ues in response to what is happening as will be discussecdtioS&.3. For example,
in the example of the previous section, if the user reallgdabout the point staying
on the circle, an additional control that maintained thisigdde used.

The differential approach provides some interesting ojppaties for employing
adaptive step sizes. Standard methods for ODE solving ttneaéquation as a black
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box, that is they cannot get any information about the probd¢her than asking for
evaluations ofy . Standard adaptive ODE solvers employ methods such agttien
same step with a higher order method to compare with.

With the differential approach, we have more informationaththe problem we
are solving. In particular, the functions that define thetaus provide measures of
error. For example, if a controller is meant to keep a corral particular value, at the
end of the step it can be checked to insure that the contratdiashanged too much.
Each different control might have its own way of defining waatacceptable amount
of error is. | call thissemantic adaptatiobecause it adapts based on the meaning of
the problem. | have experimented with some simple semadéptation of step size,
simply reducing the step size when a control has a valuehibatytstem finds unaccept-
able. The method works as follows: a certain set of contn@s@onitored. When a
step is computed, the monitored controls are examinedyleaneed a specified error
limit, the step size is shortened.

A different type of semantic adaptation is to use a diffeep when problems
occur. One useful variant of this is the cleanup step. In gufiegtion like constraint-
based drawing or mechanism simulation, there is typicaliyes small number of con-
trols that cause motion and a potentially larger number riyatesent constraints. A
cleanup step is an extra step that is run only with the coingsralt is used when the
pulling controls have broken the other constraints to calism to get back to their
desired configuration.

3.4 Generalized Objective Functions

The optimization objective determines which solution Wwélgiven in under-determined
cases. By selecting different optimization objective$fedent default behaviors can
be given to objects. To this point, we have only consider gutemozation objective:
one half the magnitude of the state vector derivative sguaréis section considers
other objective functions.

The types of default behavior that we consider in the Diffiéied Approach can be
summarized by the idea that objects should not change umle®strol causes them to
change, and that when an object changes to achieve whatdgiegpdy a control, it
should do so by changing as little as possible. By altering Wwe measure change, we
can control the default behavior or feel of an object. Forxamgple, consider manip-
ulating a line segment by moving one of its points, as showsigare 3.5. Depending
on the metric of change, the line segment will behave diffédye In all cases, the line
segment achieves what is specified by the controls. Howbyesglecting an appro-
priate metric, the programmer can create a desirable défab&vior. An appropriate
metric is not essential since if there was something thainvpsrtant, it could be spec-
ified with a control. But, properly defined objectives carealhte the need for extra
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(a) (b) (c)

Figure 3.5: A line segment is dragged by controls that specify the pmsitif the upper point.
Different objective functions provide different behador) change in length and orientation
are minimized; b) change in the position of the center is minéd; ¢) change in the position
of the lower point is minimized.

specifications.

The simplest metric of change is the magnitude of the ratbafge of state vector,
g, as was used in Section 3.2. This simple objective has beshugsto this point, and
is sufficient for a wide variety of applications. It has a dbaek: it causes the param-
eterization to affect the behavior of the object. Using theameterization violates the
goal of separating manipulation from representation. Esieple decisions, such as
whether to represent an angle by degrees or radians, can affeobject’s behavior
[Wit89a]. This may be a serious problem, or an opportunityméans that we can
choose which interactive behavior we would like by cargfahioosing the representa-
tion. However, if we are not careful about choosing the re@ngation, we might get a
less desirable behavior. The severity of this problem igdid) because the user could
always provide additional controls if they really cared whappened.

3.4.1 The Metric

In order to spare the user the increased effort of more camiplepecifying their intent,
and to give programmers more freedom to select represensdtiat are convenient,
we must use a different objective function. Rather than mn@&ag change in values of
the parameters, we could measure change in something thavtldepend as closely
on the representation. We have used the functions that denofjects’ attributes to
serve as controls that are independent of representationlaBy, we prefer to define
an object’s metric in terms of its attribute functions aslw@le select a subset of the
attributes to define the metric. Just as we denote the subtet attributes that serve
as the controls &s we will denote the function used to define the metrigywhich is
also a function ofj. We denote the Jacobidg/dq by G.

The optimization objective will be to minimize the magnieudf the change in the
attributes. This rate of change is

g = Gq. (3.15)

Since we are searching for the minimum, we can minimizethe sum of squares of
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g, rather than the magnitude. Since we might wish to emphasine ®f the attributes
more than others, we also introduce a scaling factor for éachake the objective a
weighted sum of squares. Writing the scaling factors as thgothal elements of a
matrix for notational convenience, the objective funcii®n

1
E = 5qTGTSGq, (3.16)

We will call the matrix that defines this quadrati® (SG) term themetric because it
defines a way to measuég

The simple objective function of Section 3.2 used the patare@f the objects as
the attributes that defined the metric. Simce- g, G = | andM also is the identity
matrix. Viewed this way, the advantage of using a correctimean be seen. The
identity metric defines the behavior of the object in termgsoparameters, rather than
in terms of something that is potentially meaningful to tiseru

A Particularly Useful Metric

The metric provides a method for an interface designer tedefidefault behavior for
an object. In effect, it allows for hand-tuning the behavi@t a user sees when the ob-
ject is manipulated. However, this leaves the problem tmairiterface designer must
hand-tune the behavior in order to hide effects of the pararzation. Often, this is
not an issue, as the parameters provide a reasonable dethalior, or, if a specific
behavior is required, it can serve to describe a metric. Hewesome applications
demand an automatic method for determining a metric thatigggs a consistent, pa-
rameterization independent, feel for a variety of objeStsch a method is particularly
useful in cases where a user may define object behavior. Ang@eds the parametric
curve manipulation of Section 8.1.1 and Section 9.4.

An analogy to physics provides an automatic, consistenticfer a broad class of
objects. As first suggested by Witkin [Wit89b], we can imagan object as a physi-
cal entity with an uniform mass distribution. In effect, wancview each pixel of the
object as an atom, each with a tiny bit of mass. This masshlision defines how the
object changes as forces are applied in particular planestid causes each particle to
move as little as possible. The mass distribution servdseasetric does, defining the
behavior of objects in response to controls. Witkin and W¢WwW90] used specifi-
cation of the mass distribution to allow animators to spethe the default behaviors
of simulated objects that were acted upon by point controls.

When solving the equations of motion of a physical object inegalized coordi-
nates in order to simulate it, the mass distribution is erdadto a matrix known as
the inertia tensor or mass matrix [Gol80]. This matrix isrfidby accounting for the
effects of each particle on the objects’ behavior by integgeover the mass distribu-
tion. When such a matrix is determined numerically, the irgkig approximated by
sampling a set of particles.
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Analogously, a metric can be defined by viewing a graphicg@ailas a collection
of “particles” and minimizing the motion of these particlés practice, the distribution
is estimated by a set of points. We define the metric functiorise the positions of
an evenly spaced set of points on the object. We call such acntieé mass matrix
because of its physical analog.

The mass matrix is an important metric because it can be defintependently
of the object. For any graphical object, a set of points caavaaly distributed either
along its length (for a curve) or within its area (if it is st)li Section 8.1.1 will illustrate
the utility of this, allowing default behavior to be autoncatly provided for a wide
variety of objects.

3.4.2 Solving the Generalized Quadratic Objective

Using a different quadratic optimization objective regsima slightly different set of
methods for solving the constrained optimization problemshis section, we derive
the method in its full generality for the case of any quadrabjective function and
linear constraints.

The standard form of a vector quadratic equation is

1
E= 5XTMX +bTx +E, (3.17)

wherex is the vector parameteg for this chapter)M is the quadratic or matrix term,
the vectorb is the linear term, and is a scalar constant. Since we are not interested
in the value itself, but rather only the valuexthat minimizes it, we can ignore the
constant as it goes away when we take the gradient, and we w#plynthe quadratic
by 1/2 as it cancels out other values later, simplifying the equesti The linear term
permits measuring change from a point other than 0, and wilided in Section 3.5.
The methods of Section 3.2 solve the special case of thistgewith an identity
matrix for M, and O for the linear componeht

The Lagrange multiplier derivation can again be applied,ttme to Equation 3.17.
We denote the linear constraints Ax = a. We require the gradient of the objective
function to be a linear combination of the of the constraints

oF

A = Mx - bx = AT (3.18)

Solving this forx and denoting the inverse of the methE ! by W, gives
x = WATX — Wh. (3.19)
Inserting this into the constraint equatidrx = a gives

AWATX = a + AWD, (3.20)
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a linear system that can be solved farOnce is computed, it can be inserted into
Equation 3.19 to compute

The damping techniques of Section 3.2.1 are not taken irdoust by the gener-
alized quadratic objective. Using a derivation similartattof Equation 3.12, yields

(AWAT + uI)A = a + AWb. (3.21)

Using the notation of the rest of the chaptdr,is the metric as defined in Section
3.4.1 and the linear constraints are given by Equation 34 soJ anda = p.

3.4.3 An Approximation to the Metric

Using the metric to define the default behavior of an objestdeveral advantages. It
permits separation of manipulation and representatichpaovides an abstraction for
defining the feel of an object. However, it has a significast.cave must find the metric
and invert it. This is problematic because the metric isdarmverting a matrix this
large would be prohibitive. One advantage to using the itlemtatrix as the metric is
that it is trivial to invert.

What we aim for in this section is an approximation to the noetrat is inexpensive
to invert, yet provides some of the features of the full neetiihe approximation we
consider is simply using the diagonal elements of the mefrigs diagonal matrix is
trivial to invert — we merely take the reciprocal of all iteetents — and cheap to use
in solving Equation 3.20. It still addresses some of the irgrt issues that the full
metric addresses, particularly the selection of units.

Consider again the example of dragging a line segment inr€&igb. Suppose its
configuration is represented by the position of its centetength and its orientation,
and that the simple identity metric objective function igdisIf the upper left corner
of the segment is move a quarter of an inch to the left, thedaggment might have its
center move, scale and rotate, or some combination of theSwppose that the posi-
tion of the center of the line segment was represented inamieters from the corner
of the page, the orientation represented as radians frormdmbal, and the length in
inches. To achieve the movement of the upper left point bylsimmoving the center
would require the parameters to change very quickly as therenany micrometers
to be covered, while achieving the movement by scaling atating would require
considerably smaller changes in the parameters. Becaesentiple optimization ob-
jective minimizes change in the parameters, the latter wbalchosen. If the position
of the center were measured in miles instead, a very tinyg#ganthe position of the
center would create the needed motion, so this would betsédléy the optimization
criteria.

In the example, the simple selection of units with which tpresent the position
of the center of the line segment determined the dragging\weh The problem is
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parameters having different units. One way around this defme an objective func-
tion which minimized the amount of change in the parametiées eonverting them to
some standardized units. Suppose we knew the conversimddaetween the units
of the parameters and the standard units. We would haveiagd¢attor for each pa-
rameter. For notational convenience, we can write thersgddictors as the diagonal
elements of a diagonal matr& so the component-wise scaling of parameters would
simply be the multiplicatiorsq.

Rather than simply minimizing the magnitudecgfwe would instead minimize the
time derivative of the scaled parametesg, giving

1
E=(S4-84), (3.22)
or, to use the generalized notation of Equation 3.17
M = STs. (3.23)

We see that we have a diagonal metric.

The problem is to determir@to convert the parameters to the standard units. One
way to define standard units would be to require that equalgd®in each variable
should affect the attributes the same amount. As for theimete pick a subset of
the attributes to define the objective function, and denwefiinction that computes
these attributes bg. However, we are only interested in the derivatives with eesp
to a single variable at a time. That is we want to measure thagd in all of the
attributes ofg with respect to each variable independently. For a pagicudriable,
the scaling factor is the magnitude of the derivatives ohedement ofy with respect

to the variable, that is,
S = /& . & (3.24)
q; d;

The diagonal terms in Equation 3.23 are the scaling factprared,

M, =& .8
q; dqd;

(3.25)
These are exactly the diagonal terms of the metric in Eqnatib6.

The diagonal metric cannot take into account interacti@taben variables. While
it can remove differences in units between similar termsaiitnot make two different
representations seem alike. In the line segment examplaninates the effects of the
choice of units, however it does not remove the effect of agetaly different param-
eterization. It could not, for example, express an objediimction that minimized the
motion of the endpoints. Therefore, no matter what diagoredttic are chosen, a line
segment parameterized by position of center, length amahiation will feel different
than a line segment parameterized by the positions of itp@nts.
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3.5 Soft Controls

The generalized objective functions of the last sectioovathe creation of objective
functions that can be used to control the object. To thistpame have discussed de-
fault behaviors for objects that causes objects to minigiaeir motion if controls are
causing them to change, they do not change. In this sectiaong&der an alternative:
having objects change by default unless a control speciffesrwise. The non-zero
defaults lead to linear terms in the general quadratic dpéition objective function
of Equation 3.17. Using this term will enable soft contratentrols which are over-
ridden by the regular controls. These are important bectheseallow us to create
behaviors such as dragging subject to constraints, wheabjact is manipulated by
the user but constraints will not be violated. While thesémégues do not provide
general constraint hierarchies as described by Borning[BFBW?92], the dragging
subject to constraints that they can provide is useful inyrgmaphical applications.
The use of optimization objective terms to provide user @nvas pioneered in the
vision research of Kass et al.[KWT88].

Suppose that we had some desired default valug fatenotedqoe. Rather than
simply minimize the magnitude af, we would instead minimize its difference from

the default value, so
1

E= 5((1 —do) - (4 — do). (3.26)

In terms of the generalized objective function of Equatidti73the coefficients of the
linear termb in this case isjg. Similar metrics can be worked out to include a metric
as well. While the generalized solution of Section 3.4.2 caapplied, we review the
derivation for this important special case here as it presitsight.

To provide intuition for how this works, consider again thegle point example
from Section 4.3. Notice that the control specifies the bamanly in the direction of
its gradient, so the optimization objective is free to do tekar it wants in an orthog-
onal direction. Suppose that we have specified be 0. This restrictg to lie along
the line perpendicular to the gradient, as shown in Figuse Bo findq closest tagg,
we must projectjg onto this line. We do this by adding in a componentjofvhich
cancels out the disallowed portion. Thignstraint componemnnust be a multiple of
the gradient. This multiple is the Lagrange multiplier.

We computeaj as the sum of two components, its default vadigeand the contri-
butions of the controlsj., so

q = 4o + qe. (3.27)
Sinceq must satisfy the controls, we substitute this into EquaBi@h to yield

P =J(do + qe)- (3.28)

Since the contribution of the constraints is a linear coratiam of the control gradients,
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Figure 3.6: A hard controls constrains the distance from the point tootiigin. Any move-

ment of the point must be orthogonal to the gradient of thigrmd. When a default velocity
(go) is given forq, it must be projected into the space that meets this restricifo achieve
this, a component is addeddg that projects it onto the space where- 0.

we define the Lagrange multipliers as
de = J7A. (3.29)
Which, with a little rearrangement yields
p—Jqo =JI"A, (3.30)

a linear system, which like Equation 3.9 can be solved\awrhich in turn determines
qc by Equation 3.29, from whicky can be computed by Equation 3.27. Notice that
whenqgg = 0, the method of this section is exactly the same as that of @eétB. The
damping techniques of Section 3.2.1 also apply.

3.5.1 Determining the Values for Soft Controls

We now must figure out how to obtadjy. Our goal is to provide soft controls that work
as the hard controls do, except that the hard controls aemgivecedence over them.
Soft controls are defined @g = f5(q), but like the hard controls, would be specified
by their derivativesps.

If the soft controls do not conflict with the hard controlsyttan simply be treated
as hard controls. The more interesting cases, however e the hard controls limit
the soft controls. The ultimate goal is to have have softroditvork exactly as hard
controls do, except in the cases where there are hard cetttailtake precedence over
the soft controls.

We would like to satisfy the soft controls as closely as dassubject to the restric-
tion that the hard controls are specified exactly. We can e¢fia objective function
to minimize the squared error of the soft controls meetimy thhesired values

1
minimize £ = i(qu — Ds) - (Jsq — ps) subjecttop = Jq. (3.31)
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- &0

p=x2-x1 P=x2
p=0 p=1

Figure 3.7: Two points are connected by a hard control constraining tiistance. The
right point is also pulled by a soft control. If the soft canigrare computed independently, a
non-optimal solution may be found, as shown on the left. Tdfecontrol may specify that
the right point should move, but part of this motion might bepved by the constraints. As
shown on the right, there is a solution that both satisfiedtthestraints and meets the desired
values for the soft controls.

Such an objective function is the similar to the definitiothad metric in Section 3.4.1,
except that rather than minimizing the magnitude squardédeothange of the deriva-
tives of the functions value, we minimize the magnitude sgdaf the difference be-
tween the derivative’s value and a default value. Geneardlgets of soft controls (e.g.
Js) will lead toM terms in Equation 3.17. The problems in using general nse#igo

apply to soft controls: A sufficient number of soft controlashbe specified to uniquely
determingj in all cases, even when there are no hard controls. If anfinguft number

of soft controls are specified) will be singular. Problems with ill-conditioning and
efficiency in invertingVl make this soft control scheme impractical. In this sectios,

concentrate on methods for simpler achieving soft contsglsomputing values for

do-

Two-Pass Solver

One way to findy, is to ignore the hard controls, and simply use the method feged
hard controls for the soft controls. Using this approacty, liwear systems are solved:
first, a linear system is solved to compute the Lagrange pligts that will determine
qo, then a linear system is solved to projégtinto the subspace allowed by the hard
constraints.

The method of computing the soft controls independenthalsesious drawback: it
does not achieve the desired solution. Consider a case Wwhepmoints are connected
with a hard control constraining their distance, and a soffitol pulling one of the
points to the right, depicted in Figure 3.7. The soft conalohe would move one of
the points, violating the hard control. When this is projddteo the legal subspace,
part of the motion world be cancelled out. However, if all ttantrols were treated
equally, the other point could be moved to satisfy the hardrob

An alternative is to account for the hard controls in compgi€lo. We computejg
using the methods we would use for the hard controls, exbapirte include both the
hard controls and the soft controls in the computation. Dammust be used in case
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the controls conflict. We then solve an optimization probbegain using the result of
the first solution asgjg, and just using the hard controls as constraints. | first tisisd
technique in thdriar 